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Introduction

In this paper we prove the uniqueness of certain regular and singular radial
solutions to the equilibrium equations of nonlinear elasticity for an isotropic
material.

Consider a homogeneous isotropic elastic body which in its reference state
occupies the open subset 2 C R3. We study the two cases when £ is a ball

B={XeR3|X| <1}
or a spherical shell
B ={XcR%e< |X|< 1}

of any inner radius £¢ (0, 1). A deformation of the body is a function x: 2 — R3,

In this paper we are concerned with radial deformations, for which & has the form

xx) = "Rx, 0
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where R = |X|. We specify the displacements on the outer surface of the ball
and shell by requiring that
r(l)=1>0. o))

BALL (1982) showed that for an isotropic material the study of weak solutions of
the form (1) to the equilibrium equations of nonlinear elasticity under zero body
force is equivalent to the study of solutions to the radial equilibrium equation

d R) r(R R) r(R
2 (oo, 0 2, 1) o, (10 2, ), g

where @ ; denotes differentiation of @ with respect to its i argument, @ being

the stored energy function of the material. BALL exhibited a class of solutions to
(3) for B that satisfy
r(0) > 0. @

Such solutions describe the formation of a hole at the centre of the deformed
ball B. BaLL called this phenomenon cavitation. We follow his terminology and
say that a solution of r of (3) for B is a cavitating equilibrium solution if it satis-
fies (4) together with the natural boundary condition that the cavity surface is
stress free.

Our main results are proofs of uniqueness of regular and cavitating equilibria
of the form (1) that satisfy (2) (Theorems 2.4, 2.5 and 3.8). The regular deforma-
tions correspond to equilibrium configurations for shells B® of any cavity size
under either the displacement or mixed displacement-traction boundary value
problems. To our knowledge these are the first such results for shells. Our proof
of uniqueness of cavitating equilibria is a natural one under mild hypotheses on
the stored energy function; it generalises a result of BALL (1982), who used an
ad hoc Gronwall inequality together with very restrictive conditions. Under some-
what less restrictive hypotheses than BALL’S, STUART (1984) used an elegant
shooting argument showing that the stress on the cavity surface is a monotone
function of the derivative on the boundary. Thus in STUART’s approach uniqueness
is an immediate consequence of his proof of existence.

As an application of our uniqueness results in section 5 we study the asympto-
tic behaviour of solutions to the mixed problem for B in the limit ¢ — 0 and we
determine the sense in which equilibrium solutions for B° approximate those for B
when ¢ is small. A necessary prerequisite in this analysis is to prove the existence
of the relevant equilibria as is done in section 4.

Equilibrium solutions to the mixed displacement-traction boundary value
problem for a shell B® correspond to solutions r, of (3) that satisfy r(1) =21
and generate zero traction on the inner surface. A change of variables gives (3)
an autonomous form. Thus any such solution r, generates an orbit in phase space
with the property that it intersects two given curves. The idea of our proof is
to parametrise the set of all orbits with this property and to show that an appro-
priate ‘time map’ is a strictly monotone function of the parameter. This enables
us to prove uniqueness of r, in Theorem 2.4. A different choice of time map yields
a proof of uniqueness of solutions to the pure displacement boundary value prob-
lem for B® (see Theorem 2.5).
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It is readily observed that the uniqueness proofs of Section 2 for shells rely
on the fact that two distinct orbits in phase space cannot cross and thus one
solution curve either lies wholly below or above any other. Motivated by this
consideration we make a change of variables in the energy functional to an integral
over phase plane variables of a convex integrand. This procedure leads to a simple
proof of uniqueness of cavitating equilibria in Theorem 3.8.

In Section 4 we examine the existence of equilibria for B and B° by using the
direct method of the calculus of variations to show that an absolute minimiser
of the energy exists in the class of radial deformations. This method of proof
enables us to show that the deformed cavity size of a shell B® is a monotone
function of the boundary displacement (Proposition 4.10).

In Proposition 4.7 we demonstrate the existence of cavitating minimisers
of the energy for B under assumptions on the growth of A-3®(4, 4, 1) for large 1.
Theorem 1.11 gives a characterisation of the phenomenon of cavitation. The
combination of Theorem 1.11 with Proposition 4.7 yields the existence of a critical
boundary displacement A, with the property that if the boundary displacement
A = A, then a homogeneous deformation is the unique minimiser of the energy,
and if 4> A, then a deformation with a cavity is the unique energy minimiser.
These results extend and generalise work of BALL (1982) and enable us in Section 5
to examine the asymptotic behaviour of the {r;} as ¢— 0.

Intuitively we should expect {r.} to approximate equilibrium solutions to the
displacement boundary value problem for the solid ball B as ¢— 0. In Propo-
sition 5.3 we show that r, is a solution to the mixed problem for B° if and only if
it is the global minimiser of the energy. We combine this proposition with energy
arguments to prove the following convergence results:

If A <4, then Sup |[r(R) —AR|—>0 as e—0. ()]
R¢[e,1])

If A > A, then Sup |r(R) — r(R)|—>0 as e—0, ©6)
R€[e,1]

where r(R) is a cavitating equilibrium solution for B.

We remark finally that exactly analogous results hold for two-dimensional
problems in elasticity. However for ease of presentation we only consider the case
of dimension three.

