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1 Introduction

Coarse space correction is essential to achieve algorithmic scalability in do-
main decomposition methods. Our goal here is to build a robust coarse space
for Schwarz—type preconditioners for elliptic problems with highly heteroge-
neous coefficients when the discontinuities are not just across but also along
subdomain interfaces, where classical results break down [3, 6, 15, 9].

In previous work, [7], we proposed the construction of a coarse subspace
based on the low-frequency modes associated with the Dirichlet-to-Neumann
(DtN) map on each subdomain. A rigorous analysis was recently provided
in [2]. Similar ideas to build stable coarse spaces, based on the solution of
local eigenvalue problems on entire subdomains, can be found in [4], and
even traced back to similar ideas for algebraic multigrid methods in [1]. How-
ever, we will argue below that the DtN coarse space presented here is better
designed to deal with coefficient variations that are strictly interior to the
subdomain, being as robust as, but leading to a smaller dimension than the
coarse space analysed in [4].

The robustness result that we obtain, generalizes the classical estimates
for overlapping Schwarz methods to the case where the coarse space is richer
than just the constant mode per domain [8], or other classical coarse spaces
(cf. [15]). The analysis is inspired by that in [4, 13] and crucially uses the
framework of weighted Poincaré inequalities, introduced in [12, 10] and suc-
cessfully applied also to other methods in [11, 14].
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2 Two-level Schwarz method with DtIN coarse space

We consider the variational formulation of a second order, elliptic boundary
value problem with Dirichlet boundary conditions: Find u* € Hg(£2), for a
given domain 2 C R? (d = 2 or 3) and a source term f € Lo(2), such that

a(u®, v) = /Qoz(z) Vu* - Vo = A fo=(f, v), Yo Hy), (1)

and the diffusion coefficient & = «(z) is a positive piecewise constant function
that may have large variations within (2.

We consider a discretization of the variational problem (1) with contin-
uous, piecewise linear finite elements (FE). For a shape regular, simplicial
triangulation 7}, of {2, the standard space of continuous and piecewise linear
functions (w.r.t 73) is then denoted by Vj,. The subspace of functions from
V3, that vanish on the boundary of (2 is denoted by V}, 0. The discrete FE
problem that we want to solve is: Find u; € Vj, o such that

a(uh,vh) = (f, Uh), Vop, € Vio. (2)

Given the usual nodal basis {¢;}7_; for Vj o consisting of “hat” functions
with n := dim(V4,0), (2) can be compactly written as

Au = fa with Az] = a(¢]a¢’b> and f’b = (f7 ¢1)7 Zv.] = 17 sy, (3)

where u and f are respectively the vector of coeflicients corresponding to the
unknown FE function uj in (2) and to the r.h.s function f.

Two-level Schwarz type methods for (2) are now constructed by choosing
an overlapping decomposition {.Qj}'j]:1 of 2 with a subordinate partition of
unity {x; }3-]:1, as well as a suitable coarse subspace Vi C V}, 0. In practice
the overlapping subdomains {2; can be constructed automatically given the
system matrix A by using a graph partitioner, such as METIS, and adding
on a number of layers of fine grid elements to the resulting nonoverlapping
subdomains. A suitable partition of unity can be constructed from the geo-
metric information of the fine grid. For more details see e.g. [15] or [2]. We
assume that each point = € {2 is contained in at most Ny subdomains (2;.

The crucial ingredient to obtain robust two-level methods for problems
with heterogeneous coefficients is the choice of coarse space Vg C V}, . Let
us assume for the moment that we have such a space Vg and a restriction
operator Ry from V}, o to Vi and define restriction operators R; from func-
tions in Vj, o to functions in Vj, ¢(£2;), or from vectors in R™ to vectors in
RAMVao(2) by setting (Rju)(z;) = u(x;) for every grid point a; € £2;. The
two-level overlapping additive Schwarz preconditioner for (3) is then simply

J
Mys, = ZFO RYAT'R; where Aj:=R;AR], j=0,....J. (4
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In the classical algorithm Vy consists simply of FEs on a coarser triangu-
lation 7 of {2 and Ry is the canonical restriction from V}, ¢ to Vj, leading
to a fully scalable iterative method with respect to mesh/problem size (pro-
vided the overlap size is proportional to the coarse mesh size H). However,
unfortunately this preconditioner is not robust to strong variations in the
coefficient a. We will now present a new, completely local approach to con-
struct a robust coarse space, as well as an associated restriction operator
using eigenvectors of local Dirichlet-to-Neumann maps, proposed in [7].

