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1 Branching processes in random environment

In this lecture fundamental properties of branching processes in a random envi-
ronment are developed. In such a process individuals reproduce independently
of each other according to random offspring distributions which vary from one
generation to the other. To give a formal definition let P = {7} be the space of
probability measures on No = {0, 1, ..., }:

7 = (7(0),x(1),...), m(1) =1,7(i) > 0.

oo
=0

Equipped with the metric of total variation P becomes a Polish space.
With each 7 we assiciate the respective probability generating function

flse) =) m{i}s' (1)
=0

and let F be the set of such generating functions.

Let IT be a random variable (probability distribution) taking values in P,
or, what is the same, a random probability generating function F. Then, an
infinite sequence II = (Ilg, IIy,...) of i.i.d. copies of II (or, what is the same,
an infinite sequence F' = (Fy, F1,...) of i.i.d. copies of F' ) is said to form a
random environment. A sequence of No-valued random variables Z(0), Z(1),...
is called a branching process in the random environment (BPRE) 11, if Z(0) is
independent of IT and given II the process Z = (Z(0),Z(1),...) is a Markov
chain with

C(Z(n—i—l)|Z(n):zn,1:I:(7T0,7r1,)) = £(£n1++§nzn) (2)

for every n, z, € Ng and mg,71,... € P, where £,1,&n2,... are i.i.d. random
variables with distribution 7,,.

In the language of branching processes Z,, is the nth generation size of the
population and II,, is the distribution of the number of children of an individual
at generation n. Thus, letting



fuls) = M, {i}s’ (3)
=0

we get the offspring generating function of the individuals of the (n)th genera-
tion. Given the environment the evolution of the standard BPRE is described
by the relations

Z(0)=1, E [sz<">| For s Fe132(0), Z(1), o, Z(n = 1)| = (a1 (s))77Y.
From here it is not difficult to see that
E.s?™ = E [sz(”)| S0, oo fnz1
= Ex (fa1(9)7" = fol £l (Fam1(9))-)) = fon(s).
In view of the equality

Zn)=&—11+  +&n-1,2,, (4)
and the Wald identity we get for the standard BPRE

a(n) =E Z(n) =E;[{n—11+ - +&-1,2, 1]
= Eﬂ"Z(n - ]-)Eﬂfnfl,l = f’r/Lfl(]-)Eﬂ’Z(n - ]')

~ T .
1=0

As it turns out the properties of Z are first of all determined by its associated
random walk S = (S, S1,...). This random walk has initial state So = 0 and
increments X,, = S, — Sp_1, n > 1 defined as

oo

Xn = log >y ,_1({y}) =log f1,_,(1),

y=0
which are i.i.d. copies of the logarithmic mean offspring number
o0
X = log Y yI({y}) =log f'(1).
y=0

We assume that X is a.s. finite. In view of (2) the conditional expectation of
Z(n) given the environment II

a(n) = Ez[Z(n)| Z(0) =1]

can be expressed by means of S as



According to fluctuation theory of random walks (compare Feller, Volume 2,
Chapter XII) one may distinguish three different types of branching processes in
random environment (BPRE). First, S can be a random walk with positive drift,
which means that lim, .., S, = oo a.s. Second, S can have negative drift, i.e.,
lim,, 00 S = —o0 a.s. Finally, S may be an oscillating random walk meaning
that limsup,, ,.. S, = oo a.s. and at the same time liminf, ., S, = —
a.s. There exists one more, degenerate possibility S,, = 0 with probability 1.
However, in general, we do not require that the expectation of X exists.
We say that a BPRE is

subcritical if

lim S, = —oc0 a.s.;
n—oo

degenerate critical if X = 0 with probability 1;

nondegenerate critical if

lim sup S, = +o0, lim inf S, = —o0 a.s.

n—00 n— o0

and

supercritical if
lim S, = 4+ a.s.

n—oo

Clearly, if EX exists then the process is subcritical if EX < 0 is critical if
EX =0 and is supercritical if EX > 0 (by LLN and CLT).

Lemma 1 If the process is either subcritical or critical then

lim P, (Z(n) =0):= lim P (Z(n)=0[II) =1 a.s.

n—oo n—oo

Proof. If P (X # 0) > 0 we have
P, (Z(n) > 0) <E Z(n) ="

and

P (Z(n)>0) < min Pr(Z(k) > 0) < eMMosk<n S — 0 as.

The case P (X = 0) = 1 needs additional arguments.
In this case we have for

qr(n) = Pz (Z(n) = 0) = fo(f1(--fn-1(0)...))

and
qr = Qﬂ'(oo)



that is
qr = fo (QTW)

where T means the shift transformation T'm = (71, w2, ...).
The event {¢, = 1} is shift invariant that is,

{wigr=1}={w:qrr =1}
with probability 1. Hence, by ergodic theorem
P(gr=1)=1or0.