Constitutive Assumptions

Throughout this paper unless otherwise stated we assume that @ is in C3
on its domain of definition and that @,(1, 1, 1,) = 0 so that the undeformed con-
figuration is a natural state. (For results relating differentiability properties of
& to those of W (where W is the corresponding stored energy function that satis-
fies (0.6)) see BALL (1984)). In the course of this paper we refer to a number of
constitutive hypotheses on the stored energy function @; for ease of reference these
are listed together below.

(H1) D 11(v1, 02, v3) > 0.
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This is known as the tension-extension inequality. For an interpretation of (H1)
see TRUESDELL & NoLL (1965):

(”i¢,i(01’ Uy, U3) — vj(p,j(vb g, U3)

Ui"l)j

(H2) )go, i j, o,

We say that @ satisfies H2+ if strict inequality holds. The set of inequalities H2*
are known as the Baker-Ericksen inequalities (see TRUESDELL & NoiLL for an
interpretation).

(H3) Either

Lim (¢,1(’71, Uy, Uz))

5 =
, v
e 2
or
Lim (D(vy, vy, v2) — 0,D 4(v), 0, v)) = — 0.
Ug,U7—>00
v <va

(H4) Either

2

Lim (q),l(.vb U3, Uz))

N

or

v:lLviIBO (¢(U], Uz, Uz) - UIQ)J(UI, Uy, Uz)) == + o0,

;>0

+ oo oo
(HS) D (v, a,a) > { o B :0 } for fixed a € (0, c0).
(H6) det (Hess @), = det (®,,(1, 1, 1)) > 0.
@ i QJ
(H7) S E— + Q,ij z 0 for v; :*—_— Uj.
v; — Uj

(H8) @ (v, v,v) = 0 for all { if and only if v = 1.

This is the assumption that @ has only one natural state.

2

(H9) ~ @) € L}(8,00) for d€(l,00) where

U
@ —1)
A def 1
D(v) = (15<—3-, v, v).
[
(H10) There exist constants k&, M > 0 such that

DA, A, 2)
23
(H11) D(vy, vy, v3) > D(1, 1, 1) if v, 4= 1 for some i.

ML for A= k.
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. 3
(El) ' ¢(vls Uy, US) g Z w(vi) where
i=1

p: (0, 00) > (0, 00) satisfies
(i) p€ C(0, 20)),

. v
(i) 5 as v — oo,

(iii) y@)-—>oc as v—>0.
(E2) There exist constants M, ¢, € (0,00) such that
| D (v, 3203, %303) U;] < M(D(vy, 03, 03) + 1) i |, — 1] < &o, i = 2,3,

Notation. We write M>*3 for the space of all 3x 3 matrices over R. We set

M3 = {Fe M**?; det F> 0}

and denote by SO(3) the special orthogonal group on R3.

If ECR? ismeasurable, n =1, 1 < p < + oo, then we denote by L*(E; R")
the Banach space of equivalence classes of Lebesgue measurable functions
u:E—R" with norm |||, defined by

1
(Jlora) 15p< o
lull, =1
Ess Sup [u(x)|] p=o0
x€CE

(see ApaMms (1975)). We write LP(E) = L?(E; R).

The Sobolev space W'?(E;R") is the space of equivalence classes of Lebesgue
measurable functions u satisfying u, Vu € L?(E; R") where Vu is the distributional
derivative of u. W!P(E;R") then becomes a Banach space under the norm

lully,, = llul, + 1Vui,.
(see ApaMs (1975)). We write WU'P(E) = W'P(E;R).

0. The Stored Energy Function and Weak Equilibrium Solutions

Consider a homogeneous hyperelastic body which in a reference configuration
occupies the bounded, open, connected set 2 CR3. In a typical deformation
x: 2 —R3? a particle with position vector X in {2 moves to a point having posi-
tion vector x(X).

If W: M3 — R+ is the stored energy function of the material, then the total
stored energy E associated with the deformation x is given by

Ex) = [ W(Vx(X)dX. 0.1
2
We say that x is an admissible deformation if it satisfies the local invertibility con-
dition
det (Vx(X)) >0 for all X€ Q. 0.2)
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To account for the idea that large energies must accompany large extensions or
compressions we require that

W(F)—>oco as det F—~oco or 0. 0.3)
We assume that W is frame indifferent, i.e., that
W(QF) = W(F) for all Fe M3**, Q¢ SO(3), ©4
and we assume that W is isotropic i.e., that W in addition satisfies
W(FQ) = W(F) for all F€ M3*3, Q€ S0(3). (0.5)

It can be shown that (0.4) and (0.5) hold if and only if there exists a symmetric
function @:R3 | —R satisfying

W(F) = ®(v,, v, v;) for all F€ M3*3, 0.6)

where
R}, ={(cs,c2,0c3)€ER3} ¢, >0, i=1,2, 3} 0.7)

and where the v;, known as the principal stretches, are the eigenvalues of (FTF)%
(for a proof see TRUESDELL & NoLL (1965)).

By the definition of hyperelasticity the Piola-Kirchhoff stress tensor Tg: M3 **
— M?*3 is given by

ow def aW(F)
re =S @ (250). 08
If W is isotropic and F = diag (v,, v;, v;) with v, >0 for all i, then
To(F) = diag (@, D, D) 0.9

where @; = @ ,(vy, vy, v3).
The Cauchy stress tensor T(F) is related to Tr(F) through the formula

T(F) = (det Fy~' To(F) FT. (0.10)

The tensors Tx and 7 measure the force on the body per unit area in the un-
deformed and deformed configurations respectively.

