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SUI\/II\/IAR\J

Photonic crystal fibres are capable of special light guiding properties that ordinary
optical fibres do not possess, and efforts have been made to numerically model these
properties. The plane wave expansion method is one of the numerical methods that has
been used. Unfortunately, the function that describes the material in the fibre n(x)
is discontinuous, and convergence of the plane wave expansion method is adversely
affected by this. For this reason, the plane wave expansion method may not be every
applied mathematician’s first choice method but we will show that it is comparable in
implementation and convergence to the standard finite element method. In particular,
an optimal preconditioner for the system matrix A can easily be obtained and matrix-
vector products with A can be computed in O(N log N) operations (where N is the
size of A) using the Fast Fourier Transform. Although we are always interested in
the efficiency of the method, the main contribution of this thesis is the development
of convergence analysis for the plane wave expansion method applied to 4 different
2nd-order elliptic eigenvalue problems in R and R? with discontinuous coefficients.

To obtain the convergence analysis three issues must be confronted: regularity of
the eigenfunctions; approximation error with respect to plane waves; and stability of the
plane wave expansion method. We successfully tackle the regularity and approximation
error issues but proving stability relies on showing that the plane wave expansion
method is equivalent to a spectral Galerkin method, and not all of our problems allow
this. However, stability is observed in all of our numerical computations.

It has been proposed in [40], [53], [63] and [64] that replacing the discontinuous
coefficients in the problem with smooth coefficients will improve the plane wave expan-
sion method, despite the additional error. Our convergence analysis for the method in
[63] and [64] shows that the overall rate of convergence is no faster than before.

To define A we need the Fourier coefficients of n(x), and sometimes these must be
approximated, thus adding an additional error. We analyse the errors for a method
where n(x) is sampled on a uniform grid and the Fourier coefficients are computed with
the Fast Fourier Transform. We then devise a strategy for setting the grid-spacing that
will recover the convergence rate of the plane wave expansion method with exact Fourier

coefficients.
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CHAPTER 1 ,

INTRODUCTION

1.1 The Subject of the Thesis

Photonic Crystal Fibres (PCFs) are the next generation of optical fibre and physicists
are actively trying to discover and exploit their unique optical properties. Because mak-
ing PCFs is difficult and expensive, the task of mathematically modeling the behaviour
of light in PCF's is important. In this thesis we consider the problem of computing
band gaps and guided modes in PCFs using the plane wave expansion method. This is
the same method that is used by physicists in the Centre for Photonics and Photonic
Materials at the Physics Department of the University of Bath, [62], [63], [64] and [66].

The propagation of light is governed by Maxwell’s equations, therefore, to model
PCFs we need to solve Maxwell’s equations. A commonly used approach when model-
ing PCFs is to make assumptions on the form of solutions based on the symmetries in
the structure of the PCF and derive a formulation that is simpler than the full system
of Maxwell’s equations. It is important to realise that within PCF literature there are
many different formulations of Maxwell’s equations that authors use to model PCFs
depending on the properties of the PCF they would like to model and the type of
numerical method they would like to use. In this thesis we focus on four particular for-
mulations of Maxwell’s equations that are suited to the plane wave expansion method,
although we also review other formulations that are used in the literature. The four
formulations of Maxwell’s equations that we consider are all linear second-order ellip-
tic eigenvalue equations posed on R%, d = 1,2, with coefficient functions that may be
periodic and either piecewise constant or derivatives of piecewise constant functions.

The four formulations that we consider are:
1. the Full 2D Problem, which is a 2D vector-valued eigenproblem:;

2. the Scalar 2D Problem, which can be thought of as a simplified version of the
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Full 2D Problem, although it is physically relevant in its own right under certain

conditions; and
3. the 1D TE and TM Mode Problems.

Both the Scalar 2D Problem and the 1D TE Mode Problem resemble Schrédinger’s
equation with a periodic, piecewise constant potential, whereas the Full 2D Problem
and the 1D TM Mode Problem have an additional 1st-order term where the coefficient
is a derivative of a periodic, piecewise constant function.

The correct mathematical framework to consider each of the eigenvalue equations is
to define an equivalent operator on an appropriate Hilbert space. Our goal is to compute
the spectra of these operators. Before we apply the plane wave expansion method,
we exploit the periodicity of the coefficients in our operator by applying the Floquet
Transform. This leads to a family of new differential operators over a bounded domain
(the period cell) with periodic boundary conditions, which is crucial in order to apply
the plane wave expansion method. A result from Floquet theory links the spectrum
of our original operator to the spectra of our family of new operators. Moreover, the
spectrum of each of our new operators is discrete.

Thus, our problem reduces to calculating the spectrum of a differential operator on
a bounded domain using the plane wave expansion method. For example, consider the
operator

L=V?4+V(x)

operating on Lz(Q) where ) = (—%, %)d, V(x) € L*(Q) and Lz(Q) is a function space
that consists of functions in L?(§2) with periodic boundary conditions. Under additional
regularity assumptions, finding A in the spectrum of L is equivalent to finding an
eigenpair (A, u) such that

Lu=\u on () (1.1)

where u : 0 — C satisfies periodic boundary conditions. To apply the plane wave
expansion method to this eigenvalue equation we expand the eigenfunction u(x) as a

linear combination of plane waves,

u(x) = Z ¢y ei2mkex (1.2)

kezd

for constants cx. For d = 1 we recognise (1.2) as the Fourier Series of u(x). We also
expand the coefficient function V(x) in terms of plane waves (denoting the Fourier
coefficients of V(x) by [V]k). We then substitute (1.2) and our expansion of V' (x) into
(1.1) to obtain,

_ Z |27Tk’2Ck ei27rk~x+ Z [V]k/ck ei27r(k+k’)~x -\ Z i ei27rk-x ) (13)
kezd k.k/cZd keZd
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To get an approximation for the unknown eigenfunction u(x) and its associated eigen-
value \, we truncate the sum over k € Z% to |k| < G (where G is a chosen integer),
and then try to find the unknown eigenvalue A and the unknown coefficients ¢ with
lk| < G. We do this by matching the coefficients of the ™% terms for each k with
|k| < G. In this way we obtain a system of N (where N is the number of vectors k € Z¢
with |k| < G) linear equations for N + 1 unknowns, which is equivalent to a matrix
eigenproblem,

Au=)u (1.4)

where u = (cx)K<g is an N-vector of unknown coefficients and A is the unknown

eigenvalue in (1.3).

This matrix eigenproblem is then solved using whichever numerical technique is
most appropriate for our needs. For all of our problems we will use a Krylov subspace
iteration method as our eigensolver (since we do not need to compute all of the eigen-
values of A) and at each iteration of the eigensolver we will solve linear systems of
the form A x = b using an iterative method (PCG or GMRES depending on whether
or not A is symmetric positive definite). Inside our iterative linear solver we need to
compute matrix-vector multiplications with A. The great advantage of the plane wave
expansion method for all of our problems is that the operation of matrix-vector mul-
tiplication with A can be computed in O(N log N) operations using the Fast Fourier

Transform.

In the physics literature the plane wave expansion method for solving (1.1) is usually
presented as we have just presented it; see for example [39] and [64]. In this thesis, to
help with the error analysis, we will attempt to write the plane wave expansion method
as a Galerkin method. Instead of solving a problem like (1.1) we will initially phrase
the problem as a variational eigenvalue problem: Find an eigenpair (A, u) such that
AeC,0#ueH and

a(u,v) = Ab(u,v) YveH (1.5)

where H is a suitable space of periodic functions and a(-, -) and b(-, -) are bilinear forms.
We apply the Galerkin method to (1.5) by introducing the finite dimensional subspace

Sa C 'H, that is the span of a finite number of plane waves,
S = span{e?™* . k € 74, |k| < G}

and approximate (1.5) with the following discrete variational eigenproblem: Find an

eigenpair (Ag, ug) such that A\g € C, ug € Sg and
a(ug,vg) = Agb(ug, va) Yvg € Sq. (1.6)

For some of the problems we consider it is easy to show that the matrix eigenproblem
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that we obtain from the plane wave expansion method is equivalent to a problem with
the form of (1.6).

To estimate the error in the eigenvalues and eigenfunctions of (1.6) we use the theory
in [6]. In this theory the errors in the approximate eigenfunctions and eigenvalues are
analysed by studying the convergence of the corresponding solution operators. For

example, we define the solution operator T : H — H that corresponds to (1.5) by
a(T u,v) = b(u,v) YveH,ueH
and we define the solution operator T¢ : H — Sg that corresponds to (1.6) by
a(Tgu,vg) = b(u,vg) Yug € Sg,u € H.

Using the theory in [6] we bound the errors in the approximate eigenfunctions and
eigenvalues in terms of
| Tu— Tqgull (1.7)

where u(x) is a normalised eigenfunction of (1.5) and || - || is the energy norm induced
by a(-,-). We then use standard error analysis results for the Galerkin method to bound

(1.7) in terms of the approximation error of u(x) in Sg, i.e. we bound (1.7) in terms of
inf JJu— x|
nf flu—x|

Finally, to obtain the dependence of the approximation error on G (and thus on the
number of degrees of freedom in our discrete problem) we need some further information
about the regularity of the eigenfunctions of (1.5). Since our problems have coefficients
that are not infinitely differentiable, the eigenfunctions of (1.5) have limited regularity.
Therefore, the approximation error of the exact eigenfunctions in Sg does not decrease
exponentially with G, and thus the plane wave expansion method does not converge
exponentially with respect to G either.

In [40], [53], [63] and [64], the authors suggest that replacing the discontinuous (or
derivatives of discontinuous) coefficient functions of our problem with smooth approxi-
mations of the coefficient functions will improve the plane wave expansion method. In
this thesis we replicate the method in [63] and [64] (we call it the smoothing method)
and we examine the two error contributions, from smoothing and from the plane wave
expansion method. Our aim will be to extract the explicit dependence of the errors
on the smoothing parameter as well as on the number of plane waves. To do this we
will need to use Strang’s 1st Lemma in a non-standard way as well as developing new
regularity results.

When the structure of the PCF is relatively simple we can write down explicit for-

mulae for the entries of the matrix A in (1.4), but for more complicated PCF structures
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it is necessary to approximate the entries of A. Instead of using quadrature to do this,
we will use an extremely efficient method called the sampling method. The method
samples the values of a coefficient function on a uniform grid and then computes an
approximation to the Fourier coefficients of the coefficient function by applying the
Fast Fourier Transform. Again, we will use Strang’s 1st Lemma to examine the error
that the sampling method introduces.

As we have already discussed, to solve (1.4) we will use an iterative eigensolver as
well as an iterative linear solver, and the Fast Fourier Transform to efficiently compute
matrix-vector products with A. Another factor that influences the efficiency of the
method is the number of iterations required by our linear solver. To reduce this we

precondition the linear system so that instead of solving A x = b, we solve
(P'A)x=P'b (1.8)

where P is our preconditioner. It is another particular advantage of the plane wave
expansion method that choosing P as the diagonal of A is a very effective preconditioner.
If P is the diagonal of A+ K1 where K is a constant then (provided K is sufficiently
large) we can bound the condition number of P~1(A +K1I) independently of G and
N and numerical computations show that the number of iterations required to solve
(1.8) remains constant as G and N increase. To ensure that the number of iterations
required by our eigensolver is also independent of G and N we will actually choose P
to be a block-diagonal part of A. This will ensure that we do not need to choose a
large shift K.

1.2 The Aims of the Thesis

Associated with the plane wave expansion method, as with any numerical method, are
errors. This thesis, being a thesis in numerical analysis, is dedicated to understanding
and estimating the errors that arise from using the plane wave expansion method for
band gap and guided mode computations in PCFs. We would like to show, using both
theory and example, how the errors depend on the parameters of both the problem
and the numerical method. A secondary issue that we also consider is an efficient
implementation of the method.

The motivation for studying the problem of computing band gaps and guided modes
in PCFs comes from a PhD thesis from the Physics Department at the University of
Bath, [62], [63], [64], [66], where the plane wave expansion method and variations of
the plane wave method have been used to compute band gaps in PCFs. To the best of
our knowledge, only [8] and [79] have examined the errors of the plane wave expansion
method for PCF problems. Purely based on numerical examples, they demonstrate

that the plane wave expansion method is plagued by slow error convergence for these

10
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types of problems. There does not appear to be any work in the literature that presents
any mathematical error analysis of the plane wave expansion method applied to PCF
problems. This thesis attempts to fill this gap.

In [63] and [64] the authors advocate the use of the smoothing method to improve
the plane wave expansion method and to restore the exponential (or at least superal-
gebraic) convergence that one might expect for problems with infinitely differentiable
coefficients. This claim seems to be dubious because smoothing introduces an addi-
tional error. We would like to carefully analyse the error contributions from both the
smoothing and the plane wave expansion method so that we can answer the question:
Is smoothing worth it?

The sampling method is also used in [64] in conjunction with the smoothing method
for problems when the structure of the PCFs is complicated. This introduces an ad-
ditional error. We would like to devise an optimal strategy for choosing the sampling
grid-spacing so that the convergence rate of the plane wave expansion method without

sampling can be recovered.

1.3 The Achievements of the Thesis

The main achievements of this thesis can be summarised as follows.

1. A complete error analysis of the standard plane wave expansion method applied
to the Scalar 2D Problem and the 1D TE Mode Problem. This includes:

(a) proving regularity results for the eigenfunctions of these problems;

(b) showing that the eigenfunction error is optimal in the sense that we can

bound it in terms of the approximation error;

(c) bounding the approximation error in terms of the number of degrees of

freedom in our finite dimensional subspace;

(d) showing the eigenvalue error converges at twice the rate of the eigenfunction

error; and

(e) verifying with numerical examples that our error bounds are sharp (up to

algebraic order).

Ultimately, we show that the convergence of the plane wave expansion method
depends on the regularity of the eigenfunctions. Since the problems that we con-
sider have discontinuous coefficients, the regularity is limited, and therefore the
convergence is also limited. This is why we do not see superalgebraic convergence

of the plane wave expansion method.

2. A complete error analysis of the smoothing method applied to the Scalar 2D
Problem and the 1D TE Mode Problem. This includes:

11
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(a) bounding the error introduced by smoothing the coefficients of the original
problem in terms of a smoothing parameter, by applying Strang’s 1st Lemma

in a non-standard way;

(b) proving regularity results for the problem with smoothed coefficients, deter-

mining explicitly the dependence on the smoothing parameter;

(c) using the regularity results to show that the plane wave expansion method

converges superalgebraically for the smooth problem;

(d) showing that our eigenfunction error bounds are sharp (up to algebraic or-

der) with numerical examples; and

(e) balancing the error contributions from smoothing and from the plane wave
expansion method to obtain a strategy for choosing the amount of smoothing

that minimises the error.

We show that the proposition in [64] that smoothing will improve the plane wave
expansion method is false for the Scalar 2D Problem and the 1D TE Mode Prob-
lem when we have explicit formulae for the Fourier coefficients of the coefficient
functions. Although we obtain superalgebraic convergence to the smooth solu-
tion, this is balanced by the additional error that is introduced by smoothing.

The total error converges at the same rate as when no smoothing is applied.

3. A complete error analysis of the sampling method applied to the Scalar 2D Prob-
lem and the 1D TE Mode Problem. This includes:

(a) bounding the error between a discontinuous function and its approximation

via the sampling method;

(b) applying Strang’s 1st Lemma to obtain the additional error contribution

from sampling;

(¢) demonstrating with numerical examples that our theoretical error bounds

are correct (but not necessarily sharp) with numerical examples; and

(d) balancing the error contributions from sampling with the plane wave ex-
pansion method errors to obtain a strategy for choosing the grid-spacing of

sampling grid.

We show that sampling, although it is a very efficient method because it allows
us to calculate all of the Fourier coefficients with only one application of the Fast
Fourier Transform, has a significant error contribution. This additional error
can be mitigated by choosing a very fine sampling grid according to our strategy.
Sometimes, however, the additional cost of our strategy is unfeasible and the error

of the plane wave expansion method (without smoothing) can not be recovered.

12
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4. An error analysis of the smoothing and sampling methods applied simultane-
ously. This includes choosing a strategy for setting the smoothing and sampling
parameters that will minimise the errors. We put this strategy into practice with

numerical examples.

5. An original result that proves that for the Scalar 2D Problem and the 1D TE
Mode Problem, preconditioning with the diagonal of A (from (1.4)) is optimal
in the sense that the condition number of A multiplied by the preconditioner is
bounded independently of the size of A. This result is verified numerically by
observing that the number of iterations required by our linear solver does not

depend on the size of the linear system.

6. An error analysis of the standard plane wave expansion method and the spectral
Galerkin method applied to the 1D TM Mode Problem. This includes:

(a) proving regularity results for the exact eigenfunctions of the 1D TM Mode
Problem:;

(b) using the regularity to bound the approximation error of exact eigenfunctions

in terms of the degrees of freedom in our finite dimensional subspace;
(c) complete error analysis for the spectral Galerkin method;

(d) rewriting the plane wave expansion method as a non-conforming Petrov-
Galerkin method (unfortunately, this does not lead to a stability result);

and

(e) observing through numerical examples that the plane wave expansion method

is stable.

Although we do not manage to prove a complete error analysis of the plane
wave expansion method applied to the 1D TM Mode Problem, we successfully
prove many of the necessary results. In particular, we prove a regularity result
from which we derive an approximation error estimate. Numerical observations
are consistent with the approximation error and we observe that the plane wave
expansion method is stable for our numerical examples (even though we can not
prove it). We also present the spectral Galerkin method for the 1D TM Mode
Problem. Unlike for the 1D TE Mode Problem, the spectral Galerkin method
is not the plane wave expansion method in this case. In contrast to the plane
wave expansion method we can prove a complete error analysis for the spectral

Galerkin method but we do not have an efficient implementation.

7. Numerically observed convergence rates for smoothing and sampling within the

plane wave expansion method applied to the 1D TM Mode Problem.

13
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8. Analysis of the existence of eigenpairs and of the regularity of eigenfunctions for
the Full 2D Problem. This includes:

) proving the existence of eigenpairs for the problem posed in 3D;

) proving a regularity result for the eigenfunctions of the 3D problem;
(¢) proving the equivalence between the 2D and 3D problems;

)

using the regularity result in 3D to prove a regularity result for the 2D

problem; and

(e) showing that our regularity results are consistent with error calculations

from numerical examples.

The Full 2D Problem can be thought of (in a certain sense) as an extension of the
1D TM Mode Problem to 2D. Although we manage to prove many of the results
for the Full 2D Problem that we proved for the 1D TM Mode Problem, the proof
techniques are not the same and we are required to consider the full 3D system

of Maxwell’s equations in order to make any progress.

9. Numerically observed convergence rates for smoothing and sampling within the

plane wave expansion method applied to the Full 2D Problem.

1.4 The Structure of the Thesis

The remainder of this thesis is divided into five chapters.

In Chapter 2 we give the physical background for PCFs and we discuss, in detail,
the different mathematical models that can be derived from Maxwell’s equations to
model PCFs. We review the extent to which each of the models has been studied in
the literature, with particular emphasis on the mathematical analysis for each model
and on the various numerical methods that have been applied to the different models.

In Chapter 3 we review the many and varied mathematical tools that we will re-
quire for the error analysis and for the implementation of the plane wave expansion
method. Some of these results are original and interesting in their own right. We
begin with some preliminary definitions of function spaces and mollifiers. Throughout
this thesis we will be working with periodic functions and this is the topic of the next
section in Chapter 3. In particular, we define periodic Sobolev spaces and we present
several results about their properties. The next section is on piecewise continuous
functions. Of particular importance in this section is the regularity result for a special
class of piecewise continuous functions. We then present some definitions and results
from spectral theory, including the definition of the Floquet Transform. Following the
spectral theory we present some results from functional analysis. Within this section

we include a key result from [6] for the error analysis of the Galerkin method applied to

14
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a variational eigenvalue problem. We also present Strang’s 1st Lemma as well as a few
regularity results for elliptic boundary value problems. Finally, we present a section on

numerical linear algebra including the tools for solving (1.4).

In Chapter 4 we present the bulk of our error analysis contribution for the plane
wave expansion method. In this chapter we consider both the Scalar 2D Problem and
the 1D TE Mode Problem. We begin by correctly (in the spectral theory sense) pre-
senting the problem as that of calculating the spectrum of an operator on a Hilbert
space. We apply the Floquet Transform, and then the plane wave expansion method.
We include the implementation details and we prove a result about a possible precon-
ditioner before presenting our error analysis. Finally, we consider the smoothing and

sampling methods for these problems.

In Chapter 5 we consider two methods applied to the 1D TM Mode Problem:
the plane wave expansion method and the spectral Galerkin method (which are not
equivalent for the 1D TM Mode Problem). We begin by writing the problem as an
operator on a Hilbert space and applying the Floquet transform, from which we obtain
a variational eigenproblem to solve. We then present a section on the implementation of
the plane wave expansion method. Following the implementation details we consider
the error analysis for the plane wave expansion method and we begin by proving a
result about the regularity of the eigenfunctions for the exact problem. Our first
attempt at the error analysis is to use the same techniques that we used in Chapter
4, by applying the spectral Galerkin method to our variational eigenproblem. This
approach is successful in obtaining a complete error analysis, but the spectral Galerkin
method is not the plane wave expansion method for the 1D TM Mode Problem and
it does not have the same implementation efficiencies that the plane wave expansion
method has. Instead, we show that the plane wave expansion method is equivalent
to a non-conforming Petrov-Galerkin method. Unfortunately, we are unsuccessful in
completely analysing the error for this problem. Using our regularity result for the
eigenfunctions of the exact problem we derive an approximation error result and this
gives us an upper limit for the rate at which the plane wave expansion method can
converge for the eigenfunctions. We then observe that the plane wave expansion method
actually achieves this optimum rate of convergence for some numerical examples. We
also provide numerical examples of smoothing and sampling within the plane wave

expansion method.

In Chapter 6 we consider the Full 2D Problem. Without being able to appropriately
phrase the problem as an operator on a Hilbert space we are limited to following the
technique in [64] to present the plane wave expansion method. We do, however, manage
to prove a regularity result by considering an equivalent problem in 3D from which we
can determine the regularity of eigenfunctions of the 2D problem. Using this regularity

result we can derive an approximation error estimate for plane waves approximating
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an eigenfunction of the 2D problem. Since our approximation error result measures the
best possible approximation of an eigenfunction using plane waves, it provides us with
an upper limit for the rate at which the plane wave expansion method can converge
for eigenfunctions. Numerical examples show that this upper limit is actually achieved
by the plane wave expansion method for these examples, and thus, it is the regularity
of the exact problem that is limiting the convergence rate of the plane wave expansion
method.

16



Chapter 2. PHYSICS

CHAPTER 2

PHYSICS

In this chapter we discuss Photonic Crystal Fibres (PCFs) from a physical perspective
and we introduce the mathematical model that is used to study PCFs. We begin
by giving a physical description of what PCFs are and what physical properties we
would like them to have. We support this discussion with references for applications
of PCFs. We then introduce the mathematical model for the interaction of light with
PCFs, based on Maxwell’s equations. We make assumptions (based on the symmetries
in PCFs) on the form of the solution and manipulate Maxwell’s equations to arrive
at the formal equations that we wish to solve. Following the formulation of equations
that model PCFs we present a review of results on the mathematical analysis of these
equations. This is followed by a review of the many numerical methods that have been
applied to solving the various formulations of Maxwell’s equations for PCFs. A key

reference for this chapter is [64].

2.1 Description of PCFs

Traditional optical fibres that are in use in the communications industry guide light by
a phenomenon known as total internal reflection, [76]. This occurs when light travels
in a material of high refractive index and is confined to the material by a series of
reflections at the interface with a low refractive index material. If the direction of the
incident light makes a sufficiently acute angle with the interface then all of the light is
reflected back into the high refractive index material. PCF's guide light by a different
physical phenomenon and it is this different physical phenomenon that we want to
model mathematically.

Before we describe PCFs we must first discuss photonic crystals. Photonic crys-
tals were first proposed by Yablonovitch [90] and John [41]. Just as electrons can
be manipulated by periodicity of an atomic lattice in a semiconductor crystal (to get

energy ranges over which no allowed electronic states exist), Yablonovitch and John
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proposed the existence of crystals for which propagation of certain frequency ranges of
light through the crystal would be forbidden. Semiconductors have electronic band gaps
where certain electronic states do not exist, whereas photonic crystals have photonic
band gaps where there is a range of light frequencies for which propagation through the
crystal is forbidden. We make the distinction between 1D, 2D and 3D photonic crystals
depending on how many directions the crystal varies in. Figure 2-1 has a diagram of a

1D photonic crystal where the crystal only varies in the vertical direction.

1D Photonic Crystal

Figure 2-1: Diagram of a 1D photonic crystal.

Now we describe PCFs. A PCF is a long thin cylinder of 2D photonic crystal (that
varies in the transverse/cross-sectional directions only) with a defect running down the
centre of the cylinder, see Figure 2-2. We refer to the central defect as the core of
the fibre and the surrounding 2D photonic crystal as the cladding. We align axes so
that the z-axis runs along the core of the PCF and the transverse coordinates are x
and y. Theoretically, the structure of PCF is invariant along the length of the fibre,
however, true invariance is impossible to manufacture. For our modelling purposes we
will assume that the PCF is constant with respect to the z-direction. Typically, PCFs
are made from silica with air holes running along the length of the fibre. A regular
periodic array of air holes in the cross-section of the fibre forms the 2D photonic crystal
in the cladding of the fibre whereas the core of the fibre is a defect in the crystal
structure, usually formed by either the absence of one or more air holes in the centre of
the fibre or an especially large air hole in the centre. PCFs with a large air hole in the
core of the fibre are called hollow core PCFs and we only consider PCF's of this type
in this thesis. The shape, size and pattern of air holes in the cladding, as well as the
shape and size of the core, of PCF's varies between fibres and contribute towards their
photonic properties. The material used to make PCFs also influences the photonic
properties.

The aim is to manufacture a PCF so that there exists a mode of light (i.e. light of
a specific frequency) that is guided along the centre of the fibre. We call this a guided
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Cross section of a PCF

Larger air inclusion
—_Micro-structre where light is mostly confined
with air holes

Figure 2-2: Diagram of a PCF.

mode. For this to be achieved the cladding of the fibre must act as a barrier and forbid
the propagation of this particular mode through it.

For this reason let us first model the pure 2D photonic crystal that is found in
the cladding. We must find a band gap for the 2D photonic crystal - a range of light
frequencies where propagation through the photonic crystal is forbidden.

Once we have found a band gap in the 2D photonic crystal we have a clue as to
where we might try to find a guided mode in the corresponding PCF. Since the 2D
photonic crystal has a band gap, we expect the cladding of our PCF to act as a barrier
to light with frequencies from this band gap. Therefore, a guided mode should have a
frequency from this band gap. However, we can not be sure that a guided mode will
be permitted in the core of the PCF from studying the 2D photonic crystal. We must
also model the entire PCF to find possible guided modes. This idea is supported by
analysis which we discuss later in this chapter.

We call the PCFs we have considered so far 2D PCFs since the photonic crystal
in the cladding of the fibre is a 2D photonic crystal. We can also consider 1D PCFs.
There are two ways we can construct these. The first is to consider a 1D photonic
crystal made from slabs with a planar defect, i.e. a defect that is only confined in
the direction in which the photonic crystal varies. The second way is to construct a
fibre with a central defect running along the core of a fibre where the cladding is a 1D
photonic crystal that varies only in the radial direction. The second construction is

referred to as a Bragg fibre [91].
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For an introduction to PCFs and their applications please refer to two popular
review articles, [48] and [70], or the book [39].

2.2 Formulation of Equations

In this section we formulate the equations that model the interaction of light and PCFs.
Light is a form of electro-magnetic radiation and is governed by Maxwell’s equations.
To formulate equations for modeling PCFs we make assumptions on how the electric
and magnetic fields depend on ¢ (time) and z (the spatial coordinate running along
the length of the fibre). These assumptions are based on the symmetries in PCFs
and are the same assumptions that are made in [76] page 590 and 591, for example.
Taking advantage of these assumptions, to reformulate Maxwell’s equations, yields a
2D vectorial eigenproblem. This will form the core problem to be solved and analysed
in this thesis.

However, we also derive other systems of equations that have been used in the
literature to model PCFs. We do this to draw attention to the difference between our
model and the models used by others. In particular, we highlight that an additional
assumption is needed to decouple the full 2D vectorial problem that we solve into two
scalar problems, as it is often done in the mathematical literature. In this case, the
two scalar problems are polarised such that either the electric or magnetic field are
entirely in the directions transverse to the z-axis. Our full model is not restricted by
this additional assumption.

Although we do not solve the decoupled scalar problems mentioned above, we will
use other simplified models where appropriate to develop a deeper theoretical under-
standing of PCFs and the numerical methods we use to solve PCF problems.

We also consider 1D PCF's. In this case we make an additional assumption and the
equations naturally decouple into scalar equations.

We begin with source-free Maxwell’s equations for a non-magnetic material. The

system of equations is

V- (n*E)=0 (2.1)

V-H=0 (2.2)

VxH= eonQZ—Pj (2.3)
OH

where E is the electric field vector, H is the magnetic field vector, €q is the permittivity
of free space (8.854 x 10712 Fm 1), g is the permeability of a vacuum (47 x 10" NA™!)

and n is the refractive index of the material. n completely describes the physical

20



Chapter 2. PHYSICS

properties of the PCFs; for 2D PCFs n = n(z,y) and for 1D PCFs n = n(z) (where
we assume that 2D PCFs are aligned with the z-axis so that the crystal structure in
the cladding varies in the x and y directions and 1D PCFs are aligned so that the
crystal structure varies in the z direction). Alternatively, Maxwell’s equations can be
formulated in terms of the dielectric function or electric permittivity e instead of the
refractive index n. There is no fundamental difference in these formulations because
€= 60n2 and ¢g is a constant.

For 2D PCFs we will refer to the directions that are perpendicular to the z-axis as

the transverse directions.

2.2.1 Time Harmonic Maxwell’s Equations

The first assumption that we make is that we assume (as in almost all photonics lit-
erature, eg. [76] and [39]) that the electric and magnetic fields can be written as
E(x,t) = e “! E(x) and H(x,t) = e~ H(x) where w is a specified frequency. More
general solutions to Maxwell’s equations can then be recovered by taking linear com-
binations of solutions of this type. With this representation of E and H we get

oE 0oH

W = —’LCUE, E = —iwH

and (2.1)-(2.4) become source-free, non-magnetic, time harmonic Maxwell’s equations

V- (n’E)=0 (2.5)
V-H=0 (2.6)

V x H = —iegn*wE (2.7)
V x E = ipowH. (2.8)

We proceed by substituting (2.7) into (2.8) to get
1 - 2 -
Vx| =5VxH)=kH
n

where kg := /€opow is called the wave number. Alternatively, we could substitute (2.8)
into (2.7) and obtain
VXxVxE= k:gnzf)

To solve Maxwell’s equations for a 3D photonic crystal problem we would need to solve

either
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or

V x V x E = k2n’E (2.11)
V- (n’E) = 0. (2.12)
In both cases k:g is an eigenvalue for the system of equations. Sometimes (2.9) and

(2.11) are written with w as the eigenvalue.

2.2.2 Invariance in z-direction

The second assumption that we make (as in [76]) is that we can represent the electric

and magnetic field by

(z,y) P = (ey(x,y) + e.(x,y)z) (2.13)
h(z,y) e = (hy(z,y) + h.(z,y)z) e* (2.14)

e

NI
T
¢]

where h; and e; are vector fields that point in the tranverse directions and 3 is the z-
component of the wave vector (the term wave vector comes from the representation for
a wave Aexp(ik - x) where k is called the wave vector). Again, more general solutions
to the Maxwell’s equations can be obtained by taking linear combinations of solutions
of this type.

Substituting this representation into (2.9) and using (2.10) together with the iden-
tity V(#) = —#V(log n?) we get (after some vector calculus) the following two equa-

tions

(V2 + k2n®)h; — (V; x hy) x (Vilogn?) = 5%hy (2.15)
(V2 + k2n®)h.z — (iBz x hy + V; x h,z) x (Vilogn?) = (h.z (2.16)

where V; := (%, a%, ). If we fix w (so that k3 is fixed) then (2.15) is a 2D complex-

valued eigenproblem for an eigenfunction hy = (hy, hy,0) and an eigenvalue 3%. More-
over, given a solution to (2.15) the other components of the magnetic and electric field

are given by

7

he= 5V by from (2.6) (2.17)
1
e =i, /%Wi V x hy from (2.7) (2.18)
I .
e = —, //:—:)) k:gnzz x (Bhy +iVihy) from (2.7).

In this thesis we are interested in solving (2.15) and we call this the Full 2D Problem.

2

Since n? is a discontinuous function V;logn? is not defined in the classical sense,
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so we must consider (2.15) formally and rephrase the problem in terms of an operator
on an appropriate Hilbert space that corresponds to (2.15). To find band gaps and

guided modes of PCFs we will investigate the spectrum of this operator.

Note that in the formulation above we have implicitly fixed the frequency w (equiv-
alent to fixing ko) and the intention is to solve for 5. The band gaps we seek will be
band gaps of # and not w. Alternative formulations fix § and search for kg (w) in a 2D

problem, or solve a 3D problem for eigenvalues k.

As well as solving (2.15) we will also consider solving a scalar 2D problem in this
thesis. We obtain the scalar 2D problem by omitting the (V; x hy) x (V;logn?) term
from (2.15). The resulting equation can then be decoupled into an equation for h, and

an equation for h,, both of which take the same form, namely
VZh + k2nh = 52h. (2.19)

We call (2.19) the Scalar 2D Problem. In [7] the authors call this equation the scalar
wave equation and they argue that it can be applied to PCFs that have low contrast

n2.

2.2.3 Splitting into TE and TM modes (2D) - special case =0

In this section we review a special case of the Full 2D problem. Although we will not use
this approach in this thesis, it is important to mention it because it has received a lot
of attention in the literature, especially in the mathematical literature. For example,
see [5], [15], [45] and [26].

It is an example of a formulation where [ is fixed and the intention is to solve for an
eigenvalue k(z), but it only applies in the case 8 = 0. By assuming that § = 0 Maxwell’s
equations conveniently decouple into two scalar equations.

If we assume again (2.13) and (2.14) (with 8 = 0) and substitute H = hy(z, y) +
h.(x,y)z into (2.9) and (2.10) and E = e;(x,y) + e.(z,y)z into (2.11) and (2.12), then
some vector calculus reveals that the problem decouples into two scalar problems with
solutions of the form (I:I,E) = (0,0, h;, ey, €y,0) and (ﬁ, E) = (hg, hy,0,0,0,e,) where
e = (ex,ey,0) and hy = (hg, hy,0). We call these two polarisations the transverse
electric (TE) mode and the transverse magnetic (TM) mode, respectively. The equation

that governs the TE mode is the equation for the z-component in (2.9), i.e.
1 2
Vi [ 5 Vihs ) = k2. (2DTE)
n

Given a solution for h, and the fact that h; = 0 and e, = 0, e; is determined by (2.7).

The equation that governs the TM mode is the equation for the z-component in
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(2.11), i.e.
—Vie, = kin’e,. (2DTM)

h; is determined using (2.8).

Note that choosing 3 = 0 is equivalent to considering waves that only propagate
in the transverse directions (and not in the z-direction). Since we are interested in
waves that will propagate along the core of the fibre the assumption that g = 0 is not
appropriate for our model. For § # 0 Maxwell’s equations do not decouple.

However, the assumption that 8 = 0 is appropriate when studying truly 2D photonic
crystals. Our 2D PCFs are actually 3D structures and we have reduced Maxwell’s
equations to a 2D problem by exploiting symmetries. An example of a 2D photonic
crystal is a plate that has had a 2D structure etched onto it. Propagation is only possible
in the plane of the plate, and not through the plate. Therefore, the assumption that

(8 = 0 is appropriate in this case.

2.2.4 1D problem

In this subsection we formulate equations for 1D PCFs. We make the assumption that
n = n(x) (i.e. the photonic crystal in the cladding of the 1D PCF only varies with
respect to r) and that the magnetic (and electric) fields have e/’s¥ dependence (8, is
a constant). With these assumptions we reduce (2.15) to a decoupled system of scalar
equations.
We first write

H(x) = h(z) Py t02)

In fact, without loss of generality we can choose 3, = 0. This is possible by rotating
the y and z coordinate axes and keeping the x axis unchanged to force 3, = 0. In this

case equation (2.15) becomes the decoupled system

hy o o 2

%+ knthy = 8h, (2.20)
d’hy 5 o d(logn?) dh
—Y 4+ k2n’h, — —2 LY — g2 2.21
dx? + Ronthy dx dx Fhy ( )

where hy = (hg, hy,0). If we solve (2.20) for non-zero h, and set h, = 0 (which satisfies
(2.21)) then e, = 0 by (2.18). The solution has the form (H,E) = (he,0,hz, ez, ey,0)
with the electric field normal to the z-axis. Therefore, we call (2.20) the transverse
electric (TE) mode equation.

Conversely, if we solve (2.21) for non-zero h, and set h, = 0 (which satisfies (2.20))
then h, = 0 by (2.17). The solution has the form (H, E) = (0, hy,0, ez, ey, e;) with the
magnetic field normal to the z-axis. Therefore, we call (2.21) the tranverse magnetic

(TM) mode equation.

24



Chapter 2. PHYSICS

Just as for the Full 2D Problem in (2.15), the term d(lodiﬁ in (2.21) is not defined
in the classical sense. We must consider (2.21) formally and consider the problem as
an operator on an appropriate Hilbert space. In this case we have been successful at

rewriting the equation and we can write (2.21) in divergence form. Using the identity

—d(l%ﬁ = nzﬁ(#) we can rewrite (2.21) as
d (1dh,\ . B
— | 5— kghy = —hy. 2.22
dm(nde>+0y n2 Y ( )

This form of (2.21) will be useful for the numerics and the analysis later in this thesis.

2.2.5 Boundary Conditions/Defining n on all of R?

So far we have not yet discussed the domains and boundary conditions for our eigen-
problems. If we are trying to model a pure (infinite) phontonic crystal then n is periodic
and it is defined on all of R or R?, and the problem is well defined without specifying
boundary conditions. In reality however, a PCF is of course bounded and n is defined
on a bounded domain in R%. In order to make the problem well defined we need to
specify a domain (which may be a subset of the set in which n is defined) and boundary
conditions. Alternatively, we can extend n outside of our chosen domain to all of R?
or R and consider our eigenproblems on unbounded domains. First, we discuss the
supercell method before considering other methods.

The most popular method and the method that we use in this thesis is the supercell
method. In the supercell method, n is extended periodically to all of R? or R. The
original PCF in a bounded domain is called the super cell (see right pane of Figure 2-
3). After applying the supercell method we have an eigenvalue problem with periodic
coefficients posed on an unbounded domain. By using the Floquet-Bloch transform
we exploit this periodicity and we transform the problem into a family of problems
on bounded domains with periodic boundary conditions. The periodic boundary con-
ditions are crucial for applying the plane wave expansion method. Examples of the
supercell method for PCF problems can be found in [62], [64], [66] and [78]. For an
example of the supercell method applied to a non-photonics problem, see [61].

A second technique for defining n on all of R? (or R) is to define it by extending
the cladding of n to all of R? (or R). The overall structure is then an infinite 2D
(or 1D) photonic crystal with a localised defect (see left pane of Figure 2-3). This
technique for defining n on all of R? (or R) is commonly used in mathematical analysis
literature because the classical Weyl theorem (at least for the 1D TE Mode Problem and
the Scalar 2D Problem) states that the addition of a compact perturbation (localised
defect) does not change the essential spectrum of the operator. Therefore, there is a
clear connection between the spectrum of a “PCF” with this structure and the spectrum

of a pure (infinite) photonic crystal. Unfortunately, this technique does not lead to
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Photonic crystal with defect Supercell

Figure 2-3: Diagram showing structure of n for two different choices of method for
extending n to all of R?. The period cell of the supercell is highlighted.

a problem on a bounded domain (unlike the supercell method where we could use
the Floquet-Bloch transform) and so it is not well suited for any numerical method.
However, efforts have been made to design an exact absorbing boundary condition for
this situation [29].

Another method for providing boundary conditions is given in [14]. In this paper
the authors give boundary conditions for solving the Scalar 2D Problem on a bounded
domain that are equivalent to extending n with n(x) = 1 for all x € R? with |x| > R
where R is the radius of the PCF.

All three of the techniques we have just described contain some form of modeling
error because we do not know what boundary conditions represent reality. However,
since we are searching for guided modes, and these should decay exponentially in the
cladding, it is argued that the particular choice of boundary conditions (or how we
extend n) is irrelevant provided there is a sufficient amount of cladding around the
central defect. Moreover, the location of band gaps (in which we search for guided
modes) can be calculated by considering a pure (infinite) photonic crystal.

In this thesis we need to impose periodicity on the coefficients of our problems (so
that we can apply the plane wave expansion method) and we do this by applying the
supercell method. We would like to have a theoretical justification that the supercell
method does not introduce an excessive amount of error. Soussi’s paper [78] links
the supercell method to the infinite photonic crystal with a localised defect (second
technique given above) for the special case of the decoupled 2D problems. He shows
that the error in the essential spectrum between the photonic crystal with a localised
defect and the supercell method decays quadratically with the inverse of the distance

between neighbouring defects and that the error of isolated eigenvalues (guided modes)
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decays exponentially with the distance between neighbouring defects, i.e. the more
cladding between the defects in a supercell lattice, the less effect artificially introduced
defects in the supercell lattice have.

The link between the supercell method and a (pure infinite) photonic crystal with
a localised defect for the problems that we will study (1D TE and TM Mode Problems,
Scalar 2D Problem and Full 2D Problem) has not yet been considered in the mathe-
matical literature. However, we expect that similar results to those in [78] apply for all
of our problems, and we observe this for a 1D TE Mode Problem example. In Figure
2-4 we have plotted the errors in the spectrum of a 1D TE Mode Problem between the
supercell method and a photonic crystal with a localised defect and we observe that
the error in the essential spectrum decays quadratically with the inverse of the number
of cells in the cladding, while the errors in the discrete spectrum (isolated eigenvalues)
decays exponentially. Our error calculations were made by solving Model Problem 2
in Chapter 4 with the plane wave expansion method for different numbers of cells in
supercell cladding. To calculate the errors in the essential spectrum we have compared
the spectrum of Model Problem 2 with the spectrum of a pure photonic crystal (i.e. the
spectrum of Model Problem 1 in Chapter 4) because this remains unchanged when a
localised defect is introduced. To calculate the errors in the discrete spectrum we notice
that since all of the spectrum of a supercell operator is essential spectrum (because it
has periodic coefficients), we find that there are narrow bands of essential spectrum of
Model Problem 2 that approximate isolated eigenvalues. The discrete spectrum errors
are the “widths” of these narrow bands.

For the rest of this thesis we will ignore the error introduced by the supercell method
and concentrate on estimating the errors from the numerical methods that we apply

to problems with periodic coefficients.

2.3 Overview of Analysis

In this section we give an overview of the results from the literature that apply to the
problems that we have formulated in the previous section. The results that can be
found in the literature are limited to the TE and TM mode problems in 1D and 2D,
the Scalar 2D problem, and the 3D Maxwell problem in (2.9). There is no analysis in
the literature of the Full 2D problem in (2.15) (although some progress has been made
towards studying a scattering by diffraction problem that makes similar assumptions
to ours).

For the formulations that have received attention in the literature, the analysis of
each problem attempts to follow a common approach. First, the formal eigenvalue
equation is considered as an operator on a Hilbert space. Then, for periodic n (mod-

elling a perfect photonic crystal), the spectrum of the operator is found to be purely
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10 T T

107 b

!
@

relative eigenvalue error
[
1S
\

-10[

10

—O6— isolated eigenvalue
— B — top of bands

1 — © — bottom of bands
B I I

10° 10" 107 10

7 of cells in supercell cladding

10

Figure 2-4: Plot of the relative error of the isolated eigenvalue and the bands for the
1D TE Mode Problem vs. the number of cells in the supercell cladding.

essential spectrum, and the existence of band gaps is proven. Next, a compact per-
turbation is added to n. With the addition of this compact perturbation it is proven
that the essential spectrum is unchanged and for an eigenvalue with finite multiplicity
in a band gap the corresponding eigenfunction must decay exponentially, i.e. we have
a guided mode. However, some of these statements have not been proven for all of the
above problems.

We note that the main tool for studying periodic operators is Floquet Theory (called
Bloch theory in the physics literature). References for Floquet Theory include [17], [44],
[45] and [69]. We discuss Floquet Theory in more detail in Chapter 3.

We also remark that it is often the case in the literature that authors have proved
that the spectrum of an operator is absolutely continuous instead of working with the
definition of essential spectrum. In Section 3.4.2 we give the definition of absolutely
continuous spectrum that can be found in [42] where it is also stated that absolutely

continuous spectrum is a subset of essential spectrum.

1D TE mode and Scalar 2D Problem

The Scalar 2D Problem in (2.19) is (mathematically speaking) the 2D extension of
the 1D TE mode equation (2.20), and both equations are examples of Schrédinger’s
equation

~V2 + V(2)yp = By
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identifying h with the wave function v, k3n? with the potential V (), and 5% with the
energy F.

According to Floquet Theory [45], the spectrum of periodic, ellipitic differential
operators exhibit band structure and so the spectrum of the Schrodinger operator with
periodic V' will also exhibit band structure.

The following result for the 1D TE Mode Problem can be found in [69]: If V
is periodic then the spectrum of the operator corresponding to (2.20) is absolutely
continuous and if V' is not constant then there must be gaps in the spectrum. This
result is also known as Borg’s Uniqueness Theorem. In 2D, a result in [69] states that
if V has a Fourier Series where the coefficients are in Iy (i.e V € L?) then the spectrum
is absolutely continuous. The appearance of gaps for the 2D problem is not guaranteed
for non-constant V' but it is still a common occurance according to [45] and can be
demonstrated numerically.

If we add a compact perturbation to V' then it follows from the classical Weyl
theorem (page 117 of [69]) that the essential spectrum remains unchanged. This means
that any additional eigenvalues that appear must be of finite multiplicity. If such an

eigenvalue appears in a band gap then it must decay exponentially in the cladding [45].

1D TM mode

The analysis of the 1D TM mode is covered in [25]. The operator corresponding to
(2.22) is defined in terms of a quadratic form, for which the standard Floquet theory
does not apply. In [25] the authors develop the corresponding Floquet theory that
proves that the 1D TM mode has spectrum with band structure as well as proving
sufficient conditions for the existence of band gaps. Perturbations of pure photonic

crystal are not considered in [25].

Full 2D Problem

The Full 2D Problem (2.15) is not the 2D version of the 1D TM mode equation (2.21)
and there are no papers in the literature that are dedicated to the spectral theory of
this problem. We have had no success with rewriting the Full 2D problem in divergence
form (as we did for the 1D TM mode problem in (2.22)) so that the coefficients are
defined in the classical sense. Writing the Full 2D problem in an appropriate operator
form remains an open problem. However, we use analytical results for the full 3D
Maxwell operator to help describe the spectral properties of (2.15). We do this in
Chapter 6.

Other analysis results that may be applicable to this problem, or may point the
way forward in terms of how to approach the analysis of this problem, can be found
in [19] and [20]. In these papers a conical diffraction problem is considered and the

authors make similar assumptions to ours on the magnetic and electric fields before
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reformulating Maxwell’s equations in terms of the z-component of the magnetic and
electric field in regions where n is constant together with interface conditions. They
then prove existence, uniqueness and regularity results for their problem. However,
they only assume that n is periodic in one of the coordinate directions and the results

can not be directly applied to our problem.

2D TE and TM modes

Although we do not solve either the 2D TE or TM mode problem here, both of these
problems have received a lot of attention in the literature. The band gap structure of
the spectrum of these operators was established in [26]. A theorem for the absolute con-
tinuity of the TM mode for piecewise continuous, periodic n is given in [45]. However,
absolute continuity of the spectrum of the TE mode has only been proven for smooth,
periodic n, not piecewise continuous n [45]. [26] establishes the existence of band gaps
for the TE and TM modes for square geometries where the appearance of gaps can be
generated by increasing the size of the jump in n. Gaps in the TM mode spectrum for
more general shaped geometries in n are studied in [27]. The corresponding article for
the TE mode spectrum is referred to as being in preparation in [45] but it appears to
have not been published. For a survey of these results, refer to [45].

We would like to emphasise again, however, that these problems assume that 3 = 0

and are therefore confined to waves that only propagate in the transverse directions.

Full 3D Maxwell System

Finally, let us consider the existing literature on the full 3D time-harmonic Maxwell
operator corresponding to (2.9). The Hilbert space for this operator must be a subset
of the vector fields that satisfy (2.10). The application of Floquet Theory to the
Maxwell operator is not as straight forward as for elliptic operators with periodic
coefficients, however, it is achieved by considering the Maxwell operator in an elliptic
complex. See [46] and references therein for more details about this (in particular, see
[24]). A consequence of the application of Floquet theory is that the spectrum has
band structure. [59] proves that the spectrum of the Maxwell operator is absolutely
continuous for smooth and periodic n?, but not for discontinuous n?. The existence
of band-gaps has been verified with numerical experiments in, for example, [39]. [28]
appears to be the only paper where the existence of a band gap has been proven, but
this was for a hypothetical problem where ;1 # 1 and there are high contrasts for n?
and p.

Localised defects are known not to change the essential spectrum of a photonic
crystal (see Theorem 21 in [45] and references therein), but in 3D the defect in a PCF
is a line defect. According to [45] there is no rigorous mathematical analysis of this

problem although a relatively simple result that can be proven is that a mode with an
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eigenvalue in a band gap must decay exponentially in the cladding. This can be proven

by estimating the decay of the Green’s function.

Analytic Solution to 1D Problems in a Photonic Crystal

The existence of an eigenvalue and eigenfunction for the 1D TE or 1D TM mode
equations for a simple photonic crystal can be shown to be equivalent to finding a zero
of a transcendental equation. We can use this to get an exact solution in 1D to compare
our numerical results against.

The technique is to consider even and odd modes separately. The TE or TM mode
equation is solved on each section of the period cell where n is constant and then the
solutions are matched with appropriate interface conditions. An eigenfunction exists
when the determinant of the coefficients is equal to zero. Expanding the determinant
we obtain a transcendental equation that depends on the eigenvalue. By varying the
eigenvalue we can find zeros of the transcendental equation that correspond to the
existence of eigenpairs. This technique is explained in detail in the appendix of [64].

The 1D TE mode, as previously discussed, is just Schrodinger’s equation and is
called the Kronnig-Penney model when the potential is periodic. Solution techniques
for this problem that are different from [64] are given in [55] and [23].

When the supercell method is applied then the period cell is more complicated than
for a photonic crystal and the number of interface conditions to satisfy is much greater.
In this case we resort to numerical methods to find a reference solution rather than

deriving an expression for the determinant of the matrix of coefficients.

2.4 Overview of Numerical Methods

In this section we review the different numerical methods that have been applied to
solving the PCF problem. Although we will focus on using the plane wave expansion
method in this thesis there are many different methods that could be used to solve
the PCF problem and they are often suited to particular formulations of Maxwell’s
equations.

Methods fit into one of two categories: frequency domain methods and time domain
methods. Frequency domain methods are based on formulations of Maxwell’s equations
that are derived from the time-harmonic Maxwell equations while time domain methods
are based on formulations of Maxwell’s equations that include time dependence.

We begin with a review of the use of the plane wave expansion method for solving
the PCF problem before briefly reviewing a number of other methods.

The review in [64] is more extensive and contains a review of various other methods

used for solving the PCF problem.
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Plane Wave Expansion Method

The plane wave expansion method is an example of a frequency domain method. For
some problems it is equivalent to a Galerkin method. Sometimes it is referred to (as
we do in this thesis) as a spectral Galerkin method. This is because the basis functions
have global support. For PCF problems it is not a truly spectral method because the
basis functions are not eigenfunctions of the operator. Another name for the method
is the Fourier Galerkin method. It has been applied to all of the different formulations
of Maxwell’s equations with the only condition being that the coefficients are periodic.
This condition is naturally satisfied for pure photonic crystals but is artificially imposed
for PCFs using the supercell method.

Imposing periodicity in the coefficients introduces an error and prevents the plane
wave expansion method from being able to model the effects of energy leaking through
the cladding, i.e. leaky modes. However, since guided modes decay exponentially in
the cladding, this error is small for guided modes. The non-localised modes that do
not decay in the cladding and are not changed by the introduction of a localised defect
can be dealt with by considering the simpler problem of solving the problem for the
pure photonic crystal that corresponds to the cladding material. This issue was also
discussed in Subsection 2.2.5.

The research group in the Physics Department at the University of Bath apply the
plane wave expansion method where the frequency has been fixed and (2.15) is solved
for the magnetic field and (3, [62], [64] and [66]. In [53] the plane wave expansion
method is applied to a 3D photonic crystal. Other examples of using the plane wave
expansion method in PCFs include [38], [34], [15] and [40].

According to [79] the plane wave expansion method converges slowly for increasing
numbers of plane waves and it is claimed that this is due to the discontinuous nature of
the dielectric function. However, it is claimed in [75] and [8] that the slow convergence
(for the 1D TM mode problem) is also influenced by how the plane wave expansion
method is formulated for discontinuous data. The apparent slow convergence of the
plane wave expansion method is essentially the phenomenon that we will attempt to
understand in more detail in this thesis.

The advantages of the plane wave expansion method are that it is easy to formulate,
and fast to compute, using the Fast Fourier Transform (FFT) and a preconditioner. The
disadvantages are that it is apparently slow to converge when the data is discontinuous.

Two methods for improving the performance of the plane wave expansion method
have been suggested in [64] and [63]. The first method they use is to replace the
discontinuous coefficients with smooth coefficients that approximate the discontinuous
coefficients. The smooth coefficients are obtained by convoluting the discontinuous co-
efficients with a normalized Gaussian function. Although this method may improve the

convergence rate of the plane wave expansion method we must also consider the addi-
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tional error that has been introduced. The analysis of smoothing is another important
topic of this thesis.

The second method for improving the performance of the plane wave expansion
method is to use curvilinear coordinates. When the structure of the discontinuous
coefficients is complicated then for the plane wave expansion method we must approx-
imate the Fourier coefficients of the discontinuous coefficients. A method that samples
the discontinous coefficients on a uniform grid and then applies the Fast Fourier Trans-
form is usually applied. However, to improve this approximation, the author of [64] has
suggested sampling the discontinuous coefficients on a non-uniform mesh with nodes
clustered near the discontinuities. Although we do not manage to analyse the error
for this method in this thesis, we make the observation that this method lessens the

effectiveness of the preconditioner that is used in [64].

Time Domain Methods

Time domain methods do not extract a e®? dependence from the electric or magnetic
fields as in the time harmonic Maxwell’s equations. In these methods the solution to
Maxwell’s equations is propagated foward in time from some initial magnetic or electric
field condition. The finite-difference time-domain (FDTD) method has been used in
[68] for PCFs and is described in the books [82] and [49].

Once a solution has been computed with a time domain method the Fourier Trans-
form of the solution then reveals peaks that correspond to the frequencies of the modes
that propagate through the fibre. The disadvantage of FDTD methods is that the time
dependent ODE system that is derived from spatial discretisation is stiff. This means
that to preserve the stability of the ODE solver either the time step must decrease with

the spatial grid spacing or an implicit time integrator must be used.

