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0.1 Revision

In science and engineering, mathematical models often lead to an equation that contains an unknown function
together with some of its derivatives. Such an equation is called a differential equation (DE).
We will use following notation for derivatives of a function x of a scalar argument ¢:

. dx .. d*x
b= =20, # =gy =20, ete

Examples.

1. Free fall: consider free fall for a body of mass m > 0 — the equation of motion is

d?h
Mo =M
where h(t) is the height at time t, and —mg is the force due to gravity. To find the solutions of this
problem, rewrite the equation as h(t) = —g and integrate twice to obtain h(t) = —gt + ¢ and

1
h(t) = — 59752 + it + e,

for two constants ci,co € R. An interpretation of the constants of integration ci and cz is as follows:
at t = 0, the height is h(0) = ca, so cq is the initial height, and similarly h(0) = ¢y is the initial velocity.

2. Radioactive decay: the rate of decay is proportional to the amount x(t) of radioactive material present

at time t: @(t) = —kx(t), for some constant k > 0. The solution of this equation is x(t) = Ce™**. The
ingtial amount of radioactive substance at time t =0 is x(0) = C.

Remark. Note that the solutions to differential equations are not unique; for each choice of ¢1 and co in
the first example there is a solution of the form h(t) = (—1/2)gt? + cit + co. Likewise, for each choice of
constant C in x(t) = Ce™* there exists a solution to the problem i(t) = —kx(t). Those integration constants
are often found from initial conditions (IC). We hence often deal with initial value problems (IVPs), which
consist of a differential equation together with some initial conditions.

Example. Solve the initial value problem

y(t) +ay(t) =0, y(0) =2,

Solution. Rewriting the differential equation gives

Since < (Iny(t)) = (t)/y(t), it follows that Iny(t) = [§(t)/y(t)dt; hence

y(t) = exp (/ %dt) =  y(t) = e Jadt

Hence, y(t) = e~ "¢ = Ce~* (C := exp(c)). The initial condition yields
y(0) =2 «— C=2.
Therefore, the solution of the initial value problem is the function y : R — R given by

y(t) =2, VteR.



Chapter 1

Systems of Linear Autonomous
Ordinary Differential Equations

1.1 Writing linear ODESs as First-order systems

Any linear ordinary differential equation, of any order, can be written in terms of a first order system. This
is best illustrated by an example.

Example. Consider the equation
Z(t) + 22(t) + 3z(t) = t. (1.1)

In this case, set X = ( i ), i.e. X(t) is a two-dimensional vector-valued function of t. Then

() () (A D) s

X = AX +g,

(4 )0 (2)

The system (1.2) and the equation (1.1) are equivalent in the sense that x(t) solves the equation if and
only if X solves the system.
(For more examples for the above reduction see Problem Sheet 1, QQ 1-3.)

So

where

O

This motivates studying first order ODE systems. The most general first order system is of the form
B(t)x(t) + C(t)=(t) = f(b),

where B,C : R — C"*", f,x: R — C". Henceforth, we do not employ any special notation for vectors and
vector-value functions (like underlining or using bold cases), to simplify the notation, and on the assumption
that what is a vector will be clear from the context. If B~1(t) exists for all + € R, the equation may be
rewritten to obtain:

i(t) = =B~ (t)C(t)a(t) + BT (1) f(1)

or

(1) = At (t) +g(0). (13)

where A(t) = —B~1(t)C(t) and g(t) = B~1(t) f(t).




Definition. 1. Fquation (1.3) (in fact, a system of equations) is called the standard form of a first order
system of ordinary differential equations.

2. If A(t) and g(t) do not depend on t, the system is called autonomous.

3. If g =0, the system (1.3) is called homogeneous, otherwise (g Z 0) it is called inhomogeneous.

1.2 Autonomous Homogeneous Systems

We consider initial-value problems for autonomous homogeneous systems, i.e we assume A is a constant,
generally complex-valued, n X n matrix.

Theorem (Existence and Uniqueness of IVPs). Let A € C**™ and xg € C". Then the initial value problem
i(t) = Ax(t), x(to) = o (1.4)
has a unique solution.

Proof. (Sketch)
We first argue that a solution to (1.4) exists and is given by x(¢) = exp ((t — to)A) zq, where exp ((t — t9)A)
is an appropriately understood matrix exponential.

Definition (Matrix Exponential). For a matriz Y € C**™, the function exp(-Y) : R — C"*"™ is defined by

1
(tY)* :]+ty+§t2Y2+..., Vi € R. (1.5)

NE
x| =

exp(tY) = !

~
Il
=

(We adopt the conventions 0! = 1, and Y° = I where I is the unit matriz.)
Remarks. The following hold true

Fact 1: The series (1.5) converges for all t € R (meaning, the series of matrices converges for each component
of the matriz);

Fact 2: The derivative satisfies
% (exp(tY)) = Yexp(tY) = exp(tY)Y.
We define x(t) = exp((t — to)A)xg. Then
z(to) = exp((to — to)A)zo = exp(0A)xo = T2 = .

Hence x(tg) = xo. Also, ©(t) = Aexp((t — tg)A)xzg = Ax(t), so z(t) is a solution.

To establish uniqueness, let z(t) and y(¢) be two solutions of (1.4) and consider h(t) := z(t) — y(t). Then
h=i—y=Ax— Ay = A(x —y) = Ah and hence h = Ah and h(to) = x(to) — y(to) = 0. We will show that
h(t) = 0. It suffices to show that ||h(¢)|| = 0, where || - || denotes the length of a vector. Then

/tt Ah(s)ds

where |A| := max,-o (|[Az||[|z]~!), and we have used the fact that the length of an integral of a vector-
function is less or equal the integral of a length. The function

< / | Ah(s)llds| < , (1.6)

/t |A] |h(s)]| ds

Il =

£(8) = exp(—|t  to] A ] [ 1 as

satisfies f(tg) = 0, and f(¢) > 0 V¢. On the other hand, evaluating f’ and using (1.6) we conclude: f/(t) <0
for t > tg and f/(t) > 0 for ¢t < . [For example for ¢ > o,

() = exp(=(t = to)|A])| A| [/t [AlllA(s)ll ds + IIh(t)II] <0

by (1.6).] Taken together this implies that f(¢) = 0, hence ||h(t)|| = 0, implying h(¢) = 0 as required. O



To compute exp(tA) explicitly is generally not so easy. (This will be discussed in more detail later.)
We will aim at constructing appropriate number of “linearly independent” solutions of the system & = Ax.
Hence first

Definition (Linear Independence of Functions). Let I C R be an interval. The vector functionsy; : I — C™,

1=1,...,m are said to be linearly independent on I if
m
Zciyi(t) =0, Vtel implies ci=co=---=¢, =0.
=1
The functions y; are said to be linearly dependent if they are not linearly independent, i.e. if 3¢y, co,...,Cm

not all zero such that

m
Z Ciyi(t) =0, vt e I.
=1

t
Example. Let I =[0,1] and y1(t) = ( :et >, ya(t) = < i >
Claim y1 and ys are linearly independent.