For an elastic body with stored energy function W the equilibrium equations
under zero body force are given by

o (oW ,
"37*(5{"; (Vx(X))> =0 fori=1,2,3, (0.11)
for all X = (X', X%, X3¢ 2. These are the Euler-Lagrange equations for the
functional £ (as given by (0.1)).

The displacement boundary value problem in elasticity consists in finding a
solution x to (0.11) taking prescribed values on the boundary 8£2. We now restrict
attention to the case where

Q=BE{(XeR; X< 1} 0.12)
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is the open unit ball. We consider only radial deformations; i.e., deformations
x of the form

r(R)
x(X) = —X, (0.13)
R
satisfying
x(X) = X for X¢ 22 and for some 1€ (0, c0), 0.149)
where R = [X|.

The following proposition, taken from BALL (1982, Lemma 4.1), relates the
properties of x and r as defined by (0.13).

Proposition 0.1. Let 1 =< p<C +co and let x be given by (0.13). Then xc W'?(B; R?)
if and only if r(-) is absolutely continuous on compact subintervals of (0, 1) and

fle (lr’(R)lP ®) )dR < 4 oo. 0.15)
0
The weak derivatives of x are then given by
Vx(X) = @1 L2222 ® X ( "(R) — r(R)) (0.16)

where 1 denotes the identity tensor.

Following BALL (1982) we say that x¢ W!(B;R?) is a weak equilibrium
solution of the displacement boundary value problem if

det (Vx(X)) >0 for a.e. X¢ B (Vx( ) € L*(B; R®)

and

W(Vx) |
f VX ax =0 for all yc CF(B; RY). 0.17)

ox’,

BaLL reduced the analysis of weak equilibrium solutions of the form (0.13)
to the study of solutions of a particular ordinary differential equation by means
of the following result. (Cf. BALL (1982, Theorem 4.2 and Proposition 6.1).)

Theorem 0.2, Let @ ¢ C"(R%,), m= 1. Then x defined by (0.13) is a weak
equilibrium solution if and only if

r(R)>0 for a.e. Re(0,1),

ro, (ru, 2.2, mo,(rw. 2. e o,
R*®, |1 ( "(R), —~ r(R) r(}l:))“ 2f 0P, ( r'(p), ﬁ.?_) r(ﬁ))d -+ const.
for a.e.

RE(O, 1). (0.18)
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The v; are given almost everywhere by

r(R)
‘_R"‘ .
Moreover, if @ satisfies (H1) and (H5), then re C™((0, 1]), r'(R) > 0 for every
Rc(0,1] and r satisfies the radial equilibrium equation

d{ [, r(R) H(R) o TR) F(R)
= (R @ ( (R), ==, )): 2RO, ( (R), = ’T) (0.20)

v, =r'(R), v,=10v;= (0.19)

R
for every R€ (0, 1].

Notice that the homogeneous deformation
r(R) = AR 0.21)

is always a solution of (0.20) and (0.14).
Equations (0.6), (0.1) and (0.19) reduce the energy corresponding to the radial
deformation (0.13) to the form

E®) — dal() S o | R2¢< ®, r(R), r(]I:)) .
0

Notice that (0.20) is the Euler-Lagrange equation for (0.22).

To demonstrate the existence of non-trivial solutions of (0.20) corresponding
to cavitation, BALL used a variational technique, showing that the functional 7
attains its infimum on a set of admissible functions A4, where

Ay ={re w0, 1); (1) =4, F(R) >0 ae RE©O, 1), r(0)=0}.  (0.23)

Our next proposition is a modified version of Theorem 7.1 of BaLL (1982);
for convenience a proof is given in the Appendix.

(0.22)

Proposition 0.3. Letr &< C™(R>.\) for m = 1 and let @ satisfy (H1), (H5) and
(E1). If r is an absolute minimiser of I on A, then

i r(R >0 for Re(0,1], 0.24)
(i) re C™((0,1]) and satisfies (0.20) for every R€ (0, 1]. (0.25)
Moreover if r(0) = Iigg r(R) > 0 then
Lim 7((R)) = 0 (0.26)
where
10wy * () @ (r@. 2. ) ©027)

is the radial component of the Cauchy stress.

From (0.13) we see that there is a cavity at the centre of the deformed ball
if and only if #(0) > 0, and that (0.26) is the natural boundary condition that the
cavity surface be stress-free.
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BaLL showed that for sufficiently large values of the boundary displacement A
the minimiser r of 7 on 4, satisfies #(0) > 0. By Proposition 0.3 r is a solution of
the radial equilibrium equation (0.20) and by theorem 0.2 x defined by (0.13)
corresponds to a weak solution of the three dimensional equilibrium equations.

In the remainder of this paper when referring to a cavitating equilibrium solu-
tion r we mean a function r € C2((0, 1]) with r(0) > O that satisfies (0.20) on (0, 1]
and satisfies

() r(R)>0 for Rc(0,1], (0.28)
(ii) Lim 7((R)) = 0. (0.29)

1. Properties of Radial Equilibrium Solutions

In this section we gather properties of solutions #(R) to the radial equilibrium
equation (0.20). These results will be central to the arguments in the rest of this
paper.

Proposition 1.1. Let D satisfy (H1) and let rc C2((0, 1]) be a solution of (0.20)
satisfying (0.28). If there is an Ry € (0,1] and a Ay € (0, 00) such that

rR def
ROO) = r’(RO) = }*o,

then r(R) =AoR for Rc(0,1).