Let now log f/(1) = 0 with probability 1 and assume the contrary, that is that
qr < 1 with probability 1. Observe that in this case

1_Q7'r:1_f0(qT7r) Sl—CITw-

Denote

0<hy=—log(l—g¢qr) <o0as.
and ) .

e = —log — 2T folgrs) _ —log — 17 > 0.
1- qTw 1- qT=
Then
h7r =ry+ hTTr

or

hﬂ— =7rx+r7rr+ ... + rrng + th+17.r.
By ergodic theorem
1 1 1
hﬂ' = T
n+1 n+1 n+1
1

= Z’I"Triﬂ. — E?"ﬂ— Z 0
n+1 =

th+17r

Clearly,

1
li hr = 0.
im 1

n—oo 1 +

This implies Er; = 0 and r, = 0 with probability 1 leading to

qr= = folqrx) a.s.

that is grr = 1.

Now we would like to recall a natural correspondence between the branch-
ing processes in random environment and the simple random walk in random
environment. The construction below is a natural extension of the construction
given by Harris in [13] for the ordinary inhomogeneous Galton-Watson processes.

Let G,.,r = 0,1,2,..., be a discrete-time simple random walk in random
environment on the real line (see, for instance, [14] or [16]) specified by a tuple



of independent and identically distributed nonnegative random vectors (pn, gn) ,
ne€Z=4{0,£1,4£2, ...}, with p, + gn = 1, Pngs > 0 with probability 1. In the
other words, if a walking particle is at point G, at moment r then at the next
step it moves to the state G, + 1 with probability pq, and to the state G, — 1
with probability gg,. Assume now that Go =0 and let § = min{r : G, = —1}.
Denote by G the random walk stopped at moment 0 : G} = Grpp,r > 0.
Suppose that P (6 < co) = 1, that is our random walk in random environment
is either recurrent or drifts to —oo with probability 1 (this is true, for instance,
if Elog(pn/qn) < 0, see [16]). Let a realization Il cny. = {Pn, qn,n € Z} of the
environment for our random walk in random environment be fized and let

Y(n)=#{reNo:G;=n,Gi , =n—1} (5)

be the number of jumps of the stopped random walk from level n to level n — 1.
It is not difficult to understand that if P (f < co) = 1 then the number of visits
of the random walk {G}}, ., to a state n € Ny, i.e., the local time /(n) of G
at n, is

ln)=#{reNg:G:=n}=Y(n+1)+Y(n) (6)

for almost all realizations Il ¢,,.. According to the definition of the stopped
random walk Y (0) = 1, while the assumptions above show that the random
variable Y(1) = # {r e Ng: Gf =1,G;,, =0} has a geometric distribution
with ‘

P (Y(]-) =7 | Hr.env.) =P (n(O) =J | Hr.env.) = (JOP%

a.s. and, moreover,

Y(TL) =M,n-1 + ..o+ M—1,Y (n—1), 1 > ]-a (7)
where 7;, 4 Nen),t = 1,2,..., are independent identically distributed random
variables with ¢

E [s"™ | Il eny.| = T 8
709 | T ] = 22— ®)

Consider now a branching process in random environment the support of the
measure P of which is concentrated on the environments with reproduction
generating functions of the form

dn ¢
s) = =E;|ss™ |, n € Ny, 9
Fuls) = 72— = B [s50]  ne Ny )
where the pairs (pn, ¢,) are distributed the same as above for the case of random
walk in random environment. Thus,

Z(TL) = gl,nfl +...+ gn—l,Y(n—l)a n>1, (10)

Clearly, EX = Elog f! (1) = Elog(pn/gn) (if exists). Comparing (7) and (8)
with (10) and (9) we see that these relations specify one and the same stochastic
process. Thus, one can define on a common probability space the random walk
{Gr},~o and the respective branching process Z(n),n = 0,1,..., in random



environment in such a way that {Z(n)}, -, = {Y(n)},~, with probability 1.
Hence, for this particular case of possible reproduction laws we can reformulate
all results of our future lectures established for branching processes in random
environment into the respective results for stopped random walks in random
environment {G}},-, and vice versa. In particular, for almost all realizations
of the environment we have for k € N

(609 = 3} = (2054 1)+ 20 = . (20 > 0) = {maxGi > k. (1)

These relations allow us to make conclusions about the distribution of vari-
ous characteristics of the local lime of the first excursion of the random walk
in random environment. In this course of lectures we will use the described
correspondence to study, in particular, the distribution of £(-) at the levels cor-
responding to the sequential moments of minima of the random walk

So =0, Sy, = log(po/qo) +log(p1/q1) + ... +1og(pn-1/qn-1), n > 1,

given {max,>o G5 > n}

Our results will cover the so-called Sinai case Elog(p,/g.) = 0 (see the
classical paper [14] related to this subject) and the natural generalization of the
Sinai case to the case when the random variables log(p,/¢») have no expectation
(for instance, for any random walk in random environment whose distribution
of log(pn/qn) is symmetric).