Proof Assume they are not; then ey, co not both zero such that

t
_ cre' +c =0
Clyl(t)+02y2(t)—0, Viel <— { cltet—i—cQt:O, vVt e l.
If co is non-zero then clearly c1 is non-zero too (and the other way round), and hence in particular et = —ca/cy
is constant which yields a contradiction. Thus vy, and yo are linearly independent.
O
For more examples see Sheet 1 QQ 4-5.

1.3 Linearly Independent Solutions
Consider the homogeneous autonomous system

i = Az, (1.7)

where A € C"*" and = = z(t) : R — C". We prove that there exists n and only n linearly independent
solutions of (1.7).

Theorem (Existence of n and no more than n Linearly Independent Solutions). There exist n linearly
independent solutions of system (1.7). Any other solution can be written as

2(t) = cxi(t), ¢ €C. (1.8)
i=1

Proof. Let vq,...,v, € C" be n linearly independent vectors. Let x;(¢) be the unique solutions of the initial
value problems
.’El:A.’E“ Ji(to) = v, 1= 1,...,n.

Now the functions x;(t) are linearly independent (see Problem 4 (a) Sheet 1), so the existence of n linearly
independent solutions is assured. Now let z(t) be an arbitrary solution of (1.7), with x(ty) = 2o € C". Since
the v;, 1 = 1,...,n, are linearly independent, they form a basis for C", so in particular Jey, ..., ¢, € C such

that
n
To = Z C;U;.
i=1



Now define .
y(t) :Zcixi(t), y:R—C"
Then, . z_i .
y(t) = Z cidi(t) = Z ciAx;i(t) = AZ cizi(t) = Ay(t).
Further, - - -

n n
y(to) = Zciﬂﬂi(to) = Zcivi = Zo.
i=1 i=1

Hence, by uniqueness of solution to the initial value problem y = Ay with y(t9) = zo, it follows that
y(t) = z(t). O
A Method for Determining the Solutions
Some linearly independent solutions are found by seeking solutions of the form

z(t) = eMo, (1.9)
where v € C™ is a non-zero constant vector. In this case,

i(t) = XeMo,

so to satisfy # = Awx, it is required that Ae*v = AeMv <= Av = \v, v # 0. Hence z(t) = e*Mv £ 0 is a
solution of © = Ax if and only if X is an eigenvalue of A with v € C™ being corresponding eigenvector.

Example. Consider

#(t) = ( L ) (1), hence A= ( L ). (1.10)

The eigenvalues of A are found by solving:

11—\
= (1-2N)2—4=0 <= N?-21-3=0
— A-3)(A+1)=0
<~ A =3, A=-1.

dam—x0—0¢:dm(1ZA L >—0

The corresponding eigenvectors (denoting v* and v the components of the vector v)
A=3:

Mmﬂv¢:(A—MM:0¢:><_2 1)(“1)=0

4 =2 V2
—2p! +0v2 =0
{ 4ot =202 =0
1
= can take v = vy := 'k

as an eigenvector corresponding to A = 3.

A= —1:
(A+Dv:0¢:»<i ;)(Z;)zo

{ 2l +2=0

4ot + 202 =0

= take Uz=(_é>-



So, in summary,

21 (t) =e3f< ; ) o 1) =€_t( 2 )

are solutions to & = Ax. Further, since v1 and vy are linearly independent vectors, the solutions x1(t) and
x2(t) are linearly independent. Thus the general solution to (1.10) is

2(t) = 121 (1) + cama(t) <= a(t) :clegt( ; ) + et < B )

where c1,co € C are arbitrary constants. |

Corollary. Let A € C™*™. If A hasn linearly independent eigenvectors, then the general solution of & = Ax
is given by

n
z(t) = Z ciett;,
i=1

where v; are the linearly independent eigenvectors with corresponding eigenvalues A;, and ¢; € C are arbitrary
constants.

Definition (Notation). For A € C"*", the characteristic polynomial will be denoted by

ma(A) :=det(A — AI).
The set of eigenvalues of A (the “spectrum” of A) is denoted by
Spec(A) ={A e C|ma(A) =0}. O

As is known from linear algebra, for a matrix A to have n linearly independent eigenvectors (equivalently,
for A to be diagonalisable), it would suffice e.g. if A had n distinct eigenvalues or were symmetric. However,
a matrix may have less than n linearly independent eigenvectors as the following example illustrates.

Example. An example of a 2 X 2 matriz which does not have two linearly independent eigenvectors. Let

Az(é ;), hence ma(\) = (2—- M) =0 <= A\ =2,

an eigenvalue with “algebraic multiplicity” 2. A corresponding eigenvector is found by solving
0 1 vl
(50)(3)-0

In the latter one can choose only one linearly independent eigenvector e.g. v = (

- ()

solves © = Ax. But the second linearly independent solution still remains to be found.

1
0 ) Hence

Finding the Second Linearly Independent Solution
Try xo(t) = u(t)eM, for some function u : R — C2. Substituting gives
Bo(t) = a(t)eM + Mu(t)eM = Axy(t) < a(t)er + hu(t)er = Au(t)eM
< u(t) + du(t) = Au(t)
— u(t) = (A — M)u(t). (*)



Now try u(t) = a +tb, with a,b € C? constant vectors. Then u(t) = b, so substituting into (*) gives
b=(A-A)(a+tb)=(A=A)a+t(A— Db
Comparing coefficients of 1 and t yields

(A= ADa=b, (A—ADb

Thus one can choose b as the eigenvector already found: b = ( ) This enables the equation to be solved
for a:
1 0 1
o= ) = (50 ) ()= ()
with e.g. a = ( (; >
This gives

o= ((1) ()

Further, x1(0) = < (1) >, x2(0) = ( (1) ), so z1(t) and x2(t) are linearly independent solutions of

The general solution is therefore given by

x@qm@+@u@qw<é)+@&<i>,

where c1,co € C are arbitrary constants. O

We shall now consider the case when an n x n matrix has less than n linearly independent eigenvectors
in greater generality. Notice that in the above example (A — AI)b = 0, and (A — AM)a = b # 0 while
(A—M)%a = (A— AXI)b=0. Hence while b is an ordinary eigenvector, a may be viewed as a “generalised”
eigenvector. This motivates the following generic

Definition (Generalised Eigenvectors). Let A € C"*™, X\ € Spec(A). Then a vector v € C™ is called a
generalised eigenvector of order m € N, with respect to X, if the following two conditions hold:

e (A-XDrv#0, YO<k<m-—1;
o (A—AI)™y =0. O

In the above example, a is a generalised eigenvector of A with respect to A\ = 2 of order m = 2. Notice
that, in the light of the above definition, the ordinary eigenvectors are “generalised eigenvectors of order 1”.