Proof. Equation (0.20) is of the form r” = f(R, r, ') where fis in C*. Standard
results for ordinary differential equations then imply that the solution r(R) to the
initial value problem with data r(Ry) = AgRo, r'(Ro) = Ao is unique. Hence
r(R) =AyR.

Corollary 1.2. If re C*((0, 1]) is a solution of (0.20) for which (0.28) holds and
for which the function r(R)/R is not constant (on any nonempty open interval),
then r(R)/R is a strictly monotone function on (0, 1]. In particular, if r(0) = IEE% r(R)

R
>0, then r'(R) < LR) Jor Re(0,1].

Proof. The first part of the corollary is an easy consequence of Proposition 1.1 and

the formula
d [r(R) 179, r(R)
EE[T] ~E[’(R)—‘R—] :
The second part then follows immediately from the observation that if »(0) > 0,
then r(R)/R-—>o0 as R—0.
We now give conditions under which the radial Cauchy stress 7'(r(R)) is

(R)

monotone on any interval where r'(R) == B2 for any solution ré& C?((0, 1])
R
of (0.20).
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Proposition 1.3. If @ satisfies (H1), (H2) and if re C*((0, 1]) satisfies (0.20) and
(0.28), then

df%ﬂ( "(R) — '(R)) <0 for any R€(0,1]. .1
Proof. By (0.20) and (0.27),
dT(r(R)) 2R?* (r(R)
w2 = 2 (o — r® o) (12
where
r(R) r(R)
0.0 = 0, (r@®, 2. ") 13)

The result then follows by (H2) and (0.19). (We use the notation (1.3) and the
analogously defined expression @(R) when the arguments of @ and its derivatives
are clear.)

We define the inverse Cauchy stress T(r(R)) by

rHR) r(R)

Te®) = o (r@, "2 ") — r® o, (@, 5

r(R) r(R)) R

R

We refer to BALL (1982) for an interpretation of T and the proof of the following
analogue of proposition 1.3.

Proposition 1.4, If D satisfies (H1), (H2) and if r€ C*((0, 1)) is a solution of (0.20)
satisfying (0.28), then

dT(r(R))
w2 (e -

Notice that Propositions 1.1, 1.3 and 1.4 show that T and T are Lyapunov func-
tions for (0.20). A third related Lyapunov function is given by the following
identity

el [ 22 (2 ) 2. )

R
A )) =0 for any Re(0,1].

R R
= 3R2d5( '(R), ﬁ—) LR)) (1.6)
For future reference we introduce the related notation
HX, V)E X, Y, Y) -+ (Y — X)9,(X, Y, Y). 1.7)

It was noted by BALL (1982) that (1.6) is the radial version of the following three-
dimensional conservation law

a o
ox*

s — xf)) = 3w, (1.8)
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(see GREEN (1973)). Equation (1.8) was recently used by KNOPS & STUART (1984)
to prove the uniqueness of smooth equilibrium solutions to the displacement
boundary value problem of elasticity for star-shaped domains under assump-
tions of quasiconvexity.

Proposition 1.5. If @ satisfies (H1), (H7) and if r € C>((0, 1]) is a solution of (0.20)
R
satisfying r'(R) &= LR) Jor Re(0,1), then
r’R)[F(R) — rR)/R] =0 for Re(0,1].
The proof is an immediate consequence of (H7) and (0.20).

Proposition 1.6. Let D satisfy (H1), (H2) and (H5). If re C*((0, 1]) is a cavitating
equilibrium solution, then r is extendable to r€ C?*((0,00)) as a solution of (0.20)
and satisfies

€)) 5(1—? >r(R)>0 1.9)

Jor R (0, c0),

R
b) %Ln; {LR_) = %in; r'(R)y =41, for some A € [l,o0). (1.10)

Proof. By the continuation principle (see HARTMAN (1973), e.g.) r may be extended
to a maximal interval of existence (0, §), 6 > 1, as a solution of (0.20) satisfying
(1.9) on (0, 8). We suppose for a contradiction that ¢ is finite; then one of the fol-
lowing cases must occur:

) . B
O ¥R =
1R
(@) Lim-—2==0,

(iii) %l_l)lg r'(R) = oo,
@iv) IE]_P}r R)=0.

It follow from Corollary 1.2 that (i) cannot occur and that (iii) cannot occur be-
r(Ro) —1
R,

cause (iii) implies (i). If (ii) holds, then thereis an R, € (0, 6) satisfying

as %in(} r—(? = co. Since r satisfies (1.9) on (0, §) we can apply Proposition 1.3

(which is valid for R€(0,8)) to conclude that T(r(R)) is non-decreasing and
hence that
0 = T(r(0)) = Lim T(r(R) = T(r(Ry)) = D1(r'(Ry), 1, 1) < (1, 1,1) = 0,
(1.11)



108 J. SIVALOGANATHAN

a contradiction. (Equality holds in the last term in (1.11) since the reference con-
figuration is a natural state.) Now suppose that (iv) holds. Since (ii) is false it
then follows that thereisa b€ (0, c0) such that #(R)/R\ b as R-— 4. Assump-
tion (HS) gives the existence of a€ (0,00) satisfying

d ,(a, b, b) < 0. (1.12)
Then (H1) implies that for R sufficiently close to §

T(r(R)) = (ﬁ—))zdi,l (r’(R),LJI:), '—(I-?) < (%)2@, (a,'—(l-?, -'-(-1?) . (1.13)

R
Since r_(R_)_> b as R— 4§, (1.12) implies that T(r(R)) is negative for R suffi-

ciently close to §, which contradicts proposition 1.3 as 7(r(0)) = 0.
Hence (iv) cannot hold and 6 = co.
We next prove that (b) of the proposition.

