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1 Introduction

1.1 The market model

We consider a financial market consisting of two primary assets, a risk-free bond
B and a stock S whose dynamics under the unique risk-neutral measure P are
given by

= rS(t) dt + o S(t) AW (2) (1)

where r, o are deterministic constants with ¢ > 0 and W (t) is a Brownian
motion under IP. We refer to r as the interest rate and to o as the volatility of
S. We denote by {#;}:>0 the natural augmented filtration of W. It is easy to
verify that (1) under P has the unique strong solution
B(t) =e" (2)
S(t) _ xeaW(t)+(r—02/2)t (3)

It is not difficult to check that e~"*S(t) is a {#; }-martingale under P.

1.2 Pricing formula

Theorem 1 (Fundamental theorem of asset pricing). Let T' > 0 and D be a IP-
integrable and Fr-measurable random variable, which we interpret as the value
of some derivative security at time T. The arbitrage-free price of D at time
t €[0;T] is given by

D(t) = Ele "9 D|.7,] (4)

Moreover e " D(t) is a {#}-martingale under P.

Proof. See [8] Chapter 5.



1.3 European and American options

Definition 1. A European [American] call option CFv" [CA™ ] with strike
price K > 0 and time of maturity T > 0 on the underlying asset S is a
contract defined as follows

e The holder of the option has, exactly at time T [at any time t € [0;T]],
the right but not the obligation to buy one share of the underlying asset S
at price K from the underwriter of the option.

Definition 2. A European [American] put option PP [PA™ | with strike
price K > 0 and time of maturity T > 0 on the underlying asset S is a
contract defined as follows

e The holder of the option has, exactly at time T [at any time t € [0;T]],
the right but not the obligation to sell one share of the underlying asset S
at price K to the underwriter of the option.

We fix a strike K > 0 and a time of maturity 7 > 0. By theorem 1, the
arbitrage-free prices of a European call [put] at time 0 is given by

CPv = Ble~(S(T) - K)*] (5)
PPY = Ele" (K ~ S(T))*] (6)

which can be expressed in a closed formula, the Black-Scholes formula®.

Now suppose we are the owner of an American call [put] option. Since we can
exercise the option at any time ¢ € [0;7], we choose an {.%;}-stopping time
7 € [0, T) taking values in [0,T]. At time T we own " (T=7)(K — S(r))2. Since
we may choose any {.%; }-stopping time 7 € [0, 7], theorem 1 implies® that the
arbitrage-free price of an American call [put] option at time 0 is given by

CA™ = sup Ele " (S(1) — K)7] (7)
T€[0,T]

PA™ = sup E[e™""(K - S(7))*] (8)
T€[0,T]

It is obvious that C4™ > CEu and PA™ > PEw gince we can choose the
exercise strategy 7 = T'. The following theorem states in which cases the latter
strategy is indeed the best that we can do.

Theorem 2.
1. Suppose r > 0. Then CA™ = C'Fvr,
2. Suppose r = 0. Then PA™ = pEur,

Proof.

LSee for instance [1] p 100 et seq.

2If we exercise before time T, we invest our money for the rest of the time up to T in the
risk-less bond

3More precisely this follows once we have shown the existence of an optimal stopping time.




1. Fix 7 € [0,T]. Define g; : RT™ — R" by g1(z) = (x—e "TK)*. Clearly ¢
is convex. Jensen’s inequality for conditional expectations, the fact that
e~ " S(t) is a martingale and the optional sampling theorem yield

CEur: [6—7-T( ( )_K)-i-] :E[g (e_TTS(T))]
— E[E[gy (e~ S(1))|7,)] = Elgy (Bl S(T)|7,))]
= Blgr (e S (r)] = Bl "S(r) — e T K]
> E[e™7(S(r) - K)'] (9)

Since 7 € [0, T] was arbitrary, we have CF*" > C4™ which together with
CEur < gAm yields the claim.

2. Fix 7 € [0,T]. Define g» : R" — R™ by go(x) = (K — 2)T. Clearly go
is convex. Jensen’s inequality for conditional expectations, the fact that
S(t) is a martingale and the optional sampling theorem yield

CP = B[(K — S(T))*] = Elg2(S(T))]
—E[ [92(S(T))|#=]) = Elga(E[S(T)|F])]
Elga(S())] = E[(K - 5(7))"] (10)

Since 7 € [0, T] was arbitrary, we have PF4" > PA™ which together with
PEur < pA™ vields the claim.