Following lemma gives a way of constructing a sequence of generalised eigenvectors as long as we have
one, of order m > 2:

Lemma (Constructing Generalised Eigenvectors). Let A € Spec(A) and v be a generalised eigenvector of
order m > 2. Then, fork=1,...,m — 1, the vector

VUm—r = (A= XD)Fo
is a generalised eigenvector of order m — k.

Proof. 1t is required to show that



e (A— XDy 1 #0, YO<I<m—k-—1;
o (A= X" Fy,, 4 =0.

Firstly,
(A= AD "y = (A= ADH A= XD*v=(A-XD)!TFp £0, 0<I+k<m—1
whence
(A= X'y, #0, 0<I<m—k—1.
Moreover,

(A= XD o= (A=A FA - XD)kv=(A-X)"v=0.
O

The need for incorporating the generalised eigenvectors arises as long as “there are not enough” ordinary
eigenvectors, more precisely when the geometric multiplicity is different (i.e. strictly less) than the algebraic
multiplicity, defined as follows.

Definition (Algebraic and Geometric Multiplicity). Let A € C"*™ and A € Spec(A). Then X\ has geometric multiplicity
m € N if m is the largest number for which m linearly independent eigenvectors exist. If m = 1, X is said to
be a simple eigenvalue. The algebraic multiplicity of A is the multiplicity of A as a oot of wa()\).

Examples.
(i) Consider
A= ( g ; ) Hence Spec(A) = {2}.

Then, by an earlier example, A = 2 has geometric multiplicity 1, but algebraic multiplicity is 2.

(i) Consider the matriz

Then
1-A 0 1

ma(N) = det 0 1-Xx 0 =(1-XN?%2-)).
0 0 2-2X

Hence Spec(A) = {1,2} and X\ =1 has algebraic multiplicity 2, A = 2 has algebraic multiplicity 1. For
the eigenvectors,

0 0 1 vl
A=1: (A-TIhv=0< | 0 0 0 v | =0
0 0 1 v3
1 0
= V1 = 0 , Vg = 1
0 0
are two linearly independent eigenvectors, so A = 1 has geometric multiplicity 2. Further,
A=2:
-1 01 vl 1
(A-2IH=0 < 0 -1 0 v? | =0, v3=1 0
0 0 0 v 0
s an eigenvector. Hence A = 2 is a simple eigenvalue. [

The following theorem provides a recipe for constructing m linearly independent solutions as long as we
have a generalised eigenvector of order m > 2.



Theorem. Let A € C**™ and v € C™ be a generalised eigenvector of order m, with respect to A € Spec(A).
Define the following m wvectors:

vy = (A=)t
o) = (A= X)m2p
Um—1 = (A—=Xv
U, = .
Then:
e The vectors v1,va, ..., Um—1, Uy are linearly independent;

e The functions
k=1 ,;
2 (t) = eM ; GOk ke{l... m}

form a set of linearly independent solutions of & = Awx.
Proof.

e Seeking a contradiction, assume that the vectors are linearly dependent, so 3¢y, ..., ¢, not all zero

such that
m
Z CiU; = 0.
i=1

Then there exists the “last” non-zero ¢;: ¢; # 0 and either j =m or ¢; =0 for any j < i < m. Hence

J J
chvk =0 < ch(A — )\I)m_kv =0.
k=1 k=1

Hence, pre-multiplying by (4 — A\I)7~! gives
(A=M)'S (A= AD™ P =0 = D (A= AD)™ 1y = 0.
k=1 k=1

Now for k =1,...,j — 1 it follows that m +j — k — 1 > m, so (A — A\I)™*+ %=1y = 0 by definition of
the generalised eigenvector. For k = j, it follows that m +j —k —1=m — 1, s0 (A — AXI)" tv # 0;
this implies that c; = 0 which is a contradiction. Hence the vectors are in fact linearly independent,
as required.

e Since vy, ..., v, are linearly independent and x(0) = vy, it follows that z1(¢),..., 2z, (t) are linearly
independent functions (cf. Sheet 1 Q 4(a)). It remains to show that @y (t) = Az (t), V1 < k < m.
Indeed,

k—1 ti k—2 ti
- AN L N L ,
Tx(t) = Ae ; Ui te ; Uk 1

I
>
~
| — |
p
M1
L
=)t
<
ol
|
L
+
M7
[NV}
S| %
S
T
L
|
!

i=0 i=0

tkfl k—2 tl
At . .
=e [MMH + ;:0 E()"Uk—z + Uk—l—z)] .

Now for 2 < j < m,

vj1 = (A= A"y = (A= M) (A= X)" v = (A — M)v; = Avj — ;.

10



Thus Av; +v;_1 = Av;, and hence (having also used Avy = Avq)

k—1 tz k—1 tl
ip(t) = eM Z ﬁAvk—i = Ae Z k=i = Az (1),
i=0 i=0
s0 2 (t) = Axy(t) as required.
O
Examples.
1. Consider the matriz
1 0 0
A= 1 3 0], 7aN)=00=XN%3-=N).
01 1
For the eigenvalue A =1,
0 0 O vl 0
A-Dv=0 <= 1 20 vP | =0=v=| 0
010 v3 1

is an eigenvector with respect to A = 1. (There is only one linearly independent eigenvector, i.e the
geometric multiplicity is 1 while the algebraic multiplicity is 2.) Hence seek vy such that (A —I)ve # 0
and (A — I)?vy = 0. Notice that

0 0 O
(A-I)*=|2 4 0 |,
1 20
-2
so take vy = 1 as a generalised eigenvector of order 2. Then set

0 0 0 -2 0
U1::(A—I)’l)2= 1 2 0 1 = 0
010 0 1

(notice vy is an ordinary eigenvector, as expected).