Beam Propagation Method

Beam propagation methods are another example of a frequency domain method, how-
ever, instead of computing guided modes they are used to compute propagation along
a fibre. They begin by separating the z-dependence of the electric or magnetic field as
O(x,y,2) = e“* ¢(x,y,2) where w is a chosen frequency and ¢(x,y, 2) still depends on
z, albeit in a slowly varying way. This is followed by discretisation in the transverse
direction. The result is an ODE system that depends on z. The field (beam) is then
propagated forward along the fibre in the z-direction using an ODE solver. There are
a number of versions that use either finite difference, finite element or discrete Fourier
transform discretisation schemes for the transverse direction discretisation. Examples
of the beam propagation method applied to optical fibre problems are [71] and [22]. In

[?], leaky modes are computed while in [22] a Fourier transform technique is described
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for recovering information about guided and leaky modes that have been exited by the

source beam.

Spectral Methods

The multipole method [88], [89] and the method in [23] are both examples of spectral
methods. They construct basis functions that are orthogonal and are matched to the
geometry of the PCF so that the discontinuities in n? will not affect the exponential
convergence of the method. Both methods can only be applied to PCFs with particular
geometries: eg. circular or square air holes.

In the multipole method time-harmonic Maxwell’s equations are expressed in terms
of the z-component of the magnetic and electric fields, w is fixed and the equations are
solved for 8 on a domain in the transverse directions. The method expands h, and
e, in terms of basis functions that are the solution to the underlying equations in the
different regions of the PCF where n is constant, which for a PCF with circular holes
are cylindrical harmonics. If the PCF was constructed using some other geometrical
shapes then different basis functions need to be used. The expansions of the solution
in the different regions of the PCF are then matched at the interface between regions
of different n as well as at the boundary of the domain.

The advantage of this method is that it is very efficient (because the discontinuities
of n do not effect the convergence rate) and it is possible to model leaky modes (where
some modes are only partially guided).

However, a disadvantage of this method is that it is limited by the range of PCF
structures that it applies to. In practice it has only been applied to PCFs with circular

holes. Another disadvantage of this method is that it is relatively difficult to implement.

Finite difference / finite element / boundary element / localised Gaussian-
Hermite

All of these methods are standard methods that have been applied in the frequency
domain by solving equations based on the time-harmonic Maxwell equations. They
require setting a boundary condition on a bounded domain and they can be applied to
PCFs of arbitrary geometry.

The finite difference method is applied to the Full 2D problem in [11]. The finite
difference discretisation scheme leads to an eigenvalue problem where the matrix is
sparse and banded. A method of of reordering the matrix elements is used to reduce
the matrix bandwidth and then a subspace iteration method is used to find only a
few of the eigenvalues of the matrix. The authors demonstrate that their method is
significantly faster than the method used in [40].

The finite element (FE) method is applied to the 2D TE and TM mode problems in
[15] and [5]. A uniform grid is used in [15] while an unstructured grid is used in [5]. The
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uniform grid approach of [15] is easy to implement, and a preconditioner that utilises
the Fast Fourier Transform (FFT) is used. The disadvantage of the method in [15] is
that the rectangular uniform grid is necessary for their preconditioner, since it uses the
FFT, and so elements cannot be concentrated in the regions where n is discontinuous
(i.e. where the solution has less regularity). The method in [5] uses an unstructured
mesh and a method called simultaneous coordinate over-relaxation is used to solve the
matrix eigenproblem that arises from the FE discretisation. Both of these FE methods
only solve the 2D TE and TM mode equations for photonic crystals. They do not solve
the problems for PCFs.

Another PhD thesis at the University of Bath by Stefano Giani [31] also solves the
2D TE and TM mode problems using the FE method. Giani’s work extends the FE
method to the PCF problem and he uses a posteriori error estimation to refine the
mesh in areas where the residual error is large.

For the boundary element method see [33] and [86].

Examples of localised Gaussian-Hermite methods are found in [56] and [58]. The
method is similar to the plane wave expansion method and the finite element method

except that the solution is expanded in terms of localised Gaussian-Hermite functions.

2.5 Summary of Problems

Let us summarise the eigenproblems that we will consider in this thesis. We write the
problems in dimensionless form. Define A as the lattice pitch, i.e. A is the width of a

period cell in the photonic crystal. Then we scale to get the following problems with
A= >\0A7 /3 = ﬂAa

In this way we can rescale our eigenproblems so that the periodic coefficients have
periodicity 1. In later chapters we will make further restrictive assumptions on the
coefficients.

The four problems we consider in this thesis are then described by the following.

Problem 2.1 (Full 2D Problem). The primary problem we are interested in is the
Full 2D Problem (2.15),

(V7 +7(x)hs — (Vi x hy) x (Vin(x)) = 57hy

for 2D vector eigenfunctions h; and eigenvalues 2.
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Problem 2.2 (Scalar 2D Problem). A secondary problem we are interested in is
the Scalar 2D Problem (2.19),

V2h 4+ ~(x)h = 3*h

for scalar eigenfunctions h and eigenvalues 32.

In 1D, with the same scaling and definitions of v and 1 we solve the following

problems.
Problem 2.3 (1D TE Mode Problem). The 1D TE Mode Problem is (2.20),

d*h =9
@ + Y (IL‘)h = ﬁ h
which is an eigenproblem for scalar eigenfunction h and eigenvalue 32.

Problem 2.4 (1D TM Mode Problem). The 1D TM Mode Problem is (2.21)

d2h dndh -
gz W= =0

which is an eigenproblem for scalar eigenfunction h and eigenvalue 2.
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CHAPTER 3

MATHEMATICAL TOOLS

In this chapter we develop the mathematical tools needed for the analysis of the plane
wave expansion method applied to band gap computations in photonic crystal fibres.
We split the chapter into six sections. In Section 3.1 we define a variety of function
spaces, including test functions and distributions. We also introduce mollifiers and
we present a lemma for estimating series in terms of integrals. In Section 3.2 we
present some definitions and results for periodic functions and periodic distributions.
In particular, we define finite dimensional periodic function spaces as well as various
projections onto these function spaces. These will be important for presenting the plane
wave expansion method as a Galerkin method. In Section 3.3 we develop results for
describing the regularity of piecewise continuous functions. In Section 3.4 we present
some results from spectral theory and Floquet theory. Section 3.5 has some results
from functional analysis. It describes the abstract tools that are necessary for studying
variational eigenvalue problems and it includes the main theorem that we use for the
error analysis of the Galerkin method applied to a variational eigenvalue problem. We
also present Strang’s First Lemma in this section as well as some regularity results for
elliptic boundary value problems. Finally, in Section 3.6, we present the tools from

numerical linear algebra that we need for solving matrix eigenvalue problems.

3.1 Preliminaries

In this section we make some preliminary definitions. We begin by defining the function
space LY C(IRd) for 1 < p < co. We then develop distributions in the standard way before
defining the spaces H*(RY) and H*(Q2) for s € R in terms of the Fourier transform.
Next, we define the standard mollifier and finally, we present a lemma for estimating
series in terms of integrals.

Throughout this thesis d € N, although sometimes we restrict d so that d € {1, 2}.
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Bold letters, such as x, will denote vectors in R%. A vector x € R? will have entries
r1,29,...,24 and we define X’ := (z1,29,...,24_1) € R4 If d = 3 then we will

sometimes use the notation x; = (x1,z2,0) (¢ for transverse) and x, = (0,0, x3).

A vector a = (o, ..., q) with non-negative integer entries «; is called a multi-
index. The order of a multi-index is |a| := a3 +- - - + a4 and the factorial of « is defined

as ol = aqlas! ... ayl.
We will use the following notation for partial derivative operators

olal

e

and for x € R? we denote

a . .01 aq
X .—1’1 ....de.

The support of a function f: R? — C is defined as

supp f = {x € R%: f(x) # 0}.

The open ball with centre x € R? and radius > 0 is denoted by

B(x,r)={yeR: |x —y| <r}.

Throughout this thesis we will be working with inequalities to estimate certain quan-
tities. To avoid defining a large number of constants we will use the following notation:
If % is bounded above independent from our discretization parameters n, G, N, M, A
then we write C' < D. We will also write C' ~ D when C' < D and C 2 D.

We will use the Kronecker-delta symbol to denote the following function, for i, j € Z,

1 ifi=j

Y Yo i £
For two functions f,¢: R — R we write f(z) = O(g(z)) (as x — oo) if there exist
constants C' > 0 and xg > 0 such that |f(z)| < C|g(z)| for all x > . Alternatively,

we may write f(z) = O(g(x)) as x — 0 if there exist constants C' > 0 and z¢ > 0 such
that | f(z)| < Clg(z)| for all 0 < z < xg. In these situations we say that f has order g.

Throughout this thesis we will use the term superalgebraic convergence (as n — 00)

to mean that the error is O(n™*) for all s € R.
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3.1.1 The Space L} (R%)

loc

The function space Lil” A C(Rd) for 1 < p < co is defined as

LP

loc

(RY) := {f|x € LP(K) : for any compact K C R%}
where LP(K) is defined in the usual way.

3.1.2 Test Functions and Distributions

In this subsection we define distributions in the usual way. Let Q@ C R? be an open set.

Definition 3.1. Define the space of test functions on € as
D(Q) = C5°(Q2) ={¢ € C*°(Q) : supp ¢ is a compact subset of Q}.

Convergence in D(Q) is defined as follows: Let {¢,}22; C D(§2) be a sequence of test
functions and let ¢ € D(2). We say ¢, converges to ¢ in D(Q2) and write ¢, 2, ¢ as

n — oo if the following properties hold
1. there exists a compact set K C 2 such that supp ¢, C K for all n € N.

2. maxxeq |D(Pn(x) — ¢(x))| — 0 as n — oo, for any multi-index a.

We now use this definition of D(€2) and convergence in D(2) to define distributions.

Definition 3.2. A linear functional u : D(2) — R is a distribution on 2 if

bn ¢ = (u,dn) — (u, )

for any convergent sequence of test functions. The space of all distributions on 2 is
denoted by D'(Q2). A sequence {u,}5°; C D'(R2) converges to u € D'(Q) if

(un, @) — (u,¢)  n — o0, Vo € D().

Every f € L} (R?) defines a unique distribution u; € D'(R?) by

loc
wp.) = [ fo90(x)ax o e D).

In our notation we identify f with wuy.

Finally, in this subsection we state a result that is essentially the same as Lemma
5.1.1 on page 135 of [72], except we extend it from d = 1 to d € N. The proof is almost
exactly the same for d > 1 and we present it in Appendix A.1. We will use this result

later for proving Theorem 3.22.
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Lemma 3.3. Let u € D'(R?) and let K C R? be bounded. Then there exists a n € N

and a constant C,, such that

[(w9)] < C Y max| D6(x)|

laf<n

for all ¢ € D(R) with supp ¢ C K.

3.1.3 The Space H*(R?) for s € R

In this subsection we define the Sobolev space H*(R%) for s € R via the Fourier Trans-
form of temperate distributions. We begin by defining the Schwartz space of rapidly
decreasing C*°(R) functions. The definition is similar to the definition of D(R?).

Definition 3.4. Define the Schwartz space of rapidly decreasing C* functions on R¢
by

S(RY) := {q& € C*°(RY) : max x*DP¢(x)| < oo for all multi-indices a, ﬂ}
x€R

Convergence in S(R?) is defined as follows: Let {¢,}5%, C S(RY) be a sequence of
functions in S(RY) and let ¢ € S(RY). We say that {¢,}52, converges to ¢ in S(R?)

. S .
and write ¢,, — ¢ as n — oo if

max [x* D (¢n(x) — ¢(x))| =0 asn— oo,
x€R4

for all multi-indices a, (3.

We now define the space of temperate distributions in terms of functionals on S(R%).
Definition 3.5. A linear functional u : S(R?) — R is a temperate distribution on R?
if

S

for any ¢,,$ € S(RY). The space of all temperate distributions on R? is denoted by
S'(R9).

Now we define the Fourier Transform for u € S'(R%). If u € L'(R%) then the Fourier

transform of u is given by

a(e) = / w(x) e i2TEX
Rd
for £ € R%. For u € §'(R?) the Fourier Transform of v is defined by

(@, 0) = (u,0) V¢ € SRY).
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We can now define the space H*(R9) for s € R as
H*(RY) = {u e §'(RY) : 1wl s (ray < 00}

where )
2
s = ([ 00+ k)00 P )

It follows from Plancheral’s Theorem that L?(RY) = HO(RY).

3.1.4 The Space H*(Q?) for s € R

Now we define the Sobolev Space H*(f2) for s € R and open, bounded Q C R% Tt is
defined as
H*(Q) ={ueD(Q):u="Ulqg for some U € H*(R?)}

with norm
u||gscoy =  inf Ul s .
llull s () UeHS(Rd)” | £rs (e
Ula=u

We also define H§(2) by

Hj(Q) = closure of D(Q2) in H*().

3.1.5 The Standard Mollifier

In this subsection we define the standard mollifier for smoothing functions. We also
present some of the basic properties of mollified functions. References for mollifiers
include page 629 of [21] and page 36 of [2].

Definition 3.6. The standard mollifier J € C*°(R?) is defined by

Cexp (W%l) x| <1

J(x) =
0 x| > 1,

where C' is a constant chosen so that [, J(x)dx = 1.

For ¢ > 0 we also define J.(x) := ¢ 4J(e"'x). J. also has the property that
fRd JG(X)dX =1.
Using J.(x) we can define a mollified function in the following way.

Definition 3.7. For f € L}Oc(Rd) and € > 0 we can define a mollified f by

f(ﬁ)(x) = Jex f(x) :/

B(0,¢)

LWVQ—ymyzj’L@—vamy

R4
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where B(0,¢) = {x € R?: |x| < €}.

A mollified function has the following properties that are given in Theorem 6 on
page 630 of [21].

Theorem 3.8. If f € L} (R?) then

loc

1. fl9 e C®(R?) for all e > 0.
2. 9 = f almost everywhere as ¢ — 0.

3. If1 <p<ooand f €L} (RY), then f© — fin L? (R%) ase— 0.

loc

3.1.6 Estimating Series with Integrals

In this subsection we present a lemma that will allow us to estimate a series or partial

series with an integral.

Lemma 3.9. Let p,q € Z with p < q, denote I = [p,q] C R, and let f € C(I). Suppose
that f is monotonically decreasing on I and f(x) > 0 for all x € I. Then

fn) < | f(x)de.
n:%rl /I

Conwversely, if f is monotonically increasing on I then

q—1
nzzpf(n) < /I f(z)da.

Proof. We first consider the case when f is monotonically decreasing. Divide I into
(¢ — p) intervals of length 1, I; = [p+j — 1,p+j] for j = 1,...,¢ —p. Since f is
monotonically decreasing f(p + j) < f(x) for all z € I; and f(p + j) < flj f(z)dz.

Therefore,

q q—p q-p
> ) =Y s+ <Y [ f@n= [ s
n=p+1 j=1 j=1 I; I
The proof for f monotonically increasing is similar. O

Lemma 3.9 can be extended to infinite series by taking the limit as ¢ — oo (in the

case when f is monotonically decreasing).

3.2 Periodic Functions

In this section we develop the theory of periodic functions and their representation

using plane waves (or Fourier basis functions). We begin by defining periodic functions
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(R9). We then define Periodic Sobolev Spaces

and we present a few embedding theorems for Periodic Sobolev Spaces. Next, we relate

and the Fourier Series of functions in Lllo .
Periodic Sobolev Spaces back to usual Sobolev spaces by presenting a result about
equivalent norms. Following that, we define two finite dimensional periodic function
spaces in terms of the span of a finite number of plane waves. We also define the
Fourier representation and nodal representation of functions in these finite dimensional
spaces. We then describe the Discrete Fourier Transform and its implementation, the
Fast Fourier Transform, as a way of swapping between these two representations of
functions in our finite dimensional spaces. Finally, we define projections onto our finite
dimensional function spaces and we quote some estimates for the difference between a
function and its projection.

While most of the results in this section are needed for developing theoretical error
bounds for our problem, the Fast Fourier Transform is the crucial ingredient for an
efficient implementation of our method.

Throughout this section we will endeavour to present results that are general for
functions defined on R? for d € N, although we only need the results for d € {1,2} in
this thesis.

Before we continue, we must define what a periodic function is. We do this by first
defining a Bravais lattice. We will also need the definition of the reciprocal lattice. A

good reference for lattice definitions is [3].

Definition 3.10. Let aj,ay,...,ay be d linearly independent vectors in R%. A d-

dimensional Bravais lattice R is the set of points

d
R := reRd:r:anaj, n; € Z
j=1

The vectors aj, ao,...,a, are called primitive lattice vectors. The Wigner-Seitz prim-
itive cell W is defined as the set of points closer to the origin than any other lattice
point,

W = {XE R?: x| < min |X+I‘|}
reR\{0}

We note that the primitive lattice vectors are not unique for a given Bravais lattice.
There are also other ways of chosing the primitive cell but we will use the Wigner-Seitz
primitive cell in this thesis. Another name for the Wigner-Seitz primitive cell is the
Voronoi cell.

In addition to defining the Bravais lattice we also need to define the corresponding

reciprocal lattice and the 1st Brillouin zone.

Definition 3.11. Let R be a Bravais lattice in R?. The reciprocal lattice R, is also a
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Bravais lattice and it is defined by
R.:={keR’:¢*" =1 vVreR}

The Wigner-Seitz primitive cell of the reciprocal lattice is called the 1st Brillouin zone.

Definition 3.12. A function f : R? — C is periodic if, for some Bravais lattice R in
Rd
f(x)=f(x+r) Vr e R,x € R%

We denote the period cell of f with €2, and it is defined as the Wigner-Seitz primitive
cell of R.

Conversely, given a periodic function with period cell 2, we have implicitly defined
a Bravais lattice, with a primitive cell that is equal to €2, as well as a reciprocal lattice

that has a 1st Brillouin Zone.

With this definition of periodicity in mind, it is clear that any function defined on
Q, where () is the primitive cell of a lattice, can be extended to a periodic function on
all of R? in the sense of Definition 3.12.

Given a Bravais lattice we can also define periodic function spaces. For example,

L}D = {f € L} .(RY) : f is periodic with period cell Q}
Lg = {f € L (RY) : f is periodic with period cell Q}

Cp(Q) = {f € C(RY) : f is periodic with period cell Q}
CX ={f € C*(R") : f is periodic with period cell Q}.

We will often write C), instead of C},(€2) when it is obvious that C), is a function space

and not a constant. We equip C,(£2) with the uniform norm

Jufloc = ma [u(x)|.
xE

For the rest of this thesis we will restrict ourselves to the most basic Bravais lattice
in R%, namely Z¢ The Weigner-Seitz primitive cell is Q := (—%, %)d and the 1st
Brillouin zone is B := (—m,7)% Although we make this restriction, all of the results
could be extended to more general lattices by using an appropriate change of variables

that maps the general lattice back onto Z<.

If a function is not periodic in every coordinate direction then we will specify this.
For example, a function defined on R? that is only periodic in the z-direction will be

called z-periodic.
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3.2.1 Fourier Series

In this subsection we define the Fourier Series for periodic functions defined on R%. We
will also define Fourier coefficients. The definition of Fourier coefficients will be used

extensively throughout the rest of this thesis. Here is a definition of the Fourier Series.

Definition 3.13. The Fourier Series of f € L}? is defined as

> [l

geZd

where [flg is the Fourier coefficient of f with index g and is defined by

flg = /Q F(x) o278 g

Throughout the rest of this thesis we will use square brackets, [-|, to denote the Fourier

coefficient of a function with index g.
The following result is a special case of a theorem in Chapter 1 of [16].

Theorem 3.14. For the case d = 1: If a periodic function f is piecewise continuous

with a finite number of maxima and minima on §, then

N
tm 3 [fleeie — iy LEEI LSO

N 0 2 ’
—oo T e\

z € R.

There are other results that we could quote with respect to the convergence of the
Fourier Series in R. In particular, in 1D a piecewise continuous function with a finite
number of maxima and minima on  (that is absolutely continuous on intervals of
continuity) is a special case of a function with bounded variation for which Theorem
3.14 also holds. This result is known as Jordan’s Criterion according to [16].

We use Theorem 3.14 to identify all piecewise continuous functions with finitely
many maxima and minima on €2 with their Fourier Series everywhere in R. The result

is that we can write

fl@)=> [flre®™  VzeR.
kEZ
For Fourier Series in R for d > 1 there are greater restrictions on f to obtain pointwise
convergence. According to [80, Theorem 1.7 on page 248] the trigonometric polynomials
are dense in Cp(Q) for arbitrary d (with norm || - |/ ), and it follows from [80, Corollary
1.8] that if f € Cp(2) and ), |[flg| < oo then its Fourier Series converges everywhere to
f. We are interested in the pointwise convergence of the Fourier Series for discontinuous
functions. For d = 2, [60, Theorem 1] implies that if f € Lll) and f has bounded variation

then the Fourier Series of f converges everywhere. The piecewise continuous functions
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in R? that we will define in Section 3.3 satisfy the definition of bounded variation in
[60] and we can at least be sure that the Fourier Series converges pointwise everywhere
to something. However, for the definition of the projection Q,, in Subsection 3.2.5 to
be well-defined for discontinuous functions we would like to know what that something
is. The most useful result in the literature that we could find to help us resolve this
problem is in [67]. In [67] the authors describe a function space that includes some
discontinuous functions for which we get pointwise convergence of the Fourier Series
for d > 1. We will (as briefly as possible) present their result for d = 2. For notational
convenience we only consider convergence at the point x = 0. Define an alternative
period cell ' = [0,1]2, the interval I = (0,1/2), let Q) denote the interior of Q' and
let f* define the following function,

f*(x,y) = f(xvy) + f(—x,y) + f(ﬁ, _y) + f(-%, _y)'

Now we define the set of functions F, where f € F if f € L}, and there exists g € LII,
such that f =g on Qf, g1,92 € L'(I) and g12 € L*(I?) where

_ 9"(t,0) — g%(0)

q(t) = .
92(t) = M
ety — T = (5.0) = (0.0 +.4°(0)

st

[67, Theorem 4.2] then states that if f € F and that, for some open ball B centred
at 0, f* is continuous on Q) N B and has a continuous extension to 9’ N B, then the

Fourier Series of f at 0 converges to

: iomn. . fr(e e
Now we must ask: In more practical terms, what functions are in F7 It is immediate
that if f € L}) and is smooth in a neighbourhood of 0, then f € F and the Fourier
Series of f converges to f at 0. In this thesis we will mostly be interested in piecewise
constant functions so we restrict the rest of this discussion to this type of function and
we consider the case when f is discontinuous at 0. Let B be an open ball centred at 0

with radius § > 0, let m € R and consider functions f € Lzl) such that

fi T9 > mxy
f(x) = %(fl + f2) my=max forall x € B
fo T9 < MmITy
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or
fl r1 < 0

f(x) = %(f1+f2) x1 =0 forallx e B.
f2 1 >0

It is possible to check that with f defined in this way we have f € F and so the
Fourier Series of f at 0 converges to %(f 1+ f2). The final discontinuous function that

we consider has the form,

fi x1 <0oraxy <0

f2 x1>0and 29 >0

flx) = %(f1+f2) x9>0and z; =0 forallxe B
s(fi+f2) x1>0andzy=0

k%f1+%f2 x =0

It can be shown that this function also belongs to F and its Fourier Series converges
at 0.

Other functions with this type of corner where the interfaces are aligned with the
coordinate axes are admissible in F. Unfortunately, functions with corners or curved
interfaces are generally not in F and we do not know what the Fourier Series converges
to at these points.

Before we move onto Periodic Sobolev Spaces, let us state the following lemma. It

states that the Fourier coefficients of functions in C}° decay superalgebraically.

Lemma 3.15. Let ¢ € C;°. Then for any r € N there exists a constant C, such that
[¢la] < Cr|n|™" for all 0 #n € Z7.

Proof. The proof of this result can be obtained by applying integration by parts to the
formula for [¢], in Definition 3.13. O

3.2.2 Periodic Sobolev Spaces

In this subsection we define Periodic Sobolev Spaces H, for s € R and include some
results about these spaces that will be useful in the rest of this thesis. We first define
Periodic Sobolev Spaces on R? for d € N before restricting ourselves to d € {1,2} for
particular results.

All of this subsection is based on the theory presented in [72] where the definition of
Periodic Sobolev Spaces for d = 1 is presented as well as results for d € {1,2}. Periodic
distributions for d = 2 are used in [72] but they are not explicitly defined. In this
subsection we extend the definitions in [72] to d € N. All of the results for d € {1,2}
are quoted from [72], except for Theorem 3.29.
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Other references for Periodic Sobolev Spaces include [18] and [52]. In [18], Sobolev
spaces are defined on a C'*° smooth closed curve in the complex plane whereas in [52],
Sobolev spaces are defined on a C* class boundary of a bounded, open set in R¢. By
using an appropriate parameterization of the curve or boundary it can be shown that
Periodic Sobolev Spaces are special cases of these Sobolev spaces. To our knowledge,
[72] is the most detailed reference on Periodic Sobolev Spaces.

We begin by defining periodic distributions and we extend the definition of Fourier
coefficients in Definition 3.13 to periodic distributions. We then use the definition of
Fourier coefficients for periodic distributions to define Periodic Sobolev Spaces. We fin-
ish the subsection by presenting some embedding results for Periodic Sobolev Spaces,
interpolation results for Periodic Sobolev Spaces, estimates for periodic distributions
multiplied by continuous functions and a result that shows the equivalence of the pe-
riodic Sobolev space norms to usual Sobolev space norms.

First, we define what it means to say that a distribution is periodic.

Definition 3.16. A distribution u € D'(R?) is periodic if
(u, @) = (u,6) Vo € DR?),n € 2°

where (T,¢)(x) = ¢(x+n) for all x € R%. We denote the set of all periodic distributions
by D}, (R?).

Now that we have defined periodic distributions, we extend our definition of Fourier
coefficients to include the Fourier coefficients of periodic distributions. We do this in
the same way as in [72] except we extend their theory to D;(]Rd) with d > 1. We begin

by presenting the following result which defines a partition of unity for R

Lemma 3.17. There exists a function 8 € D(R?) such that 0 < 6(x) < 1 for all

x € R4, supph C Q = (—%, %)d, and

Z ™l(x) = Z O(x+mn)=1 vx € R%.

nezd neZd
Moreover, if V.CC Q = (—3, 3)¢ then we can define 0 such that 6(x) =1 for allx € V.

Proof. On page 137 of [72] we can find a result that says there exists a function 6, €
D(R) such that ), 01(z+n) =1 for all z € R. In [72] they prove their result by
constructing an example that satisfies ), 61(x+n) = 1 for all z € R. Their example
also satisfies 0 < 61(z) < 1 for all 2 € R and supp 6 C (-3, 3).

We use 61 to construct 6. Define

d
0(x)=[]0(x:) vxeR
=1
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Then

Zﬁ(x+n ZHGlxl—l—nZ —HZHlxz—i—nZ )=1 vx € RY

neZd neZzZd i=1 1=1n;€Z

It is obvious that 0 < 0(x) < 1 for all x € R and suppf C Q.

For the second part of Lemma 3.17 we construct 61 and 6. Define

. 1 xeQ
€= m‘f; Ix —y] and lo(x) ==

Set 01(x) = Je * 1lg(x) (see Subsection 3.1.5) and 6(x) = H?Zl 01(x;). To complete
the proof it is enough to show that 6;(z;) = 1 for ¢ = 1,...,d and all x € V and
Y onezOi(x +n)=1forall z €R.

Let x € V. Then by the definition of € we have that 1o(z;—y) = 1 for all y € B(0, ¢)

and so

01 () = /B otz o)y = /B L =1

We also get, using the fact that ) ., lo(x +n —y) =1 for almost every z,y € R,

29133-1—71 Z/ y)la(z +n—y)dy

/ <Zlg:c+n— )d

neL

Vo € R.

O

See Figure 3-1 for a plot of a 6 that satisfies Lemma 3.17 in 1D. Now, using a 6

defined as in Lemma 3.17 we define the Fourier coefficients for periodic distributions.

Definition 3.18. Let u € D},(R?) be a periodic distribution and let § € D(R?) be
defined as in Lemma 3.17. Then the Fourier coefficient of u with index g € Z¢ is
defined by

where 1)(x) = 0(x) e~278* ¢ D(RY).

From this definition it appears that the Fourier coefficient of u & D;(Rd) depends

on the choice of . We will show in Lemma 3.20 that this is not the case.
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O(x) vs. x in 1D
1.5 T T T T T
—T
- —f(E—1)
- —0(x+1)

8

~—

Figure 3-1: Here is an example of a possible §(z) in 1D from Lemma 3.17. For |z| €

[i, %], 01(x) = —f(a—{:fgl?(‘ﬁx\—b) where f(z) =e /% a = % and b= %.

Instead of defining periodic distributions in terms of functionals on the space of test
functions with compact support, sometimes it is more convenient to define periodic

distributions as functionals on a set of test functions that are periodic.

Definition 3.19. We define the space of periodic test functions on R? as
Dy(RY) = C°.

Convergence in Dp,(R?) is defined as follows: Let {¢,}32; C D,(RY) be a set of test
functions and let ¢ € D,(R?). We say ¢, converges to ¢ in Dp(R?) and write ¢y, Le, 10)

as n — oo if

[1D%(¢n — )lloc — 0

as n — oo, for any multi-index a. We also define a new duality for D, (R?) and D,(R?)
by
(u,¢)p = (u,0¢)  Vu € D)(R), ¢ € Dy(R?)

where 0 satisfies Lemma 3.17. Finally, we define convergence of u,,u € D;(Rd),
Uy, — u in Dp(RY) if (Un, @)p — (U, d)p Vo € Dy(RY).

Lemma 3.20. For u € D)(RY), g € Z* and ¢ € Dy(R?) the Fourier coefficient [u]g
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and the dual product (u, @), are independent from the choice of 6 satisfying Lemma
3.17.

Proof. If 8 and 9 both satisfy Lemma 3.17, then

(u, gqb) = <u, Z (Tn9)§¢> by Lemma 3.17

nezd

= Z (u, (6)06) by linearity

neZd
=) (u, 7—n[(Ta0)09)) by Definition 3.16

neZd
= Z (u, Q(T_n§)¢> since ¢ is periodic

neZd
= (u, 09) by linearity and Lemma 3.17.

Therefore, (u, ¢), is independent from the choice of # that satisfies Lemma 3.17.
The proof for [u]g independent of 6 is obtained by choosing ¢(x) = e "8 in the

argument above. O

We extend Lemma 5.2.1 on page 139 of [72] to get the following result for d > 1. It
shows that convergence in Dj,(R) is equivalent to convergence in D'(R?). The proof is

almost exactly the same as the proof given in [72] for the d = 1 case and we omit it.
Lemma 3.21. For u,,u € D;(Rd) the following statements are equivalent

1. up — u in Dp(RY), i.e. (un,d)p — (u,d)p for all ¢ € Dy(R?);

2. Uy — u in D'(RY), ie. (up,v) — (u,¥) for all b € D(R?).

Recall that we have a defined Fourier coefficients of periodic distributions in Defi-

nition 3.18. However, we cannot yet be sure that we can write

u(x) = > [ulne®™>  in D) (RY). (3.1)

neZd

The next theorem addresses this problem as well as proving some basic properties of
periodic distributions and periodic test functions. It is an obvious extension of Theorem
5.2.1 on page 140 of [72].

Theorem 3.22. Let u € D,(R?) and ¢ € Dy(R?). Then
1. There exists a k € N and consant Cy, such that |[u]n| < Cy|n|* for all0 # n € Z°,

2. (u, (b)p = ZnEZd [U]n[d)]—ny

3. Z\n|§N[U]n e2mMX () in ’D;,(]Rd) as N — oo.
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Proof. We prove Part 1 using Definition 3.18 and Lemma 3.3. With 0 # n € Z¢,

[u)n] = |(u, )] by Def. 3.18 with ¥(x) = 8(x) e~i2m0x
< Gk max | DY) (x)| with & € N from Theorem 3.3
<k x€Esupp 6
< C]/c|n|k since w(x) — Q(X) e—i27rn-x

Part 2. Since ¢ is continuous we can write it in terms of its Fourier Series. With 6

defined according to Lemma 3.17 we get

(u, @)p = (u, 69) by Definition 3.19
= <U(X),9(X) ZZ:d[é]nei2”“‘x>
= Zd[¢]n<U(:)€, B(x) e™m)
— n;: [lalu]—n by Definition 3.18
= “%Z: [u]m (] -m-
mezs

Part 3. Finally, we use Parts 1 and 2 and Lemma 3.15 to prove Part 3. Let
¢ € Dp(R?). Then there exists a constant Cs such that

< Z [u] 2T —u(x),<;5> = Z [uln[#]—n Dby Part 2

In|<N [n|>N

< Oy Z In|”® Vs e N by Part 1 and Lem. 3.15
n|>N

which converges to 0 as N — co. |

Part 3 of Theorem 3.22 ensures that we can identify u € D;(]Rd) with its Fourier
Series as in (3.1).
Now we define Periodic Sobolev Spaces in terms of the decay of these Fourier

coefficients as the magnitude of the index of the Fourier coefficients increases.

Definition 3.23. We define the following Periodic Sobolev Space and norm for s € R
Hy={ue D;,(Rd) tluflgy < oo}

where

I

lullzzy = | D l|[ulaf’ and  |n|, =

p
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Hj is complete with respect to this norm and it is a Hilbert space with inner product

(u,v)gs = Z 0|2 [u]n[v]n for u,v € H,.
nezd

We may write (by expanding v and v in terms of their Fourier Series and then inte-

grating)
(u,v) o = /Qu(x)v(x)dx for u,v € L2 (3.2)

0_ 712
and so H, = L.
For s € R, u € H, and v € H,;* we can write (again, by expanding u and v in

terms of their Fourier Series and using the Cauchy-Schwarz inequality)

=1 > (Infifuln) (Il [e]n) | < llullmllolly s (3:3)

nezd

|(u,v)go| = ‘/ uvdx
P Q

We can also extend (-, -), defined on D},(R?) x D,(RY) to H5 x H,* for s € R. We

get (using same arguement as in Part 2 of Theorem 3.22)

(u,v)p = Z [u]n[v]-n

nezd

and similarly to (3.3) we can write
[(w, 0)p| < [l g 0] - (3.4)

for w € H, and v € H,®. Furthermore, for all u € H, there exists a v € H,* with

H’UHH;S = 1 such that [lullg; = (u,v), (for u # 0 take v with Fourier coefficients

[vln = [nf{[u]-n/[lullms, n € Z%). From this we can write

ullgs = max [, V)| Yu € H,. (3.5)
vEH, * [|v] Hy®
From the definition of the norm || - ||z, it is obvious that we have Hj C H, for

s <t. When s < t we find that the embedding is compact. The following result is an
exercise on page 143 of [72].

Lemma 3.24. If s <t then
H) CC H;.

Proof. As we have already mentioned, it is obvious from the definition of the norm that
H; C Hj. To show that the embedding is compact we must show that the inclusion

operator I : H;, — Hj is compact.
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For N € N define an operator Py : H), — HJ by

Pyu(x) = Z [u]  €72TX Vx € R
n|<N

for all u € H;. Py is bounded and has finite rank. Therefore, Py is a compact
operator.

Now we show that Py — [ in the operator norm as N — oo. Let u € H]’i and
N € N. Then

(I = Pn)ullms = [lu—Pn ul g

= > [l

n|>N

D=

N|=

= > ¥ nulaf?

[n|>N

(SIS

< (N2s—2t)1/2 Z |n’2t’[u]n|2

[n|>N

< N*lull -

Therefore, |[I = Pu || z(me,ms) < N7t — 0as N — oo since s < t.
The result then follows from the fact that a limit of a sequence of compact operators

with finite rank must also be compact. O

Now we present two interpolation results. The first result is an extension of Lemma
5.12.2 on page 162 of [72] for d > 1 while the second result is an exercise from [72].
The proof of Lemma 3.25, although it is an extension to what is in [72], is exactly the
same as the one given in [72]. We will present a proof of Lemma 3.26. Both results
rely on a result called The Three Lines Theorem (also given in [72]). We include the
details of The Three Lines Theorem in the proof of Lemma 3.26.

Lemma 3.25. Let A be an operator such that A € L(H', H/') and A € L(H}?, H}?)
for s1,s2,t1,ta € R with s1 < sg and t1 < to. Then, for T € [0, 1],

1—
HA“ﬁ(H;'S1+(1—T)S27Hl‘f)'t1+(1—7‘>t2) S HA”Z(Hzl,H;l)HAH[:(;I;2,H;2)
Lemma 3.26. Let s,t € R with s <t, uw € H}, and 7 € [0,1]. Then

1—
lull prsva=mie < llullrgllull "
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Proof. This proof uses The Three Lines Theorem (Lemma 5.12.1 in [72]). It is stated
as follows: Let F'(z) be a continuous function in the closed strip z = z + iy, a < x < b,
y € R. Assume that F'(z) is analytic and bounded in the open strip a < x < b, y € R.
With M (z) := supyeg |F(x + iy)|, we get

T—a

M(z) < M(a)ba M(b)b=s  a<az<b. (3.6)

In this proof we will also need to define the operator, A* : H* — HFRez for » € C
and p € R, by
(Au)(t) = Y [n[f[ulae®™*  teR.
nezd

Since ||n|Z| = |n|R*, we get

HAZ'LLHH; = HAReZUHHg = ||’LL||HZ;:+Rez \V/'LL S HII;, z e (C, 1% € R. (37)

For u € H!, v e H) and z € C with s < Rez < t, let us define

F(z) == (Au,v)p = Z n[;[u]n[v]n.

nezd

Since |n|? is analytic with respect to z for all n € Z¢, F(z) is analytic. Moreover,
F(z) is bounded (see (3.4)). Therefore, we can apply (3.6) with a = s, b = t and
r=7s+ (1 —7)t to get

(AT Ty )| = [F(7s + (1 — 7))
<sup|F(rs+ (1 — 1)t + iy)|

yeR
T 1—7

< <sup]F(s+iy)|) (sup]F(t—i—iy)]) by (3.6)

yeER yEeR

T 1—7

< <sup\\AS+wu\|Hg|rv\\Hg> <supuAt+%qu|rvHHg> by (3.4

y€eR yeR
= HUHF{;||U!\Eg||u||}{?\|v||}{;f by (3.7)
= HU\|?1;\|H|!}1;THU|!H;> (3-8)

Now we use (3.7), (3.5) and (3.8) to get

|| ATs+(1—T)t

UHHg = sup

< llullig lull,”
veH) ||UHH,9 B

A
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For the remainder of this subsection we will restrict ourselves to distributions on
R with d € {1,2}.

We now state another embedding theorem for Periodic Sobolev Spaces.
Theorem 3.27. 1. Letd=1 and s> 3. Thenu € H;(Q) is continuous and
ulloo < Colull sy
where Cs = (3 ez Inlx 25)1/2,
2. Letd=2 and s > 1. Then u € H;(Q2) is continuous and
Julloe < CSHUHH;(Q)
where Cs = (3 ez In[729)12.

Proof. Both of these results are Sobolev Embedding Theorems. The statement and
proof of part 1 is Lemma 5.3.2 on page 142 of [72] while the statement of part 2 is
exercise 8.5.4 on page 254 of [72]. The proof of Part 2 is very similar to the proof of
part 1 and we present it now.

Let uy(x) = ZmEN[u]HeiQ““'x. Then

(S
(S

lunlloo < Y7 lulnl < Y- llululniinl < | D [fulalnf Y I

In[<N n[<N In[<N In[<N
< Cs|lullmy
and so
lun —unmlloo < Cslluny — umllas —0,  N,M — o0
The result follows from the fact that C,(€2) is complete with respect to || - ||oc- O

Finally, in this subsection we state some estimates for a distribution from a Periodic

Sobolev Space multiplied by sufficiently smooth periodic function.

Theorem 3.28. 1. Withd=1, forseR,t>1/2,a € H;,nax(‘s"t) and u € Hy then

there exist constants Cs and Cy such that
laullry < Csllall gsilfulla; — for [s| > 3

and

laullsy < Cillallgellullmy — for |s| < 5
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2. Withd=2, forseR,t>1,a¢€ H;nax(‘s"t) and u € H, then there exist constants
Cy and C; such that

laullzy < Csllall yraillull g for[s] > 1

and

laullrg < Cillallgllullag — for [s| <1

Proof. Part 1 is Lemma 5.13.1 on page 163 of [72], except that the statement of the
Lemma in [72] requires that a € C;°. This is too conservative and the proof given in
[72] goes through for a € HglaXGS"t) as we have stated. Part 2 is not in [72]. The proof

is very similar to the proof of Part 1 and we present it now.

We have

a(x)u(x) = Z (@] m "2 Z [1] p €2

meZ2 nezZ?

Y o
m,neZ?

_ Z Z [a]k—n[u]n ei2mkex
keZ? \nez?

and so we may write
2y 3
laully < ¢ D | > Iklilalnl|[uln| (s €R) (3.9)
keZ? \nezZ?

Now we split into different cases according to s.

Case s > 1. Using |k| < 2°(Jk — n|{ + |n|$) and (3.9) we get

laullzy = § > (Kl [auli])?

keZ?
2y 3

=3 K| D [ale-nluln

keZ? nez?

2y 3
<283 D k= nf3alenll[uln] + > lalk-n|0f;][u]al
keZ? \neZ? neZz?

= 2°[bv + dwl| o < 2°([bvllsr0 + [lduw]l ) (3.10)
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where the functions b, v, d, w are defined by their Fourier coefficients,

Bl = [l [alid ol = [u]al
dlx = [[ali] [w]n = [nf3[u]]
for k,n € Z2. We have [lallm; = [bllug = lldlm; and [ullms = [ollm; = Jwlug. By

(3.2) and Theorem 3.27 we get

1
ool = ( / 900 %ax) < [0lglole < Cullh gl = Clallg
%
lawllny = ([ 1w Pax ) < el lollug < Clldlngollug = Cllallg
The result follows from (3.10) and is
laul gy < 2S+1CSHGHH5HUHH; for s > 1. (3.11)

Case s = 0. This result follows from (3.2) and Theorem 3.27 using the fact that
t>1anda€ H,

1
2
||au|Hg=( / la(x |dx> < llalloollull g < Csllall sl g (3.12)

Case 0 < s < 1. Now we apply the interpolation result in Lemma 3.25 where A
is the multiplication operator defined by Au = au. The inequality (3.11) implies that
A e L(H}, H.) for t > 1 while (3.12) implies that A € L(HJ, H})). Applying Lemma
3.25 yields A € E(HI(,I_T)t, H,(,I_T)t) for 0 <7 <1 and

1Al . < (Cillall ) (25 Collal )77 = 20FDUTDCa g

H(l T)t H(l T)t) >~
The result is then

lall - < 2<S+1><1*T>cs|yauH5HuHHy,T)t fort>1,0<7<1.

Case s < 0. This case is proved using a duality argument that is the same as in the
d = 1 proof in [72]. O

Now we present a result that shows how || - || g5 is related to the usual Sobolev space

norms.

Theorem 3.29. For s > 0 and with 0 defined as in Lemma 3.17,

Hu”Hg ~ HUHHS(Q) ~ HGuHHs(Rd) Vu € Hj. (3.13)
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Proof. Let s > 0 and suppose u € Hy. The result |ul|gs =~ ||ul[fs(q) is from Chapter 5
of [18]. However, in [18], the norm ||- || ;s () is defined as the Slobodeckii norm, whereas
we have defined || - || s (o) in terms of the Fourier tranform (see Subsection 3.1.4). A
result proving when these two norms are equivalent is given in Theorem 3.18 of [54].

The second result, ||ul|gsq) = [|0ul| gs(ra), follows from the following simple argu-
ment. Define § € D(R?) and Q as in Lemma 3.17. Define

0(x) = Z f(x +n) vx € RY.

nezd
[ni|<1

Then (x) = 1 for all x € Q and by the Definition of || - | & ()5

lall sy < 18ull sy < D 1100¢ + m)u(x) |l s (gay

[n;|<1

= > 106+ n)u(x + 0)| o may = 30ull e (.

In;|<1

Conversely, there is a constant C' (that depends on 6 and s) such that

10ull sty = 10l e g3y < Cllul oy = 3°Cllullar -

3.2.3 Trigonometric Function Spaces

In this section we define two types of finite dimensional function spaces which consist
of functions that are in the span of a finite number of plane waves (or Fourier basis
functions).

First, we define some notation. For d € N (we only need d € {1,2}) and n € N,

denote
wa:{neldﬂn]gn
n n
7d = {neZd:—— < < —,z‘:l,...,d}
’ 2 2
where | - | denotes the usual Euclidean norm of a vector. For d = 1, Z}, , = Z3,, 1 -

Using these definitions we define

S = gpan{e?™8* ;. g ¢ Zflw}
7, = span{e’?™&* : g ¢ me}

n

When it is obvious we will omit the superscript and just write S,, or 7,,. For d = 1,
we get Topt1 = Sp, dimS, = 2n + 1 and dim7, = n. For d = 2, dimS,, = O(n?)
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3.2. Periodic Functions

and dim7, = n?. The set {e?"8* : g € Z{ } is an orthogonal basis for S, where

orthogonality is with respect to the L?(£2) inner product. Similarly, {e??™8* : g € ZZ’D}
is an orthogonal basis for ’Tn(d). We will call each of these bases a Fourier basis and each
member of the basis set will be a Fourier basis function. Since we have a basis, every
function f € ST(Ld) can be expanded uniquely as a linear combination of the Fourier basis

functions and we can write

fx)= > cgemEx, (3.14)
geZy o

)

where c¢g = [f]g are constants. We will refer to this expansion of f € S as the Fourier

representation of f. An alternative way of expressing this is to recognize that if we
have a vector (for d = 1) or a matrix (for d = 2) of Fourier coefficients ¢g for g € Zfl’o
then we have uniquely defined a function f(x) € qud) according to (3.14). We will also
refer to a vector or matrix of Fourier coefficients as the Fourier representation of a
function.

)

We can also define a Fourier representation of f & ’]}l(d in a similar way.

3.2.4 Discrete and Fast Fourier Transforms

In this subsection we will consider functions in Tn(d). We will show that as well as

)

, there is also a nodal representation of f

(we do not define a nodal representation for functions in S,gd)). We will then present

having a Fourier representation of f € ’]}L(d

the Discrete Fourier Transform (DFT) which is a transform for switching between these
two representations. Finally, we discuss the Fast Fourier Transform (FFT) which is a

very efficient algorithm for computing the DFT and its inverse.

)

Before we define the nodal representation of f € ’Zz(d we must define the following

function in ,];1(1). Forn € Nand k € Z%L’D,

_ l i2rj(x—k/n) __ l —i2njk/n \ . i27jx
On k() = - Z e = Z e e .

71 71
]EZmD jeZmD

The function ¢, is a linear combination of the Fourier basis functions of ’2;1(1) and it

has the following property,
ng(Z) =0ppe form e Z), .

The functions ¢y, for different k € Z,, are also orthogonal with respect to the L?(f2)

inner product.
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Using ¢y, 1, we define the nodal representation of f € ’]}l(d) as

fx) =Y di () (3.15)

d
kezd

where

d
de=f(k)  and ) =[] bu (@),
=1

We see that the coefficients di are the nodal values f(x) where the nodes are a uniform
grid with grid-spacing % and it can be shown that the set {tpgbdl){(x) 1k e me} is an
orthogonal basis for ’Z}l(d) . We call this basis of ’]}l(d) the nodal basis and each member
of the basis is called a nodal basis function. An alternative interpretation of the nodal
representation is to recognize that if we know the values of a function in ’]}l(d) at the
nodes {%k ke me}, then the function is uniquely determined. A vector (for d = 1)
or a matrix (for d = 2) of nodal values, since it uniquely defines a function in ’2;l(d) , will

also be referred to as the nodal representation of a function in ’ZZL(d).

We have now seen that we can represent a function f € ’];l(d) using either the
Fourier representation or nodal representation. We saw that we can store f as a
vector or a matrix of either Fourier coefficients {cg = [f]g : g € Z% 1} or nodal values
{dv = f(1k) : k € Zgﬂ}. The Discrete Fourier Transform (DFT) specifies the Fourier
coefficients of f in terms of the nodal values of f and the Inverse Discrete Fourier
Transform (IDFT) specifies the nodal values of f in terms of the Fourier coefficients of
f- Tt is defined as follows.

1 .

cg =~ D dyemEmER/m Vg € Z% (DFT)
kezZd 4

de= ) cge?rEk/m vk e Z2 . (IDFT)
gGZZ,,D

The Fast Fourier Transform (FFT) is an algorithm that is able to compute the Discrete
Fourier Transform in O(n?logn) operations for any n € N. However, the performance
of the FFT algorithm is the most efficient when n = 2% for k¥ € N. The Fast Fourier
Transform was first published in [10], although we use the implementation developed
by [30].

We finish this subsection by fixing some notation for the case when d = 2. Consider
a function f € ’271(2) where n is even. As per our discussion above f can be uniquely
determined with either n? Fourier coefficients or n? nodal values. We store these values
in n x n matrices X and X. Our convention is to store the nodal values in X and the

Fourier coefficients in X. We also have a special indexing convention for these matrices.
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Let m:%—i—l. Then

for 7,7 = 1,...,n. We can now express the 2D FFT and inverse FFT as operators
on matrices. We denote the 2D FFT by fft(-) and the 2D inverse FFT by ifft(-). For
example, we get X = fft(X) and X = ifft(X).

3.2.5 Orthogonal and Interpolation Projections

In this subsection we define projections from H, onto S,(ld) and 7;1(51) and we also derive
some estimates for these projections. We will define the projections in a natural way
that associates them with either the Fourier representation or nodal representation of
a function in either S, or 7,,.

We begin by defining the Orthogonal Projections, Pﬁf) : Hy — Sq(zd) and Pg) :
Hy — ’Z}l(d). For s € R, u € Hj and n € N, they are defined by

PR u(x) = Y [u]ge™®™

geZd o
P u(x) = ) [ulge™m®™
gGZiD

for all x € R%. We will now state some estimates for these two projections.

Lemma 3.30. For s,t € R with s <t,d € {1,2} andn €N, ifu € H; then

lw = PE ull 11y < 0~ |ull oy (3.16)
lu =P all 1z < (5"l - (3.17)

Proof. The results in (3.16) and (3.17) for d = 1 are essentially the same since S,, =
Ton+1 in 1D and (3.17) for d = 1 is Theorem 8.2.1 on page 241 of [72].

The result in (3.17) for d = 2 is Lemma 8.5.1 on page 253 of [72] whereas (3.16) for
d = 2 is not in [72]. We prove (3.16) for d = 2 now. The proof is very similar to the
proof of the d = 1 result. For s,t e R, s <t, u € H; and n € N we get

lu =P ullfyy = > mfFlfulal® = D 00 ulnl?

nezZ?\77, , [n|>n
<n?C70 N Il |[ulal? < n*C7 ull3,
n|>n
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Now we move onto defining the Interpolation Projection, Q,, : Cp(2) — 7,9 (there
is no Q projection onto S,(Ld)). It is naturally associated with the nodal representation
of a trigonometric function. For a continuous periodic function u defined on R? and
n € N we define

Quue T¥ suchthat (Q,u)(ik) =u(lk) VkeZ!,.
From our definition of the nodal representation of functions in ’Z}Ed) we know that this

uniquely defines a projection onto Tn(d).

If w is discontinuous then Q, v may not be well-defined but we can extend the
definition of Q,, to distributions that have a convergent Fourier Series. In this case Q,,

is defined by nodal values that are given by the Fourier Series of u,

Quu(ik) =) [ulge®™® " vkez].
geZd

By the definition of this projection we automatically obtain the nodal representation
of Q,u € 7;L(d). We know that there also exists a Fourier representation of Q,, u. The
following Lemma gives us the Fourier coefficients of Q,, u. It is explicitly stated in
Lemma 8.3.1 on page 242 of [72] for the case when d = 1 and wu is continuous. It is
also implicitly used on page 251 of [72] for the case when d = 2. Here we state a more
general result than that stated in [72] in the sense that we let d € N and we let u be

possibly discontinuous.

Lemma 3.31. Let d € N and let u be a periodic function on R? with a convergent

Fourier Series. Then

Quulg =D [ulgink Vg €Zl,
kezd

Proof. This proof is very similar to the proof of Lemma 8.3.1 on page 242 in [72]. We
have Q, v = v for all v € 771(61). In particular, we have Q, e?™8X = /278X for a]

gc Zﬁ’m. We also have, for g € Zfl,m and k € Z4,

ezZﬂg-x _ ez?ﬂ(g-{—nk) X

at x = %m for m € szu since e!2mkm/n — 1 That is, e278% and e27(8T1K)X haye

the same nodal values. Therefore,

Q, oi2m(g+nk)x _ Q, ei2TE X _ i2mgx (3.18)
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for all x e RY if g € me and k € Z?. Using these facts we get, for all x € R?,

— Qn Z Z [u]g—i-nk ei27r(g+nk)-x

gezd  kezd

Z Z [U]g+nk Q o/ (gtnk)x

gezd 5 \kezd

= > | D [ulgtn | ?EX by (3.18).

gezd 5 \kezd
Note that Yy cya[ulgink is well-defined for all g € ZZ  since the Fourier Series of u is
convergent. O

We can now go on and present the following estimates for Q,, operating on contin-
uous functions (recall from Theorem 3.27 that H) C C), when t > 1/2 for d = 1 and
when ¢t > 1 for d = 2). These results can be found in [72].

Lemma 3.32. The interpolation projection has the following approximation error

bounds.

1. Ford=1,t>1/2,0<s<t andueHIt, we have
—t
lu = Quullmy < Co(3)" Ilullmg
where Cy = (1 + 3772, j%)l/z.
2. Ford=2,t>1,0<s<t anduGHﬁ we have
—t
lu — Quulls < Cst (5) llullm

where Csy = (2° Zﬁzo 7% + k2’;t)1/2~

Proof. Part 1 is Theorem 8.3.1 on page 243 of [72]. Part 2 is Theorem 8.5.3 on page
253 of [72]. O

3.3 Piecewise Continuous Functions

In this section we discuss definitions and regularity results for piecewise continuous
functions. We also prove bounds on the Fourier coefficients of periodic piecewise con-

tinuous functions.
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In the first subsection we define two spaces of periodic, piecewise continuous func-
tions. For the rest of this thesis we restrict ourselves to these particular types of
piecewise continuous functions. In the second subsection we prove regularity results
for our periodic piecewise continuous functions and in the third subsection we bound

the corresponding Fourier coeflicients.

3.3.1 Two Special Classes of Periodic Piecewise Continuous Functions

In this section we use PC),, and PC;) to denote spaces of periodic piecewise continuous
functions.

For the case when d = 1, the definition of a piecewise continuous function on €2 is
clear, although for Fourier Series results to hold we must restrict ourselves to functions
with bounded variation.

When d > 2, we restrict ourselves to a special class of piecewise continuous functions
such that the interfaces (sets where the funtion is discontinuous) can be described as
the boundaries of Lipschitz domains.

For both cases, d = 1 and d > 2, we make a further restriction and specify that our
piecewise continuous functions must also be bounded and infinitely differentiable on
regions of continuity. This final restriction is not strictly necessary for Theorem 3.40.
However, the proof is much easier since we can apply Lemma 3.38. A weaker condition
for Theorem 3.40 would specify only finite differentiability in the regions of continuity
where the order of differentiability depends on d.

We start by defining Lipschitz continuous, Liptshitz hypographs and Lipschitz do-
mains (i.e. a domain with a Lipschitz boundary). We rely on the definitions on page
89 of [54].

Definition 3.33. For any domain I' C R, a function f : I' — R is called Lipschitz

continuous if there exists a constant C' such that

|f(x) = f(y)| < Clz —y| Va,y €T.

Definition 3.34. Let d > 2 and let ¢ : R?"! — R be a Lipschitz continuous function.
Then the following set is a Liphshitz hypograph

{x eR%: x4 < (X)) for all X' = (x1,...,%4_1) € RI71}.