R
By (1.9) and Corollary 1.2, r—(ﬁ—)— is decreasing, so there is a 2. ¢ [0, c0) such
that '

%Q\lc as R— oo. (119

An argument analogous to that used in the negation of case (ii) then implies that
A.€ [1,00). Finally, the monotonicity of 7(r(R)) together with the inequality

r r r

T(r(R)) < (—R;—)z D, (-R—, =z’ _ﬁ) < const.

(which is a consequence of (HI) and (1.14)) implies that %im T(r(R) =d for
some d¢€ [0, o).
By (H5) there exists an a€ (0,c0) such that

1
F @,1((1, j'c’ A'c) =d.
We assert that
%im r'(R) =a. (1.15)

Suppose this were not true. Then there would exist an ¢, > 0 and a sequence
R,—oco as n—>oco with the property that |r'(R,) — a| = &, for all n. We
assume without loss of generality that r'(R,) = a -+ & for all n. (An exactly
analogous argument holds in the case when r'(R,) < a — ¢, for all n.) It then
follows from (H1) that

T(r(RY) = (r&))z ®, (a + €0

Letting #n— oo and using (1.14) and (H1) we then obtain

r(R,) r(Rn))
R, R, /)

n

1
dZ =@+ &, 4o b) > d,
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which is a contradiction, proving (1.15). We now suppose for a contradiction that
(b) does not hold, so that |¢ — A.| = 2¢, > 0. Without loss of generality we
assume that a = A, + 2¢,. It follows from (1.15) that there exists an N such that
|F(R) — a| <& if R€(N,o0) and hence by the mean value theorem that

- I

for Re (N,oo0) where G6(R)€ (N, R). This contradicts (1.14) for large R.

Remark 1.7. If H2* holds, then 1€ (1,00) because T'(r(R)) is then strictly in-
creasing.

Corollary 1.8. The results of proposition 1.6 hold if (H5) is replaced by (HT).
Proof. The proof follows from proposition 1.5, the continuation principle and
arguments analogous to those used in proposition 1.6 on noting that

r(S) < r(R)

<y ~ 7
0<F(R)SF(S) <~ <— for S>R.

(See also BALL (1982), p. 601.)

Proposition 1.9. Ler @ satisfy (H1), (H2) and (H3). If r€ C*((0, 1]) is a solution
of (0.20) satisfying (0.28) with r'(R) < —(—) Jor Re(0,1], then there is an

M >0 such that
0<|FR)|=r®R =M for Re(O,1]. (1.16)

Proof. We assume without loss of generality that @ satisfies the first condition
of (H3); otherwise exactly analogous arguments hold on using the inverse Cauchy
stress T and Proposition 1.4 instead of the radial Cauchy stress 7. It follows from
Proposition 1.3 that T(r(R)) is nowhere decreasing.

Let « = T(r(1)). We assume for a contradiction that (1.16) does not hold
for any M. This implies the existence of a sequence {R,}€ (0,1], R,— 0 as n-> oo,

satisfying n< r'(R,) < ( )

for alln. It then follows from (H3) that 7'(r(R,))— o0

as n—oo and so T(r(RN)) > o for some N, contradicting the fact that T is
nowhere decreasing.

Remark 1.10. If @ satisfies (H1) and (H7), then the above result follows trivially
from Proposition 1.5.

The following fundamental theorem embodies some of the central ideas asso-
ciated with the phenomenon of cavitation.

Theorem 1.11. Suppose that @ satisfies (E1), (E2), (H1), (H2+), (H3), (H4), (HS)
and that there is a cavitating equilibrium solution r.€ C*((0, 1) with r(1) =A.
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Then

() r. is unique and extendable to r. € C*((0,c0)) as a solution of (0.20),

r«(R)

R

(ii)) if uw=A; then r,(R)=puR is the unique global minimiser of I on A,,
(where A, is defined by (0.23)),

(iv) if u > A; then the global minimiser r, of I on A, exists, is unique and satis-
fies r,(0) > 0. Moreover

r(R) = or, (%) for Re (0, 1],

(ii) %im = A, for some A € (1, 00),

1
where 0 is the unique root of dr, (?) =N

(Ac = A, was defined by BaLL (1982) p. 601.)

Corollary 1.12. The conclusion of Theorem 1.11 holds with (H3) and (H4) replaced
by (H7).

The proof of this theorem and corollary is given at the end of Section 4. The
theorem also holds with (H2) in place of (H2+) with the exception that in this
case A € [l,00). (See Remark 1.7).

We refer to Section 4 for results concerning the existence of cavitating equilibria.
The next proposition uses the conservation law (1.6) and will play a central role
in our analysis.