For the eigenvalue A = 3,

-2 0 0
(A—?)I)’Ug = 1 0 0 V3 :0,
0 1 -2
0
so take v3 = 2
1
Hence finally set
0 —2e!
z1(t) = e'vy = . xo(t) = e (vy +tuy) = et ,
et tet
and
0
z3(t) = 3z = | 23
o3t

The general solution to & = Ax is hence:
x(t) = crx1(t) + coxa(t) + c3zs(t),

where c¢1,ca,c3 € C are arbitrary constants.

11



2. Find three linearly independent solutions of
1 10
z(t)y=Az(t)=1 0 1 1 | z(¥).
0 0 1
In this case,

and since

—
N
I
~
S~—
I
O OO
OO =

0
1
0
there is only one (linearly independent) eigenvector, v = ( . Hence A = 1 has algebraic multi-

1

0

0
e

plicity 3 and geometric multiplicity one. Hence a generalised eigenvector vs of order three is required,
i.e. such that:

01 0
(A-Dwvs=[ 0 0 1 Jus#0
0 0 O
0 0 1
(A=D?vz3=|( 0 0 0 |uv3#0,
0 0 O
0
and (A — I)3v3 = [0]3x3v3 = 0. We can choose as suchvg = [ 0 |. Then set:
1
0
V2 :(A—I)’Ug— 1
0
1
1)12:(14—_[)21)3:(/1—])’02: 0
0

Hence, using the main theorem on the existence of solutions,
x1(t) = etvy

x2(t) = el (vg + tvy)

t2
$3<t) = et <’U3 + tUQ + 2U1>

are three linearly independent solutions. O

1.4 Fundamental Matrices

Assume that for A € C"*™ n linearly independent solutions z1(t), ..., z,(t) of the system #(t) = Axz(t) have
been found. Such n vector-functions constitute a fundamental system. Given such a fundamental system,
there exist constants ¢; € C such that any other solution x(¢) can be written as z(t) = Y., c;z;(t). Given
a fundamental system we can define fundamental matrix as follows.

12



Definition (Fundamental Matrix). A fundamental matriz for the system &(t) = Ax(t) is defined by

o(t) = (m(t) | @2(t) |- | xn(t)>,

that is, ® : R — C"*™  where the ith column is x; : R — C", and x;, i = 1,...,n, are n linearly independent
solutions (i.e. a fundamental system). O

Then
O(t) = (#1(t) | -+ | @a(t) = (Aza(t) | -+ | Aza(t) = A(21(t) | -+ | 2a(t)) = AR(L).
Also note that ®~1(¢) exists for all ¢ € R, since the x;(t) are linearly independent.

11
A=(i1)

two linearly independent solutions of the system ©(t) = Ax(t) are (see Example in §1.3 above)

xl(t):e?’t< ; ) xz(t)zet< B )

The functions x1(t),x2(t) constitute a fundamental system, and the matriz
o3t et
(I)(t) - ( 263t _2e—t
is a fundamental matriz for &(t) = Ax(t). O

Lemma. If ®(t) and ¥(t) are two fundamental matrices for &(t) = Ax(t), then 3C € C"*™ (a constant
matriz) such that ®(t) = U(¢)C, Vt € R.

Example. For

Proof. Write ®(t) = (z1(t) | -+ | n(t)) and U(t) = (y1(¢) | - -+ | yn(¢¥)). Since y1(t),...,yn(t) constitute a
fundamental system, each x;(t) can be written in terms of y;(¢),...,yn(t), so there exist constants ¢;; € C
such that

n
The above vector identity, for the k-th components, k = 1,...,n, reads ®;(t) = > i, ¢;j¥pi(t). This is
equivalent to ®(¢) = ¥(¢)C, with C = [¢;j]nxn, the matrix with (¢, j)th entry ¢;;. O
We show next that the matrix exponential is a fundamental matrix.

Theorem. The matriz function ®(t) = exp(tA) is a fundamental matrix for the system i(t) = Ax(t).

Proof.

jt (exp(tA)) % i % i %t’“A’f“ = Ai %(m)’f = Aexp(tA).
k=0 k=0 k=0
Hence ®(t) = A®(t). Write ®(t) = (z1(t) | --- | £, (t)), where z;(t) is the ith column of ®. For
1 0 0
0 1 0
er=| 0, ea=] 0], ..., e=]0
0 0 1
it follows that z;(t) = ®(t)e; and thus
ii(t) = ®(t)e; = AD(t)e; = Axy(t).
Hence #;(t) = Ax;(t) and x1(t), ..., z,(t) are linearly independent functions because x1(0) = ey, ..., z,(0)

e, are linearly independent vectors. Therefore, ®(t) = exp(tA) is a fundamental matrix, by definition. [

13



1.4.1 Initial Value Problems Revisited

Let A € C"*", and seek @ : R — C™ " such that ®(t) = A®(t) and ®(ty) = o, for some initial condition
dy € C™™. If U(t) is a fundamental matrix and W(ty) = Wy, set D(t) = (t)T, .

Claim ®(t) solves the above initial value problem.

Proof

o Firstly, . _
() = U(t) U Dy = AV ()T Dy = AD(1).

e Moreover,
B(tg) = U(to) Uy '@y = U, Dy = By,

so the initial condition is satisfied. O
Corollary. The unique solution to the above initial value problem is given by
O(t) = exp((t — tg)A)Po.
Proof: FExercise. O

Example. Solve the initial value problem

Solution. Firstly, (see the example above)

3t et
‘I’(t) = ( 2e3t  _9e—t )

is a fundamental matrix. Then, using the result from above,

1
3t —t 3t —t
_ + —e e’ — —e
3t —t 2 2 4 4
_ -1_( € € /2 1/4 =
®(t) = ()T, = ( 263 ¢ ) ( /2 -1/ )~ Lo, 1
3t _ ot Zedt 4 et

Corollary. Let ®(t) be a fundamental matriz of & = Ax. Then exp(tA) = ®(t)®~1(0).