We start by constructing suitable local functions on each subdomain §2;
that will then be used to construct a basis for V. To this end, let us fix j €
{1,...,J} and first consider at the continuous level the Dirichlet-to-Neumann
map DtN; on the boundary of 2;. Let I'; := 0f2; and let v : I'; — R be a
given function, such that vplgo = 0 if I; N 92 # (. We define

v
DN, (vr) = a—v
](UF) aay] Fj )

where v; is the unit outward normal to {2; on I';, and v satisfies
—div(aVv) = 0in £2;, v= vponl . (5)

The function v is the a—harmonic extension of the boundary data vy to the
interior of £2;.

To construct the (local) coarse basis functions, we now find the low fre-
quency modes of the Dirichlet-to-Neumann operator DtN; with respect to
the weighted Lo—norm on I}, i.e. the smallest eigenvalues of

DtN; (’Ug)) = A0 owg) . (6)
Then we extend each of these modes v;2’ a—harmonically to the whole domain

and let vU) be its extension. This is equivalent to the Steklov eigenvalue
problem of looking for the pair (v\9), \())) which satisfies:

(4)
r

, )
—div(aVvW) = 0in £2; and ozaav

= Aaw'? on I} (7)
vj

The variational formulation of (7) is to find (v, \?)) € H(£2;) x R such
that

aVol? -Vw:)\(j)/ trjov w, Yw e HY(8;), (8)

where trja(z) :=limyco, ., a(y). To discretize this generalized eigenvalue
problem, we consider for all v,w € H'(£2;) the bilinear forms

a;(v,w) = /Q aVu-Vw and m;(v,w) ::/F trjavw

J
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and restrict (8) to the FE space V},(£2;). The coefficient matrices associated
with the variational forms a; and m; are

A ::/ aVey -V, and MY :=/ trjogr d1,

2; r;

where ¢, and ¢; are any two nodal basis functions for V},(§2;) associated with
vertices of 7, contained in 2;. Then the FE approximation to (8) in matrix
notation is

AD @) = G )y &) 9)

where vi) € R™ n; := dimV},(£2;), denotes the degrees of freedom of the
FE approximation to v(f) in Vi, (92;).

Let the n; eigenpairs ()\( 7 ,ve),2, corresponding to (9) be numbered in

increasing order of )\g] ) Since M ,g{ ) = 0 only if ¢, and ¢; are associated with
the np vertices of 7, that lie on [7j, it is easy to see that at most np of the

eigenvalues )\gj ) are finite. Moreover, the smallest eigenvalue )\gj ) = 0 with
constant eigenvector and the set of eigenvectors {v,},”, can be chosen so
that they are AW —orthonormal. The local coarse space is now defined as the
span of the FE functions 1)(]) € Vi(£2;), £ <mj < np, corresponding to the
first m; eigenpairs of (9). For each subdomain {2;, we choose the value of m;

such that )\(J) < diam(£2;)7!, for all £ < mj, and A, J) | > diam(£2;)7'. We
will see in the analysis in the next section why this i is a sen81ble choice.

Using the partition of unity {x;}? -1, we now combine the local basis func-
tions constructed in the previous section to obtain a conforming coarse space
Vi C Vi on all of (2. The new coarse space is defined as

Vg := span {Ih(xjvéj)) 1<j<Jand 1</< mj} , (10)

where Ij, is the standard nodal interpolant onto V4, (£2). The dimension of

Vi is Z] 1 m;. By construction each of the functions I (xj (])) € Vi, sO
that as required Vg C Vj 0. The transfer operator Ry from Vj, to Vg is
defined in a canonical way by setting R upy(z;) = up(z;), for all uy € Vi
and for all vertices x; of 7},.

We will see in the next section that under some mild assumptions on the
variability of « this choice of coarse space leads to a scalable and coefficient-
robust domain decomposition method with supporting theory.

3 Conditioning analysis

To analyse this method let us first define the boundary layer (27 for each {2;
that is overlapped by neighbouring domains, i.e.
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Q;-) = {.’L‘ S Qj : X](ZE) < 1}

We assume that this layer is uniformly of width > §;, in the sense that it
can be subdivided into shape regular regions of diameter ¢;, and that the
triangulation 7, resolves it. This also guarantees that it is possible to find a
partition of unity such that |x,;| = O(1) and |Vx;| = (’)(5]-_1).

We now state the key assumption on the coefficient distribution a(x).

Assumption 1 We assume that, for each 7 = 1,...,J, there exists a set
X, C I (not necessarily connected) such that (i) maxg ,ex, % = 0(1)
and (ii) there exists a path P, from each y € £2; to X, such that a(z) is an
increasing function along P, (from y to Xj).

Lemma 1 (weighted Poincaré inequality [10]). Let Assumption 1 hold.