Proposition 1.13. Suppose that D satisfies (H1) and that r.c C*((0, 1]) is a cavitat-
ing equilibrium solution. Then

. - ’ rC rc rc 14 ’ rc rc

O tmr{e(ng, %)+ () e (v k%) =0, am

(i) 162 = 3 {BED, D rdD) + (D) — £i(D) B, (D), 7D, 71}
(1.18)

In particular, any cavitating equilibrium solution has finite energy.
Proof. Equation (1.6) implies that for z¢€ (0, 1)

1
3®(7) + 3 [ R*®(R) dR
' o)

T

= 00 + () = ) 8,0 + 2 (0 - “2) 2,00, 19)
where the expression @ ;(R) is given by (1.3) with r(R) in place of r(R), and ®(R)
is analogously defined. The last term on the right-hand side of (1.19) may be written
as

T

2
(@) — 1) () (m—)—) ). (1.20)
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r{(R)
R
by Corollary 1.2. Hence the limit as 7— 0 of the right-hand side of (1.19) exists.
But the left-hand side of (1.19) is the sum of two positive terms; so by the monotone
convergence theorem applied to the sequence R?@(R) yqm1 #€N we obtain

It follows from (0.29) that the limit as 7—> 0 of (1.20) is zero as r(R) <

2 ! _';c_ i) 1
R@(rc,R, =)eLio, . (1.21)

Therefore I;L%l 73d(z) exists and by (1.21) this limit is equal to zero. Thus (i)
follows. Statement (ii) is then a consequence of (i) and (1.19).

2. Uniqueness of Solutions to Boundary Value Problems for Shells

In this section we use phase plane techniques to prove the uniqueness of solu-
tions to the displacement and mixed displacement/traction boundary value
problems for shells of internal radius . The proofs consist in showing that an ap-
propriate ‘time map’ is monotone. They rely on the change of variables

r

U:—E, es=R, (2'1)

which gives (0.20) the autonomous form

d . . . ,
.‘g (Q,I(U + v, 0, U)) = 2(¢,2(U + v, U, U) - ¢,I(U + v, 0,0, U))’ (22)

. av
where v denotes —.
ds

The results of this section motivate a change of variables in the energy functio-
nal, which is used in Section 3 to prove the uniqueness of cavitating equilibrium
solutions.

Recall that the shell B® is defined by

B = {XeR3 e < |X| < 1} (2.3)

A. The Mixed Problem. We define a radial equilibrium solution to the mixed
displacement/traction problem for B® to be any solution r,€ C*([¢, 1]) of (0.20)
satisfying

() r(R)>0 for Rc[s 1], (2.4)
() r(l) = 4, (2.5)
(iii) r(e)>0 and (2.6)
(v) T(re) = 0. Q2.7

In condition (ii) A > 0 is the boundary displacement, and (iv) is the natural
boundary condition that the cavity is stress free.
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We first give conditions on the stored energy function that guarantee that the
points of zero radial stress form a well defined curve in phase space crossing the
v =0 axis with negative slope.

Proposition 2.1. If @ satisfies (H1) and (H5), then there exists a unique function
o € C*((0, 00)) satisfying

D (o) + v,0,v) =0 for all v€ (0, c0). (2.8)
If, in addition, @ satisfies (H6), then
(1)< 0. 2.9

Proof. It follows from (H1) and (H5) that for each wv,€ (0,00) there exists a
unique &(vy) € (—vo, 00) such that D,(x(vo) + vo, Vo, ¥y) = 0. The existence
of o€ C'((0,00)) satisfying (2.8) is then a consequence of (H1) and the implicit
function theorem. Implicit differentiation of (2.8) with respect to v gives

@'y + 1) D,,(0(v) + v, v, V) + 2D 1,(c(®) + v,0,0) =0 (2.10)

and hence

, —2® 1,(o(v) + v, v, v)
70) = T~ @.11)

Hypothesis (H6) is the condition that

det (@ 4(vs, vz, v3))]sy=1 > 0. 2.12)

Dx(1,1,1)
d,,(1,1,1)

1—3X242X3=(X—12QX+1)>0

On setting X' = , we can write (2.12) as

—1
and hence X > - - Condition (2.9) then follows from (2.11) and the definition
of X.

1

Corollary 2.2. The functions © (A, 2, 1) and yE

neighbourhood of A = 1.

D (A, A, A) are monotone in a

Proof. It is easily seen that

d l@ A, A A
Cﬁ(}»_z— ,1(5 ,))

when we use the first that the undeformed configuration is a natural state. The
result follows on noting that the right-hand side of (2.13) is strictly positive by
(2.9) and (2.11). A similar argument applies in the case of @ (4, 4, 2).

(2.13)

_ D 1,(2) (1 2¢,12(1))
=1 A D 11(A)

>
A=1

Remark 2.3. Notice that v = constant is always a solution of (2.2). Hence the
v-axis is a line of rest points and consideration of the phase portrait then shows
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that any non-constant C2-solution u(s) of (2.2) satisfies one of the two following
conditions

() o(s) > 0 for all s in the interval of existence or

(ii) v(s) < 0 for all s in the interval of existence.

Hence
(_ti "(s)) 1__@__ 2(45,2(13 Fu,0,0)—D,0+v,0,0) D+, v))
as ) sy " 2 1@ + 0,0, 1) T b+u0,0))
(.14)

1
of (D@10 + v, v, 0y — B y5(tv + v, v,v)) dt — D120 + v, v, V)
=2 : —1
D1,(v + v, v,v)

(2.15)
def

= G(v, v) (2.16)
and
G€e C'(H) where H= {(v,0)€R2;v>0,v+ v > 0}. 2.17)
It then follows that solutions u(s) of (2.2) generate solutions of
dv
dv
and conversely solution curves of (2.18) are invariant manifolds for the flow
generated by (2.2).
If @ satisfies (H1) and (HS5), then the points of zero radial stress lie on a curve
v = o(v) in phase space by Proposition 2.1. Moreover if » = fy(v) is a C! solu-
tion of (2.18) on an interval containing the points 4 >0, 4> 0 satisfying
(i) f5(5) =o0o(6) and
(i) f()==0 for ve[d,4] (or ve[4, 8]
where d and A are positive constants, then we define the time map £ by

= G(v, v) (2.18)

A
1
S = df oll (2.19)

Our next theorem concerns the uniqueness of equilibrium solutions to the mixed
problem for shells of internal radius ¢ and is one of the main results of this sec-
tion.