Remark. If » > 0 the above argument breaks down for the American put. We
will show below that in this case we have PA™ > PP and we will derive an
explicit formula for difference PA™ — PEur,

2 Analytical Characterization of the Put Price

2.1 Formal definition of the problem

Let {W(s)}s>0 be a Brownian motion on some probability space {Q, .Z,.7,, P},
where {.%,},>0 is the natural augmented filtration of W. Let E := [0,00) x
(0,00) (Perpetual American Put) or E = [0,T] x (0,00); 0 < T' < oo (Finite
American Put). Set Q = Ex Q, F = B(F)® % and 4 = {0, E} ® #. For
s>0and w= (t,z,0) € Q define

S(s)(w) = 26 W () (@)+(r—0?/2)s )
X(s)(w) = (t+5,5(s)(w))

where 7, o are deterministic constants with o,r > 0. Moreover, for s > 0,
let #s = B(E)® % and 9 = {0, E} ® %,. Finally define probability mea-
sures {P; ) }¢t,2)ep on {2, 7} and P on {Q,9} by P(;,) = 6 ® 6, ® P and
P := 1 ® P, where &; and d, denote Dirac measures and u : {§, E} — [0,1] is
defined by p(0) = 0; u(E) = 1. For convenience we set P, := P 4. It is not
difficult to check that {W(s)}s>0 is a Brownian motion on {Q,¥,%;,P} and
{5(s)}s>0 and {X(s)}s>0 are strong Markov families on {€2,.7, %, {Py}s>0}
and {97 y, yg, {P(t,z)}(t,z)eE}-



Remark. Under P, ,y we interpret S(s) as the value of a stock S with volatility
o in a financial market with interest rate r at time t 4+ s given that S(t) = z.

We fix a strike price K > 0. Define the gain function G : E — [0, K] by
G(t,z) :=e (K —x)". For (t,x) € E define the optimal stopping problem
V(t,z) = sup [y ,)[G(X(s))]
T€[0,T—t]

sup B ) [e (K — S(7))] (12)
T€[0,T—t]

where T is the upper boundary of the time coordinate of E and 7 € [0,T — t]
is a stopping time* taking values in [0,7 — ¢]°. Since G is bounded, V (t,z) is
defined for all (¢,x) € E. We call V the value function.

Remark. We interpret V (¢, z) as the arbitrage free price of an American put
option with strike K and maturity T on S at time 0 given that S’(t) = z. Since
we have a positive interest rate r, we cannot compare prices at different times
directly, but need to discount appropriately. The price of an American put
option at time t given S(t) = x is given by

v(t,z) = eV (t,x) = e[S()HQP—t] E.le™" (K — S(7)*] (13)

We call v the value* function. Similarly we define
g(t,z) =" G(t,x) = (K —2)* (14)

which we call the gain* function. Even though V and G are the formal correct
objects, which in addition carry the economic interpretation of time value of
money, it turns out that v and g are the convenient mathematical objects to
work with.

2.2 Elementary properties of the value* function
Lemma 1.

1. If T = oo, the function t — v(t,x) is constant

2. If T < oo, the function t — v(t,z) is decreasing with v(T,x) = (K —z)T.
Proof. Let 0 < t; <ty <T°. Then

v(ty, x) = sup ]Ez[e‘”(K —S(7)"]
T7€|0,1' =1,

> sup  Egle”(K —S(1))7] (15)
T€[0,T—t2]

= v(ta, x)

Since [0, 00 — t1] = [0, 00 — 2] and clearly v(T,z) = (K — z)" by definition for
T < 00, both assertions follow immediately.

4In general we allow 7 to be an {%#: }-stopping time. Note, however, that for fixed
(t,z) € E for each {.%#}-stopping time Tg there exists a {%}-stopping time 7¢ with
Tg = Ty P(tq4)-a.s.. If necessary we will work with 7¢ rather than with 7, which will
always be clear from the context.