Definition 3.35. Let d > 2. The open set I' € R is a Lipschitz domain if its boundary
oI is compact and if there exist finite families {V;} and {W;} that have the following

properties:

1. The family {W;} is a finite open cover of OT', i.e., each W; is an open subset of
R4, and T C U; Wj.
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2. Each V; C R? is a transformation by a rigid body motion of a Lipschitz hypo-
graph, i.e. Each Vj can be transformed into a Lipschitz hypograph by rotation and
translation. For later reference we will denote this transformation by S : RY — R?

where S maps the Lipschitz hypograph to Vj.
3. Vj satisfies W; N I' = W; NV for each j.
See Figure 3-2 for an example of how W; and V; are defined.
For later reference, we make the remark here that 0T is a C'*° class boundary if we

replace Lipschitz hypographs with C° hypographs (¢ € C*(R%!)) in the definition

above.

rnw,=V,nw;

Figure 3-2: Diagram of a Lipschitz domain showing how the V; and W} are defined.

Now, using the definition of Lipschitz domains we define our special class of piece-

wise continuous functions using the following representation.

Definnition 3.36. For d € N a periodic function f is in PC), (our special class of

periodic, piecewise continuous functions) if it can be represented in the following way:
J

F)=fo+ > filx)  vxeQ (3.19)
j=1

where fo € C;° N BV(Q) (BV(Q) denotes the set of functions on © with bounded
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variation) and f;(x) are periodic, piecewise continuous functions of the form

cj(x) x €y

fi(x) = _
0 xe0\Q

where each ¢; is the restriction to ©; of a function in C*°(£2) N BV (§2) and the Q; are
a finite number of Lipschitz domains such that ; CC €. The interfaces of f(x) are
the sets 0€;.

Sometimes (in 2D) we will need to be more restrictive in our choice of periodic

piecewise constant functions. In these cases we will use the following definition.

Definition 3.37. For d = 2, a periodic function f is in PC’]’D if it is in PC), with the
additional assumption that each €2; is a convex Lipschitz polygon with a finite number

of corners.

3.3.2 Regularity

In this section we prove the regularity of our special class of periodic, piecewise contin-
uous functions. We begin by presenting two results from [54]. The first result proves
the regularity of a simple discontinuous function where the discontinuity is on the
boundary between two half spaces. This result is given as an exercise in [54] and we
present the proof in the Appendix A.2. The second result, however, proves that we can
distort our simple discontinuous function to a discontinuous function where the shape
of the interface region can be represented with a Lipschitz continuous function and the
regularity will be preserved. We do not prove the second result as it is proved in [54].

In the main theorem we will use a third result from [54] but we do not state it in a

separate lemma.

Lemma 3.38. Let u € C°(R?) and define

u(x) g <0
0 deO

f(x) =

Then f € H'/?=¢(R%) for any e > 0.

This result is based on exercise 3.22 on page 112 of [54]. We present the proof in
Appendix A.2.

Now we quote Theorem 3.23 on page 85 of [54]. The proof is omitted as it is given
in [54].

Lemma 3.39. Suppose that k : R* — R? is a bijective map and r is a positive integer
such that D%k and Dk~ exist and are (uniformly) Lipschitz on RY for |a| < r — 1.
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Then for 1 —r < s <1 we have
we H'(RY) <= woke HRY
and in which case there exist constants ¢,C > 0 (that depend on k) such that
cllull s may < lluo &l gsmay < Cllull gs may
for all w € H*(RY).

We now have the preliminary results from which we will develop our main theorem

about the regularity of our special class of piecewise continuous functions.

Theorem 3.40. Let f € PC), (see Definition 3.36). Then for any ¢ > 0,

1/2—¢
fe /e

Proof. Let s < 1/2. Using the representation of f given in (3.19) we write
J
| fllag < [ follms + Z £l b
j=1

Since fo € C}°, [[follms < co. We consider each ||f;[|us separately. Recall that the ;
associated with f; satisfy (0; CC Q). Therefore, choose ¢ according to Lemma 3.17 so
that 0(x) = 1 for x € ;. Also recall that §; is a Lipschitz domain and according to
the definition of a Lipschitz domain, there exists a finite open cover of 92;. Denote
this by {Wk}le. Define W41 to cover the interior of £ such that W1 N9Q; = 0.
The set {Wk}kKjll is now a finite open cover of €2;. Now invoke Corollary 3.22 on page
84 of [54] to get a partition of unity, ¢1, ¢2,. .., ¢px41 for ©; such that ¢, € C>®(R%)
and supp ¢, C Wy, for every m=1,..., K +1, and >, ¢ = 1 on Q;. Using ¢y, 0

and Lemma 3.29 we can write

K+1 K+1
1£illms < ClOfill s ray = || D dmbf; < N omOF5l s ey
m=1 Hs(R4) m=1

Now treat each ||¢,,0f;|| s (ray separately. We construct a bijective x so that we can
use Lemma 3.39. Define S to be the rotation and translation associated with W, from
Definition 3.35 and define 7' : R? — R? as a vertical shear, T'(x) := (x', 24 + ((x')) for
all x € R¢, where  is the Lipschitz continuous funciton used in the Lipschitz hypograph
in Definition 3.35. Both S and T are bijective and Lipschitz so we can define k := SoT
and k is bijective and Lipschitz. Note that for d = 1 we define k to shift the boundary
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of €1; to the origin. Applying Lemma 3.39 with » = 1 we get

[mOfill ey < ¢1(PmbF;) 0 Kllprs(may for 0 <s <1

Now we show that by the construction of k, (¢0f;) o k satisfyies the assumptions of
Lemma 3.38.

By the representation of f in (3.19) we see that f; is a restriction to §2; of a function
g; € C*®(R%). Also, supp ¢, C Wy, implies that

hj(X) x € Wy, ﬂQj

¢m9fj(x) =
0 X§é WmﬂQj

where hj = ¢,0g; € C(RY). Define k1 (W,,) = {y € R? : k(y) € W,,}. By the
definition of k we have

xeW,nN Qj
x € Wy, N (RA\Q;)

= x = k(y) for y € k= 1(W,;,) with yg < 0
= x = k(y) for y € k= 1(W,;,) with yg >0

Therefore we have

hok(y) ye{s " (Wn):ys <0}
(pmbfj) o k(y) = €0 y € {7 X (W) : yq > 0}
0 y & &7 (W)

where hokx € C§° (RY) and the assumptions of Lemma 3.38 are satisfied. Therefore, by
Lemma 3.38,

H¢m9fj © K||H1/276(Rd) < 00

Since this statement holds form =1,..., M, and j = 1,..., J our proof is complete. [J

3.3.3 Fourier Coefficients

In this subsection we try to develop results that tell us about the behaviour of the
Fourier coefficients of piecewise constant functions. We would like to estimate the
Fourier coefficients of functions in our special class of periodic piecewise continuous
functions, PC), that we defined in Definition 3.36. Unfortunately, for the case when
d = 2 the best that we can do is estimate the Fourier coefficients of periodic piecewise
continuous functions in PCj,.

We begin with results for when d = 1 before considering the case when d = 2. The
following result is a corollary of Theorem 39 on page 26 of [36] and can be proved using

integration by parts.
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Lemma 3.41. If f € Lg is continuous on ) except at a finite number of points where
there is a jump and is absolutely continuous in the intervals of continuity then there

exists a constant F' such that
[fln] < Fln|™t  V¥n€Z,n#0.

Proof. Suppose f has J discontinuities at 1, 2, ...,z and let d; = f(z;+0)— f(z;—0)
(i.e. let d; be the size of the jump at each discontinuity). Assume for convenience and
without loss of generality that z; # i%. For 0 # n € Z, subdividing €2 into intervals
of continuity and integrating by parts yields

1 , 1 .
—_ d.: —127TNnT; / / —i2mnT d
[fln 12mn ; 3¢ +i27m Q fla)e v
Since f is absolutely continuous on each interval of continuity, it is has bounded vari-
ation on each interval and therefore f' € L'(Q) (see [4]). Therefore,

[l < 5 Z!dHHfHLl
Il

Using this estimate for the coefficients of a piecewise continuous function (which
requires slightly different assumptions on f) and the definition of H; we can obtain an
alternative proof for Theorem 3.40 (in the 1D case).

When d = 2 it is not so easy to estimate the asymptotic behaviour of the Fourier
coefficients of a piecewise continuous function. Before we present our main theorem of

this subsection let us present the following two illustrative examples.

Figure 3-3: Diagram of f(x) from Examples 3.42 (left) and 3.43 (right).
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Example 3.42. Rectangular hole. For 0 < a,b < % and constants fy and fi, define
fe LIQ) by
fi Jr1] < aand |xa] < b

f(x) =

fo elsewhere in €.

See Figure 3-3. Then f(x) has Fourier coefficients,

Jo+ (f1 = fo)ab g=0
sin(gamb
[fle = (f1 = fo)a 72@1 : 91=0,92#0 (3.20)
(fr — fo)2lotmely, 91#0, g2=0
(fl—fo)sm(glgf;% g1 #0, g2 # 0.
From (3.20) we can see that |[f]g| < | fo‘ when g is not perpendicular to any of the

interfaces of f(x) and |[flg| < % When g is perpendicular to the interfaces of f(x).
With these Fourier coefficients it is possible to prove that there exists a constant F
such that

[SIE

o= X IeP) <rat wen
lg1]+]g2|=n

We do this using the following argument,

n—1
0721, = Hf] ’ (fi— f0)2 <7r24n2 + % Z m)

lg1 \+|92|

2
< flTerO) nz T 7r28n2 %)
< 70;;2“ % <(fi—fo)’n™  neN.

For the next example, instead of having a rectangular interface, we work with a

circular interface.

Example 3.43. Circular hole. For 0 < a < % and constants fo and f;, define f € Lg
by
fi xl<a

fx)=

fo elsewhere in €.

71
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See Figure 3-3. Then f(x) has Fourier coefficients,

fo+ (f1 = fo)wa® g=0
(/1 = fo)grig /1 (mlgla) [gl # 0

e =

where J; is the 1st order Bessel function. With these Fourier coefficients we can again

prove that there exists a constant F' such that

Cp = > iflg?| <Fn' neN
|g1]+1g2|=n

To prove this property we use the following argument. From the properties of Bessel
functions, we know that there exists a constant A such that J;(r) < Ar~'/2 for r > 0.
Therefore, |[f]g] < M|g]_3/2 and

2m3/2
Cr= Z [f)gl?
lg1]|+]g2]=n
(f1 — fo)2A? 1
= R DR
lg1]+]g2]=n

(f1— fo)?A?  4n

ST vy
A2 - fo)PAT L g2l
- 3 2 T2

Now let us state some Lemmas in preparation for the main theorem of this subsec-

tion.

Lemma 3.44. Let f € Hy for s € R and define g € Hy by g(x) = f(x + xq) for
xo € R%. Then
glg = [flge™™®™  vgezl.

Proof.

g(x) _ f(X + XO) _ Z [f]g ei27rg'(x+xo) _ Z ([f]gei%rg'xo) ei?ﬂg'x Vx € Rd.

gezd gezd

Before we state the next two lemmas let us recall that

|h| if h#0

’h’*: .
1 ifh=0

for all h € R.
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Lemma 3.45. Let u € C™(R?) with suppu C Q, let Xg € Q and v € R?, and define

Also define F(x) = f(x+xXq) for all x € R? and define G(y) = F(S(y)) for all y € R?
where S is a rotation such that G(y) = 0 for all yo > 0. Then there exists a constant

A such that
A

L — 7%, h=S"1(g).
Hf]g‘ — ‘h1|*‘h2’* Vge ’ S (g)

Proof. Let 0 # g € Z. With the definitions in the lemma we get

/]l = /Q £(x) e~ 28X

= f(x) e 278 gx since supp f C suppu C €2
R2

= |e~i2m&X0 / F(x)e "2m8% gx (3.21)
R2

= / F(x) e 2m8x gx
R2

= G(y) e i2mhy dy‘ with x = S(y) and h = S~1(g).

y2<0

If g is not perpendicular or parallel to v then h; # 0 and hg # 0 and using (3.21) and

integration by parts we get,

[l =

/ G(y)e ¥ dy‘
y2<0

1

2m|h |

/y DuG) e dy'

| DaGyme )
¥2=0 (3.22)

| (DuD,G)y)e dy]
Y2

_ 1
- 47r2‘h1|‘h2|

I S
+ e
<0

T </ |Dy1G(Y)!dY+/ !DyszlG(Y)!dY>
y2=0 y2<0
A

<
|h1]lhal

Alternatively, if g is perpendicular to v (hy = 0) or if g is parallel to v (h; = 0) then

we can not carry out both integrations by parts in (3.22) and we only get the following
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3.3. Piecewise Continuous Functions

estimate for |[f]g| instead,

A .
= ifh1 =0
R ' (3.23)

T if hg=0

[flel <

Hence, the result. Note that A is a generic constant that may be different for (3.22)
and (3.23). O

Lemma 3.46. Let u € C®(R?) with suppu C Q, let xog € Q and v,w € R? such that
v # kw for all k € R. Define

F(x) = u(x) if (x—x%0)-v<0and (x—x%9) - w<0
- 0 for all other x.

Also define F(x) = f(x+x¢) for all x € R? and define G(y) = F(S(y)) for ally € R?
where S is a rotation such that the lines S(v) -y = 0 and S(w) -y = 0 correspond

to the lines y1 = 0 and y2 = cy1 for —o0o < ¢ < 00 and G(y) = 0 for all y; < 0 and
yo > cy1. Then there exists a constant A such that

A
<
|h1 + chal«|h2|x

[Flel vgeZ? h=S5""(g).

Proof. Let 0 # g € Z. With the definitions in the lemma and since supp f C suppu C
Q) we get

/]l = /Q £() €28 i

f(X) e—i27rg~x dx
R2

— e—227rg-x0/ F(X) e—227rg-x dx| =
R2

/ F(x) e 2TeX gx
RQ

(3.24)

= G(y) e ™ dy
y1>0
y2<cyy

with x = S(y) and h = S~1(g).

If g is not parallel with v or w then hg # 0 and hy + chy # 0 and using (3.24) and

integration by parts we get,

G(y)e ™Y gy

/ " ey ) ay,

Yy2=00

=1/,

Yo <cyy

L
2m|ha]

[e.e]
= il (‘ /0 Gy, cy) e~ rihutezly dy‘ +

+

[, DGy ay
y1>0

Y2 <cyy

[, PGy ay
y1>0

y2<cyy

)
)

74



Chapter 3. MATHEMATICAL TOOLS

Continuing to integrate by parts we get,

I[flel < m <|G(O)| + ‘/o D(G(y, cy)) o—i2m(hi+cha)y dy'

S puemetmay 4| [ DuDuG et ay
y2=cy1 ygl<i21
A
S .
’hg”hl-l-chg‘

(3.25)

Note that A depends on f and ¢, and that ¢ might be very large. In this sense (3.25)
may not be a particularly sharp bound.

Alternatively, if g is parallel to v or w (he = 0 or h; + che = 0) then we can not
carry out both integrations by parts in (3.25) and we only get the following estimate
for |[f]g| instead,

A .
e fhi+chy=0
Thal 1T g 2

el ™ (3.26)
[h1+cha] if hy =0

Hence, the result. Note that A is a generic constant that may be different for (3.25)
and (3.26). O

Now we present the main theorem of this subsection (it is an original result). Un-
fortunately, our proof is limited to the function space PCj, (see Definition 3.37) which is
more restrictive than PC), (see Definition 3.36), in that only convex Lipschitz polygon
interfaces with a finite number of corners are permitted. However, we think it may be

possible to extend our result to functions from PC), that have Lipschitz interfaces.

Theorem 3.47. Let d = 2 and assume that f € PC,, (see Definition 3.37). Then there

exists a constant F' such that

Cp = S el | <Fn' neN
l91[+1g2|=n

Proof. Recall from Definition 3.37 (and Definition 3.36) that we can write

J
F(x) = fox) + Y fi(x)
j=1

With f(x) defined in this way we can split |[f]g| into the following,

J

[flel < Ilfolel + ) Ilfilel Ve eZ? (3.27)

Jj=1
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Now let us fix j and consider each |[f;]g| separately. Since Q; (from definition of
PC;,) is a convex Lipschitz polygon with a finite number of corners we can define a
finite open cover of 0€2;, {Wk}ff:l, such that each Wy covers either a single corner
of 0€); or a straight edge of 0€);. Also define Wg; to cover the interior of €2; so
that W1 N 0Q; = (0. The family {Wk}kK:ll is a finite open cover of ;. Now invoke
Corollary 3.22 of [54] to get a partition of unity {¢;}1_," for ; such that ¢, € C(R?)
and supp ¢, C Wy, forevery k =1,..., K+1and ), ¢ = 1 on ;. Using our partition

of unity and the definition of a Fourier coefficient (see Definition 3.13) we get

K+1 K+1
[filgl = Z[¢kfj]g < Z |[#x flel geZ (3.28)
k=1 k=1
With (3.27) and (3.28) we can write
Co= > /el
lg1]+]g2|=n
J
<@+ >0 |l + D IIfilel
lg1l+]g2|=n J=1
> ) T ) (3.29)
SUHDXE DD Y | Hflel+ > D onfilel
lg1]+|g2|=n J=1 k=1
J K+1
SCRRRCETT U SRNTZRED 35 b SR NS
l91]+|g2|=n J=1 k=1 |g1|+|g2|=n
Ii(n) I>(n)

Now we bound I;(n) and Iz(n) separately.

By Lemma 3.15 we know that there exists a constant Ag such that |[fo]g] < Ao|g| >
for every 0 # g € Z2. Using this we bound I;(n) in the following way,

1 1
hm= 3, [l <A D < AUn) s
lg1|+]g2|=n lg1|+lg2|=n (3.30)
2 2
— 16‘;10 < 16130 =B ? VneN.
n n

To bound I3(n) let us fix j and k and consider each |[¢y f;]g| separately. First, let us
consider the case when k = K + 1. In this case ¢x41f; € C°(R?) and supp(¢x+1fj) C
2 so we can extend ¢x1f; beyond Q periodically and use Lemma 3.15 to show that
there exists a constant A; g1 such that |[¢pr+1filg] < Ajx11]g| ™2 for every 0 #£ g €
7Z2. Using the same argument as in (3.30) we can show that when & = K + 1 there
exists a constant Bj g1 such that Io(n) < Bj7K+1n_2.

Now let us consider |[¢yfilg| for the cases when k = 1,..., K. There are two
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possibilities; either W}, covers a corner of 9€); or W, covers a straight edge of 9€1;.

If W}, covers a straight edge of 0€;, then ¢y f;(x) has the form of f(x) in Lemma
3.45. Therefore, applying Lemma 3.45, there exists a rotation S = S, and a constant
Ajj such that

A,
o filel < Vg e 72, h=S"1(g). (3.31)

= [halxlhal«

Alternatively, if W}, covers a corner of 0€2;, then ¢, f;(x) has the form of f(x) in
Lemma 3.46 (this is where we require that €2; is convex). Therefore, applying Lemma
3.46, there exists a rotation S = S;;, and constants Aj; and ¢ = ¢j; with —0o < ¢j < 00
such that

A.
[ filel < il Vg e Z? h=S"'(g). (3.32)

= |h1 + chali|halx

Now we will (3.32) to bound I for the case when W}, covers a corner of 0€2; (the
straight edge case is a special case of the corner case with ¢ = 0). In order to bound I

we will need to define the following four sets of points,

U = {g € Z%: |g1] + |g2| = n}
Vn::{vzkjg;|v|:%,g6un,k‘ER,0<k§1}
Wy i={w=851v):veV,}

X, ={x=kw:|z|=dor |z +cxe] =dV1+ A weW, ke RO<k<1}
(3.33)

where d = % min(1 + (V1 + ¢ +¢)?)~'/2. Note that the vectors in U, lie on a rotated

(% radians) square with sides of length V/2n centred at the origin; the vectors in V), lie

on a circle with radius % centred at the origin; the vectors in W, also lie on a circle

with radius % centred at the origin; and d has been calculated so that the points in
X, lie on the largest possible rhombus inside a circle of radius % centred at the origin
where the sides of the rhombus are perpendicular to either (0,1) or (1,¢). Also note
that d is the closest distance that a point in X, can be to the origin. Let us define «

to be the smallest interior angle of the rhombus, then

tan~1(—1) c#0
c=0.

o=

VB

It is possible to define bijections between each of these sets. For example, each v € V),
is a scaled vector in U,,, each w € W, is a rotation of a vector in V,, and each x € X},
is a scaled vector in W,. All of the bijections preserve the relative angles between
the vectors in each set. Moreover, we can bound (from above and below) the angle
between neighbouring points using the following argument. If we consider the vectors

in U, then the smallest angle between neighbouring vectors will be equal to the angle
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Figure 3-4: Diagram of a rhombus within a circle that correspond to the vectors in W,
and X, respectively. x is the upper bound for the distance between two neighbouring
vectors from X, and y is the lower bound for the distance betwen two neighbouring
vectors.

between (0,n) and (1,n — 1), which is equal to tan~!(-1). The largest angle between

neighbouring vectors will be bounded above by two times the angle between (%, %)
and (% 2=1) which is equal to 2tan™!(2). Therefore, if 6 is the angle between two

neighbouring vectors in any of our sets then

L <tanf < 32 (3.34)

n2—1-

Note that in deriving (3.34) we used the identity tan(24) = 1323?15414.

Now consider two neighbouring vectors in &,,, x™) and x® with ]wél)\ = ]wg)\ =d
and let 6 denote the angle between them. We can use (3.34) to show that the distance
between the two points is bounded above and below independently of n, i.e. we would

like to bound |azgl) - x§2)| from above and below.

As in Figure 3-4 we see that an upper bound will occur is y and the lower bound

will be at x. Using simple trigonometry identities we get (for n > 2)

n
b - EtanG " on 3 ) wi
= sin(5)  sin(3) = V2sin(g) n* =1 = Sin(%)(1 +) S 3sin(g) A
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and

-

Therefore, there exist positive constants a, and A, (independent of n) such that
a; < ]:cgl) - x52)| < Aj. (3.35)

By symmetry we get an equivalent result for when the two neighbouring points satisfy
]:E(ll) + cmgl)] = |1:g2) + cx§2)| =dv1+c2.

Now we can bound I2(n).

= Z H%fj]g ?

gc€Un
1
A? here h = §—1
-k Z |h1 + cha|2|hs|? where 57 (e)
g€Un,
1
2 -1
here h =
F ; |hy +ch2|Z’h2|3 where 5 (e)

) D
hew, ]h1+ch2\ ’h2|2

1
A )
hex, ’hl + Chg‘ ’hg‘

1 1
= A? 2 _ 1+ 2 _
gk Z |h1—|—6h2’zd2 + Z d2(1+62)|h2|z

hexy, heyYn
[ho|=d |h+chg|=dy/1+c2
2 [n/2] .
k=1

8A3,

- d? a?| sin a|? pt k2

16A2 2
= —_ (1 + ﬁ)
n2min(1 + (V1 + 2 £ ¢)2)~1/2 6a2|sin |

jkn_z for n > 2.

To recap, we have shown that there exists constants By and Bjj such that I;(n) <
Bon~2 and Iz(n) < Bjgn~?2 (for both the straight edge and corner cases) for all n € N,
n > 2. Therefore, putting these results back into (3.29) yields the result. U
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We can use Lemma 3.47 to obtain an alternative proof for Theorem 3.40 in the case
when f € PCj,.

Lemma 3.48. Letd = 2. For f € L;, if there exists a constant F' such that the Fourier
coefficients of f satisfy

Cn = Z [flel? < Fn~! n €N,
lg1]+|g2|=n

Then
feH*e

for every e > 0.

Proof. Assume that there exists a constant F' such that C, < Fn~! for all n € N.
Then, for any € > 0,

Hfl\fq;/z—e =Y gl *flel?

g€eZ?

</l + > _n'—>Ca

n=1

[eS)
<ol + F Y n™' 7% < oo,
n=1

3.4 Operator and Spectral Theory

In this section we present the operator and spectral theory that we will need for studying
photonic crystal fibres in the later chapters of this thesis. We will only be considering
linear operators in this thesis. In the first subsection we will define compact, symmetric
and self-adjoint operators on Hilbert spaces. We also define an extension of an operator
and the adjoint of an operator. In another subsection we will then define the spectrum
of an operator on a Hilbert space and we will present definitions that will let us char-
acterise the spectrum of a self-adjoint operator as either essential spectrum or discrete
spectrum. Next, we will present several results that will tell us when the spectrum of an
operator is real and/or discrete. For completeness, we also define absolutely continuous
spectrum since we have already used this term earlier in this thesis. Unfortunately, the
definition of absolutely continuous spectrum is quite complicated and we will need to
invoke the spectral theorem.

Following the subsection on the spectra of operators we will present a subsection

on the Floquet Transform. We will present a definition of the Floquet Transform as
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well as the key spectral result that relates the spectrum of an operator to the union of
spectra of a family of operators obtained under the Floquet Transform.

The main reference for the spectral theory is [37] but we also use [42], whereas
Floquet Theory references include [17], [44], [45] and [69].

Before we proceed, let us define a Hilbert space.

Definition 3.49. A Hilbert space H is a linear vector space with an inner product

(+,-)n that satisfies, for any u,v,w € ‘H and a € C,

L (au+v,w)n = a(u, w)y + (v, w);

2. (u7U)H = (U,U)H;
3. (u,u)y >0 and (u,u)y =0« u=0.

A Hilbert space H is also complete with respect to the norm induced by its inner

1/2
product, |-z = (-,)3°.

All Hilbert spaces are also reflexive Banach spaces.

3.4.1 Operator Definitions

In this subsection we will present definitions for linear operators on Hilbert Spaces.
We define the adjoint and the extension of an operator as well as what constitutes a
symmetric or self-adjoint operator. We then define a compact operator a on Hilbert
space.

Let A be a linear operator from a Hilbert space H; to another Hilbert Space Hs.
By this we mean that A has domain D(A) C H; that is dense in H;. The following
defines the adjoint of A.

Definition 3.50. The adjoint of A, A*, is a linear operator from Hs to H; with domain
D(A*) :={v € Ha : I* € H; such that (Au,v)y, = (u,v")y,YVu € D(A)}.

D(A) dense in H; implies that for every v € D(A*) there exists a unique v* such that
(Au, v)p, = (u,v*)y, for all u € D(A) and we define A*v = v*. In particular,

(Au, v)y, = (u, A*0)p, Vu € D(A),v € D(A").

Now we define an extension of a linear operator on a Hilbert space.

Definition 3.51. Let Ay : Hy — Ho and As : H1 — Hs be two linear operators. As is
an extension of A; (A; C Ay) if

D(Al) C D(AQ) and Alu = AQU Yu € D(Al)
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Using our definition of an extension of an operator it is easy to define a symmetric

operator.

Definition 3.52. A linear operator A : H — H is symmetric if
(Au,v)y = (u, Av)y Vu,v € D(A).
This is equivalent to saying A C A*.

Finally, we define a self-adjoint linear operator. Note that the condition A is self-

adjoint is stronger than the condition A is symmetric.
Definition 3.53. A linear operator A : H — H is self-adjoint if A = A*.

We see from the definition of a symmetric operator that A is self-adjoint if A is
symmetric and D(A) = D(A*). This is the criterion we will use to show that an
operator is self-adjoint in later chapters. We also remark that if A is bounded and

symmetric then A is self-adjoint. We now define compact linear operators.

Definition 3.54. A bounded linear operator, A, on a reflexive Banach space is called

compact if it maps a weakly convergent sequence into a strongly convergent sequence.

3.4.2 Spectra

In this subsection we define the spectrum of a linear operator on a Hilbert space. We
will then define how to split the spectrum into two parts, the essential spectrum and
the discrete spectrum. We then present some results that will tell when the spectrum
of an operator is real and/or discrete. Finally, we present the definition of absolutely
continuous spectrum.

We define the spectrum of an operator by first defining the resolvent set.

Definition 3.55. Let A : H — H be a linear (possibly unbounded) operator with
domain D(A) and let A € C. X is in the resolvent set, p(A), if the operator R4(\) :=
(A-N""

1. exists;
2. the domain of R4()\) is dense in H; and
3. Ra(\) is bounded.

R4 (A) is called the resolvent of A. The spectrum of A, o(A), is defined by

o(A) = C\p(A)
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According to this definition we can classify A € o(A) depending on how the resolvent
fails to satisfy the three conditions in the definition above. If A € o(A) then either,

1. ker(A — \) # {0}, or

2. ker(A — \) = {0} but the range of (A — \) is not dense in H (in this case R4(\)
exists on the range of (A — A) but can not be uniquely extended to a bounded

operator on H), or
3. ker(A—\) = {0} and the range of (A— \) is dense in H but R4()) is unbounded.

Definition 3.56. Let A : H — H be a linear operator and let A € o(A). In case
1. above (ker(A — X) # {0}) X is called an eigenvalue, u € ker(A — \) is called an

etgenvector or eigenfunction and Au = Au. Moreover:

1. There is a smallest integer «, called the ascent of A — X such that ker(A —\)¢ =
ker(A — \)otl,

2. The functions in ker(A—\)® are called generalized eigenfunctions of A correspond-
ing to A and the order of a generalized eigenfunction u is the smallest integer j
such that u € ker(A — \).

3. The geometric multiplicty of A is equal to dim(ker(A — \)).
4. The algebraic multiplicity of A is equal to dim(ker(A — \)®).

Note that the algebraic multiplicity is always greater than or equal to the geometric
multiplicity.

Although we have made the distinction between algebraic and geometric multiplicity
in the preceding definition, we will mostly work with compact, self-adjoint operators
on Hilbert spaces. In this case, the ascent is 1, the algebraic multiplicity is equal to
the geometric multiplicity and all generalised eigenfunctions are eigenfunctions in the
usual sense, see page 683 in [6].

Now we split the spectrum into the discrete spectrum and the essential spectrum.

Definition 3.57. Let A : H — H be a linear operator. The discrete spectrum of
A, 04(A), is the set of all eigenvalues with finite (algebraic) multiplicity that are iso-
lated points of o(A). The essential spectrum of A, oess(A), is defined by oess(A4) =

a(A)\oa(A).

It follows from this definition that if an eigenvalue with finite multiplicity is not
isolated then it is in the essential spectrum. For self-adjoint operators we can chacterise
the essential spectrum in terms of a Weyl sequence. See Definition 7.1 and Theorem
7.2 in [37].
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Definition 3.58. Let A : H — H be a linear self-adjoint operator. A sequence {uy }
is called a Weyl sequence for A and X if u,, € D(A), ||un|lx = 1, (upn,v)y — 0 for all
veHand ||[(A— Nuy|n — 0asn — .

Theorem 3.59. Let A:H — H be a linear self-adjoint operator. Then \ € oess(A) if
and only if there exists a Weyl sequence for A and .

Now we present four results that will be useful later in this thesis.
Theorem 3.60. Let A:H — H be linear self-adjoint operator. Then:
1. o(A) CR.

2. If A is compact then o(A) consists of nonzero isolated eigenvalues of finite multi-
plicity with the only possible accumulation point at zero, and possibly zero (which

may have infinite multiplicity).

3. If there exists a p € p(A) such that Ra(u) is a compact operator, then o(A) =
cq(A).

4. If C: H — H is compact operator, then oess(A) = 0ess(A + C).

Proof. The first result is a standard spectral theory result and is given in Theorem 5.5
on page 51 of [37].

Part 2 is Theorem 9.10 on page 93 of [37]. It is often called the Riesz-Schauder
Theorem.

Part 3 follows from Part 2. By definition R(u) is bounded, and since R4 (p) is
compact, Part 2 implies that the spectrum of R4(u) is a sequence eigenvalues Aq, Ag, . ..
with finite multiplicity such that [A,| — 0. Ra(u) has a well-defined inverse, A — p,
and so 0 is not an eigenvalue of Ra(u). For A € o(Ra(u)), let u be a corresponding

eigenfunction. Then

(A—p)lu =
u=ANA-p)u
Au = (,u + %) U.
Therefore, © + % is an eigenvalue of A with corresponding eigenfunction u. Therefore,

the spectrum of A consists of only isolated eigenvalues and the spectrum of A is discrete.

Part 4 is the classical Weyl Theorem as given on page 117 of [69]. O

The eigenfunctions of a compact, self-adjoint operator can also be characterised in

a special way. The following theorem is Theorem 2.36 on page 47 of [54].
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Theorem 3.61. If A : H — H is compact and self-adjoint then there exist (possibly
finite) sequences of functions uy,ug, ... in H and real numbers \1, Ao, ... that have the

following properties:
1. Each uj is an eigenfunction of A with eigenvalue \;.
2. The eigenfunctions uy,us, ... are orthonormal.
3. The eigenvalues satisfy |[A\1| > |Ag| > -+ > 0.
4. If the sequences are infinite then \; — 0 as j — oo.
5. The set U = span{uy,ug, ...} is dense in H.

Now we use the spectral theorem (for example, see Chapter VI, Section 5.3 of [42])
to define the absolutely continuous spectrum of a linear self-adjoint operator. For a
linear self-adjoint operator A : H — H the spectral theorem says that we can uniquely

represent A by
A :/ AdE(X) (3.36)

where {E()) : —00 < A < oo} is a family of self-adjoint projection operators on H that
satisfy

1. EQN)E(pn) = E(p)E(N) = E(min{\, pu}) for all A\, p € R,
2. EQA)=E\+0) forall A e R, i.e E(\)f =lime g E(A+€)f for all f e H.
3. limy—,_ oo E(A) =0 and limy o0 E(N) = 1.

4. If S = (A, \] C R, with E(S) := E(\2) — E(\), M(f. f)n < (Af, f)n <
Xo(f, f)n for all f € H and [|[(A— N flln < |A1 — Aal||f]ln for all A € S and
feH.

5. feDA) & [~ >\2d (B e = [ Nd|E(N)flln < oo, and if f € D(A)
then Af = f_oo (EN) ).

In fact, E(S) is defined for all Borel sets S of the real line and for any u € H,
mu(S) == (E(S)u,u)y = ||E(S)ul3, is a non-negative countably additive measure
defined for Borel sets S (see page 516 of [42]). If m,(S) is absolutely continuous
(with respect to Lebesgue measure |S|) we say that u is absolutely continuous with
respect to A. The set of all uw € H which are absolutely continuous with respect to
A is denoted Hge. Theorems 1.5 and 1.6 on pages 516 and 517 of [42] imply that
we can consider the part of A corresponding to Hy., denoted by Age, i.e we define
D(Aue) = {f € Hae N D(A) : Af € Hae} and Agef := Af for all f € D(Ag). The

absolutely continuous spectrum of A is then defined as 04.(A) := 0(Aqae)-
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As we have seen, the definition of absolutely continuous spectrum is quite technical.
All we need to know, however, is that 04.(A) C 0ess(A) (see [42] page 519). Therefore,
if an operator has purely absolutely continuous spectrum then it must have purely

essential spectrum.

3.4.3 Floquet Transform

In this subsection we define the Floquet Transform. There are two versions that are
used in the literature and they are very closely related. We will define only one version
in this thesis as this is all we will need. We will also present the main theorem from

Floquet Theory.

The Floquet Transform is used to transform an operator with periodic coefficients
(period cell is 2 = [—5, 5] ) operating on L?(R%) into a family of operators operating
on Lg.

One definition of the Floquet Transform is the following.

Definition 3.62. Let v € L?(R?) with d = 1,2. The Floquet Transform of v(x) at
x € R? is defined as

Fo(x,€) = Z v(x —r)e &) Ve e R?

rczd

For any fixed £ € R?, Fu(-, &) is a periodic function and Fu(-,§) € L%, whereas for
any fixed x € R, Fu(x,-) is quasi-periodic, i.e.

Fu(x,€+ 2me;) = e 2T Iy(x, £) Ve e R Y € {1,...,d}

with period cell B := [—m,7]¢, where e; is a unit vector in the j"* coordinate direction.
Therefore, it is sufficient to know Fv(x, &) for x € Q and £ € B.

We now consider the action of the Floquet transform on periodic differential oper-

ators L with the form,

L::L(X,V)::Zn:ijai ) Dy, —l-z:bZ x) Dy, + ¢(x)

ij=1

where the coefficients a™/(x), b*(x) and ¢(x) are all periodic functions with period cell
Q. It is easy to show that for v € L2(R?) and fixed x € R? we get

F(Lv)(x,€) = L(x,Vx + ) Fo(x,€) V&€ eRY
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where

n

n
L(x,Vs+8&) =Y (Da, +&)a? (x)(Da, + &) + Y _ b (x)(Da, + &) + ().
i,j=1 i=1
We use the notation Lg = L(x,V + §).

Instead of considering the Floquet Transform for fixed x € €, we will consider
the transform for fixed € € B. In this way, we say that the operator L (with periodic
coefficients) operating on L?(R?) is transformed into a family of operators L¢ for £ € B
where each operator Lg operates on Lg.

We relate the spectrum of the original operator with the spectra of our family of
operators by stating the key result from Floquet Theory. The result and references to

the proof can be found in [45].

Theorem 3.63. If L is self-adjoint with periodic coefficients then

o(L) = | o(Le)

£eB

The proof follows from the notion that the Floquet transform expands L operating
on L?(R%) into the direct integral (see page 281 of [69]) of operators Lg¢ on the torus
T = R¢/Z°.

3.5 Some Results from Functional Analysis

In this section we present some results from functional analysis for studying linear
differential operators in the weak sense. Our aim is to estimate the eigenvalue and
eigenfunction errors for approximating the solution to a variational eigenvalue problem.

In the first subsection we begin by considering the bounded linear operator T and
a family of bounded linear operators T, such that T, — T in norm as n — oo.
We condense the theory in [6] to write down error bounds for the eigenvalues and
eigenfunctions of the operator T,, in terms of the difference between T and T),.

In the second subsection we define a variational eigenvalue problem and the cor-
responding solution operator. We relate the spectrum of the variational eigenvalue
problem to the spectrum of the solution operator.

In the third subsection we apply the Galerkin method to a variational eigenvalue
problem and we construct a family of solution operators T,, that approximate the so-
lution operator of the original variational eigenvalue problem. We bound the difference
between these operators in terms of the approximation error.

In the fourth subsection we present Strang’s First Lemma in a general setting.

Strang’s First Lemma is a result that we use for estimating errors introduced by small
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modifications of the original problem (e.g. through smoothing discontinuous coeffi-
cients).

Finally, in the fifth subsection we consider a second order PDE boundary value
problem. We write it in variational form and then we prove regularity results for the
solution when we have smooth coefficients. The regularity results for the variational
eigenvalue problems we will be solving will depend on these regularity theorems for
boundary value problems. Understanding the regularity of the eigenfunctions of our
variational eigenvalue problems will be the key to making sharp estimates.

Before we begin the first subsection let us make the following definitions. Through-
out this section let H denote a Hilbert space with inner product (-, -) and induced norm
-1

Eigenfunction errors will be measured in terms of the difference between eigenspaces.
To measure the difference between eigenspaces that are subspaces of ‘H we will rely on

the following definition.

Definition 3.64. Let X and Y be two closed subspaces of H. The gap between X and
Y is defined as

(X, Y)= sup dist(z,Y)= sup dist(y,Y)
zeX,[|z||=1 yeYlyl=1

Later in this thesis, when we use 6(-,-) H will be the Hilbert space H).
Lemma 3.65. Let X, Y and Z be closed subspaces of H. Then

§(X,Z) < 8(X,Y) + (Y, Z)

The proof of this result is given in Appendix A.3.
From the second subsection onwards we will need the following definitions of prop-

erties for bilinear forms.
Definition 3.66. A bilinear form a(-,-) : H x H — R may be:

1. bounded if there exists a constant Cj > 0 such that

la(u,v)| < Cyllullloll  Vu,v € Hs (3.37)

2. coercive if there exists a constant C. > 0 such that

a(v,v) > C.ljv? Vv € ‘H; and (3.38)

3. Hermitian if

a(u,v) = a(v,u) Yu,v € H.
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If a bilinear form satisfies all of the properties of Definition 3.66 then we get the

following Lemma.

Lemma 3.67. If a bilinear form a(-,-) is bounded, coercive and Hermitian on H then

’1/2

it defines an inner product on H and its induced norm |a(-,-)|"/* is equivalent to || - ||.

3.5.1 Error Bounds for Operators

In this subsection we consider a family of bounded linear operators T,, (n € N) such
that T, — T in norm as n — co. We present a result that first establishes that the
eigenvalues and eigenfunctions of T,, approximate those of T and then estimate the
errors for these approximate eigenvalues and eigenfunctions in terms of the difference
between the operators T and T,,. The result is a condensed version of the theory in [6].

Based on [6, Theorem 7.1 on page 685] and [6, Theorem 7.3 on page 689] we get

the following result.
Theorem 3.68. Let the following conditions hold:
1. T:H — H is a bounded, linear, compact operator.

2. Ty, : H — H is a family of bounded, linear, compact operators such that |T —T| —

0 as n — .

3. pis an eigenvalue of T with (algebraic) multiplicity m, and corresponding eigenspace
M :=ker(p — T)® where a denotes the ascent of (u— T).

Then, for sufficiently large n, there exist m eigenvalues of T, (counted according to
algebraic multiplicities), pi(n),...,pum(n) with corresponding generalised eigenspaces
Mi(n),...,Mp(n) and a space

M =P M,
j=1
such that
S(M, M) S (T =To)|mll
and

= il S 8T = T) i )| + 1T = To) a1 (T* = T5) s |
ik=1

forj=1,...,m, where {¢1,...,Pm} is a basis for M, T* and T}, are the adjoints of T

and Ty, respectively, and {7, ..., ¢} is a basis for the generalised eigenspace of T*.
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Note that in the theorem above, the eigenspaces M1, ..., M,, are spaces that in-
clude generalised eigenfunctions, i.e. M; := ker(u; — T),)% where o is the ascent of
pj for j =1,...,m. Throughout this thesis we will only be working with the case when
the ascent of p is one. This will usually be because T is compact and self-adjoint on
a Hilbert space and so M will not contain any generalised eigenfunctions. When the
ascent of y is one, the algebraic multiplicity of u is equal to the geometric multiplicity
of u.

When T or T,, are self-adjoint then Theorem 3.68 can be written down in a more

simple form.

3.5.2 Variational Eigenvalue Problems

In this subsection we define a variational eigenvalue problem and we define the solution
operator that corresponds to the bilinear forms from the variational eigenvalue prob-
lem. We then show the relationship between the solution operator and the variational

eigenvalue problem.

Definition 3.69. A variational eigenvalue problem on H is defined as: Find an eigen-

value A € C and a non-zero eigenfunction u € H such that
a(u,v) = Ab(u, v) YveH (3.39)

where a(-,-) and b(-, -) are bilinear forms on H.

Associated with the bilinear forms a(-,-) and b(-,-) in Definition 3.69 we define an

operator that we call the solution operator.

Definition 3.70. Assume that a(-,-) and b(+,) are bounded bilinear forms, a(-,-) is
coercive and let f € H. Then T f is uniquely defined by

a(T f,v) =b(f,v) YveH (3.40)

In this way we have defined an operator T : H — H. We call T the solution operator

corresponding to a(-,-) and b(-,-).

Sometimes, we will refer to T as the solution operator corresponding to a variational
eigenvalue problem. We really mean that T is the solution operator corresponding to
the bilinear forms in the variational eigenvalue problem.

The operator T is well-defined and bounded due to the Lax-Milgram Lemma. When
a(-,-) is Hermitian then T is self-adjoint. The compactness of T depends on properties
of the Hilbert space H.

The following lemma gives us the link between eigenpairs of the variational eigen-

value problem and eigenpairs of its associated solution operator.
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Lemma 3.71. (\ u) is an eigenpair of the variational eigenvalue problem (3.39) with
A #£ 0, if and only if (%, u) is an eigenpair of the solution operator T corresponding to
(3.39).

Proof. Let (A, u) be an eigenpair of (3.39) with A\ # 0. Then

a(u,v) = Ab(u,v) Yo € H < a(Fu,v) =b(u,v) Vo € H divide through by A
& Tu= %u by Definition 3.70.

O

Since the eigenpairs of the variational eigenvalue problem and the solution operator
are linked, the idea of ascent, generalised eigenfunctions, algebraic multiplicty and
geometric multiplicity for the variational eigenvalue problem are inherited from the

solution operator.

3.5.3 Galerkin Method and Error Estimates

In this subsection we apply the Galerkin method to the variational eigenvalue problem
(3.39) to get a discrete variational eigenvalue problem. We then define a solution oper-
ator that corresponds to the discrete variational eigenvalue problem before we bound
the difference between the solution operator corresponding to the original problem
and the new solution operator corresponding to the discrete problem in terms of the
approximation error using Cea’s Lemma.

Error estimates for the Galerkin method applied to (3.39) in terms of the approxi-
mation error then follow from Theorem 3.68 and Lemma 3.71.

We now define the Galerkin method.

Definition 3.72. For n € N choose a finite dimensional subspace V,, C H. The
Galerkin method applied to the variational eigenvalue problem (3.39) is: Find A\, € C

and non-zero u,, € V, such that
a(tn,v) = Apb(up,v) Yv € V. (3.41)

We call this problem the discrete variational eigenvalue problem.

The Galerkin method is defined by the choice of finite dimensional space V,,. As-

sociated with the choice of V,, is the approximation error. We define it as follows.

Definition 3.73. Let u € H. The approrimation error of V, associated with wu is
defined as
inf — x|l 3.42
inf fu=x| (3.42)
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We want to choose a sequence of V,, so that the approximation error will tend to
ZEero as n — oQ.

Just as we defined a solution operator corresponding to (3.39) we can define a
family of solution operators corresponding to (3.41) for n € N. Assuming that a(-,-) is
bounded and coercive and that b(-,-) is bounded then for each n € N and f € H we
can uniquely define T,, f € V,, by

a(Ty, f,v) =b(f,v) YveV,. (3.43)

In this way, for each n € N, we have defined an operator T,, : H — V.
We now prove several properties of T, in the following Lemma. Notice that Parts
2 and 3 are estimates for the right-hand-sides in Theorem 3.68 in terms of the approx-

imation error. Part 2 is Cea’s Lemma.

Lemma 3.74. Assume that a(-,-) and b(-,) are both bounded bilinear forms and that
a(-,-) is coercive according to Definition 3.66. Let T and T,, denote the solution op-

erators associated with (3.39) and (3.41) respectively. Then the following properties
hold:

1. T,, = P, T where P, is the projection from H onto V, defined by
a(Ppu—wu,v)=0 Vu € H,Vv € V.
2. For anyu € H,

| Twu—Tul < (14 &) inf | Tu—x]|

3. For any u,v € H,

C . .
la(Tu — Tou,v)| < Cy (1 + C—b) dnf | Tu— x| inf o~ x|

where Cy and C. are the constants from (3.37) and (3.38) associated with the bilinear

form a(-,-).

Proof. Part 1. For any u € H and any v, € V,, we get

a(Ty, u,vy) = b(u,vy) by definition of T,
= a(T u,vy,) by definition of T
=a(P,Tu,v,) +a(Tu—PyTu,v)
=a(P, Tu,v,) by definition of P,,.
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It then follows that

a((T,, — P, Tu,v,) =0 Yu € H, Vv, € V,,
= a((T, =P, T)u, (T, —P,T)u) =0 choosing v, = (T, — P, T)u
= (T, =P, T)u| =0 by coercivity of a(-,-).

The final statement is true for all v € H and so T,, = P,, T.
Part 2. This is just Cea’s Lemma. Let u € ‘H. Using V,, C H, subtract (3.43) from
(3.40) to get

a(Tu—Tpu,v,) =0 Y, € V,,. (3.44)

For all v,, w, € V, and using (3.44) we then get

a(Tu —wp,vy) =a(Tu—Thu,v,) + a(Tyu— wy,vy,)
= a(Typu — wp,vy). (3.45)
Now choose w,, € V,, such that T, u — w, # 0. We get

| Tt — w ”<L]a(Tnu—wn,Tnu—wn)|
n n —

by coercivity of a(-, -)

ce 1Tt — wy]
T w—
< ¢ sup 19T % = n; 0n)|
¢ O#”nevn ”UnH
Tu—
=2 sup (T = wn, vn)| by (3.45)
¢ 0vn€Vn [[vn
< %H Tu — wy| by boundedness of af-,-)

Notice that this statement still holds if T), u — w,, = 0. Therefore,

[Tu—Thull <[[Tu—wnl+ | Tnu—wn|
<1+ &) ITu—wa VeV,
The result follows by taking the infimum over w,, € V,.

Part 3. This result is an adaptation of part of a proof in [6]. With u,v € H we get

la((T —Tp)u,v)| = la((T —Tp)u,v — x)| Vx € Vp by (3.44)
< Gpl(T = Tp)ullllv — x|| by boundedness of af-, -)
= Gy||(T = To)ul| inf [Jv—

Coll( = Tuyull i flo = x|

<G, (1 + %) dnf ([ Tu— x| inf lo— x| by Part 2
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In later chapters of this thesis we will use these three properties in conjuction with

Theorem 3.68 to develop the error analysis of the spectral Galerkin method.

3.5.4 Strang’s First Lemma

In this subsection we present Strang’s First Lemma (as in Theorem 4.1.1 on page 186
of [9]). In [9], Strang’s (first) Lemma is used to obtain error estimates when numerical
integration is needed to evaluate the bilinear form a(-,-) to determine the entries of
the coefficient matrix. By using a quadrature formula to evaluate a(-,-) we effectively
solve a discrete variational problem with a different bilinear form a(-,-). By solving a
modified problem we have introduced an additional error and Strang’s Lemma bounds
this error in terms of the difference between a(-,-) and af(-,-).

Here, we will not be using quadrature to evaluate a(-,-). However, we will be
using a modified bilinear form af(-,-) instead of a(-,-) when we apply the smoothing
method, where the discontinuous coefficients of our problem are replaced with smooth
coefficients. We are interested in bounding the error that we introduce by using this
modified bilinear form.

It is important to note that in the following theorem V C H is not necessarily a finite

dimensional subspace. Indeed, we will apply the result when V is infinite dimensional.

Theorem 3.75. Let u € ‘H be the solution to
a(u,v) = F(v) YveH

where a(-,-) is a bounded, coercive bilinear form and F(-) is a bounded linear functional
on H. Also let V C 'H and let u € V be the solution to

a(u,v) = F(v) YveV

where (-, -) is a bilinear form that is coercive on V and F(-) is a bounded linear func-

tional on V. Then

+ sup

lu—al <C inf{|u—v|—|—sup
o= eyl v

wey ]|

ja(v, w) — a(v, w)| } |F(w) F<w>r>

where C = max(éi, 1+ %), Cy is the constant in (3.37) corresponding to a(-,-) and

(&

C. corresponds to a(-,-) in (3.38).

Proof. Let v € V such that v # 4. Then we may write
lu—all < flu— ol + flv—all (3.46)

Now set 0 # w = @ — v € V. Then, using the coercivity of a(-,-) and the boundedness
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of a(+,-), we get

u—v,w) + [a(v,w) — a(v,w)] + [F(w) — F(w)]
< Cyllu — vl Jwl| + [a(v, w) — a(v, w)] + [F(w) — F(w)]

Now divide through by Cel|ii — v|| = Ce|w|| to get

| la(v,w) —a(v,w)| 4 |[F(w) — F(w)|

@ — | < Lfju—of + & + 4 (3.47)
Ce Ce [|wl| Ce [Jw]|
Now take the supremum over w € V to get
_ C 1 la(v, w) —a(v,w)| = |F(w) — F(w)]
u—v|| < 2¢||lu —v|| + = sup + =sup ——————— 3.48
vl < Gllu = vl + 2 s === s (3.48)

Notice that if (3.48) also holds if v = @ (w = 0). Now put (3.46) and (3.48) together

and take the infimum over v € V to get

— @] < inf <1 &) ol 4+ L
o=l < iuf { (14 ) ol + & sup

F(w)—F
n % sup |F'(w) — F(w)]
° wey |||

3.5.5 Regularity

In this subsection we consider two second order elliptic PDE boundary value problems
and we develop a regularity result with estimates for each problem. The first problem
we look at will be posed on a bounded domain with homogeneous Dirichlet boundary
conditions while the second problem will have periodic boundary conditons and periodic
coefficients. Both problems will have smooth coefficients as well as other restrictions

that we will assume.

We will use the regularity result for the periodic boundary value problem to obtain
the regularity of periodic eigenfunctions for the same differential operators in later

chapters.

Let ' C R? be a bounded open set such that 99’ is of class C* (see remark after
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Definition 3.35). Consider an elliptic boundary value problem for f € L?(Y'),

Lu=f in

(3.49)
u=20 on OY
where
- Z ij (CL” (X)le) + Z bl(X)sz + C(X)a (350)
ij=1 i=1

with coefficients a®, b?, c € C°°()') that satisfy
d
Z x)6i&; > Clg)? VEeR xed

for some constant C' > 0 (this is the definition of elliptic). We also restrict the coeffi-
cients so that L is self-adjoint in the sense defined in [52]. This requires that a*/ = a’t,
b = —bi and ¢ = ¢ — z D, b b for all 4,5 = 1,...,d. (The adjoint problem also has
homogeneous Dirichlet boundary conditions).

In the usual way, we solve (3.49) in the weak sense. This leads to the variational
problem: find u € H}(Y') such that

a(u,v) = F(v) Vo € Hi () (3.51)

where a(-,-) is a bilinear form and F'(v) is a linear functional, given by

a(u,v) : / Za”D uDy U—FszD UU + cuvdx
' 7.7 1 i=1

F(v) := (f,0)2()-

The assumptions on the coefficients of L that we have given above imply that a(-,-) is
a bounded and coercive bilinear form and we can condense the result given on pages
188 and 189 of [52] to get the following result.

Theorem 3.76. Consider the problem (3.49) with all of the restrictions on the coeffi-
cients listed above. Let s € R, with s > 2 and let f € H*"2(Q). Then there exists a
unique solution u to (3.51) such that u € H*(Q') and

ull sy < CIflas—20
for a constant C' (independent of f).

Proof. The uniqueness of the solution follows from the Lax-Milgram Lemma whereas

the regularity and estimate come from the result on pages 188 and 189 of [52]. U
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Now let us consider a boundary value problem with periodic boundary conditions.
With period cell € defined as in previous sections, the boundary value problem with

periodic boundary conditions for f € LI% is

Lu=f inR? (3.52)

u is periodic with period cell Q2

where L has the same expression as in (3.50) except we now assume that a bt ce C;,’O,

and

d
D al(x)€g; > ClEP VEEeR! x e R
i,j=1

for some constant C' > 0. We still require that a’/ = /%, b = —bi and ¢ = E—Z?Zl D,,b

forall 4,5 =1,...,d. The weak form of this problem is to search for v € HI% such that
a(u,v) = F(v) Vv e H;. (3.53)

where

d d
a(u,v) = / Z aiijiqujv + Z bliiuﬁ + cuvdx
Q=1 i=1

F(v) ::/ﬂfﬁdx.

Given these assumptions we use Theorem 3.76 to prove the following result.

Theorem 3.77. Consider the problem (3.52) with all of the restrictions on the coeffi-
cients listed above. Let s € R, with s > 2 and let f € Hg_Q. Then there exists a unique
solution u to (3.53) such that u € H, and

[ull gy < ClIf]] g2 (3.54)
for a constant C.