Theorem 2.4, Let @ satisfy (H1), (H2), (H5). Then for each ¢ € (0, 1) and A€ (0, o)
there exists at most one solution r.€ C*([e, 11) of (0.20) satisfying (2.4)-(2.7).

Proof. The proof proceeds in 3 stages; first we characterise the phase portraits
corresponding to r,, secondly we prove a monotonicity property associated with the
time map # and finally we show that this monotonicity implies the uniqueness
of r,.
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Step 1. Fix €€ (0,1) and let r¢c C?([e, 1]), r(R) == AR be a solution of (0.20)
which satisfies (2.4)~(2.7). Then, under the change of variables given by (2.1),
r(R) gives rise to a non constant solution v(s) of (2.2), where » € C?([log s, 0])
and satisfies

@ v(0) =4, (2.20)

(i) o(s) +o(s)>0 for s€[loge, 0], (2.21)

(i) D + v, 0, V)|so10ge = 0. ‘ (2.22)
We assert that v(s) satisfies one of the two following conditions: either

@ o) =ov(s)<0 for s€[loge, 0], or (2.23)

(b)) o) =uv(s)>0 for sc[loge,0]. 2.24)

The arguments contained in Remark 2.3 imply that o(s) has only one sign for
s € [loge, 0]. We suppose that v(s) < 0 for s¢€ [loge, 0]; then Proposition 1.3

1 .
2(5) D (v(s) + v(s), v(s), v(s)) s

nowhere decreasing on [log ¢, 0]. Consequently, by Proposition 2.1 and (2.22),
we obtain

together with (2.1) and (0.27) implies that

1 . 1

77057 L) + 205), 06), o) 2 0 = S (a0l + 0(s), o), o)) (225)
for s¢€ [loge, 0]. Hence (2.23) follows from (H1). A similar proof holds for (2.24)
in the case v(s) > 0 for s¢€ [loge, 0]. To justify our consideration of non constant
solutions v(s) we make the following remark; if o(s) =21 satisfies (2.22), then
o(4) = 0. Condition (2.23) or (2.24) evaluated at s = 0 together with (H1) then
imply that this constant solution is unique amongst all solutions of (2.2) satisfying
(2.20)-(2.22) and the theorem holds.

Step 2. Let f,;, i=1,2 be two distinct non-trivial C! solutions of (2.18) on
[4, 6,] (or [6;, A]) satisfying

o(d) =/f3,08), i=12. (2.26)
We claim that if
D s=f<0 forovelidli=1,2, 2.27)
where §; are positive constants with 1 << §; < &,, or if
(i) 0<f5,=o() forwvec[,4],i=1,2, (2.28)
where §; are positive constants with §, << 8, << 4, then
F(0,) < F(9,). (2.29)

We prove (i) (the proof of (ii) is identical in nature and will be omitted). Uniqueness
of solutions to the initial value problem for (2.18) implies that

J5,(0) < f5,(0) for ve[A, d,]. (2.30)
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Using the definition of the time map (2.19) we obtain

38y ] 8, 1
£(8,) = —J AT —J 7 =26 @.31)
from (2.27) and (2.30) and hence (2.29) holds.

v
v=A V=6| V=6z
l v

V= f5z(V)

Fig. 1. A possible phase portrait

Step 3. Now let v¢ C?([log ¢, 0]) be a solution of (2.2) that satisfies (2.20)-(2.22)
and (2.23). (An exactly analogous argument that holds in the case of (2.24)). The
arguments contained in remark 2.3 imply that o(s) generates a solution f3€ C*([4, 6])
of (2.18) satisfying f,;(6) = o(8), where & = v (loge). It then follows that

1 du(s)

fa—(v(s)) = 1 for sc[loge, 0] (2.32)

and so

1 dus)
70 = fﬁs(v)d = fﬁ,(v(s)) ds — &= flds—log—— (2.33)

The proof of the theorem is completed on noting that by (2.23) and (2.24)
any two distinct solutions v,(s), i =1, 2 of (2.2) that satisfy (2.20)-(2.22) will
generate two distinct functions f5, i =1, 2, satisfying the conditions (2.26) and

(2.27) (or (2.28)) of Step 2; (2.29) and (2.33) then yield a contradiction.

B. The Displacement Boundary Value Problem. Our next result concerns the uni-
queness of solutions to the displacement boundary value problem for a shell of
internal radius ¢€ (0, 1); equilibrium configurations for this problem correspond
to solutions r,€ C?([e, 1]) of (0.20) that satisfy

@ r()=4, (2.34)
() r(R)>0 for Re[e 1] and (2.35)
(i) re) =p, (2.36)

where A and p are given constants with 0 < u << 2.
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Theorem 2.5. Suppose that @ satisfies (H1). Then for each ¢€ (0, 1) there exists
at most one solution r,c C*([e, 1]) of (0.20) satisfying (2.34)—(2.36).

Proof. We proceed in a manner analogous to that for the proof of Theorem 2.4.