Proof. Since exp(tA) is a fundamental matrix, exp(tA) = ®(¢)C for some constant matrix C' € C"*™. At
t=0,1=®(0)C, so C =& 1(0) (recall that ®(t) is invertible for all ¢t € R). O

Hence determining a fundamental matrix essentially determines exp(tA).

b(t) — ( i ><I>(t)

6315 €7t
\Ij(t) = ( 263t _267t )

Example. From above, the system

has a fundamental matriz given by

Moreover W(t)¥=1(0) is given by

1 3t 1 —t 1 3t 1 —t
3¢ Tt ¢ T f 11
(1)
) . 41
o3t _ ot 563t+§eﬂ:



An_alternative view (computing the matriz exponential via diagonalisation):

Wz‘thA:(l 1

41 >, it follows that Ay = 3 and Ay = —1 are eigenvalues with corresponding eigenvectors

(1) w=(1)

Write Avy = My and Avs = Aavg into one matriz equation:

A0
A i) = (ol () 4 ) e AT=TD,

for matrices T and D as defined above. Notice that D is diagonal and T is invertible since its columns are
linearly independent, so A =TDT ™ and T~'AT = D.
Generally, given A € C™"*"™ and T € C™*" jinvertible such that

M ... 0
T'AT = . ],
0 ... X
then
[e'e) 1 &
— -1y _ k —1
exp(tA) = exp(tT DT )_Zﬁt (TDT™?)
k=0
1
_ Lk kp—1
=Y " TD'T
k=0
_ = 1 k nk —1
=T <Z ot D > T
k=0
=Texp(tD)T ™!
eMt 0
=T A e
0 ernt

Returning to the example and taking the above into account,

16375 + left }63t . left
N A N T et 0 -2 -1\ _| 2 2 4 4
xp 4 1)) 71\ 2 =2 0 et 2 1 )~ 1 1
edt _ ot e
2 2

The above shows how exp(tA) can be computed when A is diagonalisable (equivalently, has n linearly
independent eigenvectors, taking which as a basis in fact diagonalises the matrix). More generally, when
A is not necessarily diagonalisable, we can still present it in some “standard form” (called Jordan’s normal
form) by incorporating the generalised eigenvectors. By Corollary, the columns of a fundamental matrix are
of the form e?*v, for some v € C"*. Now

_ =1
e Aty — A (A=ADE, _ At [Z H(A _ )\I)ktk‘| v
k=0

Thus, to simplify any calculation, seek A € C' and v € C™ such that (A — M\ )*v = 0 for all k& > m, for some
k € N; in other words, seek generalised eigenvectors.

The following fundamental Theorem from linear algebra ensures that there always exist n linearly inde-
pendent generalised eigenvectors. (Hence, we are always able to construct n linearly independent solutions
in terms of those, via the earlier developed recipes.)

15



Theorem (Primary Decomposition Theorem). Let A € C"*™, and let
!
ma(A) = [T Oy =A™
j=1

with the A; distinct eigenvalues of A and Z;zl m; =n. Then, for each j =1,...,1, Im; linearly independent
(generalised) eigenvectors with respect to \;, and the combined set of n generalised eigenvectors is linearly
independent.

A proof will be given in Algebra-II (Spring semester), and is not required at present. O

Example. Consider the system
1 2 3
z)=1 0 0 4 | z(t) = Ax(t).
0 0 O

Now Spec(A4) = {0,0,1} = {0,1}, and the corresponding eigenvectors are found by solving

0 2 3 vl 1
A=1: (A-Dvn=0 < 0o -1 4 vi | =0=v=| 0 |,
0 0 -1 v3 0
and
1 2 3 v 2
A=0 Av = 0 0 4 V2 =0=v= -1
0 0 O v3 0

1 2 11
A= 0 0 0
0 0 O
and find v3 € C? such that A%v3 = 0 and Avs # 0, that is, find a generalised eigenvector of order 2. Take
11
e.g. v3 = 0 . Hence set
-1
1 2 3 11 8
voi=(A—Avs=| 0 0 4 0 =| -4
0 00 -1 0

(notice that vo = 4v is an ordinary eigenvector).
Then v1,v2,vs are linearly independent. Hence the general solution is

1 8 11 8
r(t)=ce'| 0 | +ca| -4 | +c3 0 | +t| —4 ,
0 0 -1 0
for constants ¢y, ca,c3 € C. O

1.5 Non-Homogeneous Systems

Let A € C"*" and consider the system
z(t) = Azx(t) + g(¢) (1.11)

16



forz:R — C"and g : R — C". Let ®(¢) be a fundamental matrix of the corresponding homogeneous system
&(t) = Ax(t).

Seek a solution of (1.11) in the “variation of parameters” form, i.e. z(t) = ®(¢)u(t) for some function
u:R — C". For z(t) = ®(t)u(t),

(1) = D(t)u(t) + B()a(t) = AD(t)ult) + D(t)i(t) = Az(t) + D(t)u(t) = Ax(t) + g(t).

So the condition on u is that

Hence
where C' € C". Hence

Thus the general solution of (1.11) is given by:
t
(1) = B)C + <I>(t)/ B=1(s)g(s)ds, (1.12)
to

which is known as the variation of parameters formula.
Given the initial value problem

&(t) = Az(t) + g(t), z(to) =z € C", (1.13)
C' can be determined:
z(t) = (t)C + D(t) /tt O 1(s)g(s)ds = x(tg) = ®(tg)C = C = &~ (tg)zo.
Thus the solution of the initial value problem (1.13) is given by
z(t) = )@ (to)zo + O(t) /tq)l(s)g(s)ds. (1.14)
to

The solutions in these two cases are said to have been obtained by variation of parameters.

Example. Solve the initial value problem
i = -1 —x2+e', 21(0)=0
Ty = —3x1 + X2, IQ(O) =2.
Solution.
. -1 -1 et
— &(t) = Az(t) + g(t) = _3 1 x(t) + L z(0) =
Firstly, Spec(A4) = {—2,2} and

)\=2~=>v1:<_13>, )\:—2«»02:(}).

o2t -2t
o(t) = ( 302t 2 )

is a fundamental matrix for the corresponding homogeneous system #(t) = Az(t). Finding the inverse gives
_ 1 [ e 2 —e 2
P l(t) - Z < 3€2t th )

17
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and

Thus, by variation of parameters,

2t 2t _1/2 e2t e~ 2t t e~25  _p2s e’
l’(t) - ( —362t 6727& > ( 1/2 + —362t 6727& /0 Z 3625 625 0 ds.

Integrating then gives via routine calculation

(t) 1 ( _e2t +672t ) N 1 et _ g2t
) =35 2t —2t "
2 3et +e 4 362t 4 et — =2t
L o L o
46 + 46

3 1
Zezt +et + Ze_Qt

18



Chapter 2

Laplace Transform

2.1 Definition and Basic Properties

Definition (Laplace Transform). The Laplace transform of a function f : [0,00) — R is the complex-valued
function of the complex variable s defined by

CUA}(s) = f(s) = / " ft)etr, (2.1)

for such s € C that the integral on the right-hand side exists (in the improper sense).
Remarks.