J

X

alv =T%|? < Cpéj/ alVu)?, for all v € Vi,(92;),
020
J

°©
J

- 1
where TV = = V.
[X;1 fXj

Remark 1. Note that Assumption 1 is related to the classical notion of quasi-
monotonicity coined in [3]. It ensures that the constant Cp in the Poincaré-
type inequality in Lemma 1, as well as all the other (hidden) constants below
are independent of the values of the coefficient function «(z). The constants
may however depend logarithmically or linearly on d;/h. This depends on
the geometry and shape of the paths P, and on the size and shape of the set
X;. For more details see [2] and [12, 10].

The following proposition is the central result in our analysis. It proves
the stability and a weak approximation property for a local projection onto
the span of the first m; eigenvectors.

Proposition 1. Let Assumption 1 hold, and for any u € V3,(£2;), define the
projection Iju =Y ",", a; (véj), u) véj). Then
| u|a,0; < |tla,0, and (11)

u—jullo,a,00 S 4/cj(my) 6 |ula,e; - (12)

where cj(m;) = C% + (5j/\£ii+l)71.
Proof. Theorem 3.2 in [2].

As usual (cf. [15]), the following condition number bound can then be
obtained via abstract Schwarz theory by constructing a stable splitting.

Theorem 2. Let Assumption 1 be satisfied. Then the condition number of
the two-level Schwarz algorithm with the coarse space Vi based on local DtN
maps and defined in (10) can be bounded by
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ML A) < mhsle(m) < O+ mhx (6200 )~
ki ( as24) S T;lji"({cg (mj)} < Cp+ r}qzalx j Am;+1

The hidden constant is independent of h, 6;, diam(2;), and a.

Proof. This is Theorem 3.5 in [2]. The stable splitting for a function u € V3o
is constructed using the projections I1;, j = 1,...,J, in Proposition 1 to
define the coarse quasi-interpolant

J
Ug 1= Ih(ZXjHj’ul_Qj) e Vy. (13)

Jj=1

If we now choose u; := I (x;j(u — IIju)) € V4 ,0(£2;), then

J
u:Zuj and Z/Qa|Vuj|2 < r;léf{cj(mj)}/QMVuF
4 =

For details see [2].

Remark 2. Note that by choosing the number m; of modes per subdomain
such that )\%)jﬂ > diam(£2;)71, as stated in Section 2, we have

di 0,
135005 (0 e P

J=1 j

Hence, provided the constant Cp is uniformly bounded, independently of
any jumps in the coefficients, we retrieve the classical estimate for the two-
level additive Schwarz method independently of any variations of coefficients
across or along subdomain boundaries.

4 Numerical results

We choose 2 = (0,1)? and discretize (1) on regular grid with m x m elements.
We apply a homogeneous Dirichlet boundary condition v = 0 on the left hand
side boundary and homoegenous Neumann boundary conditions % =0 on
the remainder. We use the METIS partitioner to split the domain into 16
irregular subdomains as shown in Figure 1. Then we construct the overlapping
partition using Freefem++ [5] by extending each subdomain by one layer of
elements on all or the boundary.

As the coarse space we use the DtN coarse space described in Section 2
with m; chosen such that A < diam(2,)"' < AY) | forall j=1,...,16
(labelled D2N below). We compare this preconditioner with the one-level ad-
ditive Schwarz method (labelled NONE below) and the two-level method with
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partition of unity coarse space, i.e. choosing m; = 1, for all j = 1,...,16
(labelled POU below). To confirm in some sense the optimality of our choice
for m;, we also include results with the DtN coarse space choosing m;+1 and
max{1l, m; — 1} basis functions per subdomain (labelled D2N+ and D2N-, re-
spectively). We use the preconditioners within a conjugate gradient iteration
and terminate when the residual has been reduced by a factor 1076.

In the first test case, we choose m = 80 and « to be a realization of a log-
normal distribution with exponential covariance function (variance o? = 4
and correlation length A = 4/m) and mean(log ) = 3 (cf. Figure ?7?).

In Figure 3 we plot ||u — @||c (where @ is the solution of (3) obtained via
a direct solver) against the iteration count. We compare three methods:

AS : the one level preconditioner Mgé,l = ijl RjTA;le.

AS + Znico : the two level preconditioner defined by (4) with a coarse grid
which consists simply of constant functions on each subdomain weighted
by a partition of unity.

AS + Zpon : the two level preconditioner defined by (4) with the new
coarse grid we have introduced.

The AS and AS + Znico methods require roughly the same number of
iterations (89 versus 92 iterations) whereas the new AS + Zpan stands out
reducing the number of iterations to 38. Finally, in Figure 4 we show that the
criterion for the number m; of eigenmodes that we select in each subdomain
is somewhat optimal since adding one has hardly any impact on performance
while removing one has strong negative impact.
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