500 — t := oo0; moreover we allow 7 = oo if T = oo

6We require t < oo



Lemma 2. The function x — v(t,x) is convex and continuous

Proof. Fix t € [0,T7]7. For 7 € [0,T —t], > 0 define
u(x, 7—) = efTT(K - xegw(-,—)+(r,a2/2)7_)+ (16)

It is straightforward to check that x — w(z,7) is convex. By linearity of the
integral it follows that x +— E[u(z,7)] is convex. Moreover clearly

v(z,t) = sup Elu(z,7)] (17)
T€[0,T—t]

The assertion follows by the well-know facts that the supremum of convex func-
tions is convex again, and that convex functions are continuous.

Lemma 3. The function (t,z) — v(t,z) is lsc.
Proof. For 7 € [0,T] and (¢,z) € E define

u(t, z, 7_) — ef'r(‘r/\(Tft))(K . er’W(T/\(T*t))+(T*O'2/2)(T/\(T*t)))+ (18)

It is not difficult to check that (¢,x) — u(t,z, 7) is continuous. By the dominated
convergence theorem we get that (¢, z) — E[u(t, z,7))] is continuous. Moreover
clearly®

v(z,t) = sup Elu(t,z,7)] (19)
T€[0,T]

The assertion follows by the well-know fact that the supremum of lsc functions
is Isc again.
2.3 Existence of an optimal stopping time

According to the Markovian approach to optimal stopping problems we define
the continuation set

C:={(t,z) € [0,T) x (0,00) : V(t,x) > G(t,z)}
={(t,2) €[0,T) x (0,00) : v(t, x) > g(x)} (20)

and the stopping set

D:={(t,z) €[0,T] x (0,00) : V(t,z) = G(t, )}
={(t,z) € [0,T] x (0,00) : v(t,z) = g(x)} (21)

Note that D is closed since v is Isc by Lemma 3 and g is continuous. Moreover
we define the stopping time®

mp:=inf{s > 0: X; € D} (22)

Lemma 4. All points (t,z) € [0,T) x [K,00) belong to the continuation set C.

7 Again we require t < co
8Note {TA (T —t): 7€ [0,T)} = {r:7€[0,T -]}
9This is indeed a stopping time since D is closed and X is continuous.



Proof. Let (t,z) € [0,T) x [K,00) and 0 < € < K. Define the stopping time!°
Tei=nf{s>0: S, <K —€e}AN(T—1) (23)
It is not difficult to show that P(; ;)(0 < 7 < T —t) =: a > 0. Hence we have
V(t,x) > ae”" e > 0 = G(t, ), which establishes the claim.
Now define w(t,z) = v(z,t) + . Lemma 4 implies
C={(t,x) €[0,T) x (0,00) : w(t,z) > K} (24)
D ={(t,z) €[0,T) x (0,00) : w(t,z) = K} U{T} x (0, 00) (25)

Lemma 5. The function x — w(t,x) is convex and increasing. Moreover
limg o w(t,z) = K.

Proof. Convexity follows from convexity of x — v(t,x) and « — z. The obvious
inequality (K —z)" + 2 < w(t,z) < K + x, implies K < w(t,z) Vz € (0,00)
as well as lim, o w(t,z) = K. These two facts together with convexity of = +—
w(t, z) imply immediately that  — w(t,x) is increasing.

Lemma 4 and 5 imply that there exist a function b: [0,7) — [0, K) such that
C={(t,x) €]0,T) x (0,00) : x> b(t)} (26)
D ={(t,z) €[0,T) x (0,00) : & <b(t)} U{T} x (0,00) (27)

2.3.1 Infinite time horizon

For convenience set v(x) := v(0,z). For 0 < b < K define the stopping time
7, = inf{s > 0: S(s) < b} and let

vp(1) == Eyle™ "™ (K — S(1)) "] (28)

The formula for the Laplace transform for the first passage time of a Brownian
motion with drift'! yields after some simple calculations

(@) K-z fo<z<b (29)
Vp\T) = —or /52
’ (K —0)(2)27 itz >
Define v*(z) = sup,e (o, i) vo(7). Elementary Calculus yields
‘() () K—=z if0<ax<b* (30)
v (z) = = /g2
' (K =) (&) ifw> b
where b* = 2T2+7"02 K. Tt is straightforward to check that v* € C1((0,00)) and
v* € C?((0,b) U (b,00)) with
-1 fo<z<b*
“(z) = - 31
0 if0<z <
vy (x) = 32
() {QT(§ZIQU2)U*(x) if 2> b (32)

Define V*(¢,x) = e "'v*(z).