1. If g: R — C is a function, then
/g(t)dt = /Re(g(t))dt—i—i/Im(g(t))dt.

2. For z € C,

|€z| — |6Rcz+i1mz| _ |€Rcz‘|eilmz‘

)

s0 |e*| = eRe? for all z € C.

3. Not all functions possess Laplace transforms. Further, the Laplace transform of a function may gener-
ally only be defined for certain values of the variable s € C, for the improper integral in (2.1) to make
sense. The following theorem determines when the improper integral makes sense.

For the improper integral in (2.1) to make sense, we need

Definition (Exponential Order). A function f :[0,00) = R is said to be of exponential order if there exist
constants a, M € R with M > 0 such that

|f(t)] < Me*, Vit e [0,00).
We prove

Theorem (Existence of the Laplace Transform). Suppose that a function f : [0,00) — R is piecewise
continuous and of exponential order with constants & € R and M > 0. Then the Laplace transform f(s)
exists for all s € C with Re(s) > a.
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Proof. Fix s € C with Res > «. For all T' > 0,

T T T
[ swean= [l s [ arete i
0 0 0

T T
_ M/ eate(—Res)tdt — M/ e(a—Res)tdt
0 0

t=T
_ {Me(a—Res)t}

a—Res =0

— M [1 _ e(a Rcs)T:| M
Res — « Res—a’

(Since o — Re s < 0, sending T' — oo gives e(@~Re())T ;)

Hence
—st dt
/ 1£() jdt < Re s—a

a(t) = Re(f(t)e™*");
B(t) =Im(f(t)e™");

a™(t) = max{«a(t),0} > 0;

Now define, for t € [0, ),

a~ (t) = max{—a(t),0} > 0;
BH(t) = max{f(t),0} > 0;
B~ (t) = max{—pB(t),0} > 0.

Note that a(t) = a™(t) — a~(t) and B(t) = 1 (t) — 37 (t). Further,

T T M
og/ a+(t)dt§/ |dt</ |f(t)e tdt < ———— < o0.
0 0 Res —«a

Hence T
lim at(t)dt =: o exists.
T—o0 Jo
Similarly,
T
lim a” (t)dt =: a, exists,
T—oo Jg
and
T
lim / BE(t)dt =: BE exist.
T—oo Jo
As a result,
T [eS) .
(af a0+ i85~ 5)(6) = Jim [ (ale)+iB(O)de = [ s(etdt = fs)
o Jo 0
exists.

Example. Consider f(t) = e, where ¢ € C. Then f(t) is of exponential order with M =1, a = Re(c):

F(0)] = Ject] = et
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Then

T
= lim |: 1 (cs)t:|
T—oo |C— S 0
1

If Res > Rec, then

So for s € C with Re(s) > Re(c),
/OO e“testdt !
0 s—c
Hence
L£{e"}(s) = sic’ Res > Rec. (2.2)

In particular for ¢ =0, f(t) = 1 with Laplace transform
1
o

L1} =

The following theorem establishes some basic properties of the Laplace transform.

Theorem. Suppose that f(t) and g(t) are of exponential order. Then for Re(s) sufficiently large, the
following properties hold:

1. Linearity: For a,b € C,
LA{af(t)+bg(t)} (s) = al{f(t)}(s) +bL{g(t)} (s) = af(s) +bg(t).

2. Transform of a Derivative:

L{f' (1)} (s) = sf(s) = (0). (2.3)

[ tf(T)dT} ()= L fs).

L{e™f(B)} (5) = f(s +a).

3. Transform of Integral:

4. Damping Formula:

5. Delay Formula: For T > 0,
L{f(E=T)H(E = T)} (s) = e " f(5),

where

0 t<0
H(t):{ 1 ¢>0

1s the Heaviside step function.

Remarks.
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e Replacing in (2.3) f by [’ gives
LA 0} (5) = sLLS' Y (s) = 1'(0) = 8 f(s) = s£(0) = f/(0),
and more generally, for the n-th derivative, inductively
c{rmW} () = 5" fls) = [ 10) + 5" 27(0) 4+ + FO7D(0)]
where

dif
dt

FO) =
is the ith derivative of f (exercise).

e In property 5, if f(t) is undefined for t < 0, we set f(t) = 0 for t < 0. In any case, the “delayed”
function f(t — T)H(t —T) coincides with f(t —T) for t > T and vanishes for 0 <t < T.

Proof.
1. Follows from the linearity of the integration.

2. Integration by parts gives

L{f(t / f(tyetdt = [f(t)e ] ° +s/0oo f(t)e stdt.

Since f(t) is of exponential order,
lim f(t)e *" =0,

t—o0

for all s with Re s sufficiently large. So

L)} (s) = =F(0) + sL{f()} (s) = sL{f()} (s) = £(0).

= /Otf(T)dT

F(0)=0, F'(t)=f(t).

3. Define

so that
Therefore, by property 2,
LAF(t)} (s) = sL{F(t)} (s) — F(0).

Hence

LAFD)) (5) = ~L{F () (s),
{/f } )= Lo irmy ).
4. For any a € C,

Ll ()} (s) = /f e~ e f(t)dt = /Ooo eI f(t)dt = fla+s).

SO

5. In this case,
L{ft—-T)H(t-T / ft—=TYH(t —T)e stdt = / f(t —T)e *tdt.
T
dr
Let 7=t — T, so that i 1. Hence,

L{f(t—T)H({t—7)}(s) = /OOO f(r)e s dr = e=57 /OOO f(r)e *Tdr = e *T f(s).
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Examples.

1. From the exponential definition of cos: R — R,

L{cosat} (s) = L {;em + ;ei‘”} (s) = %ﬁ {e' '} (s) + %E {e*} (),

by linearity of L. Therefore, using (2.2), for Res > 0,
1 S

1 1 1
L£{cosat} (s) = 2s—da  2s+ia  s2+a?

2. Using the transform of a derivative,

s s 1 a

L{sinat} (s) = sL {—(11 cos(at)} (s) + 1_

- 4=
a as?+a?2 a s24a?

t
t" = n/ ™ tdr,
0

L{t"}(s) =L {"/o T"‘ldT} (s) = gﬁ{t”‘l} (s) = S%

by induction (Exercise: Sheet 5 Q 4).

3. Let f(t) =t™, n € N. Then,

SO

4. From example 1,
s

52 +a?’