Proof. Because of our assumptions on the coefficients a*, b’ and ¢, the bilinear form
a(-,-) is bounded and coercive, and we can apply the Lax-Milgram Lemma to get that

(3.53) has a unique solution u € H, and

alley S 115 g < 171 g2 (3.55)

Define § € D(R?) according to Lemma 3.17 and choose €' C R? such that 9’ is of
class O and suppf C ' (e.g. choose Q' to be the open ball with a sufficiently large
radius so that supp 6 C ).
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Then, by applying L to w = fu we see that w is the unique weak solution to the

problem
Lw=0f+g in
w=0 on 09
where
Z (D4, 0)(D;u) + 0¥ (Dy,0) (Da;u) + (D Doy 0)u+ Y b (D, f)u (3.56)
=1 i=1

Now consider the case when s = 2. By Theorem 3.76, fu € H?({)') and we get

lull gz S 10ull g2 (ra) by Theorem 3.29
= [|0ull g2y since supp fu C
SN0f + gllmogory by Theorem 3.76

S o + gl o ray by Theorem 3.29 and extending g with zero

Now choose § € D(R?) to be another function that satisfies the conditions of Lemma,
3.17 and define Oy (x) = O(x + k). Since suppu C ', fu # 0 for a finite number of

k € Z% and we get the following where the sum is over a finite number of k € Z¢,

lullgz < (1f11mg + Z O | g since 3 Ok = 1
kezZd HO(Rd)

d
S e + > (Z |0k (D, w) | o (may + HeszHHO(Rd)> by (3.56)
kezd \i=1

where the coefficients of u and D,, in (3.56) have been absorbed into the constant from
“<”  Now see that since suppu C €, Gu # 0 for a finite number of k € Z¢ and using
Theorem 3.29 we get

d
lalliz < 1 llag + S 1w ullsg + Il
=1

<y + el

S Il by (3.55).

This completes the case s = 2.

Now consider the case for general s € R, s > 2. Note first that using (3.54) with
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s = 2 we also get
lallis S llullz S Iflug Vs € [1,2] (3.57)

Now let f € H;_z. By Theorem 3.76, u € H*(Q') and

lull g S 10wl s (may by Theorem 3.29
= 0wl s (o) since supp fu C
SNOf + gllas—2r by Theorem 3.76

S ggs—2 + lgllrs—2(ray by Theorem 3.29 and extending g with zero

S ”f”H;*2 + HuHH;A by the same argument as for s = 2
Now, if s =1 <2 (s < 3) we can use (3.57) to get

lallzzg S WA g2 + 1 F g S NN g2

or, if s —1 > 2 (s > 3) we can repeat the arguement above, applying Theorem 3.76

again to get

lullmg S Il gg—2 + 1F gs=s 4wl ge—2 S 1F 1 g2 + lull gg—2-

Now consider whether s — 2 < 2 and apply (3.57) or apply Theorem 3.76 again. The

result follows by repeating the argument above as many times as necessary. Il

3.6 Numerical Linear Algebra

In this section we present the tools from numerical linear algebra for solving matrix

eigenvalue problems of the form
Ax = )Xx A e R™™, (3.58)

This is not the central focus of this thesis so we will be relatively brief.

We will consider the case when A is symmetric, positive definite (spd) as well as
the case when A is unsymmetric. We also note that in practice, we only need to solve
(3.58) for the smallest few eigenvalues and corresponding eigenvectors.

The rest of this section is divided into three subsections. In Subsection 3.6.1 we
present a Krylov subspace iteration method for finding a subset of the eigenpairs of

(3.58). Each step of the method will require us to solve a linear system of the form
Ax=Db (3.59)

for x given b. In Subsection 3.6.2 we present the conjugate gradient method (CGQG)
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and the generalised minimal residual method (GMRES) for solving (3.59). Finally,
in Subsection 3.6.3 we introduce preconditioning. We rewrite the algorithms for CG
and GMRES to include preconditioning and we link the number of iterations required
to solve (3.59) to the condition number of the coefficient matrix, where the condition

number of a matrix A is defined as
K(A) = Al AT

Throughout this section we will let MV, denote the number of operations required
to compute a matrix-vector product with A. If A is dense then MV, = O(n?). However,

for our numerical examples later in this thesis we will have MV, = O(nlogn).

3.6.1 Krylov Subspace lteration

In this subsection we describe Arnoldi’s method for approximating the k& most extremal
eigenvalues of A (i.e k eigenvalues that are away from other eigenvalues). When A is
symmetric Arnoldi’s method symplifies to Lanczos’ method.

The idea of Arnoldi’s method is to transform the problem of finding & eigenvalues of
A, where A is nxn, to finding k eigenvalues of H, where H is an m xm upper Hessenberg
matrix (only one non-zero sub-diagonal) with & < m < n. The transformation can be
achieved through an iterative scheme. A direct method - the QR algorithm - is used
to find the eigenvalues of H.

The iterative scheme for transforming A to upper Hessenberg H is called the Arnoldi
process (not to be confused with the Arnoldi method. The Arnoldi method includes
computing the eigenvalues and eigenfunctions of H.). We present the Arnoldi process

in the following algorithm. Let ||-|| denote here the Euclidean norm for vectors.

Algorithm 3.78. Arnoldi Process. Choose a tolerance ¢;,; > 0 and a starting vector
q. The Arnoldi process is as follows:
a1 = q/llq-
Fori=1,2,3,...
v=Aq;
(%) For j =1,2,3,...,i
hji = quv
v =v — h;q;
hivii = [|[v]|
If hiy14 < €0 and ¢ > k then set q;4+1 = v, m = 7 and exit the Arnoldi process.
If hit1, < €0 and ¢ < k then select random v and go to (x).

Qit1 = V/hit1,

The output of the Arnoldi process is described by the following lemma which is
[73, Propositions 6.5 & 6.6]. The proof of the lemma follows from the algorithm and is
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given in [73].

Lemma 3.79. 1. The vectors qi, . . ., Qm form an orthonormal basis for the Krylov

subspace KC,, = span{q,Aq,...,A™ 1 q}.

2. If we define a n x m matriz Q,, with columns qi,...,qm and a m X m matric
H,,, with entries h;; defined by the algorithm then

th

where ey, is an n-vector of zeros with a one in the m"" position.

The cost of m steps of the Arnoldi process is the cost of m matrix-vector product
operations (mMV,) and the operations to compute Hy,, and Q,, (O(mn)). Therefore,
the total cost of m steps of the Arnoldi process is O(mn + mMV,).

The next step of Arnoldi’s method is to compute the k largest eigenvalues and
corresponding eigenvectors of H,,. This is done using the QR Algorithm. Since H,,
is already upper Hessenberg each iteration of the QR Algorithm will cost only O(m?)
operations since the QR Factorization step will only cost O(m?) operations. Assuming
that the QR Algorithm converges in O(m) iterations the total cost of the QR Algorithm
will be O(m3) operations (see page 194 of [83]).

Therefore, assuming that the Arnoldi process terminates after m steps and that the
QR Algorithm converges in O(m) iterations, then the complete Arnoldi method will
cost O(mn + mMV, + m3) operations.

The following theorem explains why the eigenvalues of H,, approximate the eigen-

values of A, thus ensuring that Arnoldi’s method works.

Theorem 3.80. Let (u,y) be an eigenpair of Hy, with ||y|| = 1. Then p and x := Q) y

are an approrimate eigenpair of A with

|| Ax— ,UXH = hm+1,m’ym| < €tol

th

where Yy, is the m"* component of y.

Proof. From (3.60) we get

Ax=AQ,y
= QuHny + dmsren,y
= QLY + Am+1Ym
= X + Am+1Ym
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The result then follows from

[Ax — x| = llam+1l[[ym| = Pns1m[ym|-

O

It remains to show that the eigenvalues of H,,, approximate the extremal eigenvalues
of A (i.e. eigenvalues that are away from the other eigenvalues of A). By Theorem 3.80
and Lemma 3.79 we have that the m eigenvectors approximated by the Arnoldi process
are in the m-dimensional Krylov subspace IC,,,. We present a result that estimates the
distance between an exact eigenvector of A and K,,. The bound will depend on the
initial vector q and the spectrum of A. A secondary result, will show that the bound
is smaller when the exact eigenvector corresponds to an extremal eigenvalue. The

following results are from Chapter 6.7 of [73] and we assume that A is diagonalizable.

Theorem 3.81. Assume that A is diagonalizable and that the initial vector q is ex-
panded q = Z?Zl aju; with respect to the eigenbasis {u;}}_; of A where ||uj|l2 =1 for
j=1,...,n. Let Py, define the orthogonal projection onto ICp,. Assume that c; # 0
for some i € {1,2,...,n}. Then

I(I = Pu)uills < Ciel™ (3.61)

where

N e (m) _
Gi=2, 6" = min max [p(})
k=1 p(Ai)=1 A£)\;

and P, denotes the set of all polynomials with degree at most m — 1.

In the Theorem above note that C; entirely depends the choice of the initial vector
q and that q must have a component in the direction of the eigenvector we want to

(m)

approximate. Also note that ¢; ’ only depends on the spectrum of A. We show that

Arnoldi’s process approximates the extremal eigenvalues of A by showing that egm) is
smaller for \; away from other eigenvalues of A. For this we need the following theorem

(also from Chapter 6.7 of [73]).

Theorem 3.82. Let m < n, leti € {1,2,...,n} and let (\;,u;) be an eigenpair of A.

Then there exist m eigenvalues of A which can be labelled i1, \i2,. .., \im such that

-1

Z H ’AZ b (3.62)

K
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To bound egm) from above we should choose A;1,...,Ai;, so that the right-hand-
side of (3.62) is as large as possible. This corresponds to choosing A; 1, ..., Aim, so that
they are relatively as close as possible to A compared with each other. If X is far away
from the other eigenvalues of A then choosing A; 1,..., A, in this way will still give a
(m)

small upper bound on ¢, . However, if ) is clustered together with other eigenvalues

then our strategy for choosing A;1,..., A, will result in a large egm). Therefore, we
can construct a smaller bound in (3.61) for an extremal eigenvalue provided our initial
guess has a component in the direction of the eigenvector that corresponds to the
extremal eigenvalue. This is not a rigorous proof but it agrees with our observations

that extremal eigenvalues are approximated first by Arnoldi’s method.

As we have stated it, we expect Arnoldi’s method to approximate k extremal eigen-
values of a matrix A and these eigenvalues may be the largest or smallest eigenvalues
of A (or they may be in the middle of the spectrum if the largest and smallest eigen-
values are densely clustered). If the smallest eigenvalues of A are densely clustered and
we want to approximate the smallest k eigenvalues of A then we can apply Arnoldi’s
method to A~!. The clustered smallest eigenvalues will then become the largest eigen-
values of A~! and they will be (relatively) widely spaced. Similarly, to approximate
the k eigenvalues closest to a particular value o, we replace A in Arnoldi’s method with
(A —o)~!. Arnoldi’s method will then approximate k extremal eigenvalues of (A —g) ™1,
which we denote by p1,...,ux. The k eigenvalues of A closest to o are then given by
Ai = i 4+ o for i = 1,...,k. The eigenvector corresponding to u; is the eigenvector
corresponding to \;. We do not necessarily need to store the matrices A~ or (A —g)~!
to calculate these eigenvalues. Since the Arnoldi process only requires the action of A
on a vector (the matrix-vector product), we only need the action of A=t or (A —¢)~!
on a vector. This can be obtained by solving linear systems of the form of (3.59) or

(A —0o)x = b. This is the topic of the next subsection.

A variation of Arnoldi’s method is the Implicitly Restarted Arnoldi Method (IRA)
(first published in [77], also described in [87]). The idea of IRA is to reduce the
computational cost of Arnoldi’s method by limiting the number of steps in the Arnoldi

process and therefore limiting the size of the matrices Q,, and H,,. We see from

m
Theorem 3.81 that the convergence of the Arnoldi process depends on the choice of
starting vector q. The idea of the IRA method is to restart the Arnoldi process after
a fixed number of iterations with a better choice of q, if the Arnoldi process has not
already converged. Let m = ¢ + j denote when the Arnoldi process will restart. As
well as restarting the Arnoldi process, the IRA method also implicity computes the
first £ iterations after each restart. So, after each restart, the IRA method only needs
to compute j iterations of the Arnoldi process before the next restart (to effectively
compute m iterations). The IRA method is not equivalent to Arnoldi’s method and

some information is lost at each restart.
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For the computation of examples in later chapters of this thesis we use the IRA
method that is implemented in ARPACK [51].

If A is symmetric then Arnoldi’s method becomes Lanczos’ method. We replace
the Arnoldi process in Algorithm 3.78 with the Lanczos process (see [83] or [13]). The
result is an algorithm that computes a symmetric tridiagonal matrix T instead an
upper Hessenberg matrix H. The eigenvalues of T then approximate the eigenvalues of
A and Theorem 3.80 holds with H replaced with T. The cost of computing the Lanczos
process is the same as for the Arnoldi process but the cost of applying the QR algorithm
to T is reduced to O(m?) operations (from O(m?) for Arnoldi) if only eigenvalues are
required (assuming that the QR algorithm converges in O(m) operations). See page
194 of [83] for a discussion of this. Therefore, the total cost of the Lanczos’ method is
O(mn + mMV, + m?) if only eigenvalues are required. There are more results about

the convergence of Lanczos’ method to the extremal eigenvalues of A given in [73].

3.6.2 Linear Systems

In this subsection we discuss the problem of solving (3.59) for x given a right-hand-side
b. We present two methods: the conjugate gradient method (CG) and the generalized
minimum residual method (GMRES). We use CG when A is symmetric positive definite
(spd), otherwise we use GMRES. We begin with CG. The algorithm that follows is from
[74].

Algorithm 3.83. CG. Choose a tolerance ¢, > 0, a starting vector xg and set
I'ozpozb—AXO.

For £k =0,1,2,...
If ||rk|| < €ror||rol| then exit
a = rkrk
T plApk

Xk+1 = Xk + Pk
rp1 =b—aApg

T
5 = 7rk+1rk+l
r%rk

Pk+1 = Try1 + BPk

The CG algorithm has the following two properties that we present in a theorem.
These results are Theorems 38.2 and 38.5 of [83]. We omit the proofs.

Theorem 3.84. Let A be spd. FEach step of the CG algorithm computes X, € X +
Kr(A, o) such that |x—xp||a is minimal where Kj(A,ro) = span{rg, Arg, ..., A¥Trg}
and |ly|la = VyT Ay is the energy norm induced by A (exists for A spd). Moreover

k
- <2 (VAR DY
VEA)+1
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We can see from this theorem that convergence of the CG method is geometric.
However, if k(A) is large then the geometric convergence will be slow. On the other
hand, if k(A) is close to one then the convergence of the CG method will be very fast.

Now we discuss GMRES. In some sense it mimics the behaviour of CG for non-
symmetric systems, i.e. it is designed to minimise ||b—A x| over all x; € xo+/K;(A, ro)
in some specific norm ||-||. Before we present the GMRES algorithm from page 45 of [43]
we must define the following matrices. We define the Given’s rotation matrix G;(c, s)
by

1 0 0
0
c —s
Gj(es) = s ¢ 0
0 1
0
0 0 1|

where the 2 x 2 block (g *CS) is in the j* and j + 1°¢ row and column. We also define
Qi = Gr(ck,sk) ... Gi(c1,s1) and Vi = [vyva - - - vi] where v; are orthonormal vectors.
We can now define the GMRES algorithm. It is based again on the Arnoldi process.
Algorithm 3.85. GMRES. Choose a tolerance ¢;,; > 0, a maximum number of
iterations kj,q., & starting vector xg, set rg = b — Axg, p = |[rol|, vi = %0 and
g = pe; € RFmaztl
For k=1,2,..., knaz

If p < €401]|b|| then exit

Vit = A vy

Forj=1,...,k

hiji = Vg-i-lvj
Vitl = Vi1 — hjrv;

hk—i—l,k = ||Vl

Vi1 = Vi1 / Mgk

If & > 1 then apply Q,_, to the &1 column of H.

vV=/ hi,k + hi+1,k

ck = hig/Vs Sk = —hpp1,/V

hix = ckhi g — skhgs1 ks Ary1e =0

g = Gi(ck, s1)8

p = |8k+1]
Set rjj = hij for 1 <4,j <k
Set w; =g; for1 <i<k

Solve upper triangular system Ry, = w
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X =X0+ Vi Yk
The cost of each iteration of the GMRES algorithm is O(kn + MV,) operations.

The break-down of this cost is: MV, operations for the matrix-vector product; O(kn)
for the orthogonalization procedure (Arnoldi process/Gram-Schmidt); O(k?) for the
triangular solve; and O(kn) for constructing xj. The storage required by the GMRES
algorithm is O(kn) since the n x k matrix Vy, is stored (assuming that we do not store
A explicitly).

The GMRES algorithm is also guaranteed to terminate after n iterations (Theorem
3.1.2 on page 34 of [43]). However, if we did in fact iterate up to k = n then GMRES
would cost O(n?) operations and the storage requirement would be O(n?).

Often it is the storage requirement that makes standard GMRES impractical. To
alleviate the storage requirements of GMRES we use a variation of GMRES: Restarted
GMRES. In Restarted GMRES we set ke = m < n and restart the algorithm with
X9 = X, if it does not terminate before k = k4. Restarted GMRES is not equivalent
to GMRES because the information in V,,, (the basis for K(A,rg) is discarded when
the algorithm is restarted. For this reason, [43, Theorem 3.1.2] can not be applied to
Restarted GMRES and it is not guaranteed to terminate. However, it works well in
practice and only requires O(mn) storage.

The residual at each iteration of GMRES can be bounded in the following way.
Theorem 3.86. At each step k of GMRES, the residual vy, is bounded by

< inf A

HrOH = pkE'Pkak( )H

where Py is the space of all degree k polynomials. If A is diagonalizable we may write
A = VAV~ where V is orthogonal and A is diagonal containing the eigenvalues of A.
Then

[l :
< k(V) inf sup [pr(A
feoll =) i 235, PO

where A(A) is the set of all eigenvalues of A.

In Theorem 3.84 we saw that the convergence of CG depended on k(A) = ﬁ:zan (for
|-l =1 - |]2), i.e. the convergence of CG depends only on the spectrum of A. This is
in contrast to GMRES where in Theorem 3.86 we see that the convergence depends on

the eigenfunctions of A (through x(V)) as well as the spectrum of A.

3.6.3 Preconditioning Linear Systems

In this subsection we discuss the technique called preconditioning that is used to make

(3.59) easier to solve. Instead of solving (3.59), we solve

P 1A)x= (P 'b) (3.63)
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where the matrix P is called the preconditioner. The idea is to choose P so that the
condition number of P~ A is less than the condition number of A and the operation
of P~! cheap to compute.

In both the CG method and the GMRES method we have chosen to terminate when
the relative residual M is bounded by a tolerance €;,;. We hope that the relative
residual gives a good indication of the actual error in x;. It is possible to derive the

following bound, where x* is the exact solution to (3.59),

%k — x|

b — Axyll

Ao = Aol

[0 —x*]| —
Therefore, if we choose P so that x(P~'A) < x(A) then both CG and GMRES will
terminate when the relative residual error is a more acurate bound of the actual relative
error.

As well as achieving a better indication of the actual error by preconditioning (3.59)
we also achieve faster convergence for either CG or GMRES through preconditioning.
First, we will present the Preconditioned Conjugate Gradient (PCG) method, then we
consider preconditioning with GMRES.

For the CG method the coefficient matrix must be spd but for A and P~! spd,
P~ A is unsymmetric in general. Therefore, if we want to solve the preconditioned

linear system we must choose P~! spd and solve
(P~Y2APT2)y = p~1/2p (3.64)

for y. The solution of (3.59) is then given by x = P~1/2y. The following algorithm is
called the PCG method and solves (3.64) without having to apply or calculate p-1/2,
It is from page 246 of [74]. It is just Algorithm 3.83 constructed with the P~! norm
and inner product, ||x||p-1 = VTP~ !x, (x,y)p-1 =xT P ly.

Algorithm 3.87. PCG. Choose a tolerance ¢, > 0, starting vector xq, set ro =
b — Axg and zg = po = P~ ' ro.

For £ =0,1,2,...
If ||rk]| < €tot]lrol| then exit
o — zgrk
~ PLAPK

Xk+1 = Xk + aPg
rpy1=b—aApg
1
Zp+1 = P74
6 — Z£+1rk+1
Z{rk

Pk+1 = Zk+1 + OPk

If k(P71 A) < k(A) then Theorem 3.84 guarantees that using the PCG method
will converge faster than the CG method.
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In the case of the GMRES method, we do not require that the coefficient matrix is
symmetric or positive definite. Therefore, we are free to choose P~ without restriction
and we simply apply GMRES to (3.63). Algorithm 3.85 must be modified in two steps.
In the initial set up we compute the initial residual as ro = P~}(b — Axg) and we
replace the step v = A vy, with vip; = P71 Avy.

Theorem 3.86 implies that to choose a good preconditioner for GMRES we should
choose P so that

inf P 'A)| < inf A)ll.
it (P A) < it ()]

If P~! A is diagonalizable and P~' A = VA V™! then we want to have chosen P! so
that (V) is small and

inf sup  |pe(N)| < inf  sup |pp(N)].
PeEPE N\ A(P—1 A) PLEPE XeA(A)
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CHAPTER 4

\_SCALAR 2D PROBLEM & 1D TE
MODE PROBLEM

In this chapter we solve the Scalar 2D Problem (2.19) and the 1D TE Mode Problem
(2.20), as defined in Chapter 2, using the plane wave expansion method, and variations
of the plane wave expansion method. As well as including details for the efficient
implementation of the different methods, the main emphasis of this chapter will be on

the error convergence analysis for each of the methods.

Since the 1D and 2D problems are very similar we will focus on the 2D problem
most of the time. Indeed, we will find that the same theory applies to both problems
more often than not, but where there are differences between the problems we will

point these out.

The chapter is divided into six sections. In the first section we introduce the 2D
problem as an operator on a Hilbert space with unknown spectrum that we would like
to approximate. We apply the Floquet Transform from Subsection 3.4.3 to obtain a
family of operators on a bounded domain, each with discrete spectrum. Therefore, we
can write down a variational eigenvalue problem corresponding to each new operator.
We then prove a regularity result for the eigenfunctions of the variational problems.
Next, we consider the special features of the 1D problem before defining examples that
will be referred to throughout this chapter.

In the second section we apply the plane wave expansion method to the variational
eigenvalue problem. We then include implementation details for the method before
we develop a full error convergence analysis for the standard plane wave expansion
method.

In Sections 4.3 - 4.5 we present variations of the plane wave expansion method: the
smoothing method, the sampling method, and the smoothing and sampling method.

We include implementation details together with error convergence analysis for each of
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these methods.

In the final section we briefly discuss an expansion method based on curvilinear
coordinates and how we lose an optimal preconditioner for this method.

Throughout this chapter we will make use of the mathematical tools that we pre-

sented in Chapter 3.

4.1 The Problem

4.1.1 The Spectral Problem

From (2.19) the formal equation for the Scalar 2D Problem is
V2h 4+ vy(x)h = 3*h (4.1)

where V is the 2D gradient operator, h = h(x) is a 2D scalar field, 32 is an eigenvalue
and 7y(x) is a 2D scalar field that is periodic on a Bravais lattice in R?. For simplicity
and as discussed in Section 3.2, we restrict all of our presentation to the Bravais lattice
Z? with period cell Q = (—3,1)%. We also assume that v € PC,, i.e. ¥(x) is in our
special class of piecewise continuous functions that we defined in Definition 3.36. This
implies that v € L;° and without loss of generality we specify that 0 < 7(x) < Ymax
for all x € R2. For some results we will also assume certain symmetries of v(x) or that
v € PCj, (see Definition 3.37).

The aim is to find the unknown eigenvalues 32 and the corresponding eigenfunctions
h of (4.1).

Mathematically, we state our problem as a spectral problem. We want to find the
spectrum of an operator on a Hilbert space. For this problem the Hilbert space is

L?(R?) with the usual inner product and the operator is
L:=-V2—4x)+K (4.2)

with domain H?(R?). To obtain L from (4.1) we have multiplied (4.1) by —1 and we
have added a constant K to shift the spectrum and ensure that L is always positive
definite. If A € o(L) then we say that 3> = —\ + K is an eigenvalue of (4.1). For now,
we will only say that K is sufficiently large to ensure that L is positive definite. We
will be more specific about our choice of K later.

The following result is a well known classical result.

Theorem 4.1. The spectrum of L is real and purely essential, i.e.
O'(L) = O'ess(L) C R.

where oess(L) denotes the essential spectrum of L.
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Proof. Tt is easy to see that L is self-adjoint and o(L) C R follows from Theorem 3.60.
0(L) = 0ess(L) follows from Theorem XIII.100 on page 309 of [69]. O

We are only interested in the spectrum of (4.1) that lies in the positive real half
plane. This is because eigenvalues with a negative real part correspond to evanes-
cent eigenfunctions (i.e. non-physical electromagnetic waves). Therefore, we are only

interested in the spectrum of L that is in the interval [0, K].

4.1.2 Applying the Floquet Transform

Since the coefficients of L are periodic we can apply the Floquet Transform to L on
L?(R?) as in [17], [45] or [78]. We defined the Floquet Transform in Subsection 3.4.3.
After applying the transform we obtain a family of operators parameterised by € € B
on a bounded domain, where B = [—n,7]? is the 1st Brillouin Zone corresponding to
the Bravais lattice Z?. In photonics literature £ is called the quasi-momentum. The
transformed problems are posed on the Hilbert space LIZ) with the usual L?() inner
product, where 2 is the period cell of the Bravais lattice. For each & € B the operator

is defined as
Le = —(V+i€)? —y(x) + K

with domain Hg (defined in Section 3.2). We can prove the following properties about

the spectrum of our new family of operators.
Lemma 4.2. The spectrum of L¢ has the following properties:
1. o(L¢) CR for every € € B.

2. 0(Lg) = oq(Lg)) where 04(Lg) denotes the discrete spectrum of Lg for every
£ eB.

3. M&) € o(Lg) considered as a function of € is continuous on B.

Proof. 1. o(L¢) C R follows from the fact that L is self-adjoint with domain D(L¢) =
H2. To see that Lg is self-adjoint, notice that we have (Lgu,v)r20) = (u,Lg ) 12(q)
for all u,v € D(Lg¢), using integration by parts. This implies that Lg¢ is symmetric, i.e.
D(L¢) C D(LE). Moreover, in the above working for the integration by parts we require
that v € H(Q) for (Lgu,v)12(q) = (u, Le v)12(q) to hold for all u € D(Lg). Therefore,
D(L§) = D(Lg) and L¢ = L.

2. According to part a) of Lemma 2 on page 308 of [69] there exists a u ¢ o(Lg) such
that the resolvant of L¢ is compact. Therefore, the spectrum of L¢ is purely discrete
by part 3 of Theorem 3.60.

3. This result follows from the discussion in [69] and is stated in [69, Lemma 2 on
page 308]. O
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Part 2 of Lemma 4.2 is a useful result for developing a numerical method because a
numerical method will attempt to approximate L¢ with an operator on a finite dimen-
sional Hilbert space and such an operator will also have discrete spectrum. If L¢ had
essential spectrum then it would be difficult to measure the accuracy of our numerical
method because it is not clear how the discrete spectrum from an approximate problem

would approximate essential spectrum of Le.

Part 3 of Lemma 4.2 is also a useful result in light of the next theorem as it tells
us how the discrete spectrum of Lg will approximate the essential spectrum of L. We
can take advantage of the contininuity of the eigenvalues with respect to & by only

approximating the spectrum of L¢ for a finite number of § € B.

Now we apply the key result from Floquet theory, Theorem 3.63, to get the following

result.

Theorem 4.3.
o(L) = | o(Le)

£eB

If 4(x) has certain symmetries, then we get the following result. This type of result

can also be found in [39].

Corollary 4.4. If v € PC, and v(z1,x2) = vy(—z1,22) = y(x1, —22) = Y(22,21)
for all 1,29 € R. Then X&) € o(Lg) also has these symmetries for all € € B, i.e.
A(€1,62) = A(—€1,82) = A(&1, —&2) = A(€2,&1) for all 1,82 € R and

oL)= J o(Le)

£eBy

where By is the irreducible Brillouin zone defined as the triangular region with vertices
(0,0), (m,0), and (m,7), t.e. Bf={£€B:0<& <m,0<& <&}

Proof. We will prove that if vy(x1,x2) = y(—x1,x2) for all 1,29 € R then A(1,&2) =
A(=&1,&2) for all &1, & € R for all A(&§) € o(Lg). The results for mirror symmetries in
the other directions are proved in a similar way.

Let £ € B and let y(x) = (—x1,722)T. By Part 2 of Lemma 4.2 we know that the
spectrum of Lg is discrete. Therefore any A(§) € o(Lg) is an eigenvalue of Lg with
corresponding eigenfunction u(x). We will show that (A(§),u(y(x)) is an eigenpair of

L(_¢, ). Using the chain rule we get

Ou Oyr 4 Ou Oyp _Ou
_ [ Oy10xz1 ' Oy20r1 | _ oy1
Vau(y($) = | Guom | ouom | = | ou

8y1 8:132 8y2 6332
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And so,

_ou _ 2
Li_¢ye) uly(x)) = (( 52“) ﬂ'( 51)) u(y(x)) — v(x)u(y(x)) + Ku(y(x))

Bys &2
= (Vy +i€)*uly) = v(y)uly) + Ku(y)
= Le u(y)
= A(&u(y)

and so (A(§),u(y(x))) is an eigenpair of L(_¢ ¢,y. It follows that A(£) as a function of
& € B is mirror symmetric with respect to the &; coordinate direction.

The final statement that (L) = Ugcp, 0(L¢) follows from Theorem 4.3 and the
symmetries of A\(§) € o(Lg). O

Finally, we state an unproven conjecture that is often used (implicitly) in photonics
literature, see for example, [5], [8], [15], [34], [38] and [79].

The conjecture allows us to make a further restriction on the & € B that we need
to consider. If the conjecture holds then we only need to consider £ € 0By where 0By
is the boundary of By (B is defined in Corollary 4.4).

Conjecture 4.5. Assume that v € PC, satisfies the symmetries in Corollary 4.4. For
any &€ € B let \;(§) denote the the j smallest eigenvalue in o(Lg). Define

Nimin = min \;(& Aj ;= max \;(&
7,min ¢ coB; ](S) 7, max ¢'coB; J(E)

where OBy is the boundary of By (By is defined in Corollary 4.4). Then
A](s) € [)\j,miny )\j,mam] .

The significant consequence of this conjecture is that to approximate o(L) we only
need to compute o(L¢) for £ € 0By, i.e. we only need to compute the spectrum of
L¢ on the boundary of the irreducible Brillouin zone. This is a significant saving in
computational cost because without the conjecture we would need to compute o(Lg)
for all £ € By.

An alternative approach that is sometimes used in the photonics literature (see for
example [66]), that does not rely on this conjecture, is the density of states method.
The density of states method samples £ € By (usually on a uniform grid) and counts
the number of times that an eigenvalue appears in a small interval of possible 32 values
and in a small frequency range. This count determines the density of the state where
the state is determined by the small range of frequencies and small range of 32. A plot
is then drawn for the density of states vs. both frequency and 3°. Regions where the

density of states is low are considered to be bandgaps.
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For the 1D problem, defined later in this section, Conjecture 4.5 has been proven
and the result can be found on page 293 of [69]. We present an equivalent result in
Lemma 4.14.

In this thesis we will rely on Conjecture 4.5. Let us now focus on the central problem

of approximating the spectrum of L¢ for a fixed £ € B.

4.1.3 Variational Formulation

In this subsection we take advantage of the fact that the spectrum of L¢ is discrete and
we write down the variational eigenvalue problem which, under additional regularity
assumptions, is equivalent to finding a A € o(Lg¢) and its corresponding eigenfunction.

The variational eigenvalue problem is defined as

Problem 4.6. For a fixed £ € B, find an eigenpair (A, u) where A\ € C and 0 # u € HI}
such that
a(u,v) = Ab(u,v) Y € H; (4.3)

where
a(u,v) = / (V+i&u-(V+i&)v+ (K—v)uvde
Q

b(u,v):/uﬁda?.
Q

We will now prove some properties of the bilinear form a(-,-) that will enable us to
say more about the spectral properties of Problem 4.6. The following lemma will also

be very important for the error convergence results later in this chapter.

Lemma 4.7. Provided we choose K > ~ypax + 272 + %, the bilinear form a(-,-) from

Problem 4.6 is bounded, coercive and Hermitian on H;.

Proof. Part 1. a(-,-) bounded.

la(u,v)| = ‘/ (V+i&u-(V+i&) v+ (K—v)uvde
Q
S/|Vu-Wﬂ'gu-W—z‘g-Vuﬁ+(|£|2+K—7)umd:c
)

< (L+ 21+ €17 + 11 K —lloo) N1l o 01l )
< (47 +K) [Jull o vl
= Cllullgr@yllvll g

= Cllullgllvllay — Vu,v e H,

with C' = (1 +7)? + K.
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Part 2. a(-,-) coercive. We will use the Cauchy Schwarz inequality (CS) and the
arithmetic-geometric mean inequality (AG), that says 2zy < x2 + y2.

a(v,v) = /Q (V+i&)v-(V+i€)v+ (K—)vvde
= /Q V|2 +i&v - Vv — i€ - Vot + (|€]* + K —)|v|*dx
> |vlin ) + (€17 + K —rmax) [0l Z2(q) — 21€l10lmllvll 2@ (CS)
> [l () + (€7 + K =vmad) 0220 — 3 (100 + 41€PI0I32 ) (AG)
= 3lvlin ) + (—1€1° + K —max) [0 720

%|U|§{1(Q) + (_27T2 +K _’Vmax)HUH%?(Q)

> Cllol2 0

Y

=Clpl},  VveH,

with C' = % provided that K is chosen so that K > ypax + o2 4+ %
Part 3. a(-,-) Hermitian. The proof that a(-,-) is Hermitian is obvious from the
definition of a(-,-). O

Also note that b(-,-) from Problem 4.6 is the usual L?(Q2) inner product and it is
bounded and Hermitian on Lg.
The previous lemma leads directly to the following corollary that will be necessary

for later in the chapter.

Corollary 4.8. a(-,-) defines an inner product on H} and the induced norm |||, =

a(-, )% is equivalent to HHH;

4.1.4 Properties of the Spectrum

In this subsection we introduce the solution operator corresponding to Problem 4.6 as a
means of proving more results about the spectrum of Lg. We will also use the solution
operator later in the chapter as a tool for proving error convergence results.

The solution operator T corresponding to Problem 4.6 is defined according to Def-
inition 3.70 in Subsection 3.5.2 with H := H;' The following lemma proves some basic

properties of T.

Lemma 4.9. The solution operator T corresponding to Problem 4.6 has the following

properties
1. T:L2() — H(Q) is bounded.
2. T: H; — H; 18 compact.

3. T H; — H; is self-adjoint with respect to a(-,-).
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4. T: H; — H; is positive definite with respect to a(-,-).

Proof. Part 1. T : Lg — H; bounded follows from the Lax-Milgram Lemma since
a(-,-) and b(-,-) are bounded and af(,-) is coercive (Lemma 4.7).

Part 2. Since HI} is compactly embedded in LI% (Theorem 3.24), the inclusion
operator [ : H; — L; is compact. Using this with Part 1 it follows that T : HZ} — HI}
is compact (since the composition of a compact operator and a linear bounded operator
is compact, see page 233-234 of [50]). Using a similar argument we can also show that
T: LI% — Lg is compact.

Part 3. T : H) — H} is symmetric with respect to a(-,-) since a(Tf,g) = b(f,g) =
b(g,f) = a(Tg, ) = a(f,Tyg) for all f,g € H). T : H} — H) is also bounded with
respect to |-||a (the norm induced by a(-,-)). Therefore, T : H} — H} is self-adjoint

with respect to a(-,-).
Part 4. a(Tf, f) =b(f, f) > 0 for allO;éfGH;. O

Now we use these properties of the solution operator to describe the spectrum of
Problem 4.6. Before we write down the result and proof, note that since T is compact
and self-adjoint on a Hilbert space we know that the ascent of any eigenvalue of T
will be 1 and algebraic multiplicity is equal to geometric multiplicity. Therefore, we do
not need to consider generalised eigenfunctions. See our comments in Subsection 3.4.2.

This reasoning is also used on page 683 of [6].

Lemma 4.10. Problem 4.6 has eigenvalues
0<)\1§)\2§"'/+OO

counted up to multiplicity (i.e. if \j has multiplicity 2 then set Aj;1 = \;) with corre-
sponding eigenfunctions

UL, U2,y .. .

that can be chosen such that
a(ui, Uj) = (Sij Vi,5 € N.

Moreover, the eigenfunctions are complete in Lg. For every f € LIQJ there exist {c;,j €
N} such that

o
f= chuj and c; = a(f,u;).
j=1
Proof. Since T is self-adjoint and compact (Lemma 4.9), we can apply Theorem 3.60

and Theorem 3.61. Moreover, since T is also bounded and positive definite, T has

eigenvalues
0/ ...p2 <
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where we have counted each eigenvalue according to its multiplicity. By Theorem 3.61
the corresponding eigenfunctions

U, U2,y ...

can be chosen so that they are orthonormal (with respect to a(-,-)) and the span of

them is dense in L;. The result then follows from Lemma 3.71. O

4.1.5 Regularity

With the assumption that v € PC), (see Definition 3.36), we can derive three results
about the regularity of Tu when u € Hg and the eigenfunctions of Problem 4.6.

We begin by proving a regularity result for T« when u € H; that depends on the
regularity of v(x). More specifically, we will use Theorem 3.40 which states y(x) €
H;/z_e for any € > 0 to prove that Tu € HS/2_E. Therefore, it is the regularity of
v(x) that limits the regularity of Tu. As well as using Theorem 3.40 to prove the
result, we will also use the regularity theory for elliptic boundary value problems that
we quoted in Chapter 3. In particular, we use Theorem 3.77 which states that for an
elliptic boundary value problem of the form Lu = f on R? such that u is periodic (and
L has smooth coefficients), if f € H for s > 0, then u € H§+2. At first glance it
may not seem possible that we can apply this theorem because 7(x) is not smooth.
However, we will incorporate y(x) into f, leaving L with constant coefficients. This
result (Theorem 4.11) is the most important result of this section and our error bounds
later in this chapter will rely on it.

The second result is a simple corollary to the first result and is specific for eigen-
functions of Problem 4.6.

The third result is also specific to the eigenfunctions of Problem 4.6. In it we prove
that the eigenfunctions of Problem 4.6 are infinitely smooth away from the discontinu-
ities of y(x). Therefore, any limitations on the regularity of the eigenfunctions must
come from the behaviour of the eigenfunctions near or at the interface regions. The
proof of the third result will use standard regularity theory for elliptic boundary value
problems which can be found in [21].

The second and third results about eigenfunctions of Problem 4.6 will allow us to
identify an eigenpair of Problem 4.6 with an eigenpair of L¢ as well as letting us have
more insight into the behaviour of the eigenfunctions, even though the results are not
required in the rest of this thesis.

Recall our definition of the notation < from Section 3.1.
Theorem 4.11. Assume v € PCy, u € H} and ¢ > 0. Then Tu € HS/%E and

T ull g/o-e S Nl
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where T is the solution operator corresponding to Problem 77 defined the sense of
Definition 3.70.

Proof. Since v € PC), (see Definition 3.36) we can use Theorem 3.40 to get v € H;/2_E/
for any ¢ > 0.
By the definition of T (see Definition 3.70) we have that w = Tu is the weak

solution of an elliptic boundary value problem of the form

Lw=f on R?
(4.4)
w periodic with period cell €2

where L := —(V+i€)?+K and f := u+~(x) Tu. L is an elliptic operator with constant
coefficients. Note that we have shifted the term ~(x) T u onto the right-hand-side of
(4.4) so that L has constant coefficients.

The key to completing the proof is to show that f € Hil,/%ﬁ and ||f||H;/275 S llullm
so that we can apply Theorem 3.77 to (4.4) to get

1Tl yorz—e S WFN e S Nl

By Theorem 3.28 and the definition of f we get

11 ga7a-e S ol gazae + Il el Tl (45)

for any ¢t > 1. We will show that Tu € Hg. We do this by showing that f € Lg
and then use Theorem 3.77 applied to (4.4) to get Tu € Hg. Since u € H; C LIZ,,
vy€ Ly CPCy Tuc H; C LI% by definition and T is bounded on HI}, it follows that

1122 S lullzz + ool Tl 22 S llullgy < oo.

Therefore, f € LIZ,, and by Theorem 3.77 applied to (4.4) we get Tu € Hg with
[ Tullgz S [lull -

Combining this with (4.5) we get ||f||H;/275 S llull 1 and the result follows by applying
Theorem 3.77 to (4.4).

In 1D the proof does not require two applications of Theorem 3.77 because the 1D
result from Theorem 3.28 for estimating ||y T u|| Y2 is easier to work with and we
< ||u||Hp1 directly. O

~

can show || f| 172
p

Corollary 4.12. Let (A, u) be an eigenpair of Problem 4.6 with v € PC,. Then for
€ >0 we getu € Hgﬂ_e and

el o2 S llull
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Proof. The result follows directly from Theorem 4.11 using Lemma 3.71 and Tu =
1

The following result, although not required in the rest of this chapter, gives us a
useful insight into the limitations on the regularity of the eigenfunctions of Problem
4.6.

Theorem 4.13. With v € PC), divide Q into regions Qj, j = 1,...,J where y(x) is
constant. Let (A, u) be an eigenpair of Problem 4.6. Then

u e C™(8y) for each j=1,....J.

Proof. Let j € {1,...,J} and let (A\,u) be an eigenpair of Problem 4.6. In each §2; we
can rewrite Problem 4.6 as an elliptic boundary value problem of the form Lw = 0
on Q; where L = L¢g —A. L has constant coeflicients since v(x) is constant in each
Q). w = ulg, is a weak solution to this boundary value problem and by the definition
of Problem 4.6 we have u € H}. Theorem 3 on page 316 of [21] then states that
u e C™(8y). O

Theorem 4.13 does not include any information about the behaiviour of u on the
boundary of each €;, but it does show that if an eigenfunction has a singularity in
one of its derivatives, then it must be confined to the interfaces of 7(x) and it can not

“propagate” into regions where «y(x) is constant.

4.1.6 Special Case: 1D TE Mode Problem

In this subsection we consider the 1D TE Mode Problem defined by (2.20). We can
also think of this problem as being the 1D version of the Scalar 2D Problem that we
have been looking at so far in this chapter. In fact, all of the results that we have
presented from the Scalar 2D Problem also apply to this 1D problem. We introduce
the 1D problem because it is a physically relevant problem in its own right as well as
to point out a few results that only hold in 1D or that we were only able to prove in
1D.
Formally, the 1D TE Mode Problem is

d’h
Tz tr@h= Bh (4.6)

where h is the z-component of the magnetic field and 3 is the component of the wave

vector in the z-direction. The coefficient function v € PC), is piecewise constant and

periodic with period cell §2 = [—%, %] We also assume that 0 < y(z) < Ymax. We are

again interested in finding the eigenfunctions h and the correponding eigenvalues 5% in
(4.6).
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We state the problem mathematically as trying to find the spectrum of an operator
on a Hilbert space. In this case the Hilbert space is L?(R) with the usual inner product

and the operator is

d
L=—— — K
o y(z) +

with domain H?(R). To obtain L from (4.6) we have multiplied (4.6) by —1 and added
a constant K to shift the spectrum into (0,00) and ensure that L is postive definite.
By the same reasoning as in Theorem 4.1 we have (L) = 0.s5(L) C R. We apply the

Floquet Transform to obtain a family of problems: for £ € B := [—7, 7] we want to
find o(L¢) where

d 2
Lg ::—<£+Z’§> —’y(a?)—i-K

has domain Hf, and we are now working in the Hilbert space Lz. Lemma 4.2 applies to
the 1D problem except there is an extension to Part 3 which can be found in Theorem
XIII.89 on pages 293 and 294 of [69]. The extension is stated in the following lemma.

Lemma 4.14. If v is even then \(&) € o(Lg¢) considered as a function of £ is also an

even function. Moreover, A\(§) is continuous and monotone on [—m,0] and [0, 7].

This result is a confirmation of Conjecture 4.5 for the 1D case. Since A(£) is con-
tinuous, even and monotone between 0 and 7 we can conclude that A(§) € [A(0), A(7)]
if A(0) < A(m) and A(§) € [A(m), A(0)] if A(0) > A(w). Therefore, it is sufficient to only
calculate o(Lg) and o(L;) to determine o (L) (see Theorem 3.63).

We are now free to concentrate on calculating o(L¢) for a fixed £ € B. We write
down the variational problem corresponding to finding an eigenvalue of o(L¢) and

corresponding eigenfunction.

Problem 4.15. For a fixed £ € B, find an eigenpair (A, u) where A\ € Cand 0 # u € HI%
such that
a(u,v) = Ab(u,v) Y € H; (4.7)

where
a(u,v) = / (% + i€) u(% +i&) v+ (K —v) uvdx
Q
b(u,v) = / uvdx.
Q

This variational problem is just the 1D version of Problem 4.6. We can prove that
a(-,-) is bounded, coercive and Hermitian in the same way as in Lemma 4.7 and it
follows that a(-,-) defines an inner product on H} with | - || := af(, )1/2 defining the
induced norm. We can also define a solution operator T for the 1D problem. It has
the same properties as T for the 2D problem and we can deduce the same properties

of the spectrum of Problem 4.15 as we could for the spectrum of Problem 4.6.
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We can also follow the same proof as in Subsection 4.1.5 to show that the eigen-
functions of Problem 4.15 have Hg/ e regularity for every ¢ > 0. However, we can
also prove a slightly different regularity result for the eigenfunctions of Problem 4.15.

We get the following Theorem.

Theorem 4.16. Letu € H). Then Tu and (T u) are absolutely continuous and (T u)”
is continuous except where y(x) is discontinuous and is absolutely continuous on the

intervals of continuity.

Proof. As in Theorem 4.11 we define a boundary value problem Lw = f on R such that
w is periodic with period cell Q and where L := —(V +i€)? + K and f := u+y(x) T u.
L is an elliptic operator with constant coefficients and f € Lf,. w = Tu is a weak
solution to Lw = f. Therefore, using Theorem 3.77, Tu € HI%. This implies that
(Tw)” € L2. Tt then follows that (Tw)” € L*(Q) since L2 C L*(Q) C L*(£2). Next,
we use Lemma 7.3.5 on page 317 of [4] to get (Tw)" is absolutely continuous. It also

follows that T u is absolutely continuous. Now we apply integration by parts to
a(Tu,¢) =b(u,¢) Vo € C5°(Q)

to get
Q

Therefore, (Tu)” = —2i¢(Tu)" + (£2 + K—v(z)) Tu — u almost everywhere. It then
follows that (Tw)” is continuous except at the discontinuities of v(x) and absolutely

continuous on the intervals of continuity. O

It follows, just as in Corollary 4.12, that if w is an eigenfunction of Problem 4.15,
then w and v are absolutely continuous and u” is continuous except where ~(z) is

discontinuous and is absolutely continuous on the intervals of continuity.

4.1.7 Examples

In this subsection we define 1D and 2D model problems that we will use in numerical
computations to verify our theoretical results in the rest of this chapter.

In all of the model problems ~y(x) will have two possible values, v, = 157.9 or
g = 309.5. These two values of v correspond to a photonic crystal fibre that is made
from glass and air with refractive indices of 1.4 and 1 respectively. In all of the model
problems we have fixed the period cell of the cladding structure so that it has a period
cell of length 1, and we are considering light that has a wavelength that is half of the
cladding period cell width, i.e. A\g = %, for all of the model problems. Also, in all of

our model problems we have chosen y(x) to be an even function. This is because real
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T T T

~(z) for Model Problem 1
|
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|
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~(z) for Model Problem 2
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Figure 4-1: Plot of «(x) for Model Problems 1 and 2. Notice that the period cell of
~(x) in Model Problem 1 is the same length as a cell in the cladding of Model Problem
2.

PCFs usually have some form of symmetry and since all of our PCFs have a square

structure even symmetry is the natural choice of symmetry.

Model Problem 1 is a 1D problem where () is describing a pure photonic crystal
that has a 50:50 glass to air ratio and a period cell Q@ = (—1/2,1/2). Figure 4-1 has a
plot of v(x) for Model Problem 1.

Model Problem 2 models a 1D PCF by using the supercell method. v(z) describes
the cladding structure together with a central defect where there are 12 period cells
of cladding between each defect. For this problem Q = (—%, %) and B = [—73, {3].
The reason Q # (—3, 3) is so that if we removed the defect in the supercell of v(x) for
Model Problem 2 then 7(z) would be exactly the same as in Model Problem 1. Put
another way, a cell in the cladding of v(z) of Model Problem 2 is exactly the same as
a period cell of v(z) from Model Problem 1. This will ensure that the band gaps in
Model Problem 1 are the same as the band gaps in Model Problem 2. A theoretical
justification for the band gaps remaining unchanged is given in Part 4 of Theorem 3.60.

Figure 4-1 has a plot of v(x) for Model Problem 2.
Model Problem 3 is a 2D version of Model Problem 1. Again, v(x) describes a

photonic crystal. It consists of glass with square air holes. Figure 4-2 has a diagram

of the period cell for v(x) in this problem.
Model Problem 4 is a 2D version of Model Problem 2 except that the cladding in
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v(z) for Model Problem 3~ ~(x) for Model Problem 4

Figure 4-2: Plot of ~(x) for Model Problems 3 and 4. The scale of v(x) in Model
Problem 4 is such that a period cell from Problem 3 is the same length as a cell in
the cladding of v(x) in Problem 4. The black regions are glass and the white regions
correspond to air holes.

Model Problem 4 has fewer cells. y(x) has a 5x5 supercell with a central defect. The
reason we have chosen a supercell with fewer cells between each defect than Model
Problem 2 is to make this problem easier to solve. ~v(x) represents a PCF in this
problem and Figure 4-2 has a diagram of the period cell of (x) for this problem.

Since Problems 1 and 3 correspond to pure photonic crystal we want to accurately
calculate the band gaps for these problems (see Chapter 2 for a discussion of the back-
ground physics). Therefore, we will be interested in the convergence of our numerical
method for all of the eigenvalues that lie in the interval [0,,]. For Problem 1 this
requires the first 5 eigenvalues whereas Problem 3 requires the first 22 eigenvalues.
The bands for Problems 1 and 3 are plotted in Figures 4-3 and 4-4. The bands are
constructed by solving the Floquet transformed problem for a range of & € B. This
idea is represented by plotting the eigenvalues of the Floquet transformed problem
against £&. The lines are then projected onto the vertical axis to construct the bands.
For Problem 1 in Figure 4-3 we have taken { € B = [—, 7|, although the plot confirms
Lemma 4.14, that we only need to do calculations for £ = 0 and £ = w. For Problem 3
we take & € 0By where By is an irreducible Brillouin zone to construct the bands (v(x)
has horizontal, vertical and diagonal mirror symmetry). For Problem 3, the boundary
of the irreducible Brillouin zone 0By is the boundary of a triangle with vertices (0, 0),
(0, 75) and (15, {5)- In this thesis we are interested in the convergence of our numerical
method and we will take & = (0,0) and & = (7, 7) as representative examples for the
rest of our computations (except in Figure 4-4).

Model Problems 2 and 4 are supercell problems and they are attempting to model

a PCF with a central defect that is surrounded by photonic crystal. The cladding for

123



4.1. The Problem

Model Problem 1 Model Problem 2
300 300
250} 250
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Figure 4-3: A plot of the spectra of Model Problems 1 and 2. The spectra are repre-
sented with solid black blocks (or bands) running vertically nearest the middle of the
page. Each band is constructed by projecting the corresponding line onto the vertical
axis. And each line is an eigenvalue of the Floquet transformed problem as a function
of £ € B, i.e. A(§). Problem 1 has five bands in the interval [0,7,]. Problem 2 has
approximately the same band gaps as Model Problem 2 except there appears to be an
isolated eigenvalue (38th from top) in the third band gap (dashed line). For each band
in Problem 1 there are approximately 13 bands in Problem 2. This corresponds to
the number of cells in the supercell of Problem 2. There are small band gaps between
every band of Problem 2 but these small gaps arise from having a supercell with finite
cladding,.

Problem 2 is the photonic crystal in Problem 1 and the cladding for Problem 4 is the
photonic crystal in Problem 3. By this we mean that a period cell of «(x) in Problem
1 is the same as a cell of the cladding in Problem 2. Likewise for Problems 3 and 4.
We expect the bands of Problems 2 and 4 to approximate the bands of Problems 1
and 3 respectively (see Figure 4-3). Indeed, if we changed Problems 2 and 4 so that
there is more cladding between the defects in the structure of v(x) then the bands of
Problem 2 and 4 would provide a better approximation of the bands of Problems 1 and
3 (see discussion of supercell method in Chapter 2). Therefore, once we have located
the band gaps for Problems 1 and 3 we will search for guided modes of Problems 2 and
4 that lie in these band gaps. We can see in Figure 4-3 that in Problem 2 the 38th
eigenvalue appears to be an isolated eigenvalue. In Figure 4-4 we can see that there
is a band gap in the interval [279.6259,286.9147] and this is where we will search for
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Model problem 3
S
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Figure 4-4: A plot of the spectrum of model problem 3. The spectrum is represented
with the solid black vertical bands on the right. These bands are the projection of all
of the lines onto the vertical axis. Model problem 3 only has one band gap, the interval
[279.6259,286.9147]. The horizontal axis of the plot is a parameterization of £ as it

runs around the edge of By, a triangle with vertices (0,0), ({5,0) and ({3, {5)-

guided modes in Problem 4. Since the band gap in Problem 3 is after the first band we
expect the possible guided mode to be approximately the 25th eigenvalue in Problem
4.

The usual technique for searching for a guided mode in a band gap is to use a
“shift-invert” strategy to find the the eigenvalue closest to the middle of the gap.
However, since the number of eigenvalues up to the guided mode is not too large for
these problems this is not the only strategy available to us. Alternatively, we can
compute all of the eigenvalues up to and including the possible guided mode. This is
the strategy that we will use since in the next section we find that the matrix from
the discretization method is positive definite and we can use PCG instead of GMRES
to solve linear systems in the implementation when the “shift-invert” strategy is not
used. We will calculate the first 30 eigenvalues of Model Problem 4.

4.2 Standard Spectral Galerkin Method

In this section we describe the basic method that we have chosen to use and analyze

for approximating the spectrum of L¢ for a fixed £ € B. It is a spectral Galerkin
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method, but it is more commonly referred to as the plane wave expansion method. The
method replaces the infinite dimensional Problem 4.6 with a finite dimensional problem
that we represent as a matrix eigenvalue problem. The matrix eigenvalue problem is
solved using existing iterative techniques. As well as presenting details for the efficient
implementation, the main focus is the error analysis for the method. We also support
our theory with numerical examples.

The section is divided into four subsections. In the first subsection we describe
the method. In the second subsection we give some details relating to the efficient
implementation of the method as well as defining a preconditioner matrix and prov-
ing a result about our preconditioner. In the third subsection we present our main
error bounds and in the fourth subsection we present the results from some numerical

computations for our model problems.

4.2.1 The Method

In this subsection we apply a spectral Galerkin method to Problem 4.6 to get a finite
dimensional problem.

For G € N we choose a finite dimensional space Sg C HI} and apply the Galerkin
method (see Definition 3.72) to Problem 4.6. We refer to this method as a spectral
Galerkin method because we construct Sg from functions that have global support in
Q). The method is not a spectral method in the sense that the finite dimensional space

consists of functions that are eigenfunctions of Lg. More specifically, we define
Sq = Sg) — span{e™?"8X . g ¢ Z%;p} (4.8)

where Zép ={n € Z?: |n| < G} (see Subsection 3.2.3). We also denote the dimension
of Sg by N :=dimSg = O(G?). Applying the Galerkin method to Problem 4.6 gives

us the following discrete variational eigenvalue problem

Problem 4.17. Find A\g € R and 0 # ug € Sg such that
a(uG, vg) = Agb(ug,vg) Yvg € Sq. (4.9)

This problem, since it is finite dimensional, can be rewritten as a matrix eigenvalue
problem. We do this by first expanding u¢ in terms of a basis for Sg. This expansion

is just the Fourier Series of ug,

ug(x) = Z ug 28 (4.10)
gezZ ,

where the coefficients of the expansion are the Fourier coefficients of ug, ug = [ug]g.