10This is again a stopping time since [0, K — €] is closed and S is continuous.
See for instance [8] p 346 et seq (Theorem 8.3.2)



Theorem 3. v*(z) = v(z) for x € (0,00). Moreover Ty~ is the optimal stopping
time for the Perpetual American Put.

Proof. Since V* € CLY(E) U CH2(E\([0,00) x b)) and P, (S(t) = b*) = 0 for
all z € (0,00) and all £ > 0, we can apply a slightly generalized version of It&’s
formula!? to V*(t, S(t)) and get

AV*(t, S(1)) = —rV* (1, () dt + V*(t, S()) dS(¢)
b VA SO sy A(S(1), (1)
= —e "KL g4)<pey dt + oSE)V (8, S(E) dW () (33)

Hence V*(t,S(t)) is a {#;}-supermartingale’® with V*(¢,S(t)) > G(¢t, S(t))*.
Let 7 € [0, 00] be a stopping time. Monotonicity of the integral and the optional
sampling theorem yield

B, [G(7, S(7))] < Eo[V* (7, S(7))] < V7(0,2) = v™(2) (34)

Taking the supremum in (34) over 7 € [0, 00] yields v*(x) > v(z). On the other
hand v*(z) < v(z) by definition. Hence

v () = v(x) = B [v" (7, S(73))] (35)
q.e.d.

2.3.2 Finite time horizon

Since V is Isc by lemma 3 and G is continuous, 7p is optimal in (12), since
P, (tp < o0) = 1 by the main existence theorem of the Markovian approach
(Theorem 3.7 of the lecture notes).

2.4 Elementary properties of b for finite time horizon

Lemma 6. The function b is increasing with b* < b(t) < K.

Proof. Let 0 <t; <ty <T. By Lemma 1 and the definitions of the functions
v, g and b we have

g(b(t1)) = v(t1,b(t1)) = v(ta,b(t1)) = g(b(t1)) (36)

Therefore (t2,b(t1)) € D, which implies b(t2) > b(t1). Moreover let z < b*.
Then by Theorem 3

0(0,2) < sup E,fe (K — S(r)] = K —x = g(a) (37)

T€[0,00]

whence (0,z) € D, which implies b(t) > b(0) > b*. Finally, Lemma 4 implies
b(t) < K.

2confer [6] p 74 et seq
13f0t oS(s)Vy(s,S(s))dW(s) is a proper martingale since |V (s, S(s))| < e " < 1.
MNote that v*(z) > (K — x)T for x € (0,00).



2.5 Further properties of the value* function

Lemma 7. The function x — v(t,z) is decreasing and strictly decreasing for
€ (0, K]. Moreover limg o v(t,x) = K and lim, o v(t,z) = 0.

Proof. The claim is trivial for ¢t = T, so assume t < T. Lemma 5 implies
limg o v(t, ) = limg o w(t, ) = K. Moreover by (32) for z > K

v(z,t) = sup Eule”"(K —S(r))"]
T€[0,T—t]

< sup Egle™ (K — S(7))*]
T€[0,00]
T\ —2r/d?
()
(K~ (2
which implies lim, o, v(¢t,2) = 0. Since 0 < v(t,z) < K by definition and
x — v(t,x) is convex by Lemma 2, z — v(t,x) is decreasing. Moreover clearly
v(t,x) > 0 for z < K. Again convexity of x — v(¢,x) implies that x — v(t,x)
is strictly decreasing for x € (0, K.

(38)

Lemma 8. The function v is continuous in E.

Proof. For ¢t > 0 define M(t) := supg<,<; |W(s)|. Fix 2 € (0,00) and let
0 < t; <ty <T. Denote by 71 the {¥,}-optimal stopping time for v(t, )
and define 7o := 7 A (T — t3). Clearly 71 > 75 with 74 — 70 < ¢ — t1. By
stationary and independent increments {W (o +t) — W(r2) }+>0 is independent
of 4,, and equal in law to {W(¢)};>0. Recalling that e”"*S(t) is a martingale
and v(t1,z) > v(t2, ) we get

0 <w(ty,z) —v(ta, x)

< E-[ K = S(r)) "] = Bale T (K = S(72)) ]
e’”z[( = 8(n))" = (K = 8(n2))"]]
e " (S(r2) = S(m)) "]

2) —
(

E[(1 — o7 W)= W () (=0 /2)(m1 =)yt g |

E,|

E;le”