2 Random walk and Spitzer’s condition

From now on we consider the NONDEGENERATE CRITICAL processes only
and let S = {S,}n>0 be it’s associated random walk. It happens that the
associated random walk plays a crucial role in our subsequent arguments and
for this reason we first study properties of such random walk under rather weak
assumptions. Let

Yo :=0, i1 :=min(n >~;:8,<S,,), >0,

and
[o:=0, Tjy1:=min(n>T;:85,>5r,), j>0,

be the strict descending and ascending ladder moments of {Sy,},>0. Introduce
the renewal functions (PICTURE!!!)

and



We suppose that the random walk satisfies the Spitzer-Doney condition:

Condition A1l. There exists 0 < p < 1 such that

1 n
EZP(SM>O)—>/)’ n — oo,

m=1

or, what is the same
P(S, >0)—p, n— oo

Set

I : =min{n>1:8, >0}, T:=min{n>1:5, <0},
v : =min{n>1:5, <0}.

Under condition Al S, is oscillating and, therefore,
P(I < o0)=P(y < o0) = 1.
Set -
D =Y "j'P(5; =0).

Jj=1

Clearly, D = 0 if the distribution of X is absolute continuous.
Lemma 2 For any oscillating random walk

EU(-X)I[{-X >0} =e¢ P EU(z — X)I[{z — X >0} = U(x), z > 0,
EV(X)=V(0)=1, EV(z+X)=V(z), z>0.

Proof. Set

CL:ZP(Sl:O)+ZP(O<Sl,...,O<Sj,Sj+1 :0)

j=1

Then

1=PT <o) = P(f:1)+§:P(f‘:n+1)



In view of the equality a =1 — e~ (see Feller, Ch. XII, §10) the first equality
follows from (12). Further, for > 0

Ul) = 1+4PO<Si<z)+Y PO<S,...,0<85;,0< S <x)
j=1
= 1+P(S1<z)+ > PO<S,....,0< 8,81 <)
j=1

-P(S;1 < 0)—)>» P(0<S5y,...,0<85;,541<0)—a
J J

7j=1
= 1+P0<2z-X)+ ) P0<S,...,0<8;,8 <z—X)
j=1
~P(0 < -X)-) P(0<S,...,0<S;,8<-X)—a
j=1
= 1+EU(z— X)I{z— X >0} —EU(-X)I{-X >0} —a
= EU(z—X)I{z — X > 0}. (14)
The remaining part can be proved using 1 = P(I' < 00).
Let
My, := max Sk, Lp:= min Sk =S5,
0<k<n 0<k<n
my () =P (L, > —x), my (x) = P(M, < x).

and let 7(n) be the left-most point of minimum of S;,0 < j <n.

Lemma 3 If Spitzer’s condition is valid then

n— oo n T 0 y/’(l—y)l—l’

Proof. Omitted.

Lemma 4 Forr € (0,1) and ReA <0

— n AS,, . _ - r AS,, .
Zr E[e ,F>n]—exp{ZnE[e ,Sn<0}},

n=0 n=1
ZrnE [e)\sn;fy>n} :eXp{Z%E [e)\Sn;Sn>0]}.
n=0 n=1

In particular,

o(r) = Zr”P (T >n) :exp{z %P(Sn < 0)}

n=0



and

:Zrnp(fy>n)=exp{z %P(SHZO)}.

n=0 n=1

Lemma 5 (Spitzer identity) For r € (0,1) and ReA <0

i r"Ee*Mn = exp {Z % AS”; Sp > 0] }

n=0 =1
and
N ALy _ T T S,
Zr Ee —eXp{ZnE[e ,SW,SO}}.
n=0 n=1
A function I(x) is said to be a slowly varying at infinity if

TG
e

for any fixed ¢ > 0.
Examples: Inz.
From now on we assume that X has absolute continuous distribution.

Lemma 6 Under condition Al there exist slowly varying functions ly (n) and
lo(n), with l; (n)ls (n) ~ 7/sinwp, n — oo, and constants ¢ > 0, ca > 0 such
that for any n > 1 and all z € [0, 00)

Mo (@) <V (@) ) (00 (), i (2) < U (2) / (0l (n))

and for any fized x € (0,00) as n — o0

my () ~V(2) /(' 7Pl (n)), 7 () ~ U (2) / (nPl2 (n)). (15)
Besides,
mn(0) =P(y >n) ~ 1/ (n'"li(n)), PT >n)~1/(n’la(n)). (16)

Proof. By Lemma 5

v'(r) an" 'P(I'>n)= (Zr” P (S, <O>exp{§:% (Sn <0}

n=0 n=1 n=1
= (Z P (S, < O)) v(r),

and, by Spitzer-Doney condition



implying (see Feller, Volume II)

(1= 1/ (1-7))
" g ra-p) .,
;P(F>k‘) ~ ) n

implying by Tauberian theorem (see Feller, Volume II)

PIT>n)~ 7”'012(%).

Similarly,
’U,(T) ~ r (1 — p)
1 =7r)"l(1/(1-r))
and .
mn(o) = P(’}/ > TL) ~ nl—/’ll(n) :
Further,
v(r)u(r) = exp {Z %HP (S, < O)} exp {Z %P (S, > 0)}
-t I'(1-p) " ' (p)
l—r  (1=n)'""L0a/0-r) Q=r)L1/(1-7r)
Hence -
la(n)li(n) ~ T (p)T'(1—p) = s

The rest is omitted.
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