Since the functions €?™8X with g € Z2G , form a basis for Sg, it is sufficient to
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only choose vg = 278X for of ¢ ZQG,O as test functions in (4.9). Restricting the test

functions vg to this finite number of possiblities, Problem 4.17 is equivalent to

Z uga(e’2”g x 278 *) = Ag Z ugb(eﬁ’rgx, %78 *) Vg’ € ZQQO. (4.11)
82y, 8€ZE

Now define a one-to-one map 7 : Z2G7O — {n € N:n < N} that orders Z%},o in ascending
order of magnitude, i.e. i(g) < i(g') if |g| < |g’|. Using this map we can define a vector
u of length IV that contains all of the Fourier coefficients in the expansion of ug in
(4.10). The entries of u, are defined as

Uj(g) = Ug = [uclg Vg € Z2G7O.
Now define a N x N matrix A with entries defined by

Aig).i(g) = a8, T8 ) (4.12)

= [ (7 418 2% [T ) o (K =) 2 R
= (i€ +i2ng) - (—i€ — i2ng) /Q e27(8'—8)x gy
+ K/ ei2m(e'—8)x gy _ / v(x) 278 &)X iy
Q Q

= (‘f + 27g|® + K) Si(e),ie’) — Ng—¢’ Vg, g € Z2G,o' (4.13)

If we use this together with the fact that
b(e2mE* 2B XY = §y iy VB, 8 € ZE,
we can write (4.11) as a matrix eigenvalue problem
Au = )\gu. (4.14)

The matrix A has a special form due to our choice of basis functions of Sg. Since e??78%
are eigenfunctions of the Laplacian and since they are orthogonal with respect to the
L?(£2) inner product we can see in (4.13) that A has a special form. It can be expanded
as A =D —V where D is a diagonal matrix with diagonal entries given by Dj(g) i(g) =
1€ + 27g|? + K and V is a dense matrix with entries given by Vi)ie) = [V]g—g- For
a given vector v € RY | it is obvious that D v can be computed very quickly since D is

diagonal but it is not immediately obvious how V v can be computed quickly.

The matrix V contains the Fourier coefficients of (x) whereas the vector v con-
tains the Fourier coefficients of another function. In a certain sense, the product V v

represents the multiplication of y(x) and this other function, and this multiplication

127



4.2. Standard Spectral Galerkin Method

can be computed efficiently using the Fast Fourier Transform. This is the topic of the
next subsection.

Now we prove that A is Hermitian and positive definite. If v(x) is an even function
then the Fourier coefficients of y(x) are real and A will be a real matrix (see (4.13)).
Therefore, A Hermitian implies that A is symmetric. All of our model problems from
Section 4.1.7 have even 7(x) and so we will refer to A as being symmetric positive
definite in the rest of this chapter. The proof relies on the fact that a(,-) is coercive

and Hermitian.
Theorem 4.18. The matriz A from (4.14) is Hermitian and positive definite.

Proof. First, we show that A is Hermitian. From (4.12) and a(-, -) Hermitian we get

Ai(gyitg)) = a(e™8 ™ ¢2T8X) = q(ei2mex o278 X) = N;on o Vg, g €7,

Therefore, A is Hermitian.
Now we show that A is postive definite. Let x € CV such that x # 0 and define
X € Sg by
X(x) = Z Ti(g) el2mex

2
gEZ&o

From (4.12) and a(-,-) coercive we then get

H .
xfAx=" 3 Mg Tag)ie)
8.8 €L, ,
_ Z a(ei27rg-x’ ei2wg’-x>—xi(g/)$i(g)

8.8 €2,

— a(X,X) 2 [ X]| s > 0.

O

Before we move onto the implementation of our method let us discuss the 1D
problem and the matrix eigenproblem that is derived in that case.

For the 1D problem we define Sg := g ) as in Subsection 3.2.3. We apply the
Galerkin method with Sg replacing H; to obtain a discrete variational problem as
in Problem 4.17. We then write down a N x N matrix eigenvalue problem that is
equivalent to the discrete variational problem where N = 2G + 1. The only difference
from the 2D formulation is that instead of using i(-) to define an ordering for the matrix
and vector entries we order the matrix and vector entries from —G to G. For example,
u is now a N vector

u=|u_g...u_1upui... ugl’, (4.15)

the diagonal entries of D are given by D;; = (£2+27(i—G—1))?+K and the entries of V
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are given by V;; = [y]i—j, for i, = 1,...,2G+1. We see that V is a Toeplitz matrix and
we know from [84] (Algorithm 4.2.2 on page 209) that Toeplitz matrix vector products
may be computed in O(N log N) operations using the Fast Fourier Transform as in the
2D case.

We return to discussing the 2D problem in the next subsection.

4.2.2 Implementation

In this subsection we discuss our method for solving the matrix eigenvalue problem
(4.14). Again, the general discussion will be for the 2D problem with particular com-
ments about the 1D problem where necessary. We frequently refer to theory that was
presented in Section 3.6.

We want to find the eigenvalues of A (from (4.14)) in the interval [0, K] and cor-
responding eigenfunctions. Since A is a positive definite matrix (Theorem 4.18), this
corresponds to the smallest eigenvalues of A up to K. We use a Krylov subspace itera-
tive method since we are not interested in computing all of the eigenvalues of A. Indeed,
it would be too costly to compute all of them when IV is large. More specifically, we
use the Implicitly Restarted Arnoldi’s (IRA) method applied to A~

The IRA method applied to A was our first choice for calculating the smallest eigen-
values of A because it approximates the extremal eigenvalues of a matrix. However, the
matrix A has many well-spaced, very large eigenvalues and the smallest eigenvalues of
A are clustered. This causes the IRA method applied to A to approximate the largest
eigenvalues of A better than the smallest eigenvalues of A. Applying the IRA method
to A™! reverses this situation.

At each step or iteration of the IRA method we require the operation of A~!. This is
obtained by solving a linear system with coefficient matrix A. Since A is symmetric and
positive definite (spd) (Theorem 4.18) we can use the preconditioned conjugate gradient
method (PCG). PCG only requires scalar-vector multiplication, vector-vector addition
and matrix-vector multiplications. Of these three operations, matrix-vector multiplica-
tions are potentially the most costly as scalar-vector multiplication and vector-vector
addition only require O(N) operations. We improve the performance of PCG by us-
ing a preconditioner that is effective at limiting the number of iterations required in
PCG to O(1) as well as using an algorithm that can compute matrix-vector products
in O(N log N) operations. All together, we obtain the operation of A™! in O(N log N)
operations. This is a big improvement over a direct method such as Gauss elimination
which would require O(N?) operations to solve a system with A. Our method also
improves on the amount of storage required to compute the operations of A~!. Gauss
elimination requires the storage of every non-zero entry of A. For our problem this
would be N? entries since A is dense. Our algoritm only requires O(N) entries to store

A since A = D —V where D is a diagonal matrix and V is a matrix with only O(N)
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distinct entries.

In this subsection we present the algorithm that can compute matrix-vector prod-
ucts with A in O(N log N) operations, define a preconditioner for A and prove a result
that shows the optimality of the preconditioner. We begin with the algorithm for
computing matrix-vector products.

Since A = D —V where D is diagonal, and matrix-vector products with diagonal
matrices can be computed in O(N) operations, we need a fast algorithm for matrix-
vector products with V. The algorithm presented below uses the Fast Fourier Transform
(FFT) to compute the matrix vector product with V for the 2D problem. It is essentially
an algorithm for computing the convolution of two Fourier Series.

In this section Ny defines is the size of the space that the FFT operates on and in
the algorithm below we must choose Ny > 4G + 1. To get the best performance from
the FF'T we want to choose Ny = 2" for some n € N. In practice we fix N, and then
we choose G = Ny/4 — 1. N is then determined by the number of elements in Zé‘,o'
Note that N represents the number of degrees of freedom in the discrete problem and
is O(G?) for the 2D problem which we are currently discussing.

We now make a remark about the notation used in the algorithm that follows.
Capital letters X, Y,)? , Y are all N 7 % Ny matrices that represent functions in 7, ]\(7?‘)
X,Y store nodal values of functions in 7, ]\(5‘) while X ,}7 store Fourier coefficients of

functions in T]\(,i). The indexing convention is the same as in Subsection 3.2.4, i.e. for

fe ’T]i,i) we write

forall 4,5 = 1,..., N; where go := (3£ + 1,5 + 1) = (2G + 3,2G + 3).
We also let fft(+) and ifft(-) denote the 2D FFT and the 2D Inverse FFT respectively,
as in Subsection 3.2.4, so that X = fit(X) and X = iﬂ“t()?).

Algorithm 4.19. Let x be a vector of length N and let Y be the Ny x Ny matrix of
Fourier coefficients of « such that }A/;j = [Vl(,j)-go for i,5 = 1,..., Ny. Pre-compute
Y ifft(f/). The following algorithm computes a new vector that is denoted, V(x).
Xij—0fori,j=1,...,N;

)A(nggO — Xj(g) for every g € Z2G7O

X — ifft(X)

Xij — Y Xy fori,j=1,...,Ny

X — fft(X)

V(x)ig) « )A(nggO for every g € Z%?,o'

The main cost of this algorithm are the Fast Fourier Transforms which are com-
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puted in O(N}% log Ny) operations (O(N log N) since N = (’)(N]%)) In practice, each
application of the algorithm uses one inverse FFT and one FFT. The inverse FFT
Y ifft(f/) is usually computed only once in the setup and then stored for use when

the algorithm is applied repeatedly.

We can view Algorithm 4.19 as an algorithm that converts the Fourier coefficients
in x and V into real space; multiplies the two functions together in real space; then
converts the real space data back into Fourier space; before finally, discarding unwanted
high frequency components. We will use results from Subsection 3.2.5 and [72] to prove
that the action of Algorithm 4.19 is equal to matrix-vector multiplication by the matrix
V.

Theorem 4.20. V(x) = Vx for all x € CV.

Proof. Recall from Subsection 3.2.3 that

74, ={n€Z:|n| <G}

Z4o={nez*: -§ <n;<$,i=12}.
Let x € CV and define X € Sg) by

X(t) = Z Xi(g) ei27rg't Vt € Rz.
geZé’o

We will also define

T g
V(t) =Py v(t)= Y [lge?™Et vt eR?
8€7%
where PS\Z;) is the projection onto ’T]\(,i) defined in Subsection 3.2.5. Recall that []g
denotes the Fourier coefficient with index g and let (-),, denote the n-th entry of a
vector. We also use the projection onto T]@) that is based on the nodal values of a

function, Q ;- This projection is also defined in Subsection 3.2.5.

The proof is divided into three parts:

1. (V X)i(g

) = [XY]g for all g € Z¢, .
2. [XV]g = [Qu, (XV)]g for all g € Z7, .

3. [Qn, (XY)]g = (V(x))ig) for all g € ZQGp.
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Part 1. For g € Z2G7O,

(VX)) = > Vieue) X&)

g'e€zy ,
= Z Vg [X]er by definition of V
g€z,
= Z [y]g,g, [X]g/ by definition of )
g€z,
= ) Vgg[¥]g since X € S
g/ €72
= [XYV]g by Theorem 28 on page 23 of [36].

Part 2. According to Lemma 3.31 we have,

[Qu, (X]g = D [XVgin,e  forgeZi, . (4.16)
g/€ZQ

Now observe that since X € Sg ) C ’2'2%) and Y € T(i), we get XY € T]\(,i)JFQG (follows
from Theorem 28 on page 23 of [36]). Therefore,

Vg =0  VgeZAZ, ape (4.17)

Now consider [XY]gyn,g for g € Z%;p and 0 # g’ € Z?. Since g € Z%?,o? we have
lg| < G. And since Ny = 4G + 1, it follows that |(g+g'Ny);| > 3G + 3 for either i =1
or i = 2. Therefore, g + g'Ny ¢ Z?Vf roao and [XY]gygn, = 0 by (4.17).

Therefore (4.16) implies that

[Qn, (XV)]g = [XV]ginjo = [XV]g Vg€ Zi,

Part 3. This part follows directly from the definition of the algorithm and ideas dis-

cussed in Subsection 3.2.4, i.e. that a function in T]\(,i)
nodal values or a matrix of Fourier coefficients and that the FFT and inverse FFT can

can be represented as a matrix of

be used to swap between these two representations. First, note that ) is represented in
the matrix ¥ with a matrix of Fourier coefficients before we pre-compute Y «— ifft(?)
to represent ) with a matrix of nodal values.

Now consider what the algorithm does. Step 1 and 2 are equivalent to representing
X with a matrix X of Fourier coefficients. In Step 3, the representation of X is swapped
to a matrix X of nodal values by computing the inverse FFT of X. In Step 4 we sample
XY at nodal values and store the information in X. Sampling X)) at these nodes
corresponds to taking the Qp ; projection of XY. The matrix X is a representation

of Q Nf(X Y) in terms of its nodal values. In Step 5 we swap the representation of
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Memory Required for Implementation
Part of Implementation ‘ Amount ‘ Type
Eigenvectors Ngy X N double
Storage of A 4xdx N double
ARPACK 4x N double
2x Ngy x N double
PCG 5x N double
Matrix-Vector Product | 2 xd x N complex
double
| Total | BNgy +8d+9)N | double ‘

Table 4.1: Estimates for the memory required for the implementation of both the 1D
and 2D Problems in terms of N = dim A, neglecting lower order terms. Ngy denotes
the number of eigenpairs being sought.

Qn, (X)) to a matrix X of Fourier coefficients by computing the FFT of X. In Step 6
we select the Fourier coefficients from X that correspond to g € ZQG,O This corresponds
to taking [Qn, (XY)]g for g € Zéo. O

Now that we have an algorithm for computing matrix-vector products with A and
we have specified that our implementation is using PCG and the IRA method, we
present the total memory requirements of our implementation in Table 4.1. Note that
we only worry about the leading order terms and we have ignored memory requirements
that do not depend on N = dim A and are generally small in comparison. Recall that
N = 2G + 1 for the 1D problem and N < 4G? for the 2D problem.

Now we consider preconditioning A (where A is the matrix from (4.14)). The first
preconditioner that we consider is the diagonal of A. Recall that A = D —V where D

is a diagonal matrix and V is a dense matrix with entries

Dz’(g),i(g) = ’E + 27rg]2 + K
Vig)ig) = [Vg—g

for g, g’ € ZQG,O. We define our preconditioner as
P :=diag(A) =D —[y]o1

In practice we observe that using this preconditioner is optimal in the sense that PCG
converges in O(1) iterations (independent of G). An informal explanation for this is
that all of the contributions from the derivative components in the bilinear form of
a(-,-) are located in D and by preconditioning with the diagonal of A we negate their
effect on the condition number of A.

We now prove two rigorous results about the condition number of P~' A. First,
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we prove a result for the 2D problem and then we prove a similar result for the 1D

problem.
Theorem 4.21. For any C > 1, if v € PC}, and
K> [y]o + SH2WFVG  then  k(PT'A) < C
where F is a constant that depends on the discontinuities in y(x).
Note that we must choose K — oo as G — o0.

Proof. The proof of this result relies on Theorem 3.47 and Gershgorin’s Circle Theorem

which says: For any matrix T,

where B(T;;,r;) is an open ball centred at T;; with radius r; := Eé\;l | Ty; |
Our choice of P gives (P_IA)i(g)i(g) =1forall g e ZQG,O. We bound r;(g) in the
following way. For g € Z%;p we have

rig = > 1P Aiie)| < w2 |Dle-e]

g€y, g'€zg,
g'#g g'#g
1
= K+[7]0 Z [Vl = K—No Z [Vl
g€ lg11+1921<2v2G
a° g#0

g7#0

212G

L
R e ) D

n=1|gi|+|gz|=n

=
[

[2v2G] 2

< K+[7]o Z Z 1 Z |Y]gl? by Cauchy-Schwarz

n=1 " \|g1]+|g2|=n l911+|g2|=n
[2v2G] 1
/2

_ 1 1/2 -

= KBl Zl (4n)/2C,  where C), := <Z|91|+\gg|=n |[’Y]n\2)
[2v2G]

< K%ﬂ]o Zl n~1/2 since C,, < Fn~! by Theorem 3.47

2v26 1/2
< KE—?]O 1 —i—/l 21 2dz by Lemma 3.9
11/45. /G c— . C
< SN < G K 2 o+ GH2VIPVG

Note that F' depends on the number and height of the discontinuities in y(x).
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Applying Gershgorin’s Circle Theorem we get
-1 c-1 c-1

Therefore x(P™' A) = ’}{;ﬁ <C. O

Now we present the corresponding 1D result for diagonal preconditioning.

Theorem 4.22. Let A be the matriz from (4.14) corresponding to the 1D problem.
That is,
A=D-V

where D is a diagonal matriz and V is a Toeplitz matriz with entries given by

Dy = (€2 4+ 27(i — G —1))? +K
Vij = [)i—;
fori,5=1,..., N =2G + 1. Define a preconditioner
P = diag(A) =D —[o1
Then for any C' > 1, if
K> [y]o+$H2F(1+1ogG)  then  k(P7'A)<C.

F is a constant that depends on .

Proof. This proof is similar to the proof of Theorem 4.21 and we again use Gershgorin’s
Circle Theorem. With our definition of P we get (P~*A);; = 1foralli=1,...,N. We

then bound r; in the following way

"= Z |(P_1A)ij|§(§+27r(i—G—11))2+K—[fy]0 Z |[7)i-

#JELE, #JELE,

K —1[“/]0 Z 1Y

0#£]5|<G

IN

IN

G
Kzﬂ]o Znil since |[]n] < F|n|~! by Lemma 3.41
n=1

IN

G
Kzﬂ]o (1 —1—/1 x_ld:r> by Lemma 3.9

2F(1+log G)
K—[vlo

= K>+ $H2F(1 +10gG)

IN
Q’Q
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Applying Gershgorin’s Circle Theorem we get

-1 Cc-1 Cc-1

Therefore k(P~1 A) = % <C. O

Theorems 4.21 and 4.22 imply that we should choose a sufficiently large shift K
that depends on G and precondition with the diagonal of A. However, practice tells us
that choosing a large K results in more iterations for the IRA method to converge. An
explanation for this follows from the fact that as we increase K the relative distance
between the eigenvalues of A (and A~!) decreases and this has a negative effect on the
performance of our our eigensolver, see Theorem 3.82. Also, if K is very large then we
might experience round-off errors when shifting back and calculating 32 = —(A — K).

Instead of preconditioning with the diagonal of A with K large, we choose K just
large enough to satisfy Lemma 4.7 and precondition with the following block matrix
(in the 2D case)

By 0
0 B,

(4.18)

where By is a Np x N, dense matrix with entries that are the same as the entries in
A, and By is a (N — Np) x (N — Np) diagonal matrix that has diagonal entries that

correspond to the diagonal of A i.e.

(B1)ij = Ayj fori,j=1,...,N,
(B2)ii = A(i4N,,i+Ny) fori=1,...,(N — Ny).

This choice of preconditioner keeps the advantages of preconditioning with the diagonal
of A as well as picking the parts of A that correspond to the low frequency plane wave
terms. This is because the block B; corresponds to the entries of A that are generated
from the N, basis functions with smallest frequency, i.e. the g € ZQG,O with smallest
gl

An important property for a preconditioner is that we can compute the action of P~*
easily. In this case if we can compute the action of B Land By ! then we can compute
the action of P71, By Lis trivial since By is a diagonal matrix. To compute the action
of B ! we solve a linear system using Cholesky factorization and back substitution at
a cost of O(N}) operations for the Cholesky factorization and O(N?) operations for
the back substitution. In practice, we compute the Cholesky factorization only once
and store the factors.

Other than choosing N, < N, we are free to tune our preconditioner by choosing
Ny to give us the best results. The larger we choose IV, the more information from

A is represented in P. Therefore, we expect P~' A to more closely approximate the
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identity matrix and have a small condition number. However, the cost of computing
P~ ! increases with large N. In practice, we can choose N, up to 1000.

In the 1D case, the structure of A is slightly different because the ordering of the
entries is different. The entries of A that correspond to the low frequency basis functions
are located in the middle of the matrix, and not the top left corner. Therefore, in the

1D case we choose our preconditioner to be

By, 0 0
P=| 0 B 0 (4.19)
0 0 Bs

where By is a (2N, + 1) x (2N, + 1) dense matrix with entries that correspond to the
same entries in A, and Bz and Bs are (N — Np) x (N — Np) diagonal matrices with

entries on the diagonal that correspond to the diagonal of A, i.e.

(Bl)ij = A(i+(Gbe),j+(Gbe)) for i,j = 1, veny 2Nb +1
(BQ)Z‘Z‘:A“' fOI‘iZl,...,G—Nb
(B3)ii = A(z’+(G+1+Nb),i+(G+1+Nb)) fori=1,...,G— Np.

Now we must choose IV so that 1 < N, < G. In practice, we choose N, up to 500
for the 1D case.

For both the 1D and 2D problems we observe that this new preconditioner is optimal
in the sense that we get convergence in O(1) iterations in the PCG algorithm.

Now we will consider the computing requirements of our implementation for Model
Problems 1 - 4 that we defined in Section 4.1.7. As we will see in Subsection 4.2.4, the
computing requirements are the most extreme when we compute reference solutions
and we give a summary of the parameters, memory and CPU time requirements for
these problems in Table 4.2. All of the computations in this thesis were carried out on
a Dual Core AMD Opteron Processor 285 with speed 2600 MHz and 1024 Kb cache,
and 8 Gb of memory. All of the programs were written in Fortran 95 and compiled
with GNU Fortran 4.2.0. Other libraries that were used include: LAPACK 3.1.1-4,
BLAS 3.1.1-4, ARPACK 2.1-7 and FFTW 4.2-3.1.2-1.

Finally, in Tables 4.3 and 4.4 and Figure 4-5 we present data that confirm the claims
that we have made throughout this subsection.

In Table 4.3 we have solved Model Problem 2 (from Section 4.1.7) using different
preconditioners and varying G (and a shift K =, + 7% + % unless otherwise stated).
The different precondtioners are defined as P; = I, Py = diag(A), Ps = diag(A) (with
large shift K = 5000) and P4 = P from (4.19) (where N, = 2¥~1 for k < 9 and N, = 2°
for £k > 10). We have recorded the number of iterations that PCG requires per IRA

iteration as well as the number of restarts that IRA needs. The total number of calls
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Computing Reference Solutions to Model Problems 1-4
Model Problem |1 [ 2 3 4
Npgy (# of eigenpairs) | 5 60 5 30
G 218 — 1 218 — 1 210 1 210 — 1
N =dim A ~5x10° [ ~5x10° |=~3x10° |[=~3x10°
(Ny)? (FFT size) 220 220 224 224
Total Memory (Mb) ~ 130 ~ 750 ~ 1000 ~ 2500
CPU time (seconds) 0(10%) 0(10%) 0(10%) 0(10%)

Table 4.2: The details of the largest problems that we solve when we compute the
reference solutions for Model Problems 1-4 in Subsection 4.2.4.

to PCG required by IRA is approximately (number of restarts) x Ngy since we have set
IRA to restart after Ngy iterations if it has not already converged (recall Ngy denotes
the number of eigenpairs being sought).

Table 4.4 is similar to Table 4.3 except it is for solving Model Problem 4 instead
of Model Problem 2. For this table, P4 = P from (4.18) (with N, = 2* for k < 5 and
Ny =29 for k > 6).

In these two tables we see that the number of iterations required by PCG is O(1)
when we use the diagonal of A as a preconditioner and that even fewer iterations are
needed by PCG when K is large. However, choosing K large has an adverse effect on
the number of iterations required by our eigensolver. We see that it is possible to get
the best of both worlds using the preconditioner that we defined in (4.18) and (4.19).
Note that the results for Model Problems 2 and 4 are also representative of the results
for Model Problems 1 and 3.

In Figure 4-5 we have plotted the CPU time required to solve Model Problems 1-4
for varying N = dim A using the preconditioner P4. The plots confirms the overarching
claim that the total implementation only requires O(N log V) operations. Note that
the kinks in the Model Problem 1 and 2 lines are due to how we choose IV in the
preconditioner.

In conclusion we have a very efficient algorithm for computing matrix-vector prod-
ucts for both the 1D and 2D problems using FFT, we observe that we have an optimal
preconditioner that allows us to solve linear systems in a fixed number of iterations
independent of the size of the system, and we have an iterative Krylov subspace eigen-
solver that also converges in a fixed number of iterations independent of the system
size. Therefore, we have an implementation that solves (4.14) in O(N log N) oper-
ations. This is in contrast to a direct method that would require O(N3) iterations.
(Recall that in 2D N = O(G?) and in 1D N = 2G + 1).
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Model Problem 2 with different preconditioners

G=2F—-1 PCG iterations IRA restarts

k Py Ps P3 Py Py Py P3 Py
6 16 26 8 17 2 2 2 2
7 45 25 8 12 2 2 5 2
8 98 25 8 9 2 2 8 2
9 X 25 8 7 X 2 10 2
10 X 25 8 6 X 2 10 2
11 X 25 8 6 X 2 10 2
12 X 25 8 6 X 2 10 2

Table 4.3: Solving Model Problem 2 with different preconditioners and varying G (with
shift K = v, + 7% + % unless otherwise stated).

Model Problem 4 with different preconditioners

G=2F-1 PCG iterations IRA restarts

k Py Ps P3 Py Py P P3 Py
3 28 36 8 36 6 6 11 6
4 50 38 8 39 7 7 22 11
5 99 38 8 39 7 7 41 7
6 204 39 8 18 7 7 65 7
7 410 39 8 18 7 7 96 7

Table 4.4: Solving Model Problem 4 with different preconditioners and varying G' (with
shift K = v, + 72 + % unless otherwise stated).

CPU time to solve Model Problems 1-4

10

cpu time (seconds)
o
o

107k —6— Model Problem H
—&— Model Problem £
— & - Model Problem

— & - Model Problem
T

e~

Figure 4-5: Plot of CPU time vs. N = dim A required to solve Model Problems 1-4
using the preconditioner Py.
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4.2.3 Error Analysis

In this subsection we derive error bounds for the eigenvalue and eigenfunction errors
for the approximate solution to Problem 4.6 that we obtain by solving Problem 4.17,
i.e. by applying the spectral Galerkin method to Problem 4.6. The error bounds are
derived so that we can see the rate at which the errors decrease as we increase G. That
is, as we include more basis functions in our finite dimensional space S¢ (see (4.8)),
what reduction in the errors should we expect to see in our numerical computations?

These results are based on results in Section 3.5 and are an application of [6]. The
main analytical tool that we use is the solution operator for Problem 4.6, T, which was
defined in Subsection 4.1.4. Problem 4.17 also has a solution operator, T (defined in
a similar way to T, in (3.43)).

We will predominantly focus on the 2D problem in this subsection, however, all of
the results also apply to the 1D problem with very similar proofs. At the end of this
subsection we present an additional result that only applies to the 1D problem.

We begin by examining the properties of T. The following lemma proves that Tq
has similar properties to those of T (see Lemma 4.9) as well as proving that T — T
in norm as G — oo. We also prove an approximation error bound in the subspace Sg
for approximating eigenfunctions of Problem 4.6. The results in the following lemma

are all needed for the main theorem of this section.
Lemma 4.23. Let v € PC,. Then the following properties hold for T, Tqg and Sg.

1. Tg = PgT where Pg is the projection from H; onto Sg defined by

a(Pgu —u,v) =0 Yu € HPI,V’U € Sq.
2. Tg: H]}, — H; is a bounded, compact, self-adjoint operator with respect to a(-,-).
3. ForuGH; and € > 0,

inf Tu— <G—3/2+e ]
it I Tu=xly Jull

4. Fore >0,
IT=Tellm < G

5. If u is an eigenfunction of Problem 4.6 then, for e > 0,

. . < —3/2+¢€
Jnf flu—xlluy G [xalrzes

Proof. Part 1is Part 1 of Lemma 3.74 with &, = Sg.
Part 2. T is bounded since T = Pg T from Part 1 and Py and T are both bounded.
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T compact follows from Part 1 since Pg is bounded and linear and T is compact
(Lemma 4.9 and the fact that the composition of a compact operator with a linear
bounded operator is compact). T¢ is self-adjoint by the same argument as for T self-
adjoint (see Lemma 4.9).

Part 3. With P(GS) defined in Subsection 3.2.5,

inf || Tu—xlm < |Tu—PS Tulm choosing x = P Tu
XGSG P P
<GP Tl 52 by Lemma 3.30
p
S G_3/2+€HUHH,§ by Theorem 4.11.

Part 4 follows from Part 3 using Part 2 of Lemma 3.74,

| Tqu — TUHH;

| T6 =T Iy = sup

T Tl
o I Tu =Xl
< sup inf ——+ by Part 2 of Lemma 3.74
wemi X€5a  |ullm
S G3/2te by Part 3.

Part 5 uses the same argument as Part 3.

: _ _p®
nf lu=2xllmy < llu =P ullny
< G_3/2+EHUHH5/275 by Lemma 3.30
P

S G_3/2+EHUHH; by Theorem 4.11.

We can now apply the theory in [6] by using Theorem 3.68 to obtain our main
theorem for this section.

Theorem 4.24. Let v € PC), and let X be an eigenvalue of Problem 4.6 with multiplic-
ity m and corresponding eigenspace M. Then for sufficiently large G and arbitrarily
small € > 0, there exist m eigenvalues A\1(G), ..., Am(G) of Problem 4.17 (counted ac-
cording to their multiplicty) with corresponding eigenspaces Mi(\1), ..., My (A\p) and

Mg =P M;(N))
j=1

such that
5(M,MG) 5 G73/2+6
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and
A=\ SG3P2 forj=1,...,m.

Here, 6(-,-) is defined as in Definition 3.64 but with H = H} since all of the

: 1
eigenspaces are subspaces of H,,.

Proof. The proof of this result is a direct application Theorem 3.68 and Lemma 3.71.
We first check that the assumptions of Theorem 3.68 are satisfied.

1. Our Hilbert space is H}(Q) and af(-, ) is an inner product for this Hilbert space
by Corollary 4.8.

2. T is bounded, compact and self-adjoint on this Hilbert space by Lemma 4.9.
3. Tg (for G € N) are a family of bounded, compact operators such that Tg — T

in norm as G — oo by Lemma 4.23.
4. % is an eigenvalue of T with eigenspace M by Lemma 3.71.

This completes checking the assumptions of Theorem 3.68. Applying Theorem 3.68
we get
5(M, M) S (T = 1) el

and
A= X1 S 1a((T—Tea)di, ¢l + H(T—TG)!MH%@ j=1...,m
ik=1

where ¢1, ..., ¢n is a basis for M.

The result follows using Lemma 3.74 and Parts 3-5 of Lemma 4.23. O

In the special case of the 1D problem we can improve these bounds so that we may
choose € = 0. This is based on being able to derive an improved approximation error

result and we present this now.

Lemma 4.25. In 1D, let u € H;. Then

inf || Tu— < G732
lenSGH u—xlm =

Proof. Since u € HI%, by Theorem 4.16 we know that Twu and (Twu) are absolutely
continuous and (T u)” is continuous except where v(z) is discontinuous and is absolutely

continuous on the intervals of continuity. Theorem 39 on page 26 of [36] then implies
that [(Tu)"];, = O(g7Y). Since [(Tuw)"], = (i2mg)?[Tu], for all g € Z we then get
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[Tulg =0O(g~?) and

. 2 ) 2
nf [ Tu=xlly <) Tu—PE Tulfy

= > lglP[Tulyl?

lgI>G

o
s> g since [Tuly = O(g~%)
g=G+1

[e.e]
S/ x4 dx by Lemma 3.9
G

_ 1~-3
=1G

The result follows by taking the square root of both sides. O

The approximation error of an eigenfunction of the 1D problem can also be bounded
using the same technique. We can then obtain the results from Theorem 4.24 with e = 0

by the same proof, using Lemma 4.25 instead of Parts 3-5 of Lemma 4.23.

To recap, we have proven that Problem 4.17 approximates Problem 4.6 in the
sense that given an eigenpair of Problem 4.6 and sufficiently large G, then there is an
eigenpair of Problem 4.17 that approximates the eigenpair of Problem 4.6. We have
proven error bounds for the eigenvalue and eigenfunction error in terms of G. We can
now say that as G gets bigger we know that the eigenvalue and eigenfunction errors will
decrease at specific rates. Moreover, the results for the H; error of the eigenfunctions
decreases at an optimal rate with respect to G since our eigenfunction error results are
in terms of the approximation error for Sg in HI}. This means that the eigenfunction
error is equivalent to the error between the exact eigenfunction and the best possible

approximation of that eigenfunction from Sg.

Interestingly, our theory implies that the convergence of the eigenvalues is twice
as fast as the convergence of the eigenfunctions. This result is analogous to the con-
vergence of numerical linear algebra techniques for solving symmetric matrix eigen-
problems where the convergence of eigenvalues is twice as fast as the convergence of

eigenvectors.

We must also point out that the convergence of this method is not superalgebraic.
We can not expect superalgebraic convergence (despite having global basis functions)

because the eigenfunctions of Problem 4.6 are not in C}°.

The next subsection will verify the results of this subsection with some numerical

experiments.
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4.2.4 Examples

In this section we solve (4.14) for Model Problems 1-4 (see Section 4.1.7) for increasing
values of G to see how the eigenvalues and eigenfunctions of these problems converge.
In particular, we would like to verify our error estimates from Theorem 4.24.

We compare the eigenvalues and eigenfunctions of (4.14) with a reference solution
that has been computed with an especially large value of G (Model Problems 1 and 2:
G = 2'® — 1 which corresponds to Ny = 220. Model Problems 3 and 4: G = 210 — 1
corresponding to Ny = 212). We calculate the relative error of eigenvalues and the HI%
norm of eigenfunction errors. All of the plots will have logarithmically scaled axes so
that a function y = Cz" with constants C and r will be represented as a straight line
of slope r on a plot with horizontal axis x and vertical axis y. Our analysis has focused
on obtaining the correct rate of convergence and so we are interested in the slope of
the lines we plot.

We see that in Figures 4-6 to 4-9 the eigenfunction errors decay with O(G~3/2)
while the eigenvalue errors decay with O(—3). Both of these rates agree with the error
bounds that we proved in Theorem 4.24 for both the 1D and 2D problems. Moreover, it
appears that the hidden constant in the error bounds of Theorem 4.24 does not depend

on e.
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Model Problem 1
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Figure 4-6: Plot of the relative eigenvalue error (eval) and the HI} norm of the eigen-
function error (efun) vs. G for the first 5 eigenpairs of Model Problem 1 (solved for
both £ =0 and § = ).
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Figure 4-7: Plot of the relative eigenvalue error (eval) and the HZ} norm of the eigen-
function error (efun) vs. G for the 37-39th eigenpairs of Model Problem 2 (solved for
both £ =0 and § = f5).
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Model Problem 3
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Figure 4-8: Plot of the relative eigenvalue error (eval) and the H; norm of the eigen-
function error (efun) vs. G for the first 5 eigenpairs of Model Problem 3 (solved for
both & = (0,0) and & = (7, 7)).
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Figure 4-9: Plot of the relative eigenvalue error (eval) and the HI} norm of the eigen-
function error (efun) vs. G for the 23-27th eigenpairs of Model Problem 4 (solved for
both £ = (0,0) and § = (%, %)).
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4.3 Smoothing

In the previous section we applied a standard spectral Galerkin method to Problem
4.6. If we ignored the fact that v(x) is discontinuous, then we might have expected
superalgebraic convergence since the method has global basis functions. However, we
saw that the eigenfunctions of Problem 4.6 are not C°*° and therefore, we could only
obtain algebraic convergence of limited order. Methods that attempt to recover faster
(possibly superalgebraic) convergence have been suggested in [40], [53], [62], [63], [64]
and [66]. All of the methods require that an effective n? that is smooth is used instead
of a discontinuous n?. In this thesis we focus on the method used in [62], [63], [64] and
[66]. The method first modifies the operator (4.2) so that v(x) is a smooth function
and then the same spectral Galerkin method is applied. In this section we examine the
convergence properties of this method.

This section is divided into the three subsections. In the first subsection we define
the new method. This is done by first defining the infinite dimensional smooth problem
and then approximating the solution to this smooth problem via the spectral Galerkin
method. In the second subsection we derive error bounds for the errors of this new
method. The error is split into the error between the original problem and the smooth
problem and the error from applying the spectral Galerkin method to the smooth
problem. To obtain bounds for these errors it will be necessary to prove some properties
of the smooth problem and this is included in the second subsection. Finally, in the
third subsection we present some examples that verify our theoretical results.

In this section we assume that v € PCj, (see Definition 3.37). We make this

assumption so that we can apply Theorem 3.47.

4.3.1 The method

In this subsection we define the new method as well as some properties that will be
useful in the rest of this section. Let G(x) be a normalized Gaussian function defined
by

[x[?

G(x) = Cg exp <_W> (4.20)

for small A > 0. In the 2D problem the normalization constant is Cg = ﬁ and in the

1D problem the normalization constant is Cg = \/% < The parameter A determines

the “effective” width of the Gaussian function, and as A — 0, G approaches the Dirac
delta function. In the papers where this method is used A is referred to as FWHM
(Full-Width-Half-Maximum). Using this Gaussian function we smooth the piecewise

constant coefficient function y(x) and define 7(x) as

760 1= (1)) = | Gy
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Now A determines the amount of smoothing. Large A corresponds to a lot of smoothing
while A = 0 corresponds to no smoothing provided we consider G in the distributional
sense. See Figure 4-10 for an example of 7(x) for Model Problem 1 (see Section 4.1.7).
Before we define the smooth problem let us state a result about ¥(x) and its relationship
to v(x).

A plot of vy(x) and ()
400 T T T T T

350 1

300F \ 7 S O

250

3200*

150 1

100 1

50 i

-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

Figure 4-10: Plot of ¥(x) in 1D.

Lemma 4.26. With v € PC,, and ¥(x) defined above, s € R and A > 0 the following
three properties hold

1. The Fourier coefficients of ¥(x) are related to the Fourier coefficients of v(x) by

o~ _ 71_2 2 2
[lg = e 2 827 y], Vg ez

—s+1/2 3
A 2

AN

Va)

N
D=

Iy = Allmg <

A—s+1/2 s>
Vs < § log(A—T) s =

1 s <

NI NI~ N

Proof. Part 1. In this proof we will need the following.
/ exp <_% — 227T7’Ly> dy = / exp <_% _ 27T2n2A2> dy
R R

— g 2min?A? / exp (—%) dn
R

= V2A e 2R / e T dr = V2rAe 2T (4.21)
R
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Using (4.21), for g € Z2, we get

Fle = [ 70 ax

= /Q </R2 Gly)v(x — .V)dy> e PTEX x

/ / g y ['Y]g’ ei27rg’-(x—y) dy e i2mEX ]y
R? g/ €72
= > Dl [ Gly)e & Vay / o288 g
g/ €72 R2 Q

=g | Gly)e ™ 8¥dy
R2
2 .
= 27rAg2 /]R2 exp (——|2yA‘2 —i27g - y) dy

_ Dl vi o y2
= 3A3 Rexp ( SAZ 127rgly1) diyr A exp ( z27rggy2) dys

Part 2. Recall the definition of H; in Definition 3.23 (includes definition of | - |,).

Iy =3l = D 1&l¥Ily — Al

g€eZ?

9. 2 A2]52 2
= 3 I (1 - e AT ) g

geZ?

= Z Z |g|25 (1 — e—27r2A2\g|2>2 |['Y]g|2

n=11g1|+|g2|=n

o
2
S (1= ST gl

n=1 lg1|+1g2|=n
> 22,2 2
=3 0 (1—e—27fM) 2 with C2 = Y2 |[Y]gl?
n=1
s 2AN2,,2 2
S ZnQS_Q (1 — e I A ) since C,, = O(n~!) by Theorem 3.47.
n=1

(4.22)

To bound the expression above we need to consider the function f(¢) =1 — et By

expanding e~ in the usual way it can be shown that if g > g—? or |t| < /3 then

4 6 4 6 8 10
O =f-ftf-fry—=r-(5-5) - (5-%)-s?
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Therefore,

2m2A2z?2 if 2?2 < =3

1—e208%° — £(\/2rAz) < AT (4.23)
1 for all z € R
From (4.22) and (4.23) it follows that
oo
Iy =33, S S 022 (Voran)?
n=1
l75] 00
< 4ntat Z n*t2 4 Z n*2, (4.24)
n=1 n=[-]
N—— TA
I Y

We now consider I; and Iy seprately. First, consider I; for —1 < s < 1/2,

L5

I = 4niAl Z n2s+2

n=1
l=x1-1
e e Y S
n=1
o
< 471'4A4/ 222 de + ant At (ﬁ)%Jr2 by Lemma 3.9
1
4 A4 e —
< 427;_?3 ((WA) 25—3 1) —|—4(7TA)2 2s
4(rA)t—2s il 2-2
= (ﬂ254)r3 - 425+3 +4(rA)T
< AI—QS'

Now consider [; for —3/2 < s < —1.

BN
I = 47T4A4 Z n23+2
n=1
BN

—AriAt o Z 2542

n=2
1
A
< 4rtA* + 47T4A4/ 2252 dy by Lemma 3.9
1
7T4A4 _ _
= 47 At + 423+3 ((rA) 2573 _ 1) dx
oA Aad | ArA)ITES ypipad
=4r A% + ﬂ2s+3 T
< Al—Zs'
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Therefore,
I SAY? forall —3/2 < s < 1/2. (4.25)

Now consider I. For —3/2 < s < 1/2 we get

00
IQ — § n2572

n=T 1

< (ﬁ} 22 +/( . 2 2dx by Lemma 3.9
TA

1 25—2 o0
25—2
< <E> +/1(£ dx
TA
1
_ 2—2s o 1—2s
= (TAP 7 o (0 (rA) )

5 Al—?s (426)
Putting (4.24), (4.25) and (4.26) together we get
H’Y—W%{; ShH+LSAT  for -3 <s< i

The result then follows by taking the square root of both sides.
Part 3. For s > 1/2 we get

7l = D 1elGlel
geZ?

=Y lgfZe ™A ]2 by Part 1
geZ?

S
_9n2A2|g|2
| L e S N {1

n=11g1|+|g2|=n

o
5 2A2.2 .
<|Wlol*+ ) n* e ™A with C2 =Y [[1]g)?

n=1

o0
<1+ Zn2s_2 e 2m A since Cy, = O(|n|™!) by Theorem 3.47. (4.27)

n=1

Now we must consider the cases 1/2 < s < 1 and s > 1 separately. Let f(t) =

{2572e72m A% I 1/9 < 5 < 1 then f(t) is monotonically decreasing for ¢ > 0 and

using Lemma 3.9 we get

o 0o
— _ 22,2 _ _ 2A2,2
§ :n2s 26 2meA“n < / x23 2e 2me A dx (428)

n=1 0

Alternatively, if s > 1 then f(t) (for ¢ > 0) has a single maximum at ty = —V;‘ff
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and is monotonically increasing on the interval [0, to] and monotonically decreasing on
[to, 00). Moreover, f(tg) < A2725. Therefore, Lemma 3.9 gives us

oo [to] -1
Zn25—2 o2 A% Z Jf(n)+ f([to]) + f([to]) Z f(n
n=1 [to]+1
[to] 00
< f(@)dz +2f(to) + f(z)dx
1 [to]
S A2_28 +/ 3323—2 e—27r2A2m2 dr (429)
0

Now put (4.27), (4.28) and (4.29) together to get, for s > 1/2,

o0
Al < 1+A%7%+ / g2 g7 2m A% g
0

1
A2s—1

< A2 since the integral is bounded independent of A.

— 1+A2725+

o
/ Y2526 2™V gy gubstituting y = Ax
0

Therefore, [|7|ms < A=5t1/2 for s > 1/2. Now consider the case when s = 1/2.

Following the same argument to that in (4.27) we get

RIS 14+ Yot e et <y 30t gttt
n=1 n=2

o
<2+ / g le 2w A% g by Lemma 3.9
1

o0
ot / y_l e—27r2y2 dy substituting y = Ax
A

1 0
=92+ / y—l e—27r2y2 dy +/ y—l e—27r292 dy
A 1

1 [e’s)
§2+/ y_ldy+/ y_le_%zy2 dy
A 1

=2+log(A™Y) + / yle 2 dy
1

< log(A™Y).

Therefore, [[7]| ;172 < /log(A~1).

Finally, for s < 1/2 we get

- CAR2A2|e|2
3117, = > lglZFlel = D gl e ™Al |[3]g[* by Part 1
geZ? geZ?
<Y lelFIMel® = Il
geZ2
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Therefore, ||]|gs < ||7[/mg for s < 1/2. Since v € H, for s < 1/2 by Theorem 3.40, we
get [|7][ay S 1 for s <1/2. O

The results from Lemma 4.26 have analogous results in 1D and the proofs use the
same techniques.
We now define the smooth problem. The operator L is modified and we define the
modified opeator L as
L=-V?-3(x)+K

which is the same as the operator in (4.2) except 7(x) has been replaced with ¥(x).
As in the previous section we consider this operator on the Hilbert space L?(R?). We
apply the Floquet tranform to L in just the same way as in Subsection 4.1.2 and it is
possible to show that all of the results from Subsection 4.1.2 that were given for L also
apply for L and the proofs are the same. Just as in Subsection 4.1.3 for L and L¢ we

define the variational form of the smooth problem as

Problem 4.27. For a fixed £ € B, find an eigenpair (5\, u) where AeCand0#£ue H]},
such that
a(u,v) = Ab(u,v) Y € H; (4.30)

where
i, v) = / (V+i€)u-(V+i8) v+ (K —7) uvde
Q

and b(-,-) is the same as in Problem 4.6.

The method is to now approximate the solution to Problem 4.27 via the spectral
Galerkin method of Section 4.2. We replace H; with Sg in Problem 4.27 to get the

corresponding discrete variational eigenvalue problem,

Problem 4.28. Find A\¢ € R and 0 % ug € Sg such that
a(ug,vg) = S\Gb(uG, vG) Yva € Sg. (4.31)

As in Section 4.2 we can write this problem as a matrix eigenvalue problem and we
solve it using the same implementation as we did for the original problem.

Using the same proof techniques as in Theorem 4.22 and Theorem 4.21 we can show
that exactly the same preconditioning results hold. We now develop the error analysis

to include smoothing in the next section.

4.3.2 Error Analysis

In this subsection we bound the error between the eigenvalues and eigenfunctions of
Problem 4.6 and Problem 4.28. To do this we consider Problem 4.27 as an intermediate

problem and we express the error between Problem 4.6 and Problem 4.28 as the sum
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of two separate error contributions. The first contribution is the smoothing error that
was introduced when we replaced piecewise constant 7(x) with a smooth function
7(x). This is measured by considering the difference in the solutions of Problem 4.6 and
Problem 4.27. The second error contribution comes from our spectral Galerkin method.
This is measured by considering the difference between the solutions of Problem 4.27
and Problem 4.28.

Before we prove any error bounds we must first prove the following lemma.
Lemma 4.29. Problem 4.27 (with v € PCy) has the following properties:

1. The bilinear form a(-,-) is bounded, coercive and Hermitian.

2. The bilinear form a(-,-) defines an inner product on H; which has an induced

1/2

norm ||-||a := |a(-,-)|"/* that is equivalent to || - HH},-

3. The solution operator corresponding to Problem 4.27, T: H; — H;, s bounded,

positive, compact and self-adjoint with respect to a(-,-).

4. Problem 4.27 has a countable set of real eigenvalues that are positive and the cor-
responding eigenfunctions can be chosen so that they are orthogonal with respect

to a(-,-) and they are complete in L2.

5. If u is an eigenfunction of Problem 4.27 (with v € PCy,) then u € C;° and

[[ll 2 fors <2
lullag < § VoA ullgy  fors =3
A‘S+5/2|IUHH,} for s> 2

Proof. We only prove Part 5 as the proofs for Parts 1-4 are the same as the proofs for
Lemmas 4.7, 4.9 and 4.10.

Let A be the eigenvalue of Problem 4.27 that corresponds to the eigenfunction w.
Since u is an eigenfunction of Problem 4.27 we have that u is a weak solution of an
elliptic boundary value problem of the same form as (3.52) with L := ig and f := Au
where L is elliptic with Cp° coefficients. Using Theorem 3.77 we can “boot-strap” our
way to u € H, for any s € R. We then use Theorem 3.27 to get u € C;°.

To obtain the estimates of [|u|| 5 in Part 5 of our lemma we consider a new boundary
value problem of the same form as (3.52). Now let L := —(V+i€)?+K and f := Au-+7u.
Again L is elliptic, and now it has constant coefficients. w is a weak solution to this
boundary value problem.

First, let us bound fllzz 1/lz3 < IMllullzz + [Fllcllullzz < ully since 5 is

continuous. Theorem 3.77 implies that

lallz S llull . (4.32)
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Now consider || f||n for s < . We have

1 ey S Nullg + 171 g [l by Theorem 3.28
S HUHH; by Lemma 4.26 and (4.32).

Theorem 3.77 now implies that
lullms S llullgy — for s < 3. (4.33)

Now consider || f|| s for + <5< 3. We have

= 1
(BAIZERS HUHH£ " HFYHH;HU”H’% g <5<l by Theorem 3.28
’ ulleg + (Al llullas 1<s<3
V1og(A=Y)||u s=1
2l . HH’l . 2 . by (4.33) and Lemma 4.26.
A_s+1/2HU|’H1 5 <s < bl
p

We apply Theorem 3.77 once again to get

ViogB D ully s =3

lullmy <
p ~ A_s+5/2HuHHI} g <s< %

(4.34)

We now use induction to prove that [ul/gs < A‘s+5/2||u||Hp1 for s € N, s > 4. We have

already proved the s = 4 case in (4.34). Our inductive hypothesis is to assume that for
k e N,

[ull s S A2 lull gy for seN, 4 <5<k (4.35)
Consider ||f||H5_1. By (4.35) we get
1l pgi=r S Nlll s + [l g S AT | 1 + [l g (4.36)

The key is to now bound |[Ju|| ,x-1 in an efficient way. We do not use Theorem 3.28
P

because the bound is not sharp enough. Instead we do the following. Let « and (3
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define multi-indices. We write o < 3, for a; < 3; for all 4.

|WUH§{§—1 = ||A74UH§{1€71(Q)

= Y ID*Gulizg

o] <k—1
2
« - o
E[p0ee
= =a L2(Q)
S D0 D) IDAHDY )G
la|<k—1pB<la

|

= D 22 I@N@* )il

la|<k—1 =0 18|=3
p<a

|

= > | 1AD%ulFag) + D D IDAD )72

| <k—1 j=1 181=j
f<a

|a|

< > | IFIEID ulZ ) + D D 1D 20 1D Pull%

la|<k—1 j=1 16l=3
Ao

||
SIS el ey + 2 D Wl max 1Dl
la|<k—1j=1 ==y
o]

S Wl + >0 DAl max 1D%ullfq) by Thm. 3.27
la|<k—1j=1 -

|a|

< ANl + Y D Il e —s+20y

la|<k—1j=1
k—1
~ 2 ~
< Il 3pes ) + S 1715 el s
=1

k—2
— A el 2 gy + S I el sy + I s o el
j=1

k—2
5 A—2k+3 + ZA—2j+1A—2(l€—j+1)+5 _|_A—2k:+3 ||UHH11,
j=1
by (4.35) and Lemma 4.26
k—2
A—2k+3 +ZA_2k+4+A_2k+3 HUHH[}
j=1

< AT u
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Putting this back into (4.36) we get
—k
1l gsr S ATl gy
Theorem 3.77 implies that
ull gier S AT gy = ATEEDES ] .

Therefore, by induction, (4.33) and (4.34) we have

[l g s<3
lullery S § Vies(A D) lullgy s =3
Al € (33)UlseNiaz s
The result then follows by applying Lemma 3.26. O

The first error contribution we examine is that of smoothing. We bound the dif-
ference between Problem 4.6 and Problem 4.27. These are both infinite dimensional
problems but we can still apply Theorem 3.68. To do this T and T must satisfy the
conditions of Theorem 3.68. We must show that T — T in norm as A — 0. This
property is proved using the following lemma. The proof will use Strang’s 1st Lemma
(Theorem 3.75) in a non-standard way in the sense that we apply it when an infinite

dimensional problem approximates another infinite dimensional problem.

Lemma 4.30. For A >0 (and v € PC,,) we get:

| 7Ty S A2

2. The adjoint ofT with respect to a(-,-), ’T‘*, satisfies

IT =T |y S AY2.

3. Foru,v € H;,
a((T =T)u, )| S A |lul| gy ]|v]| 3 -

Proof. Part 1. The proof for this result relies on Strang’s 1st Lemma (Theorem 3.75).
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Let f € H;. Then using Theorem 3.75 we get

S 1nf {”Tf—UHHl+ sup Ia(v,w)—a(v,w)y}

weH} ”wHH;

T —a(T

< sup (T f,w) — a(T £, w) choosing v = T'f

weH} HwHH;

~y—~)Tfw|d

< sup Jo |G =) T fwldx

weH} HUJHH;
1T e Jy GG =)l
 weH]} llwll

I'T fllooll¥ = Al g 1wl a2

< sup = y L by (3.3)

weH} HUJHH;
=T flloolly = Il ;2
SHT Azl =l g by Theorem 3.27
S HfHHIW—’YHH;l by Theorem 4.11
S flla A3/2 by Lemma 4.26.

Part 2. The proof of Part 2 uses Part 1 and the fact that a(-,-) is bounded in H. For
fe HI} we get

(T =T") f S 11T - T)fH2
a((T-T)f,(T-T)f)

= a((T=T)(T-T")f, f)

ST =TYT=T) Iy

< T =T (T =T) Fllaa || Fll .-

By dividing through by ||(T —T*)fHH; we get

T =T )Ny S NT =Tl gl -

The result then follows by using Part 1.
Part 3. The proof of Part 3 follows directly from Part 1 using the fact that a(-,-)
is bounded. O

We now apply Theorem 3.68 to obtain bounds on the eigenvalue and eigenfunction

errors of Problem 4.27 as an approximation of Problem 4.6 for sufficiently small A.

Theorem 4.31. Let A be an eigenvalue of Problem 4.6 (with v € PC,) with multi-

plicity m and corresponding eigenspace M. Then for sufficiently small A there exist m
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eigenvalues A1 (A), ..., An(A) (counted according to multiplicity) of Problem 4.27 with

corresponding eigenspaces Ml(j\l), ce Mm(xm) and a space

Ma = P M; ()
j=1
such that
(M, Mp) < A3

and
|)\—5\j|§A3/2 forj=1,...,m.

Proof. The proof of this result is very similar to the proof of Theorem 4.24. First we
check that the conditions of Theorem 3.68 are satisfied. Just as in the proof of Theorem
4.24, HI} is our Hilbert space with inner product a(-,-). T is bounded, compact and
self-adjoint. T (A > 0) is a family of bounded compact operators (Lemma 4.29) and
Part 1 of Lemma 4.30 ensures that T — T in norm as A — 0. T is not self-adjoint
with respect to a(-,-) but it is self-adjoint with respect to a(-,-). T bounded, compact
and self-adjoint (with respect to a(-,-)) ensures that T does not have any generalised
eigenvectors. Now we apply Theorem 3.68, Lemma 3.71 and Lemma 4.30 to obtain the
result. O

We now have a result that quantifies the difference between Problem 4.6 and 4.27.
As we expect, as A — 0 the eigenvalues and eigenfunctions of the smooth problem
converge to the eigenvalues and eigenfunctions of our original problem. However, we
might have expected to obtain an eigenvalue estimate that decreased at twice the rate
of the eigenfunction error, as we did in Theorem 4.24. We have not been able to
prove this type of result because there is no “Galerkin orthogonality” condition that
the eigenfunctions of both problems satisfy. Later, numerical results will show that the
eigenvalue errors do not decrease at twice the rate of the eigenfunction errors. However,
the numerical results will show that our result is not completely sharp for the eigenvalue
error estimate. Theorem 4.31 also holds for the 1D problem.