E,[e "™5(m)(1 — eU(W(‘Fl)*W(T2))+(T*02/2)(71*Tz))Jr]
E, |

)
e "™ S5(m2)

< E[G_TTQS(TQ)E[(l — e‘TW(Tl—T2)+(T—02/2)(Tl_-,—2))+]]
< 2 E[(1 — e~oMta—t)=|(r=0®/2)|(ta=t2)y+] (39)

Define the function h : R — R by h(t) := E[(1 — e=oMth=Ir=o*/2)llth+] By
dominated convergence h is continuous at 0 with ~(0) = 0. Now fix (tg,z¢) € E
and let {(tn, n)}n>1 be a sequence in E with lim,_,o (tn, xn) = (to, o). Then
by Lemma 2 and (39) we have

lim sup |v(tn, zn) — v(to, xo)| < limsup |v(tn, z,) — v(to, Zn)]

n—oo n—oo

+ lim sup |v(to, z,) — v(to, Zo)|

n—oo

< limsup z,h(t, —to) +0=0 (40)

n—oo

Hence v is continuous in E.



Lemma 9. The function v is C12 in C and satisfies there v, < 0 and v, < 0
as well as vy (t,z) > 33 v(x,t).

Proof. Denote by Lx the infinitesimal generator of X. It is not difficult to

establish that p p > g
ag
Ly = — +ro— 4+ —a°— 41
X=0t T o T2 o (41)

Now fix (tg,79) € C and let g > 0 such that B := B, (tg,z0) C C. Now
consider the following PDE
LxU =0 in B

U=V ondB (42)
Since V' is continuous by Lemma 8, standard PDE results'® state, that there
exist a unique solution U of (42) in C*(B) N C°(B). Let (t,z) € B and € >0
be arbitrary. Since B is compact and U,V € C°(B) with U =V on 9B there
exists 0 < ry < 7o such that (t,z) € B, := B,.(tg,z) and |[U — V| < € on 9B,.

Let U* : E — R be a C"?-extension of Ulz_'¢. Now applying Itd’s formula to
U*(Xs) yields

dU*(Xs) = LxU*(Xs)ds + 0 S(s)U (Xs) AW (s) (43)
Define the stopping time
Tge 1= inf{s > 0: X, € B{} (44)

Note that Lx = 0in B, by (42). Hence (43) and the Optional Sampling theorem
yield!”
Ut,z) = U'(t, x) = Ba) [U (Xrpe )] = Bgra) [U (X7 )] (45)

On the other hand, since 7. < 7p we get by the Strong Markov property
E,a)[V(Xrs)] = By [Ex,,, [G(Xo)]]
= Eg) [Et,0) [G(Xrpet7p ) | Frpe |]
=E(,0) [G(Xrpetrp)] = Er,0) [G(Xr,)]
=V(t,x) (46)
Putting (45) and (46) together yields
V(t,z) = Ut 2)| = [Eqa)[V(Xrse) = UXzy )l
< E(t,ac)HV(XTBg) - U(XTBQ) ]
< E(t,x)[d =€ (47)

Since € > 0 was arbitrary, we get V(t,2) = U(t,z). Thus V = U in B, which
in particular implies that V is C1'2 in (¢g,x¢). Since (tg,z9) € C was chosen

15See for instance [3] for a proof

16 More precisely U* € C12(E) and U* = U on B..

I"Note that a priory we only know that f(f oS (s)Ux(Xs)dW(s) is local martingale. There-
fore we use a localizing sequence {7y}, >0 of stopping times and observe that U, is bounded
on Bx. The dominated convergence theorem then yields the desired result.



arbitrary, it follows that V and therefore also v are in C*? in C. By Lemma
1 and Lemma 7 we get that v, < 0 and vy < 0. Moreover, an easy calculation
using LxV =0 in C yields

Vg (E, ) = w(rv(t,x) —u(t,x) — v (¢, x))

2r
> —u(t,a) (48)

Lemma 10. The function x — v(t,x) is differentiable at b(t) with v, = g.