L{cosat}(s) =
so by the damping formula,

s+ A

L {e Mcos(at)} (s) = L{cos(at)}(s + ) = (s+ A2 +a2

5. Consider the piecewise continuous function
t, 0<t<T
fo)y=¢ T, T <t<2T
0, t>2T.

To find f(s), first write f in terms of the Heaviside step function:

fO)=tQ—-HE-T)+THE-T)—H(t—-2T))
=t—(t—T)H(t—-T)—-TH(t—2T),

LD} (s) = L4t} (s) = L{(E =T)H(t = T)} (s) = TL{H(t — 2T)} (s),

by linearity. Therefore, using the delay formula,
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2.2 Solving Differential Equations with the Laplace Transform

The Laplace transform turns a differential equation into an algebraic equation, the solutions of which can
be transformed back into solutions of the differential equation. Again, this is best illustrated by example.

Examples.
1. Consider the second order initial value problem
2" (t) — 32" (t) + 2z(t) =1, =x(0) =2'(0) =0.

Taking the Laplace transform of both sides gives
1
LA{x" — 32" + 2z} (s) =L{1}(s) = B

whence

L4} (5) = 3L ('} () + 2L {a} (9) =

by linearity. Therefore,
1
s%% — sx(0) — 2/(0) — 3s& + 32(0) + 2% = "
which gives

2% — 3sk 4 2% =

W | =

1
— #(s* =35 +2) = —,
s

S0

o 1
#(s) = s(s—1)(s—2)°

Using partial fractions and then inverting Laplace transform gives

C1/2 1 +1/2 IR T
S s—1 s—2 '

2. To solve the initial value problem
2" (t) +4x(t) = cos3t, z(0)=1, 2/(0)= -3,

taking Laplace transforms gives

szi—s:c(O)—ﬂc’(O)—i-lli:ﬁ — 32@—s+3+4@:ﬁ
2 A S
= (" +4)& = 82_~_9—|—$—37

SO

. 1 s
$<S)=M(M+S‘3)

s—3 n ]
s24+4  (s2+4)(s®2+9)

53 1 S s
—32+4+5<52+482+9)
1 /6s—15 S
_5<s2+4 _52+9>'

Inverting the Laplace transform gives

1 15
x(t) = R (6 cos 2t — 5 sin 2t — cos 3t> .
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3. The Laplace Transform is also useful for solving systems of linear ordinary differential equations. For
example, consider

I’l(t) — 2$2(t) = 4t, 1’1(0) = 2,

i‘g(t) + 21‘2(t) - 45(11(t) = —4t — 2, ZL‘Q(O) = —5.

Taking Laplace transforms gives

4 4 2
1 —x1(0) — 205 = — fo — x9(0) + 205 — 40y = —— — —
s — 21(0) o 2 sto — x2(0) + 225 71 R
and using the initial conditions gives
R . 4 . R . 4 2
51131—2—2332:—27 sx2+5—|—2x2—4x1:——2—7.
s s s
Thus )
R R 4+ 2s
ST, — 229 = 2 (1)
. R 44 25+ 5s?
—4a 4+ (2 + s)T2 = — — (2)

s
Now (2+ s) x (1) + 2 x (2) gives

(25 +4)(s +2) 10s* +4s+8  25° — 65>

(5o +2) ~8)ar = $2 $2 52 =25 — 6,
so that
3 25 =6 25— 6 7/3 1/3 1o 7 4
- - = - = )= — = ’
T $242s—8 (s+4)(s—2) s+4 5_ 9 x1(t) 36 _|_3€ :
and hence ) 1 y
my(t) = gia(t) — 20 = — g — et o

2.3 The convolution integral.

Suppose f(s) and §(s) are known and consider the product f(s)j(s). Of what function is this the Laplace
transform? Equivalently, what is the inverse Laplace transform of f(s)g(s), £ {f(s)g(s)}7
Firstly,

F(9)as) = f(s) / " o(redr
= [ frre s
0

= /000 /O00 H(t—7)f(t —7)e 'dt g(7)dr,

by the Delay formula. Therefore,

F()d(s) = / h / T H(t - ) f(t— )g(r)dr e,

by switching the order of integration. This gives
R o'} t
Feae) = [ | [ sa-ngtear] e
0 0
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Hence f(s)j(s) is the Laplace Transform of

t— /0 fit—=71)g(r)dr.

This motivates the following definition.

Definition (Convolution). The function

(f*g)(t) = / f(t — r)g(r)dr

18 called the convolution of f and g.
Examples.

1. In order to compute

recall that

1
E_l{QSH}zcost, ﬂ_l{ 2+1}:Sint.
s s

Hence
s 1 s
L ——2 Sty — 7
Vo) =< e )
=sgint * cost
t t
:/ sin(t — 7) COSTdT:/ (sint cos T — costsinT) cos Tdr
0 0
t t
:sint/ cos? TdT—cost/ sin 7 cos 7dT
0 0
1 ¢ 1 t
= fsint/ (1 + cos27)dT — fcost/ sin 27dT
2 0 2 0
1. 1. Lo 1 ¢
= —gint |7+ —sin27| + —cost |=cos2T
2 2 ) 2 o
L t t—|—1 in 2t +1 t 1 2t !
= —sin — sin —cost | =cos2t — =
2° 2 P R
1 . 1 . . 1
—5tsmt+1(sm2ts1nt+costcos2t)—Zcost
1t't+1( (2t — ) t) 1t't
—ts ~ (cos(2t —t) — cost) = —tsint.
5tsin 1 5tsin
Hence

1 s L 1 . _ s
L {(52 " 1)2} = 2tsmt — £{2t8mt} (s) = CESE

2. Consider the initial value problem

§t) +y@) = ft), y(0)=0, ¢(0)=1

. 1, tE[O,l]
f(t)_{ 0, t>1.

Write f(t) = H(t) — H(t — 1). Taking Laplace Transforms of both sides gives
2

s79 = sy(0) =y (0) + g = L{H()} (s) = L{H(t = 1)} (s),

where
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whence

.1 es
(82+1)y:7_ +17
s s
and so
. 1 1 e 1 1 1 e ® 1
Y= 5s2 TE 1 s(s2 TierlTerl s 241
s(s2+1) 241 s(s2+1) ss241 s2+1 s s2+4+1

Inverting Laplace transforms,

y(t) =1xsint +sint — H(t — 1) *sint.