We are now free to concentrate on the error that we introduce when we approximate
Problem 4.27 with a discrete problem, Problem 4.28. We studied this error in the
previous section when we applied the spectral Galerkin method to our original problem.
The error analysis for the spectral Galerkin method applied to the smooth problem is
the same except for the approximation error estimate, which depends on the regularity
of the eigenfunctions. We have already shown, in Lemma 4.29, that because 7 is
smooth, the eigenfunctions of Problem 4.27 are in C°. Therefore, we now expect the
approximation error to decrease superalgebraically with respect to G (i.e. decrease
with arbitrary algebraic order). However, we also expect the approximation error to

depend on the amount of smoothing, A. We expect to see the approximation error
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increase as A — 0 since the derivatives of the coefficient function 7(x) will become
larger as A — 0. Indeed, our task will be to derive an approximation error bound that
shows the dependence on G and A, which we do the following lemma. We have already
done the hard work when we proved the estimates of ||ul/; in Part 5 of Lemma 4.29

and the following approximation error result follows neatly from this.

Lemma 4.32. Let u be an eigenfunction of Problem /.27 (with v € PC’;,). Then we

obtain the following family of bounds for the approximation error,

G*?’/Z*EHUHH; fore>0
Jnf Jlu—xllmy S G2 log(A7) |lullay
G_?’/Q—sA_SHuHH; for s > 0.

Proof. This result follows from Part 5 of Lemma 4.29 and Lemma 3.30 by taking
X = P(C:'S) U. O

We have shown that the approximation error for eigenfunctions of Problem 4.27 and
our finite dimensional space S decreases at a superalgebraic rate (arbitrary polynomial
order) with respect to G. However, the fast convergence with respect to G does not
come without a penalty when A is small. Indeed, when we take s larger in Lemma 4.32
(to obtain faster convergence with respect to ), the penalty for small A also becomes
larger.

We now state a result for the errors of the spectral Galerkin method applied to
Problem 4.27 that is similar to Theorem 4.24, except we use our new approximation
error result (Lemma 4.32) to obtain different error estimates. The proof is analogous
to the proof of Theorem 4.24, except we use Lemma 4.32 instead of Part 5 of Lemma
4.23.

Theorem 4.33. Let \ be an eigenvalue of Problem 4.27 (with ~ € PC},) with multi-
plicity m and corresponding eigenspace M. Then, for sufficiently large G, there exist
m eigenvalues A\ (G,A), ..., An(G,A), counted according to multiplicity, of Problem
4.28 with corresponding eigenspaces Ml(j\l), e Mm(j\m) and a space

Maa =P M;(\)

j=1
such that
G—3/2+e fore>0
S(M, Mga) S G-3/2/Tog(A-T)
G—3/2=s s for s >0
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and
G312 fore>0
A= X[ S G P log(Aa™Y)
G372A72  fors>0

forg=1,...,m.

In Theorem 4.33 we have proved that the eigenvalues and eigenfunctions of the
discrete smooth problem converge superalgebraically to the eigenvalues and eigenfunc-
tions of the exact smooth problem. Notice also that the eigenvalues converge at twice
the rate of the eigenfunctions in this case.

So far we have analysed the error from modifying the original problem and we
have analysed the error from solving the modified problem with the spectral Galerkin
method. The next step of the smooth problem error analysis is to add the two error
contributions together. We do this and get the following Theorem. The proof is omitted
because it is a simple application of the triangle inequality to the results of Theorem
4.31 and Theorem 4.33.

Theorem 4.34. Let A be an eigenvalue of Problem 4.6 (with vy € PC’I’)) with multiplicity
m and corresponding eigenspace M. Then, for sufficiently large G and small A > 0,
there exist m eigenvalues A\ (G, A), ..., Am(G, A) of Problem 4.28 with corresponding
eigenspaces Ml(j\l), cee Mm(j\m) and a space

Maa =P M;(%)

j=1
such that
A3/2 4 G—3/2+e fore>0
S(M, Mg,a) S § A¥2 + G372, flog(AT) (4.37)
A3/2 4 G=3/27s A8 for s >0
and
A3/2 4 G—3+2% fore>0
A =X 4 A2 4 G-3log(AT) (4.38)

A2 L GT32BA2 fors>0

forg=1,...,m.

The final step of the error analysis for the smoothing method is to suggest a smooth-
ing technique based on our theoretical error bounds. We want to choose A = f(G) to
minimise the error. As we will see, to obtain optimal error convergence rates for our

method it will be sufficient to choose A = CG" for some degree r € R and constant C.
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It is possible to approach the problem of choosing an optimal amount of smoothing
from two directions. The first approach is to minimise the error bounds in Theorem 4.34
by balancing the two terms on the right-hand-sides of (4.37) and (4.38). This approach
will give a value of r that produces an optimal error bound. The second approach is
to remember that this method is supposed to improve the standard method (with no
smoothing). With this in mind we aim to choose r so that the two error bounds in

Theorem 4.34 are smaller than the corresponding error bounds from Theorem 4.24.

Corollary 4.35. To optimize the error bounds in Theorem 4.34 with A := G" we must

choose

1. r = —1 to optimize the error bound for the eigenfunction errors. This gives us

an error bound of

S(M, ./\A/I/GA) < G3/2

2. r = =2 to optimize the error bound for the eigenvalue errors. This gives us an

error bound of
A —\j| S G3F fore>0

and j=1,...,m.

Therefore, no choice of smoothing will result in an error bound that decreases at a faster

rate than the error bounds for the standard method in Theorem 4.24.

Proof. We will first consider the eigenfunction error bound from Theorem 4.34. We
must use the third case of (4.37) with the form

A%2 4 G732 As for s >0 (4.39)

since the first two cases of (4.37) will result in an error bound that converges slower
than O(G~3/2) (which is the rate of decay of the error bound for the standard method
in Theorem 4.24). We substitute A = G" into (4.39) and balance the terms by equating
the degree of each term. We get 32—7’ = % — s — sr. Solving for r we get r = —1 and the
result follows.

We now consider the eigenvalue error bound from Theorem 4.34. We must use the

third case of (4.38) where the error has the form
A2 L GT37BATE fors >0 (4.40)

since the first two cases of (4.38) cannot give us an error bound that converges faster
than O(G~3) which is the rate of decay of the error bound for the standard method in
Theorem 4.24). We substitute A = G" into (4.40) and balance the terms by equating
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the degree of each term. We get 3% = —3 — 2s — 2sr. Solving for r we get

r=— (1 - 34343) : (4.41)

With this choice of r for A = G" we get eigenvalue errors that have O(Gfg(prﬁ))

for s > 0. Choosing s — 0 we get the fastest rate of decay and the eigenvalues errors

decrease with a rate that approaches O(G~3).
In fact, if we choose r = —2 then we get eigenvalue error of O(G~3+2%) which also

approaches O(G~3) as s — 0 and is also optimal. O

The previous corollary contains the main conclusion of this section, “No choice of
smoothing will give us an error bound that decays faster than the error bound for the
standard method”. It also gives specific values of r in A = G" that will recover the
decay rates of the error bounds of the standard method. However, the result does not
say that these values of r are the only values that will recover the decay rates of the
error bounds of the standard method.

Indeed, for the eigenfunction errors we can choose any r < —1 and substitute
A = G" into 6(M, MG,A) < A3/2 4 G73/24¢ (from (4.37)) to get eigenfunction errors
that are O(G~3/2%€) for any € > 0, i.e. by choosing any r < —1 we have recovered the
eigenfunction error decay rate for the standard method.

For the eigenvalue errors there are also many choices of r that will recover the
convergence rate from the standard method. If we choose r < —2 and substitute
A = G" into |A — \;| < A%2 + G342 (from (4.38)) then we get an eigenvalue error
that is O(G3%¢) for any ¢ > 0, i.e. by choosing any r < —2 we can recover the
eigenvalue error convergence rate for the standard method.

Now we realise that these choices of r all correspond to choosing very small A,
and when we choose very small A the errors behave in the same way as the standard
method. It is as if we have chosen A so small that the method does not recognise that
there is any smoothing at all.

This concludes our theoretical error convergence analysis for the smooth problem.
However, we mention that all of the above results are also true for the 1D problem with
very similar proofs but they are omitted from this thesis.

We now compute some numerical examples to test our theory.

4.3.3 Examples

In this subsection we present numerical examples that support the theoretical results
we have developed for solving the smooth problem. We solve Model Problems 1-4 from

Section 4.1.7 using the method we have described in this section for A # 0 and varying
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G, and for varying A with fixed G. We then implement various strategies to balance
the errors by choosing A = G” for different constants 7.

In Figures 4-11 to 4-14 we have plotted the errors of the Galerkin method applied to
the smooth problem (Problem 4.28) for fixed A and varying G for Model Problems 1-4.
For Problems 1 and 2 we have fixed A = 10~* and in Problems 3 and 4 we have fixed
A = 1072, The reference solution, which should be the solution to Problem 4.27, is
the computed solution to Problem 4.28 with A = 10~* and G = 2'® — 1 for Problems 1
and 2 and A = 1072 and G = 2'° —1 for Problems 3 and 4. Theorem 4.33 implies that
we should observe algebraic convergence with respect to G of arbitrary degree for both
the eigenvalue and eigenfunction, i.e. superalgebraic convergence. This is indeed what
we observe in Figures 4-11 - 4-14 before the error tolerance of the computed reference
solutions are reached. However, Theorem 4.33 is an asymptotic result and in some of
the plots the faster convergence only occurs for larger G.

In Figures 4-15 - 4-18 we plot the error of Problem 4.27 with respect to the solution
of Problem 4.6 for varying A. We do not have the exact solutions for these problems
so we approximate their solutions by solving Problems 4.17 and 4.28 with large G
(2'® — 1 for the 1D problems and 2'© — 1 for the 2D problems) to get our reference
solution and the solution to Problem 4.27 for varying A. Theorem 4.31 implies that the
eigenvalue and eigenfunction errors should converge with rate A%2. We see that this
is indeed the case for the eigenfunctions in all of the model problems. However, for the
eigenvalue errors, we observe that our theory is not completely sharp. The eigenvalue
errors appear to actually converge with rate AZ.

Given this new (numerically observed) rate of convergence for the eigenvalue error
of Problem 4.27, we can redo the optimisation for the eigenvalue error in Corollary 4.35
to check whether this changes our conclusion that “no amount of smoothing will give
faster convergence than the standard method”. We find that based on the numerically
observed rate of convergence for the eigenvalue error, the optimal choice for r is r =
—3/2 (actually, we could choose any r < —3/2 and get the same rate of convergence).

This gives an error bound of the form
A= <SG fore>0

and 7 = 1,...,m, which is again not faster than the rate of decay of the error bound
for the standard method in Section 4.2. Therefore, our conclusion based on numerical
observations is the same, “No choice of smoothing will result in a rate of convergence
that is faster than the standard method”.

Finally, we plot the errors of Problem 4.28 for varying G where we have chosen
A = G" for different values of r. We plot the 1st eigenvalue error from Model Problems
1 and 2 in Figure 4-19 and the 1st eigenvalue error from Model Problem 3 and 4
in Figure 4-20. The 1st eigenfunction errors for Model Problems 1-4 are plotted in
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Figures 4-21 and 4-22. The reference solution is Problem 4.17 with G = 2'8 — 1 for
the 1D problems and G = 2'9 — 1 for the 2D problems. As well as plotting errors for
A =G Y2 A=G"!and A = G3/2 we have also plotted the case when A = 0
for comparison. The A = 0 case corresponds to the standard method of Section 4.2.
In all of the plots we observe that the error convergence rate is never better than the
convergence rate of the standard method. We also observe that our optimal choice of
smoothing from Corollary 4.35 and the discussion in the previous paragraph (r = —1
for eigenfunctions and r = —3/2 for eigenvalues) corresponds to the largest choice of
A (i.e. largest amount of smoothing) that can be chosen without the error converging
at a slower rate than the standard method. We interpret this as, “if the amount of
smoothing is too big, then the error from smoothing is larger than the error from the
plane wave approximation”.

To reiterate our conclusion, there is no choice of smoothing that will improve the
rate of convergence so that the smoothing method performs better than the standard
method. However, we can apply smoothing, up to a point, without having a detrimental

effect on the rate of convergence.
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Figure 4-11: Plot of the relative eigenvalue error (eval) and the H; norm of the eigen-
function error (efun) vs. G for the 1st 5 eigenpairs of Problem 4.28 with A = 10~*
fixed.
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Figure 4-12: Plot of the relative eigenvalue error (eval) and the H]}, norm of the eigen-
function error (efun) vs. G for the 37-39th eigenpairs of Problem 4.28 with A = 10~*
fixed.
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Figure 4-13: Plot of the relative eigenvalue error (eval) and the H; norm of the eigen-
function error (efun) vs. G for the first 5 eigenpairs of Problem 4.28 with A = 1072
fixed.
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Figure 4-14: Plot of the relative eigenvalue error (eval) and the H; norm of the eigen-
function error (efun) vs. G for the 23-27th eigenpairs of Problem 4.28 with A = 1072
fixed.
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Figure 4-15: Plot of the relative eigenvalue error (eval) and the H; norm of the eigen-
fixed.
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Figure 4-16: Plot of the relative eigenvalue error (eval) and the H]}, norm of the eigen-
fixed.
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Figure 4-17: Plot of the relative eigenvalue error (eval) and the H; norm of the eigen-
function error (efun) vs. A for the 1st 5 eigenpairs of Problem 4.28 with G = 28 — 1
fixed.
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Figure 4-18: Plot of the relative eigenvalue error (eval) and the H; norm of the eigen-
function error (efun) vs. A for the 23-27th eigenpairs of Problem 4.28 with G = 2% — 1
fixed.
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. Eigenvalue error for Model Problems 1 and 2
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Figure 4-19: Plot of the relative error vs. G for the 1st eigenvalue of Problem 4.28 for
§ =0, and { = 7 (for Model Problem 1) or § = {5 (for Model Problem 2). Note that
machine accuracy is reached for the A = 0 case for large G.
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Figure 4-20: Plot of the relative error vs. G for the 1st eigenvalue of Problem 4.28 for
€ =(0,0), and § = (7, 7) (for Model Problem 3) or & = (%, £) (for Model Problem 4).
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Eigenfunction error for Model Problems 1 and 2
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Figure 4-21: Plot of the H; norm of the error vs. G for the 1st eigenfunction of Problem
4.28 for £ = 0, and £ = 7 (for Model Problem 1) or { = {5 (for Model Problem 2).
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Figure 4-22: Plot of the H; norm of the error vs. G for the 1st eigenfunction of Problem
4.28 for & = (0,0), and & = (7, m) (for Model Problem 3) or { = (%, %) (for Model
Problem 4).
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4.4 Sampling

In practice, for more complicated vy(x) € PC),, we may not have an explicit formula
for the Fourier coefficients of v(x). In this case we do not know the entries of the
matrix A in (4.14), or equivalently, we do not have the input values for Algorithm 4.19
to compute the action of matrix-vector multiplication with A. So far in this chapter
we have assumed that we have an explicit formula for the Fourier coefficients of ~v(x).
Let us now consider the case where we do not have an explicit formula, and we must
somehow approximate the Fourier coefficients of v(x).

In this section we make the assumption that v € PCI’, so that we can apply 3.47
when d = 2.

In the first subsection we present a fast and efficient method that utilises the Fast
Fourier Transform (FFT) for approximating the Fourier coefficients of v(x). We call
this new method the sampling method. In the second subsection we analyse the addi-
tional error that the sampling method introduces and in the final subsection we present

some examples to support our theoretical results.

4.4.1 The method

In this subsection we define the sampling method for solving Problem 4.6 when we
do not have an explicit formula for the Fourier coefficients of 7(x). As we saw in
Algorithm 4.19 we do not need all of the Fourier coefficients of v(x). We only require
[]g for g € Z?Vfﬂ where Ny is the number that defines the size of the FFT that is
used in Algorithm 4.19. The sampling method is to approximate [y]g with [Q;;7]g for
g e Z?Vfﬂ where Q,; is the interpolation projector described in Subsection 3.2.5 and
M is a chosen integer that will determine the accuracy of the sampling method.

The reason that we choose this particular projection of v(x) is because it is very
easy and efficient to compute [Q,;7]g for g € Z%Vfﬂ. Recall that Qv € ’Z']\(/[2 ) and S0,
according to our discussion in Subsection 3.2.4, we can represent Q,,;v as a M x M
matrix of either nodal values on a uniform grid or Fourier coefficients. Moreover, using
the FFT will allow us to swap between these two different representations a cost of
only O(M?1og M) operations. This is the basis of the sampling method.

First, we represent Q,;~y with a matrix of nodal values by sampling v(x) on a

uniform grid. We then compute [Q,,;7]g for g € Z%W’D using the FFT. If M > Ny

2
Nf,lj'

However, if M < Ny then we recall that [Q;v]g =0 for g € Z%Vf,D\Z%W’D. We present

(as is usually the case in practice) then we automatically have [Q,;7]g for g € Z

this process more formally in the following algorithm.

Algorithm 4.36. Choose M = 2" for some n € N. Define gy = (% +1, % +1) and
my = (% +1, % +1). Let fft(-) denote the 2D Fast Fourier Transform as defined in
Subsection 3.2.4. This algorithm computes [Q;v]g for g € Z%\,f and stores the values
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in a matrix ¥ where }/}ij = [Qum ’y](i,j)_go fori,j=1,..., Ny.
W%e_7<@%;@)ﬂﬁaj:1P“rM
W — fft(W)
it Ny < M then
Yij = Wiig)txo—go for isj = 1,..., Ny.
else
Yij —0fori,j=1,...,Ny.
Yij = Wi jysxo—go f0r 1,5 = 1,..., M.
end if

This is the algorithm we use for the 2D problem. There is a similar algorithm for
the 1D problem.

Algorithm 4.36 requires one FFT and the total computational cost of the algorithm
is O(M?1og M) operations (O(M log M) for the 1D problem). When we use Algorithm
4.36 with Algorithm 4.19 to solve (4.14) we only apply Algorithm 4.36 once, while
Algorithm 4.19 is applied many times. For this reason we may choose M significantly
larger than Ny without incurring a significant increase to the computational cost of
solving (4.14).

The additional memory required for the sampling method is an M x M complex
double matrix.

To see that Algorithm 4.36 for approximating [y]g is efficient, let us compare it
with a quadrature method for approximating [v]g for g € Z?Vf’m. For each g € Z?Vf,u

an M?2-point quadrature rule method to approximate the integral
%:/%@ngm@
Q

would require O(M?) operations. The total cost of computing [4]g for g € Z?Vf’m would
be O(MzNJ%). Thus, the O(M?log M) cost of Algorithm 4.36 compares extremely
favourably with using M2-point quadrature to approximate [V]g for g € Z?Vfﬂ. The
main saving comes from computing all of the approximate Fourier coefficients at once
rather than repeating the quadrature rule for each approximate Fourier coefficient.

We must now consider the error associated with approximating [y]g with [Q,;7]g
for g € Z?Vfﬂ. To bound the errors for the variational eigenvalue problem we must
bound ||y — Q,, ")/HH;L To do this we cannot directly apply Lemma 3.32 because we
are not sure if v € H}, for some t > 1 (t > 1/2 in 1D). Therefore, we consider a mollified
7(x), v°(x). For small § > 0 we define v°(x) by

2 (x) 1= Js % y(x) = /

Rd

k@h&—yMy—/

RJB@—YWOWW vx € R?

where J5(x) = 6 4J(67'x) and J(x) is the standard mollifier that we defined in Sub-
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section 3.1.5. In a lemma that follows, Lemma 4.37, we prove some properties about
7 (%).

Also note that, Lemma 3.32 can only provide an upper bound for ||7% — Q,, ~°|| HY
and not [|7° — Q,y ’y‘SHHg with s < 0 (in particular s = —1) and we will need to use the
fact that ||lul|gy < [lul|g; for all w € HF for any s < ¢. This might be where we loose
the sharpness for our error bounds.

When we replace v(x) with v°(x) € C,° we will obtain Qv = Qpy 79 if we choose
§ > 0 sufficiently small so that v(4;k) = v°(3;k) for all k € Z?\/I,D' However, we
cannot choose § arbitrarily small without penalty. The penalty appears in the form of
a negative exponent of § in Parts 3 and 5 of Lemma 4.37. To alleviate this penalty we
define yet another approximation to v(x) that will ensure that we can choose § oc M 1.

Associated with Q,, are the nodes, {ﬁk ke Zﬁl\/[ﬂ}. For d = 1 we construct a
mesh of uniform intervals with length ﬁ and for d = 2 we construct a mesh of uniform
squares with side length % such that each node is the centre of an interval (for d = 1)
or a square (for d = 2). We define a perturbed ~(x), 7(x), such that 7(x) is constant
on each of the intervals or squares in the mesh and 7(x) is equal to v(x) at the nodes,
ie. y(x) =7%(x) forallx € {Lk:k € Z?M’D}. See Figure 4-23 for an example of how
we construct 7 from 7 for d = 2. In Lemma 4.38 we bound the difference between ~y(x)
and 7(x) in the L2 norm (which is the same as the L?(€2) norm and is equivalent to
the HS norm). Before we bound ||y — Qs 7|l o let us prove some properties for the
molified y(x).

XXX XXX x| x| x| X
iy
x ox o o b b b b b e b by
| | | | | | | | |
R T I T e B
X | X | X | X | X | X | X | X | X | X
L o ) N
| | | | | | | | |
X\/X__t*\ O I o N O O R
- — -+t -=-434- = -1=-—- -t =
x X X X x ox ox 1ox ox T x
L
| | | |
x x x x X X X x4 x| ox
e
S \ f el
- N I I
x x x x x x 1 ox 1 ox 1 ox 1 x
L0 _ - __L_
| | | | |
X X X X X | X | X | X | X | X
e e e B e
X~ x x x ox ox box box o x

Figure 4-23: Diagram of 7 and v for d = 2. “x” mark the nodes corresponding to Q;,.
The dotted lines are the uniform mesh of squares and the grey region is 7. The curved
line is an interface of ~.
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Lemma 4.37. Let d = 1,2 and assume v € PC{?' For % >0 >0 and any € > 0 we
get:

1.
’]

Vg = [VglJslg for all g € Z°.

2. [Jslo =1, |[Jslg| <1 for all g € Z%, and for any k € N,

[ slgl < (Olgh ™ for all 0 # g € 2%

3.

ifs <3

H’Y(SHH; S Cetlja—e ? .

0 if s> 5

4.
by = °lel < {10l g ez’
(dlgh?el ge€Z? |gi <57

5.

H’Y—’Y(SHH; SO for -3 <s<

Proof. Part 1. From Definition 3.13 we have for g € Z¢,

] = / 7 (x) e T8 dx
Q
=[] gy e dyax
Q JB(0,6)
— / / J(S(Y) Z [,y]n ei?ﬂn-(x—y) e—i?ﬂg-x dydx
Q JB(0,6) nezd

ei?n(n—g).x dX/ Jé(}’) e—i27rn-y dy
B(0,6)

=g / Js(y) e T8 dy
B(0,9)

=g /Q Js(y)e T8Y dy
= gl Jsle-

Part 2. [J5]o = 1 follows from the definition of Js. For all g € Z,

slel = ' [ e a

gékww_y

175



4.4, Sampling

For 0 # g € Z¢, g; # 0 and integrating by parts gives us

[Jslg = / Js(x) e 2TEX Iy
Q

k
— () [ Dbt e ax
= () [ o (PhI) |, e xax
957 Ja y=3
k
-1 —d—k k —127g-X
= (=L ) (D J(y e X dx.
<’2W92> /B(O,6) ! )) y=%
This implies that
k
slel < (525) e |0 J .
Now, the result follows from
d k+1/2
+ a
lgl*I[slel < a2 lail*I[Jslel < Grpyr fﬁi},ﬁ”D loo-

=1

Part 3. We only prove Part 3 for d = 2. The proof for d = 1 is similar. First consider
the case when s < 1/2. Using Parts 1 and 2 we get |[1’]g| < |[1]g| for all g € Z<.
Therefore, H’Y(SHH; < |I7[lmz <1 by Theorem 3.40.

For s > 1/2, let k € NU {0}, and get

1 1
V1% = Y 18l ]el?
geZ?

< ol + 672 Z g2 [y]g|? by Parts 1 and 2
0#£geZ?

=l +67%> D 18l Il

n=L|g1|+|g2|=n

o0
S ol + 672 Z n?s 22 Cy, from Theorem 3.47
n=1
oo
Sok Z sk by Theorem 3.47
n=1

<6 % provided s < k + %

Therefore, ||7°|| Hy S 6% provided s < k + 1/2. The result follows by using Lemma
3.26 with (s from Lemma 3.26) s=k+1/2 —eand t =k +3/2 —¢.

Part 4. We do this proof for d = 2. The argument for d = 1 is similar and easier,
and so we omit it. Part 2 gives us [J5]o = 1. This together with Part 1 imply that
I[y = ~%Jo| = 0. Also, it follows from Parts 1 and 2 that |[y — 71°]g| < 2|[v]g| for all
g c 72
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For 0 # g € Z? we can also get

=716l = 10e ~ 071l = 10l | | J0) (1= 72>} ax| by Part 1

B(0,1)

(1 — cos(2mdg11) cos(2mdgaxs)) dridrsy

< |[’y]g|\|J|oo/ / (1 — cos(2mdgy21) cos(2mdgaxs)) dz1das
—1J-1

in(27é sin (276,
= gl oo (1 — Si2moon) sinf2mtn)

Note that the third line follows from the second line above because the imaginary
integral is 0, since sine is odd and J is even. If A < 42, then ‘g—? - A7—? > (0 and

sinA __ Al AS A2
A= +( —W)JF"'Zl—T

Using this inequality it follows that

by =7lel < IWgl o (1 - (1 - 2= E) (1 - 2=l

T6g1)2 w8g1)>?
| 4] || oo Groar) £ Crog)”

A

16| || oo? . _
— 00Tl 52102 (7] if [gs] < 6L

Part 5. Finally, we prove Part 5 for the d = 2 case. Let —% < s < % Using Part 4,

Lemma 3.47 and Lemma 3.9 we get

4 4
=2 = D eIy = lef

0#£gE€Z2
PSR S =1 el Y S S {1 MY
l911+g2 < (671 j911+lg2/> 6]

L]
< 5 Z n2s+4C’2 + Z nQSC2 C,, from Theorem 3.47
n=1 n=[6-1]
L]
< gt Z n?s+2 4 Z n?s=2 by Theorem 3.47
n=[6"1]

61 00
< ¢ (1 —|—/ 222 dr + 5225> + <5223 +/ x232dx>
1 51

1 1
—_ 54 51—25 _ 54 52—25 52—25 51—25
+ 25 + 3( )+ + + 1—2s

5 51725.

The result follows by taking the square root of this expression. O
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In Part 5 of the preceding Lemma we have restricted ourselves to the case when
—% <s < % Note, however, that although it is strictly necessary to have s < %, we
may in fact choose s < —3. We do not include this case because |y — | g does not
depend on s for s < 3 and the result would be ||y — v‘SHH; < 62

We now prove a lemma that bounds the difference between v and 7 in the Lg norm.

This will be sufficient for our purposes.

Lemma 4.38. Let d = 1,2. For v € PC,, M € N and with 5(x) defined in the

discussion before Lemma 4.37 we get
Iy =lag S M2

Proof. We first consider the d = 1 case. Let Jg denote the number of intervals €;
in y(x). Therefore, there are 2.Jq jumps in y(x). At each jump there is a potential
difference between ~(x) and 7(x). The size of the difference is bounded by Y4z, and
for each jump the area in {2 where (x) and J(x) are different is limited to an interval

of size M~'. Therefore, we get

1/2
I =g = ([ r=7Pde) < VBT yarht

For d = 2 there are O(M) possible squares where + is different from 7 since there are
finitely many €2; and each ; is convex. Again, the size of the difference between ~y

and 7 is bounded by Y4, and each square has area M ~2. Therefore, we get

1/2
— _ —_9\1/2 —
Iy =7z = </Q !7—7|2dx> < (Mypae M) < M1/,

U
Now we can (finally) bound the difference between v and Q.
Lemma 4.39. Let d = 1,2, v € PC,, and ¢ > 0. Then
Iy = Qug i S MY+ (1.42)

Proof. For this proof we would like to apply Lemma 3.32, but we are not sure that
v E Hli fort >1ifd=2,ort>1/2if d =1. Instead we could try applying Lemma
3.32 to 4° for small § > 0. But choosing ¢ too small will not work because the bound
will depend on §® for some s < 0. To avoid having to take very small § we will apply
Lemma 3.32 to 7° with § = 5-. With this choice of § we have v(x) = F(x) = 7°(x)
for all x € {%k 1k e Zﬁlv[ﬂ} as well as being able to apply Lemma 3.32. Since we have

equality at the nodes, Qv = Q7 = Qus 7.
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Using the triangle inequality we split (4.42) into the following,

- ~ =0 0 -
v = QueYllms < v =Flms + 17 =3 lmg + 17 — Que ¥ |l g

I Ip) I3

We use Lemma 4.38 to bound I; and we obtain
Ii=|y=Flug M2 fors<0. (4.43)

To bound I, we use Part 5 of Lemma 4.37. Note that ¥ € HY/2~¢ for any € > 0 and
we get
L=|7-7lg; S6T2 M for —% <5<} (4.44)

1
m.
To bound I3 we use Lemma 3.32 and Part 3 of Lemma 4.37 to get (with ¢ > 1 for
d=2andt>1/2ford=1),

since § =

Is =7’ — Qu 76”H;
S MR

(4.45)
S Ms—ta—t—&-l/?—s
—1/24s+ . _ 1
< MY 2t for s > 0 since 6 = 53;.
Finally, putting together (4.43) - (4.45) with s = 0 gives us the result. O

4.4.2 Error Analysis

In this subsection we derive theoretical error bounds for the additional error that we
introduce when we use the sampling method with the spectral Galerkin method to
approximate the solution to Problem 4.6. As in the previous sections we will define the
discrete problem that our method is actually solving and we define the corresponding
solution operator for this discrete problem. We then prove some properties of the
new solution operator, including bounding the difference between the new solution
operator and the solution operator that corresponds to Problem 4.6 in terms of G and
M (our sampling parameter). We can then apply Theorem 3.68 to get eigenfunction
and eigenvalue error bounds.

The bound for the difference between the solution operators is proved using Strang’s
1st Lemma (Theorem 3.75). Unlike the analysis of the smoothing method in Section
4.3 we will not define an intermediate problem and then add two error contributions
together. Instead we will bound the error all in one go. We do this because we do not
expect (and therefore do not attempt to prove) that the sampling method will improve

the the performance of the planewave expansion method.
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Throughout this section we assume that v € PC’]’D.

By approximating the Fourier coefficients of «(x) with the sampling method, the

discrete problem we actually solve is,

Problem 4.40. Find Ag € R and 0 # ug € Sg such that
aQ(u(;, va) = Aab(ug, va) Yog € Sa. (4.46)

where

aq(u,v) :/Q(V—l-zf)u-(V—l—if)v—l—(K—QM’y)uEdaB

Using very similar proofs to Lemma 4.7 we have that aq(-,-) is a bounded, coercive
and Hermitian bilinear form and therefore aq(-,-) also defines an inner product on

1/2

H;(Q) with an induced norm ||:[|laq = aq(,-) We may now define a solution

operator corresponding to Problem 4.40 as well as proving some properties for our new

solution operator.

Lemma 4.41. Let v € PC;). Problem 4.40 has a corresponding solution operator,
To(G, M), that is defined according to Definition 3.70. Tq : H; — H; is bounded and
compact, and self-adjoint with respect to aq(-,-), (but not self-adjoint with respect to
a(-,-) in general). For sufficiently large G and M, and small € > 0 we get:

HT_TQHHl 5 G73/2+€ +M71/2+E‘
p

2. The adjoint T, of Tq with respect to a(-,-) satisfies

HT_T*QHHl(Q) 5 G_3/2+€+M_1/2+6.

3. For u,v eigenfunctions of Problem 4.6 we get
|a((T = To)u,v)| S (G2 + M7V2*)||ul| gy [0 3.

Proof. Using similar proofs to those given in Lemma 4.23 we can show that T : HI} —

H; is bounded and compact, and self-adjoint with respect to aq(-,-).

The proof of Part 1 relies on Strang’s 1st Lemma (Theorem 3.75). For f € H; and

180



Chapter 4. SCALAR 2D PROBLEM & 1D TE MODE PROBLEM

€ > 0 we get

. a(vg,wg) — aq(vg, w
ITf —Toflm S inf JITS —vgllm + sup 120G06) ~aq(e we)|
P "7 vg€eSa P weeSa HwGHH[}

<|Tf- V||H; + sup lalv, we) — agv,we)| where v = Ps/Tf

wg €S HwGHH;

1Tl goe- — y)vagde
< S—I;fp + sup fQ [(Qus v — 7)ve] by Lemma 3.30
G3/2—¢ weESG lwellm

Wl e i i

— G3/2—5 weESG ngHH;
1Ty

S T2 + vl a2l Qur v — ’YHH,jl by Theorem 3.27
1Ty

< W‘F HTfHHEHQM”)’_'YHHg (4.47)

< HTf”H§/2‘€ 1T fll 2
~ G3/2—¢ + M1/2—€

1 1
N ( > HfHH; by Theorem 4.11.

by Lemma 4.39

G3/2—¢ + M1/2—€

That concludes Part 1.

The proof of Part 2 is identical to the proof of Part 2 in Lemma 4.30. To get the
result of Part 3, let u,v € HZ} and let v = P(C}S) v. Then

[a((T = TQ)u,v)| < |a((T = TQ)u,v — v)| +|a(Tu,v) — aq(Tq u,v)|
I
+ lag(Tqu,v) —a(Tqu,v)|. (4.48)

Ip)

By the definition of T and T¢g we get that a(Tu,v) — aq(Tgu,v) = 0. Now treat I
and s separately.

For I we use that a(-,-) is bounded and Part 1 of this Lemma to get

I = [a((T = Tg)u, v — )|

< H(T_TQ)UHHI}HU - PSGUHH; a(+,-) bounded

1 1 1
< (o + 3 ) gl ol ge-e Part 1. Lennma 3.3
S (G_3+25 + M_1/2+€) ||u||Hp1 HUHH,% Corollary 4.12.
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For I3 we do the following,

b= laa(Tqu.y) ~ aTqu.n)| = [ (- Qu)(Toup dx

< Hvum/ﬂ (7 — Qu 7) T ] dx

< Psevllmsly — Qu vl | Toulmy  Theorem 3.27

< lollsally — Qs gl Tg bounded (4.49)
S MYl gy ol Cor.4.12 & Lem.4.39.
Now we put I; and I» back into (4.48) to get the result for Part 3. O

In the preceding proof at (4.47) and (4.49), we may have ‘thrown away’ the sharp-
ness of our bounds when we bounded ||y — Q,, 7||H;1 with ||yv — Qas ’y||Hg. We did
this because we were unable to bound ||y — Q| m; With a better dependence on
M in Lemma 4.39. In the numerical examples later in this section we show that our
error bounds are not sharp, and this may be where we are losing the sharpness of our
eigenfunction bound.

We now apply Theorem 3.68 to get bounds on the eigenvalue and eigenfunction
errors of solving Problem 4.6 with the sampling method. The proof of the following

result is analogous to the proof of Theorem 4.24 and it requires Lemma 4.41.

Theorem 4.42. Let A be an eigenvalue of Problem 4.6 (with ~ € PC']’D) with multi-
plicity m and corresponding eigenspace M. Then, for sufficiently large G and large M
there exist m eigenvalues A1 (G, M), ..., An(G, M) of Problem 4.40 with corresponding
eigenspaces My(A1), ..., My (M) and a space

such that for e > 0,
5(M7MG,M) S, G73/2+€ + M71/2+6

and
A=\ SG3E L MY forj=1,...,m.

We could now proceed to balance/optimise the errors by devising a method where
we choose M = CG" for a constant C and r. However, in the numerical examples of
the next subsection we discover that our error bounds are not sharp with respect to
M. Therefore, we will delay our discussion for choosing r until after we observe the
actual dependence of the errors on M.

As we have already discussed, the computational cost for using our sampling method

is O(M®log M), but the additional cost is only in the “setup”, i.e. we only need to
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compute one FFT on an M¢ x M? matrix to compute the approximate the Fourier
coefficients of (x). This is in contrast to computing many FFT’s and inverse FFT’s,
each with a cost of O(G%logG), to solve the matrix eigenproblem. In essence, we
can choose M larger than G with no significant additional computational cost, up to
the point where the setup cost is approximately equal to the cost of solving the matrix
eigensystem. Another factor that inhibits us from choosing very large M is the memory
requirement for the storage of a M¢ x M? matrix of Fourier coefficients/nodal values.

In conclusion, approximating the Fourier coefficients of y(x) appears to be a signif-
icant handicap because of the large errors that are introduced. To alleviate this using
the method we have described, we should choose M larger than G, but we do not yet
know how much larger we should choose M. Depending on what our numerical obser-
vations tell us about our strategy for choosing M as a function of G we may obtain
a method where the cost of computing the approximate Fourier coefficients of ~(x)
exceeds the cost of solving the matrix eigenproblem from our method.

We now present some results from numerical experiments to support our theory.

4.4.3 Examples

In this subsection we apply the sampling method to Model Problems 1-4 to support
our theoretical error bounds for the sampling method. In the following plots, the
reference solution is the solution to Problem 4.17 with G = 2'® — 1 for Model Problems
1 and 2 and G = 2! — 1 for Model Problems 3 and 4. All of the following plots have
logarithmically scaled axes.

In Figures 4-24 - 4-26 we plot the errors from the sampling method for fixed G and
varying M.

In Figure 4-24 we plot the errors for Model Problem 1 and Model Problem 1la
where Model Problem 1la is the same as Model Problem 1 except we have changed the
ratio of glass to air in the photonic crystal from 50:50 to 55:45. We have introduced
Model Problem la because Model Problem 1 appears to be a special case for the
sampling method. For Model Problem 1 we observe that the eigenvalue errors are
O(M~2), whereas for Model Problem la they are only O(M~1). We also observe
that the eigenfunction errors of Model Problem 1 decay slightly quicker than O(M~1)
while Model Problem 1la clearly exhihits O(M 1) decay. The observation that Model
Problem 1 is a special case is reinforced when we consider the convergence rates of
Model Problems 2-4.

In Figures 4-25 and 4-26 we observe that both the eigenvalue and eigenfunction
errors of Model Problems 2-4 are O(M ~1). This shows that the bounds that we proved
in Theorem 4.42 are not sharp, and they should be O(M~1) instead of O(M~1/2).

With this observed error dependence on M we now optimise the errors by choosing

M = CG" for a constants C and r. Our aim is to recover the convergence rates of
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the spectral Galerkin method without sampling with the smallest amount of additional
computational effort, i.e. we want to recover O(G~3/2) for the eigenfunction errors and
O(G3) for the eigenvalue errors with the smallest possible M. A simple calculation
(using the observation that the eigenvalue and eigenfunction errors are O(M 1) rather
than the bound in Theorem 4.42) shows that the eigenfunction convergence rate is
recovered provided that we choose M > G3/2 and the eigenvalue convergence rate is
recovered if we choose M > G®. For implementation, we should ensure that M = 2" for
some n € N (for best FFT performance). Therefore, we set M = NJC. This corresponds
to choosing a constant C # 1 in M = CG". To minimise the additional computational
cost we should choose M = G3/2 for the eigenfunctions and M = G for the eigenvalues.

In practice, with M = G3/2 the setup cost is approximately the same as the cost
of solving the matrix eigenproblem, but with M = G we either get a method where
the setup cost exceeds the cost of solving the matrix eigenproblem or we run out of
computer memory for storing the M? x M? matrix of sampled v(x) values. Therefore,
in the case of the eigenvalue errors, the sampling method adds a significant amount of
error that can not always be avoided.

We will now experiment with different strategies for choosing M = NJ’Z with different
constants r to demonstrate that our error optimisation strategy is correct.

First, we consider the eigenfunction errors. In Figures 4-27 and 4-28 we plot the
1st eigenfunction errors of Model Problems la and 2-4 (since Model Problem 1 was a
, 3,2. We observe that we achieve errors that are O(G —3/2) (same
as standard method with exact Fourier coefficients) when r = 2 and r = 2, but we

2
only get O(G~1) errors when 7 = 1. Since there is more computational effort required

special case) for r = 1

when r = 2, this confirms that r = % is the best strategy to minimise the eigenfunction
errors with the least amount of extra computational work. Unsurprisingly, we do not
observe errors that are smaller than the errors for the standard method for any choice
of r.

Now we consider the strategy for choosing r to minimise the eigenvalue errors. In
Figures 4-29 - 4-31 we plot the 1st eigenvalue errors of Model Problems la and 2-
4 for different choices of r. We see (most clearly in Figure 4-29 for Model Problem
la) that the we recover O(G~3) convergence when M = N ]?3 Unfortunately, memory
constraints have limited our ability to compute many points for this case in all of the
model problem examples.

In conclusion, it is possible to recover the convergence rates for the eigenvalues and
eigenfunctions that we saw for the standard method by choosing M wisely. However,
to achieve this there is a significant amount of extra computational work required (es-
pecially for eigenvalue calculations), and in some cases this extra work is prohibitively
expensive. In these cases we must choose M as large as practicable and the errors will

be dominated by the sampling method error.
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Model Problem 1 and la
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Figure 4-24: Plot of the error vs. M for Problem 4.40 (fixed G) for Model Problem 1
and la. The reference solution is the solution to Problem 4.17 with G = 28 — 1.
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Model Problem 3 and 4
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Eigenfunction error for Model Problems 3 and 4
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Eigenvalue error for Model Problem 2
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4.5 Smoothing and Sampling

In the final section of this chapter we put together our analysis of the smoothing method
and the sampling method to analyse a method that uses both of these techniques
simultaneously, as in [64].

In the previous section we saw that the sampling method provides us with an
efficient method for approximating the Fourier coefficients of v(x). However, there was
an additional error that was particularly significant for the eigenvalues. It is thought
that this new method, that uses smoothing and sampling, will have smaller errors
than the sampling method, or it might allow “rough” calculations to be made with
relatively few plane waves. Both our analysis and numerical experiments will show
that this new method does not yield faster convergence or smaller errors. However, our
observations are inconclusive as to whether or not “rough” calculations are possible
with smoothing and sampling instead of just sampling and this could be an area for
further investigation.

The section is divided into three subsections. In the first subsection we describe
the method, in the second subsection we perform the error analysis, and in the third
subsection we present some numerical examples.

We assume that v(x) € PC,, throughout this section.

4.5.1 The Method

The method for smoothing and sampling is the same as for the sampling method
(Subsection 4.4.1), except we replace [Q,; v]g with [@fy]g for g € Z?Vf,ua where 6]\\4_;
denotes the Gaussian smoothed Q;;y and we defined Gaussian smoothing in Section
4.3.

To compute [am]g for g € Z?Vfﬂ we first use Algorithm 4.36 to compute [Qy; Vg
for g € Z%\ff,m' Then we use the formula in Part 1 of Lemma 4.26 to get

~——

[Qu g = e 27 8P4

Qe for all g € Z?Vf,u-

The [62;[/7]g are then used instead of [y]g in Algorithm 4.19. Thus, the cost for comput-
ing the smoothing and sampling method has the same order as the cost for computing
the sampling method and the memory requirements are the same.

Note that the smoothing we have applied acts as a filter after sampling.

4.5.2 Error Analysis

As we saw for the sampling method the error convergence rates for this method will
depend on how ||y — Q,, 7||H;1 behaves with respect to A and M (recall that A

determines the amount of Gaussian smoothing). Here we present a relatively simple
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proof for a result that says: smoothing and sampling is at least as good as the sampling
method, provided A is chosen appropriately. It does not show that smoothing and

sampling is in any way better than sampling.

Lemma 4.43. Let d =1,2, v € PC’;) and define aﬂ\/lfy =G * Qury as in Subsection
3.2.5 and (4.20). With —1 < s <0 and € > 0 we get:

Iy = Qur iy S A2 124 (4.50)
Proof. With ¥ = G % v we split ||y — QJ\FHHZ into two parts

1y = Qur vllas < Iy = Allag + 17 — Qar Yl 1 -

I Iz

From Part 2 of Lemma 4.26 we get I; < A™5t1Y/2. For I, we realise that 5 — 6]\\4? =
G* (v —Qu ). Part 1 of Lemma 4.26 then tells us that

‘h_@;ﬂJ:eJHQMQh_QMﬂgng—QMﬂg (4.51)

for all g € Z2. Therefore, we get |7 — %HH; < v = Qullag < M~1/2+¢ using
Lemma 4.39. 0

In (4.51) it might appear as though we are being too convservative in throwing
away the exponential term but the g = 0 case is sharp.

Now we use exactly the same approach as for the error analysis of the sampling
method in Subsection 4.4.2. First we define the discrete variational eigenvalue problem

that our smoothing and sampling method is actually solving.
Problem 4.44. Find A¢ € R and 0 # ug € Sg such that
aQ(uG, va) = Agb(ug, va) Yvg € Sa (4.52)

where

aQ(u, v) = /Q (V+i&u-(V+i€)v+ (K —aﬂ\/ffy) uvdz.

Now, we quote the main result, with the proof being the same as in Subsection
4.4.2.

Theorem 4.45. Let A be an eigenvalue of Problem 4.6 (with vy € PC']’D) with multiplicity
m and corresponding eigenspace M. Then for sufficiently large G, large M and small
A > 0 there exist m eigenvalues A\ (G, A, M), ..., A\ (G, A, M) of Problem 4.44 with
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corresponding eigenspaces My(A1), ..., My (Am) and a space
m
Ma.an =D M;(\)
j=1

such that for e > 0,
(M, Maan) S G324 A3/2 4 pp=1/2+e

and
A= N SG3F2EL A2 L M2 forj=1,...,m.

From the numerical results in the previous sections we do not expect that the
bounds in Theorem 4.45 are sharp. Instead, we expect that the eigenfunction error
bound in Theorem 4.45 should be

5(M7MG,A,M) S G73/2+6 + A3/2 + MflJre
and the eigenvalue error bound should have the form
A= Nj| S G324 A% 4 e forj=1,...,m.

Let us now consider some numerical examples to decide how to balance the error

contributions by choosing A and M as functions that depend on G.

4.5.3 Examples

In this subsection we apply the smoothing and sampling method to Model Problems
la, 2 and 3 to support our theoretical error bounds for the smoothing and sampling
method. We calculate the error of Problem 4.44 for varying G where we have chosen
A=G"and M =N ]‘3 for different constants » and s. As a benchmark, we also plot
the errors of the standard method which uses exact Fourier coefficients of v(x).

In the previous sections we saw that the smoothing method and the sampling
method could not improve the convergence rate of the standard method. Here, we
also expect this to be the case, but we will be interested in strategies for choosing the
smoothing and sampling that recover the performance of the standard method.

We do not consider Model Problem 1 because it was a special case for the sampling
method, and we do not plot any results for Model Problem 4 because the errors have not
entered the asymptotic regime for the range of G that we consider and choosing larger
G is beyond the memory capabilities of the computer we used for the computations.

In the following plots, the reference solution is the solution to Problem 4.17 with
G = 2'8 — 1 for Model Problems la and 2 and G = 2'° — 1 for Model Problem 3.
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We first consider the eigenfunction errors of our model problems, which are plotted
in Figures 4-32 - 4-34. For all of these plots we see that the fastest rate of decay is
O(G~3/2), as for the standard method. Moreover, the O(G~/2) rate of decay is only
achieved when s = % Therefore, we recommend the strategy of choosing M = N?/ 2,
This strategy is the same as for the sampling method without smoothing. It appears
that our strategy for choosing s = % is independent from our choice of r for the values
of r that we have plotted.

From the plots it appears that the best strategy for choosing r is r = % (or r = 2 for
Model Problem 3), which corresponds to smaller A and less smoothing. Ultimately, we
observe that less smoothing is better and we therefore recommend choosing A = 0 and
reverting back to the sampling method. However, since the optimal rate of decay is also
achieved for r = 1, and r > 1 corresponds to smaller A, we could potentially recover
the performance of the standard method by choosing any A < CG™" with r = 1 and
a fixed constant C' < 1.

Now let us consider the eigenvalue errors of our model problems. These are plotted
in Figures 4-35 - 4-37. For Model Problem la in Figure 4-35 we see that we should
choose s as large as possible (s = 2 is the largest that we have plotted) and r > %
to achieve the best results, but unlike the eigenfunction errors we do not recover the
convergence rate of the standard method. Choosing s = 2 corresponds to choosing
M = N]% which is the largest M that we can compute with. Perhaps if we could do
computations for s = 3 we would recover O(G~3) convergence, but we are limited to
s = 2 by computer memory restraints. Choosing r = % corresponds to the largest
amount of smoothing that is permissible without adding a significant error. Therefore,
choosing any r > % is an acceptable strategy that will recover the optimal convergence
rate, O(G~3). In fact, we could choose A = 0 without penalty and revert to the
sampling method.

The eigenvalue error plots for Model Problems 2 and 3 are not as clean as the plot
for Model Problem 1la but we can still see the overall theme: we get the smallest errors
when M is as large as practicable and when A is sufficiently small. Moreover, we do
not see errors decay at a rate that is faster than the optimal rate, O(G~3).

In conclusion, we have not found any evidence that smoothing with sampling is in
any way a better method than the sampling method without smoothing. Indeed, when
we have been optimising our choice of smoothing by choosing r we have essentially
been ensuring that the smoothing is sufficiently small as to not contribute to the overall
error. It still remains open as to whether or not smoothing will assist in making “rough”

calculations and this requires further investigation.
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4.6 Curvilinear Coordinates

Finally, and briefly, we make a remark about another variation of the plane wave
expansion method that has been used in [63] and [64]. In this method v(x) and u(x)
are sampled on a non-uniform grid, unlike in Section 4.4. This is intended to allow
the sampling nodes to be more concentrated near the material interfaces and therefore
provide a better approximation of v(x) and of u(x). In [63] and [64] the method is
presented and the author cleverly devises a way of computing matrix-vector products
with the system matrix whilst preserving the efficiency (O(N log V) operations), albeit
with 6 FFTs instead of the 2 FFTs that are currently required. The additional FFTs
arise because the Laplacian part of the matrix is no longer confined to the diagonal (c.f.
(4.14)). This is because the expansion terms are no longer orthogonal. An important
consequence of the Laplacian part of the matrix no longer being confined to the diagonal
is that the simple preconditioners ((4.18) and (4.19)) no longer “cancel” the Laplacian
part of the operator and are no longer optimal. A method for obtaining an optimal
preconditioner to use with a curvilinear coordinate expansion method would require
further investigation and we do not consider this method any further in this thesis. We
only mention that without a suitable preconditioner this method very quickly becomes
very costly to compute and thus unfeasible. It is also not immediately obvious in what
way the curvilinear expansion improves the approximation error for a fixed number of
expansion terms, and how one would go about proving an improved error bounds with

a faster convergence rate.
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CHAPTER D

1D TM MODE PROBLEM

In this chapter we consider the errors from the plane wave expansion method applied
to the 1D TM Mode Problem, Problem 2.4 (in Section 2.5). The error analysis is not
as straight forward as for the Scalar 2D Problem and for the 1D TE Mode Problem in
Chapter 4.

We begin by applying results from [25] to obtain a variational eigenvalue problem
to solve. To do this we consider the 1D TM Mode Problem written in divergence form,
(2.22), and we quote some results from [25]. We then present the implementation details
for the plane wave expansion method applied to this problem. We do this by following
the technique used in [64] and [39] where plane wave expansions of the eigenfunction
and coefficient functions are substituted into the governing equation before neglecting
high-frequency terms to get a finite dimensional problem. This is in contrast to how
we presented the plane wave expansion method in Chapter 4 where we presented it as
a Galerkin method.

To begin the error analysis we develop regularity results for the variational eigen-
problem that corresponds to the divergence form of the 1D TM Mode Problem. We see
that the 1D TM Mode Problem has less regularity than the 1D TE Mode Problem. We
then develop error analysis for the spectral Galerkin method applied to this problem
using the same techniques that we used in Chapter 4 for the 1D TE Mode Problem
and the Scalar 2D Problem. Unfortunately, this method is not equivalent to the plane
wave expansion method and it can not be implemented as efficiently as the plane wave
expansion method. To develop error analysis for the plane wave expansion method
we write the method in terms of the variational eigenproblem corresponding to the
divergence form of the 1D TM Mode Problem and we discover that it is equivalent to
a non-conforming Petrov-Galerkin method. Unfortunately, using the existing theory

for Petrov-Galerkin methods does not yield the required results. Nevertheless, it still
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seems to be the most promising route for future investigations. We can, however, derive
approximation error results for the exact eigenfunctions approximated with plane waves
using the regularity results that we developed earlier. These approximation error re-
sults give us an upper limit for the rate at which the plane wave expansion method can
converge (to the exact eigenfunctions). With numerical examples we then confirm that
the plane wave expansion method actually achieves this upper limit and it converges at
the fastest possible rate, given the limited regularity of the exact eigenfunctions. Note
that this is substantially lower than for the 1D TE Mode Problem, namely O(N~1/2)
instead of O(N~3/2) where N is the number of plane waves.

As well as computing numerical examples for the standard plane wave expansion
method we also present numerical examples for smoothing and sampling within the
plane wave expansion method. As for the 1D TE Mode Problem we observe that
smoothing does not improve the convergence of the plane wave expansion method, and
the sampling method requires a sufficiently fine sampling grid to recover the convergence
rate of the standard plane wave expansion method (where exact Fourier coefficients are
used).

The main motivation for studying the 1D TM Mode Problem is to gain insight into
the behaviour of the Full 2D Problem since the 1D TM Mode Problem can be thought
of as a restriction to 1D of the the Full 2D Problem.

5.1 The Problem

Formally, the 1D TM mode problem (see Problem 2.4) is

d*h dn dh

e h— 20— 32 5.1
g2 T1@h = =0 (5.1)
where h = h(x) is an eigenfunction, vy(z) = %g(x) and 7n(z) = logn?(x) are periodic

and piecewise constant, and 32 is an eigenvalue. More details about this equation

are given in Chapter 2. As in Chapter 4 we restrict n?(z) so that it is periodic with

11
202
is discontinous at points z; € 2 for j = 1,...,J. We then divide ) into intervals

Q; = (xj,zj11) for j =1,...,J (we define z;1 := z1 + 1) and specify that n?(z) = n?

j+1 88
the midpoint of the interval €25, i.e. define Tipl = %(:E] +aj4q)forj=1,...,J.

period cell 2 = | ] and 1 < n?(x) < n2,,,. More specifically, we assume that n?(z)

for x € Q; where the n; are constants. For notational purposes let us define

This problem can be rewritten in divergence form (see (2.22)),

4m?

where ¢ = Vi is constant.
0
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Applying Floquet/Bloch theory to this problem is not as straight forward as for the
1D TE Mode Problem or the Scalar 2D Problem in the previous chapter. However, this
issue has been addressed in [25]. According to [25] there exists a linear non-negative self-
adjoint operator on a Hilbert space that corresponds to (5.2) (whose action is expressed
in terms of a quadratic form). Moreover, Floquet/Bloch theory can be applied (through
the quadratic forms) to obtain a family of problems to solve, from which we can recover
the spectrum of the original operator. Each member of the new family of problems is

given below.