Proof. Fixt* € [0,T). Since z — v(t*, z) is convex by Lemma 2, the right-hand
derivative ‘982” (t*, x) exist for all € (0,00). Denote z* = b(t*) < K. Then

otv v(t*, " +€) —v(t*, z*)
* * — 1' ) )
B )= :
€l0 €

Define 7« := inf{s > 0 : S(s) < z*} and denote by 7¢ the {%,}-optimal
stopping time for v(t*,z* + &) for £ > 0. Since b is increasing by lemma 6,
clearly 7¢ < 7, under P4 5= 4¢) for all £ > 0. Moreover by (29) we have

¢
liminf Efe™"™] > liminf Ege ey [e™"
im in [e™" ] > im nf B, +ole ]
* —2r/o?
— lim (w +5> —1 (50)
€10 x*

This implies that for any sequence {&,},>1 in RT with lim,, . &, = 0 we have
lim,, .o 7¢* = 0 in probability. For ¢t > 0 define M (t) := SUPg<s<t |[W(s)| and
for convenience set () := e?WO+(r—o*/2t and OF(t) := ¢* TMOEI(r—o?/2)It,
Let € > 0 be arbitrary and {&,},>1 a sequence in R* with lim, . &, = 0.
After possibly discarding a subsequence we may assume that lim,_ . 75» = 0
a.s. Then it holds

a+ t*7 * ) — t*, *

—v(t*,x*) = lim sup v, 2"+ &) —o(t”,27)

81‘ n—o00 fn
< lim sup E[e_”g" (K — (2" + &)2(r Nt — (K — 2*2(r5)) D)) /&,

n—oo

. _prén
< limsup Ele™" ™" (=2(75 )L r e,y m(ren) <) Liren <c}]

n—oo

< e " limsup E[-07 (€)@ 1¢,)0+ (<K} L{ren <c}]

= —eirEE[ef(6))]1{z*@+(€)<}(}] (51)

Letting € 1 0 in (51) we get by dominated convergence!8

o
ox

18Clearly lim. g OF(e) = 1; recall moreover that z* < K
l

(t*, %) < —1 (52)

10



which together with (49) implies 6(;;1; (t*,z*) = —1. Finally we have

07V, . . ozt —e) —u(t*,x)
o o) =l e
TN Gl Bk | o (53)
€l0 —€

Hencex — v(t, ) is differentiable at b(¢) with v, = g, (smooth fit).
Lemma 11. The function x — v(t,z) is C* with —1 < v, (¢,z) < 0.

Proof. Fix t* € [0,T). For x > b(t*) the assertion follows by lemma 7; for
x < b(t*) this follows by the fact that v(t,z) = g(x) in (0,b(t*)] and clearly
g(z) € CH((0,b(t*)]). Now let = = b(t*). Since x — v(t*,x) is differentiable at
b(t*) by lemma 10 with v, (t*,b(t*)) = —1 = limgyp=) v2(t*, ), it remains to
show that

mll})?tl*)vm(t ,x)=—1 (54)

Since x — v(t*, z) is differentiable we clearly have

v (t* ) = — (¢, x) (55)

. . . + o .
Since x — v(t*, x) is convex, the function z — ‘98;’ (t*, ) is right-continuous'®.

This fact together with (55) immediately establishes (54). Hence 2 — v(t*, z) is
C'. Finally, clearly v, (t*,z) = —1 for 2 € (0,b(t*)] and hence by continuity of
x — vy (t*, ), convexity of x — v(t*, ) and lemma 9 we get —1 < v, (t*,2) <0
for x € (0, b(t*)].

2.6 Further properties of b for finite time horizon
Lemma 12. The function b is continuous with limr b(t) = K.

Proof.

e Right-continuity: Let ¢ € [0,T). Since b is increasing by Lemma 6, the
right-hand limit b(¢t+) exists with b(t) < b(t+) < K. Moreover by def-
inition (¢,b(¢t)) € D for t € [0,T). Since D is closed, it follows that
(t,b(t+)) € D. This together with Lemma 7 implies

0 < oft,blt+)) — v, b(2))
= (K = b(t+)) — (K —b(1))
=b(t) —b(t+) <0 (56)
Hence b(t) = b(t+) and ¢ +— b(t) is right-continuous.

o Left-continuity: Let t € (0,T]. For convenience set b(T) := K. Since b
is increasing, the left-hand limit b(t—) exists with b(t—) < b(t) < K?°.
Moreover (t,b(t)) € D for t € [0,T). Since D is closed, it follows that