Now
H(t—1) #sint = /Ot sin(t — 7)H(r — 1)dr
—H(t—1) /t sin(t — 7)dr
=H(t-1) [clos(t — )k
— H(t — 1)[1 — cos(t — 1)].
Thus

y(t) =1—cost+sint + H(t — 1)[cos(t — 1) — 1].

. In order to solve
#(t) +wiz(t) = g(t), (0) = x(0) =0,

taking Laplace transforms gives

(+w)i=§ — = Sziwz,
and
£t { = —|1—w2 } . sin(wt)
Hence

the solution for arbitrary g(t).

. Consider

+9 s+9 s+3 6
L_l S :£—1 :L_l
{32+6s+13} {(s+3)2+4} {(s+3)2+4+(s+3)2+4}

(completing the square in the denominator). Now

-1 sta _ —at -1 b _ —at
L {(SHLW}_e COSbt, L {W}—e sin bt.

1 s+9 a1 s+3 1 2
£ {52+68+13}_£ {(s+3)2+4}+3£ {(s+3)2+4

= e 3 cos 2t + 3e 3 sin 2t

= e % (cos 2t + 3sin 2t).

This gives
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Note that the convolution is commutative:

(f=g)(t /ft—T /f g(t — o)do for o =t — .
Hence
0= [ 102t~ 0o = (g 1))

Laplace transform can be used for computing matrix exponentials exp(tA). Consider the initial value
problem

() = Ad(t), ®(0)=1I.
The solution is ®(t) = exp(tA). Taking Laplace Transforms gives
£{o(1)} (5) = sb(s) = 2(0) = L{ARD)} () = AL{D(1)} (5) = AD,

by linearity. Thus ) R .
sO—I=A0 < (sI - A)D =

Finally, (provided that Re s is greater than the real part of each eigenvalue of A)
= (sI—A)!

Now

L{exp(tA)} (s) = (sI — A)~

exp(tA) = L7 {(s] — A)"'} (1)

Thus, in principle, exp(tA) can be computed using the Laplace Transform as follows:
e Compute (sI — A)~!

e Invert the entries of (s I — A)™!, that is, find functions which have Laplace Transforms equal to the
entries of (sI — A)~!

Example. Consider

Then

Continuing using partial fractions,

(sI—A)~'=
2/3 2/3 1/3 2/3
s—2 s+4 s—2 s+4
%e%—f—%e*‘“ % 2t %e"“
= L7 {(sI—A4)""} = exp(tA)
%621& 2,—4t %62t+ %6—415
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Let us derive the variation of parameters formula via the Laplace transform.
Consider the initial value problem

o(t) = Az(t) + g(t), x(0) = zo.
Taking Laplace transforms gives
LA{i}(s) = AL{z} (s)+ L{g} (s) = sT — a9 = AT + .

Hence
(sI — A)z = g+ o,

so that
&= (sI — A)twg + (sI — A)71g = L {exp(tA)} (s)zo + L {exp(tA)} (s)g,

which gives
& =L{e"} (s)zo+ L {e} (s)g.

Taking Laplace inverses on both sides yields
t
x(t) = exp(tA)xzg + exp(tA) x g = exp(tA)zo + / exp((t — 7)A)g(7)dr,
0
so that .
z(t) = exp(tA)zo + exp(tA)/ exp(—7A)g(T)dr,
0

as required.

2.4 The Dirac Delta function.

What is the inverse Laplace transform of f(t) =1, i.e. L71{1}?
Let € > 0 and consider the piecewise constant function

-, te(0,¢)
Se(t) =3 €

0, otherwise.

If f:R — R is a continuous function, then

/ " fwed =1 / (.

The Mean Value Theorem for integrals states that for continuous functions f : [a,b] — R, there exists
¢ € (a,b) such that

b
1O =5 [ s

Hence 3¢ € (0, ¢) such that
[ twsde=25 @ -0 =@

— 00

Therefore,

iy [ 06,1yt = £(0),

e—0

by continuity of f.
This motivates introducing the Dirac Delta—function 6(¢) as an appropriate “limit” of é.(t) as e — 0:
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Definition (Dirac Delta Function). The Dirac Delta “function” §(t) is characterised by the following two
properties:

e 3(t) =0, Vt e R\ {0};

e For any function f :R — R that is continuous on an open interval containing 0

[%f@&ﬂﬁ=f®)

(In fact, §(¢) is not a usual “function”, and its rigorous definition would require using more advances
mathematical tools known as “Distribution theory” or theory of “generalised functions”, which is beyond
the scope of this course.)

Immediate Consequences

1. Setting f(t) =

/O:o S(t)dt =

2. Let f:R — R be continuous in an interval containing a € R. Then

/ffuw@—@ﬁ=fm»

3. For f(t) = e **, where s € R is fixed,

/ e o(t)dt = e 0 = 1.

L{5(t) /5 e Stdt = / S(t)e stdt =1,

L{6@M)}(s) =1, L7 {1} =4(t).

/ft—T dT_/ F(t —1)3(r)dr = f(t).

Also, by commutativity, f(¢) x d(t) = 8(t) x f(t) = f(¢)

Hence, formally,

so that

4. Further,

5. Moreover, for T > 0,

L{6(t—T)}(s) = /OOO St —T)e sdt = /OO §(t —T)e *tdt = e*T.

Hence
LLOE-T)}(s)=e*T, L7 {eT}=6(t—T).
6. Finally, t
et fon-row={ Sy 151
Thus

(0t —T) « f(t) = f(t —T)H(t - T).]
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Example. Solve
i+2+y=6(t—1), y0)=2 5(0)=3

Solution. Taking the Laplace transform of both sides gives
579 — sy(0) — §(0) + 259 — 2y(0) +§ = €™,
so using the initial conditions,

2 —25s =342 —4d+g=e = (s +25+1)j=e*+25+7,

so that
A_e_s+25+7
vy= s24+25s+1"°
Hence
e’ . 5 n 2
Ym0z T 12 s+l
SO

y(t) =8(t — 1) s te ™t +5te ™ + 27t = (t — 1)e " VH(t — 1) + 5te ™ + 2.

2.5 Final value theorem.
Theorem (Final Value Theorem). Let g : [0,00) — R satisfy
lg(t)] < Me™,

for some a, M > 0 (the function g is said to be exponentially decaying). Then

| ttat = i (g 1)) = £ {9} 0)

Proof.
t

£10) 0= [ atriar = fim [ ar)ar = L)) = fim [ gt~ )i

t—o00

by setting ¢ =t — 7. Hence

£{o}0) = Jim [ a(t = o) (o)l = Jim (g 7))
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