Problem 5.1. For { € B := [—m, 7], find A € C and 0 # u € H such that

a(u,v) = Ab(u, v) Y € H;

where
— 1 d ; d ; 2\, =
a(u,v) = / o~ ((% + i)u (4 +i&) v+ (K—cn )uv) dx
Q
b(u,v) = #uvdﬂc
Q
and K > en? . + 2120} . + 3.

According to [25] there exists a non-negative self-adjoint operator on H; corre-
sponding to this problem, and a result (Corollary 3.9 in [25]) that is equivalent to
Theorem 3.63 also applies in this case from which we recover the spectrum of the

original operator by solving Problem 5.1 for a range of £ € B.

We now restrict our attention to solving Problem 5.1 for fixed £ € B. For each

¢ € B, the bilinear form a(-,-) is bounded and coercive.

Lemma 5.2. The bilinear form a(-,-) is bounded and coercive on H; provided we

choose K > en2,,. +2n%nd .+ %

Proof. a(-,-) bounded. Using a similar proof to the proof of Lemma 4.7 we get

la(u,v)| = ‘/Q # ((% + ig)u(% +i&) v+ (K —cn2)u5) dz

<kl [ [+ i€)ulE +i€) v+ (K —en?)ur] do

< lglloo (0 +m)? + K) lullga vl Yu,v € Hy.

a(+,) coercive. Using the Cauchy-Schwarz inequality and the arithmetic-geometric
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mean inequality (2ab < a? + b?)
a(v,0) = [ 5 (1 + €0 + (K—en?]of?) do
Q
= / n—12 (]1/]2 + it — &7+ €] |v]* + (K —cn2)|v|2) dx
Q

> o (ol + (€F + K —eno)llel2; ) — 20éllolm o]z

|’u‘2 1 (|£‘2+K70n3naz)”v”i2 |’U‘ 1 5
= e Ze 2\ Ve (V2nZaslellv]3)

2 K 2,2 2
> sl + (S - -2l ) I3,
1 2
> m”v” H}
provided we choose K > cn?,,, + 27%nk  + % O

Following our approach from previous chapters we now define the solution operator
T: LIQ, — H; that corresponds to Problem ??. As in Definition 3.70, for f € L% we
define T f € H; by

a(T f,v) = b(f,v) Vo € H;. (5.3)

Theorem 5.3. With T : LIQJ — HI} defined by (5.3) we get:

1. T: H; — H]}, s bounded, compact, positive definite and self-adjoint with respect
to a(-,-).

2. o(T) CR.

3. o(T) is discrete, i.e. o(T) consists of nonzero isolated eigenvalues of finite mul-

tiplicity with no accumulation point.

Proof. The proof for Part 1 is the same as the proof for Lemma 4.9. Parts 2 and 3
then follow from Theorem 3.60. Il

By Lemma 3.71 we know that (i, u) is an eigenpair of T if and only if (%, u) is an
eigenpair of the following variational eigenvalue problem. Note that p # 0 since T is
positive.

Thus, the 1D TM Mode Problem can be solved by solving Problem 5.1. However,
it is not yet clear how the plane wave expansion method can be expressed as a Galerkin
method applied to Problem 5.1 so that we can apply the convergence theory in [6]. In
the next section we present the details of the plane wave expansion method as we have
implemented it, and we address the issue of how the plane wave expansion method

relates to Problem 5.1 in Section 5.3.
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5.2 Plane Wave Expansion Method and Implementation

In this section we present the plane wave expansion method applied to the 1D TM
Mode Problem as it is presented in [64] or [39], and as we have implemented it. We
do not apply the Galerkin method to Problem 5.1 because the # factor in a(-, -) ruins
the orthogonality of the plane waves. This has the effect of causing the contributions
from the derivatives in a(-,-) to spill off the main diagonal of the matrix in the matrix
eigenproblem (that is equivalent to the discrete variational problem we get from ap-
plying the Galerkin method). Another reason why we do not use the Galerkin method
applied to Problem 5.1 is that we can not use the Fast Fourier Transform to efficiently

compute matrix-vector products as we can for the method that we now present.
We begin by adding K/ (where K is from the definition of Problem 5.1) to (5.1).
Following the approach in [39] we can write h(x) = u(x) e®® for some ¢ € B := [, 7]

where u(x) is a periodic function. The equation we obtain is

47%n?(x)
A5
would like to solve (5.4) for eigenvalues A and eigenfunctions h. In [3], it is claimed

where y(z) = is the same as 7(z) in Chapter 4. Thus, for each { € B, we

that solving the problem for all £ € B is sufficient to obtain all possible eigenvalues
and modes of (5.1). In [3] this is referred to as Bloch Theory.

To apply the plane wave expansion method to (5.4) we do the following: Expand u,

v and logn? in terms of their plane wave expansions (or Fourier Series), for example,

u(z) = Z[u]g e!2mIr

geZL
Substitute the expansions of u, v and logn? into (5.4) to get

> <(€ +2mg)? = Y (2mh)log (€ + 2mg) €7 — 3 e 4 K) ul 27"

gEZ keZ kEZ

=2 [ulg ™" (5.5)

gEZL

Now multiply both sides of (5.5) by e279'% for ¢' € Z and integrate over € to get

(& + 219 ) [uly — > 27(g’ — g)llogn®ly—g(& + 2m9)[uly — > _ [y gluly + Kluly
9€L gEL

= Aulg  (5.6)

So far we have an infinite dimensional problem. To approximate h and A and make the
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problem finite dimensional we restrict g and ¢’ so that |g|,|¢’| < G for a chosen G € N.
Equivalently, we force [u], = 0 for all |g| > G and we only consider (5.6) for |¢'| < G.
Equation (5.6) becomes

(E+ 219 ) [uly — Y 27(g' — g)llogn®ly—g(§ +2mg)uly — > Mg gluly + Kluly
lg|I<G lgl<G

= Agluly for |¢'| <G (5.7)

The final step of the plane wave expansion method is to rewrite (5.7) as a N x N (where

N = 2G + 1) matrix eigenvalue problem,
Au = A\gu, (5.8)

where u is the N-vector with entries (by a slight abuse of notation) u, = [u], for

g=—G,...,G. The matrix A can be written as
A=D-W-V

where D is a diagonal matrix with diagonal entries Dgy = |€ + 2mg|? + K, W is a full
matrix with entries W,y = 27(g — ¢/)(€ + 2mg’)[logn?],_y, and V is the same matrix

as in Section 4.2 with entries given by Vg = [7]4—y, for g,¢' = -G, ..., G.

It remains to solve (5.8). We want to find the eigenvalues of (5.8) in the interval
[0,K] and the corresponding eigenvectors (of which there are only finitely many, in-
dependent of G). We use the same implementation as in Subsection 4.2.2. However,
this implementation again requires an efficient algorithm for computing matrix-vector
products with A, and since A is non-symmetric, we use GMRES instead of PCG to
obtain the action of A~!. To compute Ax for a vector x, we need to compute Dx,
W x and Vx. Computing D x is easy because D is diagonal and we can compute V x
in O(N log N) operations using the Fast Fourier Transform since V is Toeplitz. All we

need now is an efficient algorithm to compute W x.

To compute W x we first realise that we can write W as the product of two matrices,
W=W; W,
where W is Toeplitz and Wy is diagonal, with entries
(Wi)gg = 2n(g — g')logn®ly—y  and  (Wa)gy =&+ 21(g)

for g, = —G,...,G. Thus, to compute W x we first compute y = Wy x in O(N) op-
erations and then we compute W1y in O(N log N) operations, again using the FFT. In

summary, we see that we can compute Ax = (D —W —V)x in O(N log N) operations.
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As well as using the FFT to efficiently compute matrix-vector products with A
we also use a preconditioner to solve linear systems with A (to obtain the action of
A_l). For this problem we use exactly the same preconditioner as for the 1D TE Mode
Problem, see (4.19), together with the GMRES algorithm to solve linear systems. We
observe that this preconditioner is sufficient to guarantee that GMRES converges in
O(1) iterations and that (provided K is sufficiently small) the Implicitly Restarted
Arnoldi method solves (5.8) (for the fixed number of eigenpairs that we want) in O(1)
iterations. Altogether, we can solve (5.8) in O(N log N) operations.

5.3 Error Analysis

In this section we present the error analysis for two methods applied to Problem 5.1:
The plane wave expansion method and the spectral Galerkin method. Unlike for the
Scalar 2D Problem and the 1D TE Mode Problem, these two methods are not the same.
We will find that the plane wave expansion method has implementation advantages but
we can only do a full error analysis of the spectral Galerkin method.

We begin by proving a regularity result for Problem 5.1. In Chapter 4 we saw that
the convergence properties of the plane wave expansion method were limited by the
regularity of the eigenfunctions of the exact problem. Using the regularity result we also
prove an approximation error estimate for eigenfunctions of Problem 5.1 approximated
using plane waves.

Following the regularity result for Problem 5.1 we define the spectral Galerkin
method and then investigate the convergence properties of this method. We consider
this method before we consider the plane wave expansion method because we are able
to use the same techniques that we used in Chapter 4 to analyse the error. Despite
the ease with which we do a complete error analysis for the spectral Galerkin method,
unfortunately, it does not share the same implementation efficiencies as the plane wave
expansion method, as we discussed at the beginning of the previous section.

After our discussion of the spectral Galerkin method we return to the error analysis
for the plane wave expansion method. First, we show that it is equivalent to two
different variational problems: a Galerkin method where the bilinear form is not the
same as that in Problem 5.1, and a non-conforming Petrov-Galerkin method applied to
Problem 5.1. Neither of these presentations has so far lead to a complete error analysis
and we have not been able to prove the stability of the plane wave expansion method.
However, assuming stability of the method, we can nevertheless use the approximation
error result for plane waves approximating eigenfunctions of Problem 5.1 to give us
an upper limit for the rate of convergence of the plane wave expansion method. The
numerical results in Section 5.4 suggest that such a stability result should be possible

to prove.
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5.3.1 Regularity

We start by proving a regularity result for eigenfunctions of Problem 5.1 and then use
the regularity result to estimate the approximation error for plane wave approximation

of the an eigenfunctions of Problem 5.1.

Theorem 5.4. Let f € H, for some s > 0. Define f; := fla, and uj := T flq, for
each j=1,...,J. Then

1. u; € H2(Q;) and

il zrsve e,y S I fills )

2. #(% +i€) T f € H} (and is therefore continuous by Theorem 3.27) and
Iz (& +18) T flloe S Nz (5 + ) T Fllmy S 112z
3/2—¢
3. TfeH), for any € > 0 and
1T Fll e S 1l

Proof. Let f € Hj for some s > 0. By the definition of T (see (5.3)) we have T f € H),
(T exists and is well-defined by Lax-Milgram). Therefore, T f is continuous (Theorem
3.27). Let j € {1,...,J}. Since f € H3, we have f; € H*(Q;). From (5.3) and since

p )
T f is continuous and nJQ is constant on {15, we also have that w; = u; is a weak solution

to the boundary value problem,

ijj = hj in Qj (59)
w; =Tf on 082,

where L; := —#(% + €)% + (% —c) and h; := #fj. Therefore, with equality in the
J J

distributional sense, we have
uj = —2iuf; + (€2 + cn? — K)uj + f;
and so, taking the || - || s(q,) norm and using the triangle inequality, we get
il zrsve(a,) S Nlujllas+,) + 1fillms @) (5.10)

The result of Part 1 for s = 0 then follows from (5.10) using ||u;llz1(q;) S 1fillz2(;)
(Lax-Milgram). We can then prove Part 1 for s € R, s > 0 by using the following
inductive argument.

First, we prove that Part 1 is true for s € R, 0 < s < 1. Equation (5.10) implies
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that

il mrs+2 0,y < llwjllas+op) + 11 fillas o))
< lujllmz,) + 1 fillmso;)  since s <1 (5.11)
S Wfillze,) + 1 fillas,) by Part 1 with s =0

S fill s

Now assume that Part 1 is true for s € R, 0 < s < ¢ for some ¢t € N (IH). Let s € [t,t+1].
Then, using (5.10), we get

il zrsve(a,) S llujllms+i,) + 1fillas @)
S fillas—v@y + 1 fillgs,) by (IH) (5.12)

S il ;)

Therefore, Part 1 is true for s € R, s > 0 by induction using (5.11) and (5.12).

Part 2. Part 1 implies that u; € H?(2j). Theorem 3.27 then implies that u; €
CY(Q;) and %(% +i&)u; € C(§;) for each j = 1,...,J since the nj2 are constants.
Therefore, to show that #(% +i&) T f € Cyp(Q) we only need to consider - (% +

vl
i) T f(x)at e =xj for j=1,...,J.

Fix 7 € {1,2,...,J}. We will show that #(% +1£) T f(x) is continuous at z = x;
via an arguement similar to that used on page 582 of [12]. But first, we multiply T f by
a cut-off function ¢ € C*°(R) so that supp¢ T f CC (xj_1,2j41) and #(%4—@'5)(@/} Tf)

is continuous for all x € R\{xz;}

We define ¢ € C°°(R) in the following way, define the open interval I; = (z;_1,2; 1)
2 2

and set ¢ := Jy* 1y, (recall definition of the usual mollifier function J5 from Subsection

3.1.5) where 0 < § < % min{|Q;_1],€|} and 1;,(z) is the characteristic function for

I;. By our definition we have ¥ (xj) = 0, (Kronecker delta) for k =1,...,J.

Using the product rule, the definition of T (see (5.3)) and the fact that 1) is real-
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valued, we can write

aWTf.0)= [ & ([l +iOWT N] G +i€0+ (K-cn) (0T 13) da

—/Q# ([ +iO T f) (E +i80 + (K—en?) (W T )9 da

= bwho)+ [ Sk (THE 00 [+ T)5)de Vo e
(5.13)

For every k € {1,...,J} we find that, by restricting the choice of ¢ € H; so that
¢ € Cp° and supp(dla) CC €2, (5.13) implies that

[ A O 0+ (% - o) e = |

L (Yug) pda+
Q, "k

/Qk L (un(E +i6)0 — ( +iOud) do Vo € CF ().

From Part 1 and Lemma 3.28 we have Yu;, € H 2(Qj). Therefore, we may apply
integration by parts to get

/ (—( +i8) (& + i W) + (£ - ) dda = / oz (Yur) pd
Q. k k Qi k

+/Q (- + i (%) — R L (L +igu) Fde Vo€ CF (). (5.14)
Since (5.14) is true for all k € {1,...,J}, we get

~(E i) H(E+iIOWTH+ (L —ouTf= 5T
+(-HEHOETH - EEE+iOTS) (515)

almost everywhere in Q.

Now let ¢ € C3°(€2) (then ¢ = 0 on 9 and it can be extended periodically so that
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it is in C° C H;) Using (5.13) and the fact that suppty CC [xj_1, ;1] we get

Wwf.0)+ [ (~h( O TS ~ k(i) T ) 3o
—b(wh.0)+ [ %k (TIGE 00— ( +iOT15) do
= (0T f,0) by (5.13)
/QJ 1,@71 (L +i€) (Yuj_1) (L +i&)o + (nK —C> Yuj_1¢de

1

+/ %(dx+15)(¢ug de”f ¢+ (,%- )W;@dw
Q; " J

J

[ . d:r + &) 1/’“] 1)¢}

Tj—1

[ (G im0 + G -
Qi1 Jj—

)d}u] 1> del'

1

J

+ |+ i0u)s|

/, <<%+i€>%<%+is><wu» (%5 - m) B

J

-t (0T ) -

,_‘b—‘

2 {1 <L§(dx+z£)Tf(m]+61)>
- [ (E iR +OWT P+ (K - O T ) G
By (5.15) and the properties of v, this implies that

hm 2(m—i—zﬁ)Tf(acj—i-q)—hm . (dm+z§)Tf( €1).

0 "™j—1

Therefore, #(d% +i€) T f(z) is continuous at = z; and we have now shown that
L(L +i&) T f € Cp(Q).

We now show that H#(% + )T fllmy < [[fllaz. In a distributional sense, the
definition of T (see (5.3)) implies

(i) (T + (5 —o)Tf=5f
which further implies that

~dGr(E IO TH =i (H+IOTf = (E—o)Tf+ S (5.16)
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Therefore, by taking the || - || 1z of (5.16) and using the triangle inequality we get

12 (2 +3€) Tl S I (L +i8) T s+ |5 (& +i€) T fl1a
ST Al + 1T flliz +1flz by (5.16)

S HfHLg by Lax-Milgram.

The remainder of the result follows from Theorem 3.27.

Part 3. Our proof of T f € ]'171‘3/276 for € > 0 in Part 3 is similar to a proof in
[65] and relies on a result in [32]. Instead of showing that T f € H, for s < 3/2, it is
sufficient to show that (T f) € Hj for s < 1/2. From Part 1 we have u; € H?(Q;)
for every j = 1,...,J. This implies that u} € HY(Q;) C H*(%y) for s < 1/2. Now
extend each wu; with zero to all of R. Denote this extension of u; with u;. Define
u = 23]:1 uj. A remark after Theorem 1.2.16 in [32] (using Definition 1.2.4 in [32])
says that v € H*(Q;) = u}; € H*(R) for 0 < s < 1/2. By the definition of it then
follows that ' € H*(R) for 0 < s < 1/2. Then, by the definition of H*({2), we get
| € H*(Q). But T f = u|q almost everywhere. Therefore, (T f) = @/|q € H*(Q) for
0 <'s < 1/2. Theorem 3.29 then implies that (T f)" € Hy for 0 <s < 1/2.

To prove the estimate for || TfHHg/Q—e for € > 0 we use the estimate from Part 2

and the following argument,

1T £l e S NCT Y ae + LT flol by definition of | - ||
P p
= (& +i€) T — €T fll e + T Sl
S +38) Tl gyyame + 1Tl pyseee by triangle inequality

Sl gae-cllnz (G + ) T fllmy + [ T fllmy by Theorem 3.28

S Il gyl fllz + 1T Fllg by Part 2
S 0%l gl + £ 112 by Lax-Milgram
< HfHL% by Theorem 3.40.

We now present a corollary to Theorem 5.4 for eigenfunctions of Problem 5.1. The

proof is an elementary application of Theorem 5.4.

Corollary 5.5. Let u be an eigenfunction of Problem 5.1 and define u; := ulq; for
each j=1,...,J. Then

1. uj € C™(Qy) foreach j=1,...,J.
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2. #(d% +i)u € H) (and is continuous by Theorem 3.27) and
Iz (i +i€) ulloo S Nz (5 +4€) ull gy < Mlull
3. u€ Hg,/z—e for any € > 0 and
lull gare=e S Ilull s

Using these regularity results we can derive the following approximation error results
for plane waves. Recall the definition of Sg C H; for G € N,

Sg 1= span{e?™” : g € Z,|g| < G}.
Corollary 5.6. Using Theorem 5.4 we get the following two corollary results:
1. Ifu e H; then

. o < (y—1/2+e
i I Tu eyl S G ¥l e 0

2. If u is an eigenfunction of Problem 5.1 then

. _ < —1/2+e€
i Xl S O gy e 0

Proof. Part 1. Let u € H; and € > 0. Then, by choosing x = P(C}S) T wu (where P(GS) is
defined in Subsection 3.2.5) we get

: (8)
inf || Tl < [ Tu—PE Tuly,

< G2 Tull 52— by Lemma 3.30
p
S G_1/2+5||u||Hp1 by Part 3 of Theorem 5.4.
Part 2 follows directly from Part 1. O

5.3.2 Spectral Galerkin Method

Before considering the errors for the plane wave expansion method let us first consider
the spectral Galerkin method applied to Problem 5.1. As we discussed at the beginning
of Section 5.2 this method is not the plane wave expansion method (we will prove
this in the next subsection) and it does not share the computational efficiencies of
the plane wave expansion method (unlike for the 1D TE Mode Problem where the

these two methods are the same). It does, however, allow us to apply all of the error
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analysis techniques from [6] that we used in Subsection 4.2.3 to develop a complete
error analysis.
Applying the spectral Galerkin method with finite dimensional subspace Sg to

Problem 5.1 yields the following discrete variational eigenvalue problem.

Problem 5.7. Find A\g € R and 0 # ug € Sg such that
a(ug,va) = Aablug,va)  Vvg € Sq.

This finite dimensional problem is equivalent to a matrix eigenproblem and matrix-
vector products can be computed in O(Nlog N) operations using the Fast Fourier
Transform, but the 2nd-order part of the differential operator does not reduce to a
simple diagonal matrix and we do not have an optimal preconditioner for solving linear
systems.

The first step of the error analysis is to define the solution operator T¢ : Lg — Sq
that is associated with Problem 5.7. For f € L?, we define T f by

a(Tq f,va) = b(f,va) Yvg € Sa.

Note that the definition of T is similar to the definition of T,, in (3.43). Recall that T
is the solution operator associated with Problem 5.1 (see (5.3)). The following lemma

proves some properties of Tq.

Lemma 5.8. The following properties hold for T and Tg.
1. Tq: H; — H; is bounded, compact and self-adjoint with respect to a(-,-).
2. Fore> 0,

| T—Te | S G2

Proof. The proof of Part 1 is the same as the proof of Part 2 of Lemma 4.23, whereas
the proof of Part 2 follows from Corollary 5.6 using Part 2 of Lemma 3.74. O

Now we use Theorem 3.68 to prove the main result of this subsection.

Theorem 5.9. Let A be an eigenvalue of Problem 5.1 with multiplicity m and cor-
responding eigenspace M. Then, for sufficiently large G and arbitrarily small € > 0
there exist m eigenvalues A\ (G), A2(G), ..., A\n(G) of Problem 5.7 (counted according
to their multiplicity) with corresponding eigenspaces Mi(A1), ..., My (A\y) and a space

M =P M;(\)
j=1

such that
5(M,MG) 5 G71/2+e
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and
A=)\ SGH forj=1,...,m.

Proof. For the proof of this result we would like to apply Theorem 3.68. We have
already defined the solution operator T that is associated with Problem 5.1. From
Theorem 5.3 we know that T is bounded, compact, and self-adjoint with respect to
a(-,-). From Lemma 5.8 we know that T for G € N are a family of bounded, compact,
self-adjoint operators such that || T — T¢ || my — 0 as G — oo. The result then follows
by applying Theorem 3.68 and Lemma 3.74. O

So, we see that the error analysis for Problem 5.7 is the same as for the Scalar 2D
Problem and the 1D TE Mode Problem. We have shown that the eigenfunction error
is optimal in the sense that it decays at the same rate as the approximation error of Sg
approximating exact eigenfunctions and the approximation error decay rate depends
on the regularity of the exact eigenfunctions. Therefore, the limiting factor for the
spectral Galerkin method applied to the 1D TM Mode Problem is the regularity of
the exact eigenfunctions, and because the eigenfunctions of the 1D TM Mode Problem
have less regularity than the eigenfunctions of the 1D TE Mode Problem, the spectral
Galerkin method converges at a slower rate for the 1D TM Mode Problem than for the
1D TE Mode Problem. We have also shown that the eigenvalues converge at twice the
rate of the eigenfunctions as we did for the spectral Galerkin method applied to the
1D TE Mode Problem. This property is the same for the TE and TM Mode Problems
because they are both self-adjoint and they both possess “Galerkin orthogonality”.

Now we will consider the plane wave expansion method. One of the first things
we prove is that the plane wave expansion method is not equivalent to the spectral
Galerkin method for the 1D TM Mode Problem.

5.3.3 Plane Wave Expansion Method

In this subsection we attempt to analyse the errors of the plane wave expansion method
applied to the 1D TM Mode Problem. The presentation of the plane wave expansion
method that we gave in Subsection 5.2 is the same as that used in [64] and [39] and does
not lend itself easily to our error analysis approach. For the error analysis we attempt
to write down a discrete variational eigenproblem that is equivalent to (5.8). In this
subsection we begin by defining two discrete variational problems that are equivalent
to (5.8).

Unfortunately, neither of these discrete variational eigenproblems are equivalent to
the spectral Galerkin method (Problem 5.7) and we can not use the error analysis from
the previous subsection for the plane wave expansion method. Attempting to analyse
the error using other theoretical techniques has also failed so far for both of our discrete

variational eigenproblems, as we explain.
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Without a complete error analysis for the plane wave expansion method we will use
the approximation error result that we proved in Corollary 5.6 for eigenfunctions of
Problem 5.1 approximated by plane waves. This estimate gives us an upper limit for
the rate at which the plane wave expansion method can converge for the eigenfunctions
of Problem 5.1. In the next subsection we will see that for our numerical examples,
the plane wave expansion method actually achieves this fastest possible convergence
rate for the eigenfunctions and we conclude that we should be able to prove that the
planeave expansion method is stable and that, as in all other cases, the limiting factor

for the method is the regularity of the eigenfunctions of Problem 5.1.

We will need to define the following two finite dimensional function spaces. For the
same G € N, define

Sa =8 = span{e®™” ; |g| < G}
Scx 1= span{n®(z) ™" : |g| < G}.

We have N = dim Sg = dim Sgx = 2G + 1. Note that we have already used Sg many

times throughout this thesis but we have not seen Sgy before.

Now we define two discrete variational eigenproblems and prove that they are both

equivalent to (5.8) (see Lemma 5.12 below).

Problem 5.10. Find Ag € R and 0 # ug € Sg such that
a1 (ug, va) = Agbi(ug, va) Yug € Sg
where
a1(ug,vg) = /Q (4 +i¢) UGer (logn?) (& +i¢) uevg + (K — y)ugvads
bi(ug,vg) = /QuGde-
Problem 5.11. Find A\g € R and 0 # ug € Sg such that
a(ug,ve) = Agb(ug, va) Yug € Sax.

In Problem 5.10 it is not entirely clear how ay (-, -) is defined because (logn?)’ is not
a classical function. It is a derivative of a discontinuous function and we interpret it in
the following way. For any f € D,(R) (i.e. f is a periodic distribution), Theorem 3.22

ensures that f has a Fourier Series and we get

/ fodz = / P flode Vo € Se
Q Q
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where the projection P(GS ) is defined in Subsection 3.2.5. Therefore,
/(log ng)’(% + ié)ugvgdr = /(Pgé)(log n%')(% + i)ugvgdr Yug, vg € Sg-
Q Q

Now we show that Problems 5.10 and 5.11 are both representations of the plane
wave expansion method applied to the 1D TM Mode Problem by showing that they

are equivalent to the matrix eigenproblem (5.8).
Lemma 5.12. Problem 5.10, Problem 5.11 and (5.8) are equivalent problems.

Proof. First, we show that Problem 5.10 is equivalent to Problem 5.11. We need to
recognise that Vg = {e79% : g € Z,|g| < G} is a basis for Sg and Vg, = {n?(z) e279%
g € Z,|g] < G} is a basis for Sgi. Then, (g, ug) is an eigenpair of Problem 5.10 if
and only if

ai(ug,va) = Agbi(ug, va) Yvg € Vo

2)/

& /(% + Zf)ug(% + if)vc + (:;2 (% + Zf)ugm
Q

+(K —y)ugvgde = )\0/ uqugdr Yvg € Vg
Q

< /#((%Hé‘)uc(n%%+i€)’vc+(n2)’va)
Q

+(K —7)ug(n?vg))de = )\G/ #UG(’/ﬁvg)dl' Yug € Vg
Q

= | (G + i€ua G+ i€) (v
+(K —’y)ugm)dx = )\(;/Q n—lzqudx Yvg € Vo

= | (G + i€)ualE + i€
+(K —’y)uGW)dx = )\G/Q #ugw_gdx Ywa € Viy
a(ug, wa) = Agb(ug, wa) Vwa € Vo

if and only if (Ag,ug) is an eigenpair of Problem 5.11. Therefore, Problem 5.10 is
equivalent to Problem 5.11.

To complete the proof we will now show that Problem 5.10 is equivalent to (5.8).
Note first that the entries of A in (5.8) satisfy

- i2ng’'x i2ngx ’r_
Ajp = ay (eI, eI 9,9 = —G,...,G.
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Now suppose that (Ag,ug) is an eigenpair of Problem 5.10. Expand ug as

ug(r) = Y [uglpe®™*

Ih<G

and define a vector u with entries up = [ug|y for h = —G,...,G. Then (A\g,uq) is an
eigenpair of Problem 5.10 if and only if

a1 (ug, €2™%) = \gby (ug, e™97) Vg=-G,...,G
& D ar (@™ PN ugl, = Ag > bi(e®™, P ugl, Vg =-G,...,G
<G h|<G
& Z a1 (€™ 297 ucl, = Aalucly Vg=-G,...,G
lh|<G
= ZAghuh:/\Gug Vg =-G,...,G
h|<G
if and only if (A, u) is an eigenpair of (5.8). O

Now we consider the error analysis for Problems 5.10 and 5.11 as approximations
to Problem 5.1. First, we consider the error analysis for Problem 5.10. The difficulty
with using Problem 5.10 is two-fold. The first problem is that a;(-,-) is not defined on
H]}, X H;. This is because

/ (logn?)' (L + i¢)uvda
Q

is not defined for all u,v € H;. However, as noted after the definition of Problems 5.10
and 5.11 we can replace (logn?)’ with Pgé)(log n?)"in a1 (-,-). Unfortunately, this leads
to the second difficulty. The new aq(-,-) (with Pé‘é)(log n?)" instead of (logn?)’) is not
bounded independently of G on H[} and we can not prove that it is coercive on HZ}.
Consequently, when we try to apply our usual theory we find that we can not prove
that the error will decrease as we increase G.

Now consider Problem 5.11. Since Sg, € H;, Problem 5.11 corresponds to a non-
conforming Petrov-Galerkin method applied to Problem 5.1. Although we have not
been successful with developing the error analysis in this case, we think that represent-
ing the plane wave expansion method in this way, as a non-conforming Petrov-Galerkin
method, might be amenable to theory such as that in [85], but this requires further
investigation.

In the absence of a complete error analysis for the plane wave expansion method
we assume that the method is stable and use the approximation error result from
Corollary 5.6 to predict the rate at which the plane wave expansion method should
converge. Using Corollary 5.6 we predict that the H; norm of the eigenfunction error

should decay with O(G~1/2%€¢) for arbitrarily small € > 0. The numerical results in
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Section 5.4 suggest that our assumption that the method is stable is justified and we
actually achieve a convergence rate of O(G~1/2%€) for arbitrarily small e > 0 for the

eigenfunctions.

5.4 Examples

In this section we compute approximations to the 1D TM Mode Problem using the plane
wave expansion method. We will be solving (5.8) as an approximation to Problem 5.1.
We observe that the eigenfunction error decays at the same rate as the approximation
error estimate that we proved in Corollary 5.6. This confirms that the plane wave
expansion method is stable for these examples and the convergence rate is entirely
dependent on the regularity of the eigenfunctions of Problem 5.1. We also observe
that the eigenvalues decay at twice the rate of the eigenfunctions. This agrees with
the analysis of the spectral Galerkin method that we proved in Subsection 5.3.2. Even
though (5.8) is a non-symmentric eigenvalue problem there still appears to be sufficient
symmetry in the plane wave expansion method so that the eigenvalues to converge at
twice the rate of the eigenfunctions.

We do computations for the PCF structures of Model Problems 1 and 2 that we
defined in Subsection 4.1.7 for the 1D TE Mode Problem. In particular, n(z) is a
piecewise constant function where n(z) = 1 in the air regions and n(z) = 1.4 in the
glass regions. Figure 4-1 represents the structure of n(x). As in Chapter 4, A\g = % and
there is a 50:50 glass to air ratio. In Figure 5-1 we have plotted the band structure
of the spectrum for Model Problems 1 and 2. We see that the band structure is very
similar to that of the 1D TE Mode Problem, see Figure 4-3. In Figure 5-1, each band is
constructed by projecting the corresponding line onto the vertical axis. And each line
is an eigenvalue of (5.8) as a function of £ € B, i.e. A\(§). Problem 1 has five bands in
[0,00). Problem 2 has approximately the same band gaps as Problem 1 and there do
not appear to be any obviously isolated eigenvalues. For each band in Problem 1 there
are approximately 13 bands in Problem 2. This number corresponds to the number of
cells in the supercell of Problem 2. There are small band gaps between every band of
Problem 2 but these small gaps arise from having a supercell with finite cladding.

To examine the convergence of the plane wave expansion method we solve (5.8)
over a range of values of G. We calculate the error by comparing our eigenvalues and
eigenvectors against a reference solution, which is computed by solving (5.8) with G =
218 1. In Figures 5-2 and 5-3 we see that the errors of the normalised eigenfunctions
measured in || - ||z1 decay with O(G~'/2). This is the fastest rate of decay that we
could have expected given the approximation error result that we proved in Corollary
5.6. We recall that this approximation error result was limited by the regularity of the

exact eigenfunctions. Thus, the rate at which the eigenfunction error decays appears
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Figure 5-1: A plot of the spectra of Model Problems 1 and 2. The spectra are repre-
sented with solid black blocks (or bands) running vertically nearest the middle of the

page.

to entirely depend on the regularity of the exact problem. The numerically observed
rate of O(G~1/2) for the eigenfunction error is also the same as the convergence rate
that we were able to prove for the spectral Galerkin method in Subsection 5.3.2.

In Figures 5-2 and 5-3 we also observe that the relative errors of the eigenvalues are
O(G~1). This rate of decay is twice as fast as the decay rate for the eigenfunctions. We
managed to prove a similar result for the spectral Galerkin method applied to Problem
5.1 in Subsection 5.3.2, and the proof depended on the self-adjointness of Problem 5.1
as well as on the self-adjointness of Problem 5.7. We also proved and observed this
phenomenon in Chapter 4 for the plane wave expansion method applied to the 1D
TE Mode Problem and the Scalar 2D Problem, where the proof also depended on the
self-adjointness of the continuous and discrete problems. The fact that it also seems to
be the case for the plane wave expansion method applied to Problem 5.1 suggests that

it might be possible to reformulate 5.8 as a symmetric eigenvalue problem.
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Model Problem 1
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Figure 5-2: Plot of the relative eigenvalue error (eval) and the eigenfunction error
measured in the HI} norm (efun) vs. G for the first 5 eigenpairs of Model Problem 1
(solved for both £ =0 and & = ).
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Figure 5-3: Plot of the relative eigenvalue error (eval) and the eigenfunction error
measured in the Hg norm (efun) vs. G for the 21st-30th eigenpairs of Model Problem
2 (solved for both £ = 0 and § = 75).
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5.5 Other Examples: Smoothing and Sampling

Although we have not mentioned it yet for the 1D TM Mode Problem we can apply
smoothing and/or sampling within the plane wave expansion method, as in Sections 4.3
and 4.4, by modifying the Fourier coefficients of n?(x) and (logn?)’. We are interested
to see whether or not our conclusions about smoothing and sampling from Chapter 4
for the smoothing and sampling methods applied to the 1D TE Mode Problem and
the Scalar 2D Problem are also true for the 1D TM Mode Problem. In particular, we
would like to know if smoothing will help the plane wave expansion method and what
grid-spacing we should choose in our sampling grid to recover the accuracy of exact
Fourier coefficients.

First, we consider the smoothing method. To apply this method we solve (5.8)
with [y]; and [logn?]; in the definition of A in (5.8) replaced with em2mlifP A [v]; and
e~ 2m?li?A% [log n?] j respectively, where A is the parameter that determines the amount
of smoothing. In Figure 5-4 we have plotted the errors of the eigenvalues and eigenfunc-
tions for the plane wave expansion method with smoothing with G fixed (G = 27 — 1)
and varying amounts of smoothing (varying A). In this case the reference solution is
the solution to (5.8) with G = 2!8 — 1 and A = 0 (no smoothing). We see that the
error depends on A in a more complicated way than for the Scalar 2D Problem and
the 1D TE Mode Problem in Section 4.3 (c.f. Figure 4-15). There appear to be two
“regimes” for how the error depends on A. Here, we will discuss the eigenfunction
errors because the error dependence on A is clearer in this case than in the case of
the eigenvalue errors. For A € [1077,107°] the eigenfunction errors appear to have
O(A3/?) dependence on A. This is the same dependence that we saw for the 1D TE
Mode Problem, but for A > 1073 we see that the eigenfunction errors appear to have
O(A'/?) dependence on A. Although we do not have any rigorous mathematical ex-
planation for this behaviour, one possible explanation is that in the smoothing method
we modify A from (5.8) by changing the entries of both W and V, and the changes to
W and V are contributing to the error in different ways, resulting in two “regimes”.
Also, in one of the “regimes” we see the same error behaviour as for the 1D TE Mode
Problem. This might be because the matrix V is the same matrix V as was used in the
1D TE Mode Problem.

In Figures 5-5 and 5-6 we have plotted the errors of the plane wave expansion
method with smoothing for varying G where we have chosen A = G" for different
constants r. Again, the reference solution is the solution to (5.8) with G' = 2'® —1 and
A = 0, i.e. the plane wave expansion method without smoothing. From these plots
we conclude that we should choose A < G~3/2 to recover the convergence rate that we
see for the plane wave expansion method without smoothing and as before, smoothing
does not improve the plane wave expansion method for the 1D TM Mode Problem.

Now, let us consider the sampling method. This method is applied in a similar way
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as in Section 4.4. Again we modify [y]; and [logn?]; from the definition of A in (5.8).
We replace [y]; and [logn?]; with [Q,, 7]; and [Q, logn?]; respectively, where M € N
is fixed and Q,, is the Interpolation Projection defined in Subsection 3.2.5. In Figure
5-7 we have plotted the errors of the eigenvalues and eigenfunctions for the plane wave
expansion method with sampling for fixed G (G = 2'6 — 1) and varying grid spacing
(varying M). Again, the reference solution is the solution to (5.8) with G = 2'¥ —1 (and
exact Fourier coefficients). We see that both the eigenvalue and eigenfunction errors
appear to have O(M~3/?) dependence on M. However, O(M~3/2) convergence only
appears in a small range of M values (when M ~ Ny) for the eigenfunction errors. For
M > Ny, the eigenfunction error does not converge, but this is because the accuracy
of the reference solution has been reached (see Figure 5-2). Recall that for the 1D TE
Mode Problem we observed O(M 1) error dependence for both the eigenfunction and
eigenvalue errors in general but Model Problem 1 was a special case. We are still unsure
as to whether or not Model Problem 1 is a special case for the 1D TM Mode Problem
and we do not use the results in Figure 5-7 to predict how to choose the grid-spacing
in the sampling grid to recover the convergence rate of exact Fourier coefficients.

In Figures 5-8 and 5-9 we have plotted the errors of the plane wave expansion
method with sampling for varying G where we have chosen M = N for different con-
stants 7 (recall that Ny = 4G +4). Again, the reference solution is the solution to (5.8)
with G = 2'® — 1, i.e. the plane wave expansion method with exact Fourier coefficients.
From these plots we observe that if M > N]%/ % then we recover the error convergence
rate for both the eigenfunctions and eigenvalues of the plane wave expansion method
with exact Fourier coefficients, and choosing M = Ny gives us a method that does
not converge. Recall that for the 1D TE Mode Problem in Chapter 4 we needed to
choose M > N})’/ ? to recover the O(G~3/?) convergence rate for the eigenfunction error
and M > N ? to recover the O(G~3) convergence rate for the eigenvalue error. If we
compare these results then it suggests that the sampling method performs better for
the eigenvalue error of the 1D TM Mode Problem than it does for the 1D TE Mode
Problem in the sense that a smaller M may be chosen to recover the convergence rate
of the plane wave expansion method with exact Fourier coefficients. However, we must
temper this “favourable” result by remembering that with M = N?/ % the eigenvalue
errors for the 1D TE Mode Problem will still decay faster (O(G~3/2) vs. O(G~1)) than
the 1D TM Mode Problem.
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Smoothing: Model Problem 1
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Figure 5-4: Plot of the relative eigenvalue error (eval) and the H; norm of the eigen-
function error (efun) vs. A for the first 5 eigenpairs of the plane wave expansion method
with smoothing (fixed G) applied to Model Problem 1 for { =0 and £ = 7.
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Figure 5-5: Plot of the H]}, norm of the error vs. G for the 1st eigenfunction of the
plane wave expansion method with smoothing approximation to Problem 5.1 for £ = 0,
and { = 7 (for Model Problem 1) or { = {5 (for Model Problem 2).
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Smoothing: Eigenvalues of Model Problems 1 and 2
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Figure 5-6: Plot of the relative error of the 1st eigenvalue vs. G for the plane wave
expansion method with smoothing approximation to Problem 5.1 for £ =0, and { =«
(for Model Problem 1) or { = {5 (for Model Problem 2).
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Figure 5-7: Plot of the relative eigenvalue error (eval) and the HZ} norm of the eigen-
function error (efun) vs. M for the first 5 eigenpairs of plane wave expansion method
with sampling (fixed G = 2'6 — 1 =~ 6.5 x 10%) applied to Model Problem 1 for ¢ = 0,
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CHAPTER 6

FULL 2D PROBLEM

In this chapter we consider the plane wave expansion method applied to the Full 2D
Problem (see Problem 2.1 in Section 2.5). As for the 1D TM Mode Problem (see
previous chapter) the error analysis is not as straight forward as for the Scalar 2D
Problem or the 1D TE Mode Problem (see Chapter 4). However, unlike the 1D TM
Mode Problem, we can not even write the problem in divergence form and to gain any
insight into the theoretical properties of the problem we will have to consider Maxwell’s
equations in 3D.

We begin by presenting the plane wave expansion method in the same way as it
is done in [64], and we explain how the Fast Fourier Transform is used to obtain an
efficient implementation of the method. We also discuss a preconditioner that can be
used with the implementation of the plane wave expansion method.

Once we have presented the method that we use we will consider the theoretical
analysis of our method. Although we have been unsuccessful in developing a stability
result for the plane wave expansion method applied to this problem, we have managed
to prove existence of eigenpairs for the exact problem and regularity results for at least
some of the eigenfunctions of the exact problem. Since we can not write down the Full
2D Problem in divergence form (as we could for the 1D TM Mode Problem, see (5.2))
we resort to studying Maxwell’s equations in 3D. Via Maxwell’s equations in 3D we
prove that there exist eigenpairs of the Full 2D Problem that are in Hg/ >~¢ for some
0 < e < 1/2. Unfortunately, we can not be sure that all eigenfunctions of the Full
2D Problem share this regularity. Also, recall that for the 1D TM Mode Problem we
showed that the eigenfunctions are in Hg/ > for arbitrarily small € > 0. Our result in
this chapter is not quite as strong as the result for the 1D TM Mode Problem, but we
have not ruled out the possibility that the eigenfunctions of the Full 2D Problem could
be in Hg/ 27 for arbitrarily small € > 0, and we have at least shown that some of the

eigenfunctions are in H]},“ for some s > 0.
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The regularity result falls short of what we managed to prove for the Scalar 2D
Problem in Chapter 4, where we showed the eigenfunctions of the Scalar 2D Problem
are in HS/ >~ for all € > 0. This deficiency in regularity can be explained by the
presence of the additional vector or coupling term in the equation for the Full 2D
Problem (that was not present in the Scalar 2D Problem).

Following our analysis we compute some numerical examples of the plane wave
expansion method applied to the Full 2D Problem. In our computations we observe
that the eigenvalue errors and the eigenfunction errors decay at the same rates as the
1D TM Mode Problem. That is, we observe that the eigenfunction error decays at
the same rate as the approximation error for a function in HS/ 7€ for arbitrarily small
€ > 0 approximated by plane waves. This suggests that the eigenfunctions of the Full
2D Problem are in fact in H;’/ >~ for arbitrarily small ¢ > 0 and that the plane wave
expansion method is stable. We also observe that the eigenvalue error decays at twice
the rate of the eigenfunction error. This suggests that the problem has a certain degree
of symmetry even though the matrix eigenproblem from the plane wave expansion
method is non-symmetric. The convergence rates that we observe are not a surprise
because, in a certain sense, the Full 2D Problem is the 2D extension of the 1D TM
Mode Problem.

Finally, we briefly present a few numerical computations that experiment with the
use of the smoothing and sampling methods applied to the Full 2D Problem, and
find that with appropriate choices of the smoothing and sampling parameters, we can
recover the convergence rates of the standard plane wave expansion method. As for all
of the other problems we have examined in previous chapters we find that we can not

improve the standard plane wave expansion method by smoothing or sampling.

6.1 The Problem

Unlike the problems we have looked at so far in this thesis, the Full 2D problem is a
vectorial problem. Formally, the Full 2D Problem (see Problem 2.1 in Section 2.5) is

(Vi+ )b = (Vi x hy) x (Vin) = 8%y on R? (6.1)
where V; = (a%, a%,0) and hy = (hg, hy,0) is a 2D vector field eigenfunction with
components h, and h,. The coefficients v = v(z,y) and n = n(x,y) are piecewise
constant, 2D-periodic scalar fields, and 32 is an eigenvalue. Note that for notational
convenience we will keep working with 3D vectors (even though the last component
will be 0). In physical terms, h; and 3 both represent different parts of the magnetic
field in the following way,

H(x) = (h(x,y) + h.(z,y)z) 7. (6.2)
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The z-component of the magnetic field, h,(z,y), and the electric field are uniquely
determined given h; and 8. See Subsection 2.2.2 for more details on this.

The functions v(z,y) and n(z,y) are given by,

47mn?(x,y)
A5
n(z,y) = log(n*(z,y))

v(z,y) =

where n?(z,y) is the refractive index of the photonic crystal or photonic crystal fi-
bre. We assume that the scalar field n?(x,%) is independent of z (i.e. a genuine 2D
scalar field) and that it belongs to our special class of 2D-periodic, piecewise con-
stant functions that we defined in Definition 3.36, with period cell ) = [—%, %]2 and
1 < n?(z,y) < n?,,. Recall that for photonic crystal fibres n(z,y) is not necessarily
periodic but we have forced n?(z,y) to be periodic by applying the supercell method
and we are already satisfied that the supercell method converges as the size of the
supercell increases. The constant A\g specifies the wavelength of light relative to the
size of the structure and log(-) is the natural logarithm.

Notice that (6.1) differs from (4.1) (the equation for the Scalar 2D Problem) only
because of the presencse of the (V; x h;) x (Vin(z,y)) term. In physics literature
this term is sometimes referred to as the wvector or coupling term. We can also think
of (6.1) as being similar to the equation for the 1D TM Mode Problem, (5.1). The
terms of (6.1) are the same as (5.1) in that we have a Schrédinger operator where the
potential term is periodic and piecewise constant, with an additional first order term
that has a coefficient that is the derivative of a periodic piecewise constant coefficient.
A difference between the two equations is that (6.1) is a 2D vector equation while (5.1)
is a 1D scalar equation. Another difference from the 1D TM Mode Problem is that we
were able to write the 1D TM Mode Problem equation in “divergence form” (see (5.2)),
and in doing so we were able to avoid writing a governing equation (or a variational
form) with a distribution as a coefficient. Unfortunately, we can not do this for (6.1).
The analysis of the 1D TM Mode Problem depended on being able to write the problem
in divergence form. Therefore, we can not use the same approach to study the Full 2D
Problem as we did for the 1D TM Mode Problem.

In fact, we are not aware of any attempt in the mathematical literature that tackles
the Full 2D Problem in a spectral theory framework. However, there are a number
of papers in the phyisics literature (from the Centre for Photonics and Photonic Ma-
terials in the Physics Department at the University of Bath) that tackle (6.1) from a
computational perspective. See for example, [7], [62], [63], [64] and [66].

Without the proper mathematical analysis we proceed as in [39] and assume a
certain form for h; (the physics literature often refers to this as Bloch theory) to

reduce (6.1) to a problem where the eigenfunctions are periodic with period cell €.
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Note that in the following, since we are not considering the spectrum of an operator
on a Hilbert space, we use the term “eigenfunction” for a function that satisfies the
governing equation in the distributional sense and we are not referring to eigenfunctions
as we defined them in Subsection 3.4.2. The symmetry argument in [39] is as follows:
Since n?(x,y) is periodic in the directions of the lattice vectors (i.e. in the z and
y coordinate directions for how we have defined n?(z,y)), it suffices to only consider

eigenfunctions of (6.1) that can be written as
hy(z,y) = > u(zx,y) vx € R? (6.3)

where £ € B = [—7, 7% x {0} where u = (uj,u2,0) is a periodic vector field on R?
with period cell £2. More general eigenfunctions can then be obtained by taking linear
combinations of eigenfunctions with this form. With this expansion of hy, (6.1) reduces

to the following family of eigenproblems, where u is the new eigenfunction:
(Ve +i€)*u+y(z,y)u— (Ve +i€) x u) x (Ven(z,y)) = f2u onR%  (6.4)

for & € B. Moreover, we can see that given an eigenpair (8%, u) of (6.4) for £ € B,
then (32, e* u(z,y)) is an eigenpair of (6.1).
Since u is periodic with period cell €2, we can now consider the problem of solving

(6.4) on Q with periodic boundary conditions.

6.2 Method and Implementation

In this section we apply the plane wave expansion method to (6.4) for a fixed € € B to
obtain a matrix eigenvalue problem. We then give some details for how we solve this
matrix eigenvalue problem. We want to solve (6.4) for periodic eigenfunctions u and
eigenvalues \ := 2.

To help us understand the implementation let us write (6.4) component-wise,
-\ 2 on 0 . o) . _
(Vi +1i€)*ur +yur + T ((a—x + &1 )ug — (6_y + Zfz)u1> = Auq (6.5)
(Ve +€)2uz +yuz — 52 (& + i1 )uz — ( + i) ) = Ay (6.6)
As in Section 5.2 for the 1D TM mode problem we apply the plane wave expansion
method as it is presented in [64], rather than presenting it as a Galerkin method for a

variational eigenvalue problem. Since u in (6.4) is periodic with period cell © we can

expand uq and us in terms of plane waves,

ui(x) = > [uilge®™E*  xeR%i=12
geZ?
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We then substitute this, together with the plane wave expansions of v(z,y) and n(z,y)
into (6.5) to get

_ Z |E+27Tg‘ [Ul 127rgx+ Z Z 127r (k+g)-x

geZ? g€7Z2 keZ?

-3 3 @k ( (&1 + 2mg1)[us)g — (&2 + 2wg2)[u1]g> ei2mlicte)x (6.7)

g€Z2 keZ?

and into (6.6) to get

N Z |E+27Tg| [UZ 227rgx+ Z Z z27r (k+g)-x

geZ? g€Z2 keZ?

+ )0 (@nk)n ( (&1 + 2mg1)[us)g — (&2 + 2wg2)[u1]g) el2mlicte)x (6.8)

g€Z2 keZ2

= Z [ug] g 278> x € R%.
geZ?

Now we multiply (6.7) and (6.8) by =278 for g’ € Z? and integrate over Q2 to get

A Ar [urlg) [u1]gr / ,
ggz( Az Az ) <[u2]g> - ([UQ]g’> Ve cZ (6.9)

where the A;; are given by

An(g'8) = —I€ + 2ng[*6g g + Mg —g + 27(95 — 92) (&2 + 27ga) [nlg ¢
Aia(g', 8) —27(g5 — g2) (&1 + 27g1) [Ngr—g (6.10)
Az (g',g) = —2m(gy — g1)(€2 + 27mg2) [N]g ¢
A(g,8) = —1€ + 2mg*dg g + [V]gr—g +27(91 — 91) (&1 + 2791) [Ny g

To create a finite dimensional problem we restrict g and g’ so that |g|,|g'| < G for
a chosen G € N. This is equivalent to restricting g and g’ so that g,g’ € ZG o1 O
[u1]g = [u2]g = 0 for all |g| > G. To define a matrix eigenproblem that is equivalent
to the finite dimensional problem we first define N := dim ZQG,O and a one-to-one map
i Z%;p — {n € N:n < N} that orders the elements in ZQQO in ascending order, i.e.
i(g) <i(g) if |g| < |g|- The 2N x 2N matrix eigenproblem is then

Ax = )\gx (6.11)
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where A and x can be split into NV x N submatrices and subvectors of length IV,

A A
Agr Ag

A=

Ay i(g),i(g) = =An(g,g

(A11)
(A12)i(g,i(g) = Ar2
(A21)i(g),i(e) = A2
(A22)i(g

A22 i(g'),i(g) — A22 g.,8 ngg/ € Zé,o

and

, (6.12)
(x2)ig) = [u2lg 8 € Zg,

To solve (6.11) we use the same implementation and a similar preconditioner that
we have used throughout this thesis. Namely, we use an iterative eigensolver (Implicitly
Restarted Arnoldi method) since we are only interested in a small number of extremal
eigenvalues of (6.11). We apply our eigensolver to A™! (instead of A because this gives
us better convergence towards the smallest eigenvalues of A) and at each iteration of
the eigensolver we are required to solve a linear system to obtain the operation of A=,
We use GMRES to do this because A is non-symmetric. In the inner iteration of the
GMRES algorithm we are required to compute matrix-vector products with A. Since
A is in general very large and dense, the efficiency of the method for solving (6.11)
depends crucially on our ability to compute A v efficiently. We obtain such an efficient
algorithm for computing A v by taking advantage of the submatrix structure of A.
With v split into two subvectors v; and vy of length N as in (6.12) we can reduce
the problem of computing A v efficiently to the problem of computing A1 vy, A1sva,

Aoy vy and Ags vy efficiently.

From (6.10) we realise that each of the submatrices A;; can be expanded in the

following way,

A1 =—-D4+V+WyDy
App=—-Wy Dy
Ag1 = — Wi Dy
Ay =—-D+V+W; Dy
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where D, D; and D9 are all diagonal matrices with entries given by

Dz‘(g) ig) = |€ + 27gf?
(D1)i(g),itg) = &1 + 2791
(D2)i(g)i(e) = &2 + 2792 V8 € Zg,

and V, W; and W3 are dense matrices with entries given by

Vigie) = Nlg'—¢

Wie.ite) = 27 (g5 — g1)[log n®lg_g = [i - (logn®)]g—g
Wigie) = 27(95 — g2)[logn’lgr g = [if-(logn®)lg—¢ V.8 €23,

Obviously, it is very cheap to compute matrix-vector products with D, D; and Do
because they are diagonal matrices. To compute matrix-vector products with V, Wy
and Wq we use a similar algorithm to Algorithm 4.19, each at a cost of O(N log N)
operations. From our work so far it appears that to compute A v will require 12 FFTs
or inverse FFTs (two applications of V, W; and Wy requiring two FFTs each). In
actual fact, we can reduce this number to 6 (see Algorithm 6.1 below).

For completeness, we now present the complete algorithm for computing A v for
a given vector v € C?V. As in Chapter 4 we choose Ny = 2" for n € N (to get the
best performance for our FFT), set G = =L — 1, then N = dim ZQ . We also use the
same matrix notation convention that we used in Chapter 4 (see Just before Algorithm
4.19) where X,Y, X and Y represent functions in T]\Z,f with nodal values (X and Y) or
Fourier coeﬂ"lcients (X and Y'), so that for example, X = fft(X) and X = ifft(X). Let
go = ( +1, % 5L+ 1) = (2G + 3,2G + 3).

Algorithm 6.1. Let v € C2V_let ¥} be a matrix of Fourier coefficients of ( ~=(logn?)),
let Y be a matrix of Fourier coefficients of (i 8—y(10g n?)) and let Z be a matrix of Fourier

coeflicients of v, so that

(Y1)i; = (2mg1)[logn?]g
A2)ij = (2mg2)[log n*g

where g = (4,7) —go and 4,5 = 1,..., Ny. Pre-compute Y; «— ifft(?), Yy — iﬁt(?z)
and Z « ifft(2 ) and compute A v in the following way.

Vi, Va, A1, Ay, By, By « 0.