9For a proof see [5] p 142 et seq (Satz 7.7 iv).
20Recall that b(t) < K for t € [0,T).
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(t,b(t—)) € D. Seeking a contradiction, suppose that b(t—) < b(t). Set
x* = (b(t—) + b(t))/2 and let ¢’ < t*'. Then

b(t") <b(t—) <z* <b(t) <K (57)

which implies in particular that (b(¢'),z*) C C and (t,2*) € D. By
definition of C' and Lemma 10 we have

(', b(t') — g(b(t') =0

v (t',0(t") — g (b(t') =0 (58)

Finally, by Lemma 9 we have for = € (b(t'), x*)

2r 2r

Ve (t', ) > U2x2v(t’,aj) > . (K —x)
2r

> —— (K —z") = 0 59
> K~ = > (59)

A double application of the Fundamental Theorem of Calculus together
with (58) yields

*

o, 2") - g(a") = / " (ot y) — ge(y)) dy

/ / (Vau(t', 2) — guu(2)) dz dy
by Ju(t)

/t/ /W vdzdy =~ ﬂ (60)

Taking the limit ¢ 1 ¢ and using that v is continuous yields

(z* — b(t—))?

5 >0 (61)

o(t,z%) —g(z*) 2y
Hence (t,z*) ¢ D in contradiction to (¢,z*) e D. Thus b(t) = b(t—) and
t +— b(t) is left-continuous with limy 7 b(t) =

Lemma 13. The function t — b(t) is convex and satisfies

log<b< )/K) . )

W o ST (oG (T /)

Proof. See [2].

Remark. This result will not be used in the following.

2.7 Early exercise premium representation

The above lemmata imply?? that V € CO1(E\{T} x {K})NCH2(E\L'(b(t)))?
Moreover, since P(; ,)(X(s) = b(t + s)) = 0 for all (t,z) € (0,T) x (0, 00) and

2INote that t/ < T.
22Note that clearly V € C1:2(Int{D}).
BL(b(t)) 1= {(t,2) € [0,T] x (0,00) : @ = b{t)}
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all 0 < s < T —t, we can apply a slightly generalized version of Ito’s formula?*
to V(X;) and get

AV (Xs) = Lx V(X)L px(s)2b(145)} ds + Va (X (s)) dS(t)
= —eirs’l”K]l{S(S)<b(t+s)} dt + aS(t)Vx (Xg) dW(t) (63)

From (63) we get immediately?® for (t,z) € E
T—t
EqoV(X(T-1))] =V(t,z)—rK /0 e "I P (S(s) < b(t+s))ds (64)

By the Markov Property using (T' —t) + 7p = T'— t under P, ,) we have

By [V(X(T = t))] = Et2)[Ex (7—)|[G(X(7D))]]
= Et,2)[E(t,0) [GX((T — t) + 7p))| Fr—4]]
= Eo) [G(X((T = t) + 7D))]
= B0 [GX((T - 1)))] (65)
multiplying (64) with e~ yields using (65)

o(t, @) = e "I B, ) [g(S(T —1))]
K / TP 1.0)(S(s) < bt + 5)) ds (66)
0

Plugging in ¢t = 0 in (66) yields after some algebra
V(0,2) = Eyfe™" (K — S(T))*]

wor [ Cerre (57 (o (57) - (- "2) $))as o0

where ® denotes the cdf of a standard normal.

Remark. Formula (67) is called the early exercise premium representation of
the value function. It shows that the value of an American put option with strike
price K and maturity T is the sum of the value of an European put option with
the same strike and maturity and the so-called early exercise premium.

2.8 Free boundary equation for b(t)

Theorem 4. The function t — b(t) is the unique solution in the class of con-
tinuous increasing functions ¢ : [0,T] — R satisfying 0 < c(t) < K for all
0 <t < oo of the following free-boundary integral equation

K —b(t)=e7T7H /OK P (U\/% <log <KI;(_t)“T) - (r - ";) (T — t))) da
o s (B () (%)) o

24confer [6] p 74 et seq
25Note that fg’ 0S(s)Vx(s,S(s)) dW (s) is a proper zero-mean martingale since |V (Xs)| <
e "t < 1.
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Proof.

o ¢t — b(t) is a solution of (68): Plugging (¢,b(t)) in (66) and noting that
v(t,b(t)) = K — b(t) yields after some lengthy calculation (68).

e ¢ — b(t) is the unique solution of (68): See [6] p 386 - 392.
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