(Vl)g-i-go — Vi) for g € ZGo

(VQ)nggo — Vig)+n for g e ZG,o

(A\l)g—i-go — &+ 27Tg’2(‘71)g+g0 for g € ZQG,O
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(AQ)g—l—go — ‘5 + 27Tg‘2( 2)g+go for g € Z%‘,o'
(B1)g+go < (&2 +2mg2)(Vi)g+g, for g € Z%;,o’
BQ)g—l—go — (& +2mg1)(Va)

—_— o~

Va)gtg, for g € Z%;p‘

S
—~
=
~—
&
+

(Yg)ij(Bl)ij — (YQ)ij(BQ)Z‘j for i,j = 1, veny Nf.
(Yl)ij(BQ)ij — (Yl)ij(Bl)ij fOF Z,] = 1, ceey Nf

<
—~
S
~
&
_l_

(A V)i(g) — (Vl)g—f—go for g € Z%‘,o'
(A V)i(g)+N — (Va)g+g, for g € Zép‘

We see that Algorithm 6.1 we require only 2 FFTs and 4 inverse FFTs. The total
cost of Algorithm 6.1 is O(N log N).

To precondition the coefficient matrix A when we solve linear systems we use a

similar preconditioner that we have used in the previous chapters. We use

P P
P 11 P2
Po1 P

where P;; are N x N submatrices defined as

B 0 B 0
P, = 11 Py — 12
0 Dy 0O O
B B
Py — 21 0O Pyy — 22 0
0 0 0 Do

where the matrices B;; are N x N}, dense matrices and Dj; are (N — Np) X (N — Np)

diagonal matrices defined by

(Bij)kg = (Aij)kg for i,j = 1, 2 and k,€ = 1, .. .Nb
(Du)kk = (Azz)kk for i = 1,2 and k = 1, ey (N — Nb).

In practice we can choose N, up to 1000.
Although we do not have a theoretical result to prove it, we observe that as in the
case of the Scalar 2D Problem in Chapter 4 this preconditioner is optimal in the sense

that the number of iterations required by the GMRES algorithm does not appear to
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depend on N.

Finally, we write down a discrete variational eigenproblem that is equivalent to the
plane wave expansion method and (6.11). For the error analysis of the plane wave
expansion method applied to the Full 2D Problem we would like to know how this
problem approximates (6.4).

Problem 6.2. For G € N find A\g and 0 # u € (Sg)? such that

where
ai(u,v) = /Q(Vt +i€) VT + w7 + GL((E + i1)uz — (& + i&)ur)vrdz
ax(u,v) = /Q (V) + i€)%us73 + 73 — 2((L + i€z — (£ + i€o)ur )7
bi(u,v) = /Qulv_ldcc

ba(u, v) —/ugﬁdac.
Q

6.3 Regularity and Error Analysis

In this section we discuss our efforts to analyze the Full 2D Problem and the errors
of the plane wave expansion method applied to this problem. First, we discuss the
difference between the Full 2D Problem and the 1D TM Mode Problem and why we
can not use the approach that we used in the previous chapter. Instead, we resort
to considering Maxwell’s equations in 3D. Using theory developed in [24] we apply
Floquet theory to the 3D problem and we write down a 3D variational eigenvalue
problem that is related to (6.4). From this variational eigenvalue problem we are then
able to confirm the existence of eigenpairs of (6.4) as well as determining a regularity
result for at least some of the eigenfunctions of (6.4). Our regularity result allows us
to guarantee that the approximation error of plane waves approximating some of the
eigenfunctions of (6.4) (measured in the H} norm) will decay to zero if the number of
plane waves increases. If we assume that the plane wave expansion method applied to
(6.4) is stable, i.e. the errors are bounded in terms of the approximation error, then
the plane wave expansion method will converge. Unfortunately, we have not yet been
able to prove this stability result and we have not been able to prove that all of the

eigenfunctions of (6.4) share the same regularity result.

Unlike the 1D TM Mode problem we could not find a way to write (6.1) in “diver-

231



6.3. Regularity and Error Analysis

gence form” (or “curl form” for that matter), i.e we could not write (6.1) as
V- (F(hy)) = °G(hy)

or

V x (F(ht)) = ﬂ2G(ht)

where F' and G are differential operators with L°°(R?) coefficients. Therefore, we
were not able to follow the approach from Chapter 5 and write down a variational
eigenvalue problem, from which it would be possible to determine the regularity of
the eigenfunctions. Instead, we have had to find a different way of writing down a
variational problem that is equivalent to (6.1) in order to determine the regularity of

the eigenfunctions and in order to study the convergence of Problem 6.2 as G — oc.

The standard approach would be to multiply each component of (6.1) by a test
function ¢ € C*°(R?), integrate over R? and take the closure of the subsequent bilinear
form with respect to (C°°(R?))2. Since V7 is not a classical function, it is not clear to
us how to do this, in particular how to choose the appropriate Hilbert space, and we
do not get a variational problem that is easy to work with. Thus, we had to consider

an alternative approach.

Our idea for approaching this problem is to go back to Maxwell’s equations in 3D
from which (6.1) was derived. It follows from our derivations in Chapter 2 that if
(8%, hy) is an eigenpair of (6.1) then

H(X) = (hﬂ?('xv y)? hy(mv y)a %Vt : ht(.fU, y)) eiﬁz (613)
must satisfy the time-harmonic 3D Maxwell equations,

Vx (5VxH)-kH=0
V-H=0

(6.14)

on R3 in the distributional sense (see Subsections 2.2.1 and 2.2.2). Moreover, if we have
a solution to (6.14) and H has the form (6.13) then we must also have an eigenpair of
(6.1).

If we think of k3 in (6.14) as an eigenvalue then we can express (6.14) as an operator

on a Hilbert space, where the operator is
L=V xL4Vx
n

on the Hilbert space {f € (L*(R3))3:V x f € (L*(R?))3, ||V - fllzz = 0}.
We then recognise that since n?(z, y) is periodic with respect to = and y and constant

with respect to z, n?(z,y) is periodic in all three coordinate directions and L is an
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operator with periodic coefficients. Following the work in [24], we can apply Floquet

theory to this operator to obtain the following family of operators:
Ly = (V +ik) x #(V + k) x
for k € Q = [, 7]?, where each operator operates on the Hilbert space
Fe={f € (L})*: Vxfe (L)’ |(V+ik)- ]z = 0}.

According to [24] Ly has compact resolvent and so o(Ly) is discrete. We can also find

the following result in [24] that is similar to Theorem 3.63,

o(L) = U o(Ly).

ke@

Since o(Ly) is discrete for each k € @), we can write down the following variational

eigenvalue problem.

Problem 6.3. For k € @), find A € R and 0 # u € Fx such that
a(u,v) = Ab(u,v) Vv € Fx (6.15)
where
a(u,v) :/Q#(vwk) x u- (V+ik) x vdx

b(u,v) = (u,v) (12 = / u - vdx
P Q

Before we prove the existence of eigenpairs to Problem 6.3 let us make some def-
initions and examine the properties of the function space Fy. Define the following

function spaces

H,(curl) ={f € (Lﬁ)?’ :Vxfe (L2)3}
Hy(div) ={f € (L2)* : V-f € L}

and equip them with the following norms,

9 9 1/2
1y eurty = (1EZ208 + IV £1250) vE € Hy(curl)
) 1/2 .
11, i) = (1E12205 + 1V - £ll3) vf € Hy(div).
We equip Fi with the Hj(curl) norm so that || - [|s, = || - |z, (curt)- We also define the
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following function space,
Gy ={f ¢ (LI%)?’ £ =(V+ik)g, g€ H;}

With these definitions of function spaces and their norms we can state some well-known
properties that Fi, Hp(curl), Hy(div) and Gk possess. Note that the symbol “CC”
indicates a compact embedding (for a definition see page 271 of [21]).

Lemma 6.4. With k € Q, we can state the following properties of Fi,
1. Fy ¢ Hy(curl) N Hy(div) C (Hy'?)3.
2. B CC (L2)°.
3. (H;):)’ C Hp(curl).
4. (L2)% = F @ Gk.

Proof. Part 1. Fyx C Hp(curl) follows directly from the definition of Fix. Fy C H,(div)
follows from the fact that V-f = —tk - f and f € (L;)3 for all f € Fk. Therefore
Fyx C Hy(curl)NHy(div). To prove that Hy,(curl) N Hy(div) C (I—I;,%/Q)3 we use Theorem
3.47 on page 69 of [57] which states: Let Q C R3 be a bounded Lipschitz domain and
let v defind the outward pointing normal of Q. Suppose u € (LQ(?Z))?’ such that
Vxue (L2(D)3, V- -ue L2() and u x v € (L2(Q))3. Then u € (H/2(Q))? and

[ull (H1/2())3 HuH(L2(Q) s TV x uH(L2(Q )3 +V- U—HL2(Q + [l x VH(L2(OQ)) (6.16)

We now show that H,(curl)NH,(div) C (H;/2)3. Define 6 € D(R3) and  as in Lemma
3.17 and let u € H,(curl) N Hy(div). Then

[l gr1r2ys S 1100l gr172ray)e by Theorem 3.29
= ||l (H1/2())3 since supp § C Q
< 100l g2y + IV X O g2y

v W)l o + 1609) % gm0 by (6.16)
= [[0all 2q))s + IV x (Hu)H(Lg(Q s HIV - (u)]| o) since Oulyg =0
< 00l gy + 109 % ull oy + 1(70) X ull oy
+ |0V - UHL2(§) +[[(VO) - UHL2(§)
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Continuing,

HUH(H;/2)3 S HGUH(Lz(ﬁ))S + [0V x u”(g(ﬁ))S + ||u||(L2(ﬁ))3

10V - ull o) + [l 2@ since § € D(R3)
S N10ullz2ays + 10V x ullz2@ay + [ullz2y)  since suppd €

+ [0V -l z2®s) + [[ull(z2(0))s and v is periodic
S lhallzzys + IV xallzz)s + IV - a2z by Theorem 3.29

S HuHHp(curl) + HuHHp(div)'

Therefore, u € (H;/Q)?’ and Hp(curl) N Hy(div) C (H;/Q)S.
Part 2. The compact embedding Fi, CC (L3)? follows from the fact that Fy is
continuously embedded in (H;/Q)?’ (Part 1) and that HI}/Q CC L2 (see Lemma 3.24).

Part 3. It is obvious that (H})* C Hpy(curl) since ||V X fH(Lg)-" N ”fH(H;)3 for
all f € (H})?. To show that (H})® # Hp(curl) we can construct a function that is
in Hy(curl) but not in (H,). For example, a function u = (u,0,0) with v € L2,

Dyyu € L3, Dyyu € L2, but Dy u ¢ L2 satisfies u € Hy(curl) and u ¢ (Hy)3.

Part 4. This result is known as a Helmholtz decomposition and is given in [24]. O

Now let us prove the following lemma about a(-, ) from Problem 6.3.

Lemma 6.5. The bilinear form a(-,-) from Problem 6.3 is bounded and Hermitian on

Fy, as well as satisfying

a(v,v) + 6W2+1HVH(2L%)3 > vz, Vv e F (6.17)

2
2nmam

Proof. First, let us show that a(-,-) is bounded on Fy. For u,v € Fy we get,

la(u, v)| = ‘/Q#(V+ik) xu- (V+ik) x vdz

< 1 IV + ) X ull 10 [V + ) x V] 2y
< (IV x ullzye + Kz ) (IV % Vllzay + KlIvIgz)s)  since n? > 1
< max{1, [k} ulls, Vs,

< 3n°|[ulls,[Ivlls,-

From the definition of a(-,-), it is obvious that a(u,v) = a(v,u) for all u,v € Fy

and so a(-,-) is Hermitian on Fy.

Now let us show that a(-,-) satisfies (6.17). For v € Fy we get (using the Cauchy-
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Schwarz and Arithmetic-Geometric Mean inequalities),
k) x v|2dz

a(v,v) = /Q 5[(V + ik)

/(|V><v| k||v|)>dz  since |a+ b > ||a| — |b]]

= / IV x v[2 = 2[k[|V x v||v] + |K|2|v|2dx

= o (IV VI + KPIVIZ 0 — IV x Vg (2Kl 2200 ))

> o (IV % VIR + KV — SI9 % VI — 2KE VI )

k2
= 5 IV x VI — VI
2
> IV x VP —%ann%@s
2
= gz VIS, — S IVIIEz:
Therefore, a(-,-) satisfies (6.17) O

Now we can use Lemmas 6.4 and 6.5 to prove the existence of eigenpairs for Problem

6.3 as well as a regularity result for the eigenfunctions of Problem 6.3.

Theorem 6.6. Problem 6.3 has real eigenvalues

gﬂ-ngl <M< X<, S 4
with corresponding eigenfunctions ui, us, ... € Fy that satisfy

(V—i—z’k)x(%(V—l—ik)xuj)eFk forj=1,2,...

Proof. Define an operator F': Fi, — Fy such that

a(Fu,v) + ($550) (Fu, v) g2 = b(w,v) Vv € Fie

max

From Lemma 6.5 and the Lax-Milgram Lemma we know that F' is well-defined and
[Ful[s, < llull(zz)s- This, together with the fact that Fx CC (L2)? implies that F is

compact. We can also show that F' is self-adjoint with respect to a(-, -)+( ggzﬂ )(s ) (223
by using the fact that a(-,-) is Hermitian (see Lemma 6.5). Therefore, by Theorem
3.60, o(F') consists of real eigenvalues, 1}, of finite multiplicity with the only possible

accumulation point at zero, i.e.

1> >0 >0.

It is easy to show (c.f. Lemma 3.71) that if (1, u) is an eigenpair of F' then (/ll g”;“ ,u)
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is an eigenpair of Problem 6.3. Therefore, Problem 6.3 has real eigenvalues

—67r2—+1<)\1§)\2§.../—|—00

2
2nma:c

_ 1 6r?+1
o 2n2

max

Now let (A, u) be an eigenpair of Problem 6.3. Using the following two properties

where \; for j € N.

of functions in Gy,

(V+ik)xv=0 for all v € Gy

/u-V—O for all u € Fy,v € Gg
Q
and Part 4 of Lemma 6.4 we have

a(u,v) = Ab(u,v) Vv e (Lf))g.

Therefore,
(V +ik) x (2 (V +1ik) x u) = Au (6.18)

in the distributional sense. Since u € Fy we get (V +ik) x (#(V +ik) xu) € Fx. O

We would now like to use what we know about Problem 6.3 to try and prove a result
about the existence and regularity of eigenpairs of the Full 2D Problem. Our first task
is to relate an eigenpair of Problem 6.3 to an eigenpair of (6.4). Unfortunately, the
following result is “one-way”. It remains an open problem to prove that an eigenpair
of (6.4) (in the distributional sense) is an eigenpair of Problem 6.3.

Recall our notation convention, if v € R with v = (v, v, v3) then v; := (v1, vg,0),

v, = (0,0,v3) and v, := vs.

Theorem 6.7. Letk € Q = [—m, 7|2 and suppose that (\, w) is an eigenpair of Problem
6.3. Then there exists an m € Z such that

1/2 ‘
w(z,y;m) = /1/2 w(r,y,2)e 2T dy £ 0 (6.19)

and (3%, W) is an eigenpair of (6.4) with & =k, =k, +2mm and y(x) = An?(x).

Proof. Let k € @ and suppose (A, w) is an eigenpair of Problem 6.3. Then (as in
(6.18)) (A, w) satisfies

(V+1ik) x (5(V+ik) x w) = Aw

(V +ik) - w =0 (6:20)

in (D;(Rg))S, i.e. in the periodic distributional sense. For the rest of this proof we

simplify our notation and just write D}, (R?) to mean (D},(R%))3. Since w is a periodic
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distribution with respect to z we can expand it in terms of its Fourier Series to get

w(z,y,2) =Y W(z,y;r)®™7  in D, (R?)
reL

where
1/2

w(z,y;r) = / w(z,y, z) e 2TE gy
—1/2

Substituting this expansion of w into (6.20) we get

Z(V + k) x (#(V + k) x (W(z,y;7) ™)) = )\Z\?z(x, y; ) €2
r€L rez

Z(V +ik) - (W(z,y;7) ™) = 0 in D}, (R?).
rEZ

Using the product rule we then get

Z [(Vt + ik + i27rz) x (#(Vt + ik + i27mrz) x W (z, y; 7,))] oi2mrz
rez

= )\ZVAV(%Z/;"”) o2 (6.21)
reL

Z (Ve + ik + i2mr2) - W(z, y;7)] €27 = 0 in D (R?).
rEZ

Since w # 0 there exists an m € Z such that w(z,y; m) # 0. By matching the Fourier

coefficients (for r = m) in (6.21) we obtain

(Vi + ik + i2mmz) x (#(Vt + ik + i2mmz) x w(z,y;m)) = AwW(z, y; m)
(Vi + ik + i27mz) - w(z,y;m) =0 in (D), (R?))3.

Now set & = k; and 8 =k, + 27mm (and let w = w(z,y;m)) to get

(Ve +i&+if2) x (5(Vi+ i€ +if2) x W) = AW
(Vi+i&+ifz)-w=0  in (D,(R?))>

Now split the first equation into transverse and z components to get (after cancelling

terms that are zero)

(Vi+1i&) x (2(Vi+i&) x W) +ifz x (5(Vi+i€) x W)
+ifz x (25102 X W) = AWy (6.22)
(Vi +1i€) X (5(Ve+i&) x W2) + (Vi + ) X (7102 X W) = AW,
(Vi+i€)-wi+ifw, =0  in (D) (R?))>.
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Now use the following identities

Zﬁi X (#(Vt + ZE) X wz) = #(Vt + Z&)(Zﬁwz)

Bz x (5if2 x W) = & °W,
to simplify (6.22) to get

(Vi +i8) x (32(Vi+i&) X Wi) + -5 (Vi +i8) (i00:) + - 5°W = AW; (6.23)
(Vi +i€) X (5 (Ve +1i€) x W) + (Vi + i) X (720082 X W) = AW,
(Vi+i€) - Wi +ifw. =0  in (D) (R?))>

Now substitute ifw, = —(V; +i&) - Wy into (6.23) and expand the first term using the

product rule to get

L (Vi +i€) x (Vi +1i€) x W) + V(%) x (Vi +i€) x Wy)
— L (Vi +i€) (Ve + &) - Wy) + H8°W, = AW, in (D) (R?))3.
(6.24)

Now use the identity
(Vi +i€) X (Vi + &) x Wi) — (Vi +i&) (Ve +i€) - W) = —(V +i€)*Wy
to simplify (6.24) to get
— L (Vi +€)* Wi + V() x (Ve +i€) x W) + 58°We =AWy in (D), (R?))3.
Multiplying by —n? and rearranging terms we get
(Vi 4 0€)° Wy + AWy — (n®Vi(5)) x (Ve +1i€) x Wy)+ = W in (D)(R?))3.

With —nQVt(#) = V.(logn?) we have that (5%,W;) is an eigenpair of (6.4) (in the
distributional sense) with &€ =k, 8 = k. + 2mm and v(x) = An?(x). O

If we consider the converse argument then it is possible to show that if (32, u)
is an eigenpair of (6.4) for some & € B and 32 > 0 (in the distributional sense)
where v = An? then there exists an m € Z such that k., = 8 — 2mm € [, 7] and
(A, w) is an eigenpair of (6.20) (also in the distributional sense) where k = (£, &2, k)
and w(z,y,2) = W(x,y)e?™* with W := (u,usz, %(Vt +4€) - u). Unfortunately,
the converse arguement then fails because a distributional solution to (6.20) is not
necessarily a solution to Problem 6.3 since it lacks regularity.

Nevertheless, using Theorem 6.6 and Theorem 6.7 together ensures the existence

of eigenpairs of (6.4) (in the distributional sense) and that these eigenpairs correspond
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to eigenpairs of Problem 6.3. For the rest of this chapter we restrict our attention to

eigenpairs of (6.4) that are also eigenpairs of Problem 6.3.

Lemma 6.8. Let £ € B and let (%,u) be an eigenpair of (6.4) with v = An? such
that (\,w) is a corresponding eigenpair of Problem 6.3 (i.e there exists an eigenpair of
Problem 6.3 such that Theorem 6.7 implies that (3%,) is an eigenpair of (6.4)). Then
u(z,y, z) = wi(x,y,z) e 2mmz
different from w) and m € 7 is defined in Theorem 6.7. Moreover, u = (u1,uz,0) €
(L2)? and (Vi +i€) x u € (L2)*.

where W is an eigenfunction of Problem 6.3 (possibly

Proof. Since (32, u) corresponds to an eigenpair of Problem 6.3 there exists an eigenpair
of Problem 6.3 (A, w) for some m € Z such that k = (£1,&2,8 — 2mm), and u(x,y) =
w(z,y;m) where w is defined in (6.24).

Using similar steps to the proof of Theorem 6.7, but in reverse, we can show that

e2™% i an eigenpair (in the distributional sense)

(A, w) where w(z,y,2) = w(z,y;m)
of (6.20). We can also show that w possesses sufficient regularity so that (A, w) is an
eigenfunction of Problem 6.3. For this we need to show that w € Fy, i.e. we need to
show that w € (L2)?, V x W € (L2)? and (V 4+ k) - w = 0 (this follows directly from

(6.20) using a density argument). By writing w as

Wx) = Y [W]g e
gez3
g3=m

it then follows directly from the definition of the H; norm and the linearity of Vx that
1Wll(zs)s < 1Wll(rrg)s and [|[V x Wl|(zrs)s < [V X W (fz5)s for all s € R. Thus, with s =0
we have shown that w € F and it then follows from (6.20) by a density argument that
(A, w) is an eigenfunction of Problem 6.3.

By the correspondence between w and u defined in Theorem 6.7 (and a slight abuse
of notation)

u(z,y) = Wi(z, y;m) = Wi(z,y, 2) e 27

Since u(z, y, z) = Wi(z,y,2) e ™% and w € (L3)? it follows that u € (L2)°.

Moreover, since w € Fy. we have

ows _ O ows .o _ _

08 _ 03 ey | [ ity — i

2\3 . ~ 5w Ob- . ~ ) . - . ~ ~
(Lp)° 3 (VHik)xw = | G — S8 | HikxW = | 2mma — G2 | +i | k.wy — & ws
oWy _ o@y _ Oy ~

oz oy 9z oy §iwz — Sowy

which implies that % € LIQ) and 86—13’; € LZ%. We also have % = i2mmuws € LIQJ and so

it follows that w3 € H;. Moreover, using the above expressions we can show that

lwsll gy < (Wl (6.25)
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Therefore,

(Ve +i€) x ullz2)s = [ ™™ *(Vy + iky) X Wil|£2)3
= [[(Ve + ike) X W[ (12)3
= [(V+ik) x W = (Vi +ik;) X W — (Va2 +ikz) X Wil (12)3
<[V +ik) x Wll(r2)s + [[(Ve + ike) X W || (£2)
(V2 + k) % gy
S Iwlisi + llwsllay + [[well £2)s

SENYIEN

and (Vi +i€) x u e (L2)%, O

We now prove another result about the regularity of eigenfunctions of (6.4) (that

correspond to eigenfunctions of Problem 6.3).

Theorem 6.9. Let £ € B and let (5%,u) be an eigenpair of (6.4) with v = An? such
that (\,w) is a corresponding eigenpair of Problem 6.3 (i.e there exists an eigenpair of
Problem 6.3 such that Theorem 6.7 implies that (%, u) is an eigenpair of (6.4)). Then
there exists s € R with s > 0 such that u € (Hy**)? (recall that uz = 0).

Proof. Rewrite (6.4) as a 2D elliptic boundary value problem: Find u = (uy,u2,0) €
(H;)?’ such that
Lu=f on R? (6.26)

where

Li=—(V+i£)?=-V2—2i£ -V + £
f:=—f%u—yu— (Vi) x (Vi +i&) x u).

Notice that L is elliptic (definition in Section 3.5.5) and has constant coefficients.
Also notice that we can separate (6.26) into the components Lu; = f; and Luy = fo
(Lus = f3 is meaningless because us = f3 = 0).

If we can show that f € (H, 1*%)? for some s > 0 then we can prove the result using
Theorem 3.2 on page 125 of [52] which says: For r € Z, if L is 2nd-order and elliptic
with infinitely differentiable coefficients and Lu € H""2(Q), then u € H{OC(Q) Note
Remark 3.2 on page 127 of [52] which says that Theorem 3.2 applies for r € R.

We can apply this theorem to both Lu; = f; and Lug = f2 by choosing Q so that
Q is bounded and Q cc Q.

It remains to show that f € (H, %)% for some s > 0. Since u € (L2)* (Lemma
6.8), we also have

—fu—yue (L)°. (6.27)
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Now let us consider the third term in f.

(Vin) x (Vi +i€) x u) =

LVin?) x (Ve +1i€) x u)

Vin?) x ((Vi+i€) x u)

¢ x (n? (#(Vt +i€) x u)) —n*V; x (Z2(V¢+i€) x u)
¢ X (Vi +i€) x u) —n’Vy x (5(V; + i) x u)J.

I 12

(6.28)

We will now show that Iy € (Hy(curl))* (the dual of Hy(curl)) and Iy € (L2)?.

Let v € Hp(curl). Then (with v denoting the outward pointing normal on 02),

/Il-vdx:/(Vtx((vt—i—iﬁ)xu))-vdx
Q Q

(Vx (Vi+i€) xu))- vdx since u = u(x,y)

(Vt—i—iﬁ)xu-vadx—i—/ vXx ((Ve+i€) xu)- vdx
o0

S— S — 35—

(Vi+i€) xu-V xvdx since u, v periodic
<|[(V¢ 4 1€) x u|]<L§)3]\V X VH(LI%):), by Cauchy-Schwarz

< (Ve +i&) x ull2) 1Vl 1, (curt)

Therefore, it follows from Lemma 6.8 that I; € (Hp(curl))*.

Now consider I. It follows from Lemma 6.8 that u(z,y, z) = wi(z,y, 2) e 27m?

where W(z,y, 2) := W(z, y; m) 2™ (W defined in (6.24)) is an eigenfunction of Prob-
lem 6.3 and m € Z.

In the following argument let us define functions £, £ and £ by

£ = L(V +ik) x w
f2) .= (V +ik) x f1)
£ .= v x £V,

Since W € F, it follows that f(!) € (L%)3. Theorem 6.6 implies that f(*) € Fy.. Tt then
follows that £(3) = £(2) — ik x £f(1) € (L2)3.
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Using the relationship between u and w; and our definitions of f(V), we get

Ve x (5 (Ve +i€) x W)l =
= ||e”?™* Y, x (#(Vt +iky) x VNVt)H(LZQ,)f’ since u = wy /272
= ||Vi x (5 (Ve +ike) % Wi)ll(z2)s
= Hft(?’) -V, x (n—g(vt + iky) x WZ)H(L%)g by expanding ), other terms 0
< ED (223 + 1V % (G2 (Ve +ike) x W)l (£2)s
SIED 12y + |@sllgy  since @3 = @ (, y) 2™
< IED) g+ [wlls, by (6.25)
< 00 since £ e (LZQ,)3 (Theorem 6.6).

Therefore, Iy € (L2)®.

It now follows from (6.27), (6.28), Iy € (Hp(curl))* and I, € (L2)* that f €
(Hp(curl))*.

Finally, Lemma 6.4 implies that

(Hp(curl))” S ((Hy)*)" = (H, ).

Therefore, f € (Hy™*)? for some s > 0. O

In the preceding theorem we would really like to get u € (H;+S)3 for some s > 0.
To get this result we require that

H,(curl)* C (HP_HE) (6.29)

for some € > 0. Unfortunately, we do not know of a proof of this result in the literature.
If such a result existed then we could use the following corollary to guarantee that
the approximation error for eigenfunctions of (6.4) that correspond to eigenfunctions

of Problem 6.3, approximated with functions in Sg must converge to zero.

Corollary 6.10. Let u be an eigenfunction of (6.4) (that corresponds to an eigenfunc-
tion of Problem 6.3 in the sense of Theorem 6.7) and G € N. Then there exists an
0 <s<1/2 such that
inf — 3 S GO
o o= xllazye S

Proof. Choose x = Pg) u and use Theorem 3.30 and Theorem 6.9. O

Another result that might be possible to prove is that if u is an eigenfunction of
(6.4) (that corresponds to an eigenfunction of Problem 6.3) then u ¢ (HS/Q)?’ but this

requires further investigation.
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Computing Reference Solutions to Model Problems 3 and 4
G 29— 1

N =dim A ~ 1.5 x 10°

(Ng)? (FFT size) 224

Total Memory (Mb) ~ 1100

CPU time (seconds) 0(10%)

Table 6.1: The details of computing reference solutions for Model Problems 3 and 4.

Unfortunately, for the reasons given at the beginning of the section, we have not
been able to prove the stability of the plane wave expansion method applied to (6.4),
i.e. we have not been able to bound the eigenvalue and eigenfunction errors in terms of
the approximation error. However, if we assume that this property is true and if (6.29)
is true then we could show, via a solution operator argument using Theorem 3.68, that
the eigenfunction errors are O(G~*) for some s > 0. For the eigenvalue errors, we could
also use solution operators and the theory from Theorem 3.68 to bound the errors in
terms of the approximation error. However, Problem 6.2 is not symmetric so we could

not derive a bound for the eigenvalue errors that is smaller than O(G™*).

6.4 Examples

In this section we compute approximations to the Full 2D Problem using the plane
wave expansion method by solving (6.11) as an approximation to (6.4). We observe
that the eigenvalue and eigenfunction errors decay at rates that are consistent with the
regularity results that we proved in the previous section, and the results suggest that
€ in Theorem 6.9 and Corollary 6.10 can be chosen arbitrarily small.

We do computations for the PCF structures of Model Problems 3 and 4 that we
defined in Subsection 4.1.7 for the Scalar 2D Problem. In particular, n(x,y) is piecewise
constant with n(z,y) = 1 in air regions and n(x,y) = 1.4 in glass regions. Figure 4-2
represents the period cell of n(x,y) for the different model problems. As in previous
chapters Ag = 0.5.

To examine the convergence properties of the plane wave expansion method for
these two model problems we have solved (6.11) for varying G and we have calculated
the errors of the method by comparing the eigenvalues and eigenfunctions against a
reference solution. For both model problems the reference solution is the solution to
(6.11) with G = 2 — 1 and we have calculated the H; norm of the error of normalised
eigenfunctions and the relative error of eigenvalues. Table 6.1 contains some details
from the computation of the reference solutions.

In Figures 6-1 and 6-2 we see that the eigenfunctions converge at least with O(G~1/?)

and that the eigenvalues converge with O(G~!). The fact that we observe faster con-
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vergence for Model Problem 4 than we do for Model Problem 3 (for the eigenfunctions)
is surprising because Model Problem 4 is a more complicated problem. One possible
reason for this is that for Model Problem 4 we have not yet entered a truly asymptotic
regime for the size of G that we have chosen. Unfortunately, we have reached the
limits of how large we can practicably choose G for computations so we were not able
to investigate this further.

The observed decay rate for the eigenfunction errors, O(G_l/ 2), is the same rate
that the approximation error decays at in Corollary 6.10 when we choose s = 1/2. This
suggests that not only is the plane wave expansion method stable for eigenfunctions
(i.e. we can bound the error in terms of the approximation error for plane waves), but
the regularity result in Theorem 6.9 should be true for all 0 < s < 1/2.

The observed decay rate for the eigenvalue errors, O(G™!), is twice as fast as the
eigenfunction error, and confirms the conclusion that the plane wave expansion method
is stable. Moreover, it also suggests that there is a certain degree of symmetry to the
plane wave expansion method for this problem (even though (6.11) is a non-symmetric
eigenproblem) since the eigenvalue errors decay at twice the rate of the eigenfunction
errors. Recall that in Chapter 4 we saw this behaviour for cases when the continuous

and discrete problems were symmetric.

245



6.4. Examples

= = = = =
o o o o o

relative eigenvalue error / Hzl, eigenfunction error

=
(=)

Figure 6-1: Plot of the relative eigenvalue error (eval) and the H; norm of the eigen-
function error (efun) vs. G for the first 6 eigenpairs of Model Problem 3 (solved for

!
AN

Model Problem 3

|
N

|
w

!
IS

1
@

27 2%

!
o

—O—eval, £ = (0,0)
— OG- efun, £ = (0,0)
—H—eval, £ = (m, )
— 03 efun, £ = (7, m)

2/

a
4%

i
Iy !
1!

B <7 o
S Ei:\%t:a\
~ R SxTwo
S ~B:le
~a =g
ol

=
o

both & = (0,0) and & = (7, 7)).

= = = = = =
o o o o o o

relative eigenvalue error / Hll, eigenfunction error

=
o

Figure 6-2: Plot of the relative eigenvalue error (eval) and the HI} norm of the eigen-
function error (efun) vs. G for the 21st-30th eigenpairs of Model Problem 4 (solved for

©

10" 10°

Model Problem 4

[
AN

!
N

|
w

|
IS

&

!
@

T

—O—eval, £ = (0,

— G- efun, £ = (0,0)
—HB—eval, £ = (F, §)
~O cfum &= (%, I

|
o

A} T
\\\\\ |
NI
\\\ \\\

=
o
©

both £ = (0,0) and § = (%, %)).

10" 10

10°

246



Chapter 6. FULL 2D PROBLEM

6.5 Other Examples: Smoothing and Sampling

In our final section of this chapter we briefly consider smoothing and sampling with
the plane wave expansion method for the Full 2D Problem. We would like to know
whether or not the conclusions we made about these methods for the other problems
extend to the Full 2D Problem. In particular, we would like to know if smoothing is
of any benefit to the plane wave expansion method and how fine we should choose our
sampling grid to recover the accuracy of the standard plane wave expansion method
(that is implemented with exact Fourier coefficients).

We have already applied smoothing and sampling in Sections 4.3, 4.4 and 5.5 for
the other problems and the methods are no different here. To implement the smooth-
ing method we solve (6.11) with [y]g and [n]g in the definition of A replaced with
ei2m*|gl* A2 [Y]g and ei2m’|gl? A% [n]g respectively, where A is the parameter that deter-
mines the amount of smoothing.

To implement the sampling method we solve (6.11) with [y]g and [n]g in the defini-
tion of A replaced with [Q,; 7]g and [Q, 1)]g respectively, where Q,; is the Interpolation
Projection defined in Subsection 3.2.5 and M € N is the inverse of the grid spacing for
the sampling grid.

In all of our plots in this section we have calculated the relative eigenvalue error
and H; norm of the error of normalised eigenfunctions, and in all of the plots the
reference solution is the solution to (6.11) with G’ = 2° — 1, no smoothing and exact
Fourier coefficients. See Table 6.1 for some of the details for computing these reference
solutions. When we apply the sampling method there will be an additional memory
requirement of an M x M complex double matrix. The largest M that we compute
with is M = 2'3 and this corresponds to an additional 1Gb of memory.

First, let us discuss the smoothing method results. In Figures 6-3 and 6-4 we
have plotted the errors for fixed G = 2% — 1 and varying amounts of smoothing, i.e.
varying A. In both plots we clearly see that the eigenfunctions decay with O(A)
while the eigenvalues decay with O(A?). These results suggest that, to ensure that
the smoothing error is less than or equal to the plane wave expansion method error
(O(G~=2) for eigenfunctions and O(G~1) for eigenvalues) in the asymptotic limit, we
should choose A < G~1/2.

In Figures 6-5 and 6-6 we have experimented with choosing A = G” for different
constants r. In Figure 6-5 we see that all of our choices of r have recovered at least
O(G~/2) convergence for the eigenfunction error. In Figure 6-6 we also see that all of
our choices of r have recovered O(G~!) convergence for the eigenvalue error, however,
choosing A = G~1/2 gives larger errors despite obtaining O(G~') convergence. We
also see that choosing A = G~! and A = G~%/2 initially gives O(G~2) and O(G~3)
convergence before “leveling off” to O(G~!) convergence once the errors have decayed

to the levels of the method without smoothing. This final observation can also be
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justified given the error dependence on A that we observed in Figures 6-3 and 6-4.

The results from Figures 6-5 and 6-6 both support our initial suggestion that we
should choose A < G~1/2 to recover the convergence rates for the plane wave expansion
method without smoothing. We also see that the errors with smoothing are consistently
larger than or equal to the method without smoothing.

Now let us discuss the sampling method results. In Figures 6-7 and 6-8 we have
plotted the errors for fixed G = 2% — 1 and varying sampling grid size, i.e. varying M.
In both plots we see that the eigenvalue and eigenfunction errors decay with O(M 1),
however, this decay rate is more pronounced for Model Problem 3. Note that we have
only been able to plot results for particularly large M values because the method is
unstable for smaller values of M. Also note that the eigenfunction errors in both of
these figures stagnate for large M because the accuracy of the reference solutions is
reached.

The fact that we observe errors that decay with O(M~!) suggests that we should
choose M 2 N}/Q (recall that Ny = 4G + 1) to recover O(G~/2) convergence for the
eigenfunctions and M 2 Ny to recover O(G™1) convergence for the eigenvalues.

In Figures 6-9 and 6-10 we have experimented with choosing M = N}’ for different
constants r. Although it is not very pronounced and we have been restricted by com-
putational limitations, these figures are consistent with our conclusion that we should
choose M 2 Ny to recover O(G™1) convergence in the eigenfunctions and eigenval-
ues. However, we also see that choosing larger M (M = N;’/ or M = NJ%) gives
eigenfunction errors that are the same size as when exact Fourier coefficients are used.
Unfortunately, we have not been able to plot enough points for the eigenvalue errors
in Figure 6-10 to determine their convergence rates. Note that in Figures 6-9 and 6-10
our plots have again been limited in our choices of M since the method fails for M too
small and is unfeasible for M large.

If we compare the Full 2D Problem (with sampling) with the Scalar 2D Problem
(with sampling, see Section 4.4) then we see that the errors of both problems converge
with O(M~1). It appears that convergence with M is independent of the regularity of
the solution for these problems. Since convergence (with exact Fourier coefficients) is
slower for the Full 2D Problem, we conclude that the sampling method is less harmful

for the Full 2D Problem and it is easier to recover the optimal convergence rate.
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Figure 6-3: Plot of the relative eigenvalue error (eval) and the HZ} norm of the eigen-
function error (efun) vs. A for the 1st 5 eigenpairs of the plane wave expansion method
with smoothing (G fixed) applied to Model Problem 3 for £ = (0,0) and & = (7, 7).
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CHAPTER [

CONCLUSIONS

In this chapter we briefly review the knowledge that we have gained on the plane
wave expansion method, and its variations, and we put the success of the plane wave
expansion method for the problems that we have studied into a wider perspective by

making a comparison with the finite element method.

7.1 Review of the Plane Wave Expansion Method

In this thesis we have shown that the plane wave expansion method can be implemented
efficiently for 4 different eigenvalue problems that come from photonic crystal fibres.
We have observed and proved (or at least made significant progress towards proving)
that the convergence of the plane wave expansion method depends directly on the reg-
ularity of each problem, which is limited because the coefficients of each problem are
discontinuous. The limited regularity implies that the convergence of the method is not
exponential (or superalgebraic). We have also shown that an attempt to recover super-
algebraic convergence by smoothing the coefficients (the smoothing method) does not
work because there is an additional error from smoothing. Also, since the plane wave
expansion method requires the Fourier coeflicients of the coefficients of each problem,
we have presented an efficient method for approximating these Fourier coefficients (the
sampling method) and we have shown how to recover the convergence rate of the plane
wave expansion method with exact Fourier coefficients.

To apply the plane wave expansion method we first had to impose periodic bound-
ary conditions (or periodic coefficients). For pure photonic crystals these arise naturally
but for photonic crystal fibres they were imposed artificially by applying the supercell
method. Although we have not proved any theoretical results for the error associated

with the supercell method for any of our problems, we demonstrated for a particular ex-
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ample in Figure 2-4 that the supercell method converges superalgebraically for isolated
eigenvalues. Moreover, the essential spectrum can be accurately approximated with
pure photonic crystal calculations without the supercell method. Further investigation
into the supercell method could include computing more examples to confirm that the
method converges superalgebraically (or even exponentially) for isolated eigenvalues in
our other problems (not just the 1D TE Mode Problem) and trying to adapt the theory
in [78] (where convergence of the supercell method is proven for 2D TE and TM Mode

Problems) to our problems.

Applying the plane wave expansion method to each of our problems with peri-
odic coeflicients we obtained a matrix eigenproblem, which we solved using iterative
techniques, for example, Implicitly Restarted Arnoldi and preconditioned CG or GM-
RES. Following [64] we used the Fast Fourier Transform (FFT) to obtain an efficient
implementation for computing matrix-vector products with the system matrix A in
O(N log N) operations (/N being the size of A) and we found that it is very easy to ob-
tain an optimal preconditioner for A. These two implementation tricks are what make
the plane wave expansion method competitive. For the 1D problems we solved matrix
eigenproblems with NV =~ 5 x 10° in O(10?) seconds and computed FFTs on vectors of
length 220 ~ 10, whereas for the 2D problems we solved matrix eigenproblems where
N =~ 3 x 10% in O(103) seconds and computed 2D FFTs on matrices with dimension
212 ~ 4 x 109.

For the error analysis we considered the problems as spectral problems, applied
the Floquet transform and obtained a variational eigenvalue problem. For all of our
problems we developed regularity theory for the variational eigenvalue problems. For
the 1D TE Mode Problem and the Scalar 2D Problem we discovered that the plane wave
expansion method is a spectral Galerkin method and we were able to apply the theory
from [6] to obtain error bounds in terms of the approximation error. We then used our
regularity results to bound the approximation error for both the 1D TE Mode Problem
and the Scalar 2D Problem, and we proved that the eigenfunction errors (measured in
the H} norm) decay with O(G~3/2%¢) for both of these problems (for all € > 0). We
also proved that the eigenvalues decay at twice this rate. Using numerical examples
we demonstrated (very clearly) that these error estimates are sharp (up to algebraic

order).

For the 1D TM Mode Problem and the Full 2D Problem we could not show that
the plane wave expansion method is a spectral Galerkin method and we could not
apply the theory from [6] to complete an error analysis. Instead, we were limited to
developing regularity results and bounding the approximation error. We showed that
these problems had less regularity than the 1D TE Mode Problem and the Scalar
2D Problem and this was reflected in approximation error bounds that decayed more

slowly, e.g. O(G~1/2+¢) for all € > 0 for the eigenfunction errors (measured in the H)
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norm) in the case of the 1D TM Mode Problem. (For the Full 2D Problem we only
managed to prove that the approximation error for the eigenfunctions is O(G~*) for
some s > 0.) Although we did not manage to prove the stability of the plane wave
expansion method for these two problems, we did observe stability in the numerical
computations. Furthermore, we observed that the eigenvalues also converged at twice
the rate of the eigenfunctions for these problems despite the matrix eigenproblem being

non-symmetric.

It is suggested in [64] that replacing the discontinuous coefficients in each problem
with smooth coefficients will recover superalgebraic (algebraic of arbitrary order) con-
vergence for the plane wave expansion method. However, this introduces an additional
error. We analysed the method that is used in [64] for the 1D TE Mode Problem
and the Scalar 2D Problem and we proved that superalgebraic convergence to the
“smooth problem” is obtained but that the additional error cancels any improvement.
We devised an optimal strategy for balancing the smoothing error and the plane wave
expansion error and this gave us a rate of convergence that was the same as the plane
wave expansion method without smoothing. Numerical results confirmed our theory
and showed that all but one of our estimates are sharp (up to algebraic order). The
only exception is the dependence of the eigenvalue error on the amount of smoothing.
We were only able to prove that this error decays at the same rate as the correspond-
ing error in the eigenfunctions, but for some unknown reason we observe a slightly
faster convergence rate (but not twice the rate of the eigenfunctions). We conclude
that smoothing does not improve the plane wave expansion method for the 1D TE
Mode Problem and the Scalar 2D Problem. We also computed numerical examples of
smoothing for the 1D TM Mode Problem and the Full 2D Problem which agree with

this conclusion.

The plane wave expansion method requires the Fourier coefficients of the coefficient
functions to determine the entries of the matrix in the matrix eigenproblem. For 1D
problems it is easy to construct an explicit formula for these Fourier coefficients, but in
2D it can easily be the case that the geometry of the photonic crystal fibre makes this
task impossible. We examined the method that was used in [64] for approximating these
Fourier coefficients. It is based on sampling the coefficient function on a uniform grid
and then computing the FFT of the data to obtain approximate Fourier coefficients.
We found (using theory for the 1D TE Mode Problem and the Scalar 2D Problem and
numerical examples for all of the problems) that there is an additional error introduced
by the sampling method, but the convergence rate with exact Fourier coefficients can be
recovered if the sampling grid is chosen to have sufficiently small grid-spacing. For all
of the problems we devised a strategy for choosing the optimal grid-spacing in relation
to the size of the problem, and not surprisingly we found that it is easier to recover the
(slower) convergence rate of the 1D TM Mode Problem and the Full 2D Problem than
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the (faster) convergence rate of the 1D TE Mode Problem and the Scalar 2D Problem.

We also found that the plane wave expansion method with sampling is quite sensi-
tive to the grid-spacing for the 1D TM Mode Problem and the Full 2D Problem. If it is
chosen too large then the method fails. It is here that we see an opportunity for further
investigation into some form of smoothing. If smoothing was applied before sampling
then we might obtain a method that is not as sensitive to the grid-spacing. Therefore,
we would recommend trying a different method for smoothing than the one we have
considered in this thesis which acts more like a filter that is applied after sampling. For
example, a different method for smoothing that might be more promising is considered
in [40].

7.2 Comparison with the Finite Element Method

Now that we have reviewed our knowledge of the plane wave expansion method we
would like to finish the thesis by comparing it with the finite element method. We will
now explain why it compares favourably with the finite element method on a uniform
grid.

When we apply both methods, the plane wave expansion method needs periodic
boundary conditions, while the finite element method can be applied with any boundary
conditions. This is not a disadvantage for the plane wave expansion method because
the supercell method for imposing periodicity converges exponentially for the isolated
eigenvalues and the essential spectrum can be calculated from the pure photonic crystal
(that naturally has periodic coefficients).

For implementation, both methods give us a matrix eigenvalue problem to solve
and we compare the two methods on two criteria, where there are differences: the cost
of computing matrix-vector products; and the availability of an optimal preconditioner
for solving linear systems. Matrix-vector products with the finite element method can
be computed in O(N) operations (since the system matrix is sparse) whereas the plane
wave expansion method requires O(N log N) operations. This is a small advantage for
the finite element method but the plane wave expansion method can use the simple
preconditioner that we used in this thesis whereas the finite element method will require
a more complicated multi-grid type preconditioner (unless K is large, in which case the
finite element method can use the diagonal of the system matrix as a preconditioner).

For the convergence of these two methods, they are both restricted by the limited
regularity of each of the problems that we have considered and therefore achieve similar
convergence rates. However, the finite element method will need to use elements that
have a higher order than piecewise linear elements in order to exploit the greater
regularity of the 1D TE Mode Problem and the Scalar 2D Problem (HS/ 7€ for all
e > 0). For the 1D TM Mode Problem and the Full 2D Problem the finite element
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method will not need to use higher order elements because the regularity is not as high
for these problems. Note that the methods may have different absolute errors despite
converging at the same rate.

For 2D Problems, both methods can have difficulties representing complicated pho-
tonic crystal fibre structures. For the plane wave expansion method we require Fourier
coeflicients and we use the sampling method to approximate these, whereas there will
be an additional error for the finite element method when the grid does not align with
the interfaces of the discontinuous coefficients.

So far we have only considered the finite element method on a uniform grid and
we see that neither method has a particular advantage over the other. Indeed, a case
could be made that the plane wave expansion method is easier to implement and that
“rough” calculations can more easily be made using it, but if we consider an adaptive
finite element method, such as the method used in [31], with its plane wave equivalent,
curvilinear coordinates, then we see that the finite element method gains an advantage.

Since the limited regularity of our problems is localised to the interface regions
an adaptive finite element method will balance the limited regularity with a smaller
grid size near the interfaces, resulting in a method that converges faster. Moreover,
the grid will be more closely aligned with the interfaces to reduce error and multi-grid
techniques can still be used to obtain an effective (if not optimal) preconditioner. The
plane wave expansion method with curvilinear coordinates, on the other hand, does
not have an optimal preconditioner since the derivative components from the operator
are no longer confined to the diagonal of the matrix. An example of an adaptive finite
element method applied to PCF problems is [31], where the 2D TE and TM Mode
Problems are solved using a posteriori error estimation to refine the mesh.

To reiterate our final comparison conclusion, the plane wave expansion method
compares favourably with the finite element method on a uniform grid but the adap-
tive finite element method has an advantage over the plane wave expansion method
with curvilinear coordinates. However, an optimal preconditioner for the plane wave

expansion method with curvilinear coordinates may be obtainable with further study.
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APPENDIX A

EXTRA PROOFS

In this appendix we present some proofs that were not given in Chapter 3.

A.1 Lemma 3.3

The following is a proof of Lemma 3.3.

Proof. Suppose that Lemma 3.3 is not true. Then there exists a sequence ¢,, € D(Rd)
such that

[, én)| =:¢, — 00 as m — 00
qn(9Pn)
where
an(¢n) = Z inea[}é‘D Pn(x)]-
laf<n
Now put
®n
= —20
CnQn((z)n)
Then v, € D(RY), supp ), C K and
1
Gn(Yn) = ——0  asn— oo, (A.1)

This implies that ¥, — 0 in D(RY) and so we have (u,1,) — 0 as n — co. But we also
have (by the definition of 1, and ¢,),

1

|<U, T;Z)n>| - CnQn(¢n)

[{(u, dn)| =1 Vn € N.

This is a contradiction. O
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A.2 Piecewise Continuous Functions

The following proof is a proof of Lemma 3.38.

Proof. We present the proof for d > 2. The d = 1 proof is similar and easier. The

proof is given in two steps:
1. Show | f(K)| < Cou(1 4 |K/|)™™(1 + |kq|) ™" for all k € R? and for every m € N.
2. Show | f1I%.za) = Jra(1+ [k[2)*| F(k)[2dk < oo for s < 1/2.

Step 1. Let k € R? and recall the notation: k' = (k1,ko,...,ks_1). Let k; denote
the element of k/ with maximum absolute value and define U := |suppu| and U’ :=

| supp u(x’,0)|. We will need the following inequality,

kj]™ < K™ < (d— 1)™2|ky|™  ¥Ym > 0. (A.2)

o~

We begin with the definition of f(k) and integrate by parts to get the following equal-
ities with p € NU {0}.

fg = [ ek foi

= / e~ kX (x)dx
<0

1 —i2rk-
— 12TK-X Dp d
T o P
1 1 —ionk- —ionk! X/
— i2rkx ) P dx — i2rk’x" Hp x—d/
(i27k;)P i27kg (/xd<0e a0 u(x)dx /xd:oe (Dju)|z,=0dx
Using these equalities and (A.2) we get the following
UHUHLOO(Rd)
17001 < { el D2l (A3)

WM)M (U”DdDi')UHLoo(Rd) + U/‘|D§u|$d:0HL°"(Rd*1))

o~

for p € NU{0}. Now let m € N and consider (1 + |kK'|)"™(1 + |kq4|)|f(k)| for different
cases of |K'| and |kg|.
Case 1: If |k'| <1 and |kg4| < 1, then

(L4 K™ (1 + al) [ F 0] < 2741 7))
<"l g gay by (A3).
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Case 2: If [k/| > 1 and |kg4| < 1, then

(1+ [K)™(1 + [kal)| F(%)] < 27K ™| F (X))
< 2™ (d — )™k f(k)| by (A.2)
_20d- H™2U

| D} ul| poo(ray by (A.3) with p =m.
Case 3: If [k'| < 1 and |kg| > 1, then

(L4 &)™ (1 + [Ra))| ()] < 27 Rl | F ()|

2m .
S ? (U”DduHLW(Rd) + U/HU’mdzluLoo(Rd—l)) by (A?)) with p= 0.

Case 4: If [k'| > 1 and |kg4| > 1, then

(1+ K D™ (1 + k)| F(K)] < 27 K™ [kal| f ()|
< 27 (d — 1) 2|k | |kal| £ (K)| by (A.2)
@™ puD Tl + U D ulasmo i) by (A3) with p = m
S T d/j || Lee 5 Ulzg=0l|Lo° y (A.0) With p =m.

Since u € C$°(R?), the right-hand-sides of Cases 1-4 are all bounded by constants that
depend on m, v and d and we have completed Step 1.
Step 2. For any k € R? we get

Lt k|2 =1+ [K'[* + [kal” < (14 [K')*(1+ |kal)? (A.4)

ey = [ (04 021 70k) P

1+ k%)
o (
_ 2 (1 + [K)* (1 + |ka])**

=C2 ., </ 1+ |k/|)28—2mdk’> (/(1 + |k:d])23‘2dk:d> vm e N
Rd-1 R

Il -[2

The term I; is bounded by choosing m sufficiently large and the term I is bounded
provided 2s — 2 < —1, or equivalently, if s < 1/2. This completes the proof. O
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A.3 Triangle Inequality for Gap Between Subspaces

The gap between two subspaces of a Hilbert space (Definition 3.64) obeys the triangle
inequality, Lemma 3.65. Here is the proof for Lemma 3.65.

Proof. Let X, Y and Z be three closed subspaces of a Hilbert space. The proof has
three steps.

1. Since {y e Y : |yl =1} c{y e Y : ||y| <1},

sup dist(y,Z) > sup dist(y, Z). (A.5)
yeYilly[<1 yeYillyl=1

Conversely, for each 0 # y € Y, with ||y|| < 1, define g = ”—;/” Then

1
dist(g, Z) = inf||§ — z[| = - inf ||y — 2'|| = — dist(y, Z) > dist(y, Z)
€7 lyll '€z Iyl
since ||y|| < 1. Therefore
sup dist(y,Z) < sup dist(y, Z). (A.6)
yeyY[lyll<i yeYlyll=1
Combining (A.5) and (A.6) we get
sup dist(y,Z) = sup dist(y, Z). (A.7)
yeYflyll<1 YeY, [lyl=1

2. Forze X, ||z|| =1,since {y €Y : ||y|| <1} C Y,

inf T — > inf ||z — A8
int _lle =l = int o~y (A8)

Conversely, let y, be the projection of x onto Y with respect to the inner product
on our Hilbert space, (x — y;,y) = 0 for all y € Y. Then, using the definition of
Yz, Cauchy-Schwarz and that ||z| = 1, we get

I

19l = (Yo, ¥2) = (@, 42) < [z llly=]l = [[yall-

Therefore ||y,|| < 1. Also, Pythagorus gives us
lz =yl = llz = gal® + v —yl*  VyeyY

which implies
lz =yl = [lz -yl VyeY.
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Therefore,

infl|lz — vyl > ||z — > inf —q
inflle—yl > el > it 7=yl

Combining (A.8) and (A.9) we get, for x € X with ||z| =1,

inf T — = inf ||z —
nt e =yl = inflle =y

3. Let z € X with ||z|| = 1. Then
dist(z, Z) = inf ||z — z||
2€Z
< |lz =yl + inf [y — 2| VyeY lyll<1
2€Z

= |l — yll + dist(y, Z)
<llz—yll+ sup dist(y’, 2)

y'eYi|ly'[I<1

=|z—yl|+ sup dist(y,2) by (A.7)
y'eylly'|=1

= llz —yll + (Y, 2) VyeY, |yl <1.

Taking the infimum over y € Y with [Jy|| < 1 we get

dist(x, Z) <  inf x—yl|l+6(Y,Z
(0,2)< it o=yl +0(v.2)
= inf ||z —y[| + (Y, Z) by (A.10)
yey

= dist(z,Y) + 0(Y, Z).

The result follows by taking the supremum over z € X with ||z|| = 1.

(A.9)

(A.10)
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