Step 1. Fix €< (0, 1); then any solution r¢& C?([¢, 1]) that satisfies (2.34)—(2.36)
generates a solution v€ C*([loge, 0]) of (2.2) satisfying

@ v0) =1, (2.37)
(i) o(s) + v(s) >0 for s€ [loge, 0], (2.38)
i) v (loge) = % . (2.39)

We assume without loss of generality that —'l::— <C A. (An analogous argument holds

in the case % > 4; clearly if % = 1 then by Corollary 1.2 #(R) = AR is the
only solution of (0.20) that satisfies (2.34)-(2.36)).

Step 2. If fye C? ([—‘i /1]) is a solution of (2.18) satisfying

=
() fir) >0 for ve [%/1] , (2.40)
i) £ (—f‘s—) =, .41)
where 6> 0 is a constant, then we define the time map £* by
'
F5(8) :i 76—(7)(10. (2.42)

&

Now let f;,€C? ([—’I-‘— l]) i=1,2 be any two distinct solutions of (2.18) sa-

e b
tisfying (2.40) and (2.41) where 8, and J, are constants with 0 << 8, < §,.
It then follows from (2.41) and the uniqueness of solutions to the initial value
problem for (2.18) that

f(0) < fo0)  for ve [%z] .
Hence

P '
& (62)=dev<!mdvzf*(6l)

and so
F¥d1) > F*6,). (2.43)
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Step 3. Now let v,€ C*([loge, 0]) be a non-constant solution of (2.2) that
satisfies (2.37)-(2.39). The arguments contained in Remark 2.3 then imply that

vo(s) generates a solution f; € C! ([%,A]) of (2.18) satisfying (2.40) and

(2.41) with 8, = v, (log ). It then follows that

dools) . 1
FH(8o) = ffa,,() ffao(vo(s)) o ds — [ras=10g7. @

logs

The proof of the theorem is completed on noting that any two distinct solutions
vls), i = 1,2 of (2.2) that satisfy (2.37)—(2.39) generate two distinct functions f;,

i= 1, 2 satisfying the conditions (2.40) and (2.41) of Stép 2; (2.43) and (2.44) then
yield a contradiction.

3. Uniqueness of Cavitating Solutions

In this section we make a change of variables to construct a new energy func-
tion that is convex. (see Proposition 3.7). This new function supports a proof of
uniqueness of cavitating equilibrium solutions in Theorem 3.8.

r(R)

First we state a proposition concerning the invertibility of the relation v = 7

when r is a cavitating equilibrium solution.

Proposition 3.1. Let r¢ C*((0,1]) be a cavitating equilibrium solution with
r(1) = A > 0. Then there exists a function g:[A,00)—>(0,1], g€ C*([A,o0))

satisfying
i g (r(Ri)) = R* for Re(0, 1],

(i) e@=1,
(iii) Lim g(v) = 0,
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r(R)
= (%) B Lo o e
“ (%)

Proof. The existence of g satisfying (i) is a consequence of corolary 1.2 and the
inverse function theorem. Conditions (ii) and (iii) then follow from (i) as does
(iv) on implicit differentiation.

Proposition 3.2. Let @ satisfy (H1). If re C*((0, 1]) is a cavitating equilibrium
solution with r(1) = 4> 0, then

) L L (o (2@ 30, (%0 )-
O Hog (‘D (g'(v)*”’ > ”) 70 (g'(v) o ”) =0

(i) I(r)=oF W), A%+ @A —r)d,(rQ1),A %) =H(E®1),2),
where g is defined as in Proposition 3.1 and H is given by (1.7).

Proof. Condition (ii) is a direct consequence of Proposition 1.13. From the proof
of Proposition 1.13 it also follows that Part (i) follows from Proposition 3.1 and

R .
——, since r(0) > 0.

(1.17) on setting v = r(R

Remark 3.3. If re C*((0, 1]) is a cavitating equilibrium solution with r(1) =2
and if g is defined as in Proposition 3.1, then

1
g0) = 3 (g%(v))z;s— for ve [4, o) 3.1
and hence
3 0 13
d 53) <g@) <=5 for ve[h,co). (.2)

Remark 3.4. The function H(X, Y) as defined by (1.7) satisfies
7
5A7H(X’ Y)>0 for X€(0,Y)
whenever @ satisfies (H1).
Proposition 3.5. Suppose that @ satisfies (H1) and that re C*((0, 1]) is a cavitating

equilibrium solution with r(1) = 1> 0. Then the energy of the deformation is
finite and given by

I(r)= i(g)g — f g—?—) D (43;((:’))) + v, v, v) dv, (3.3)

where g is defined as in Proposition 3.1.
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Proof. The energy I(r) is finite by Proposition 1.13; (3.3) then follows immediately
from Proposition 3.1 on noting that

g (v) —— = 3R2,
We next show that the corresponding function g of Proposition 3.1 satisfies
the Euler-Lagrange equations corresponding to the functional I as defined by

(3.3).

Proposition 3.6. Let re C*((0,1]) be a cavitating equilibrivm solution with
r(1)=A>0. Then

%( ¢(3g(v)+ oo, )+ g(v)¢ (3g(v) Lono ))

g g 40
3 34
=—@, ( gg:)) +o,v ,v) for ve [A, 00),
where g is defined as in Proposition 3.1.
Proof. As g€ C*([4,c0)), (3.4) is equivalent to
—1 3gg" 88 d
=3 (3 — —(g,)2 -+ 1) Qi’l — %Gp’z + ( @ )2) @1 + PG o @ = —¢,1 (3.5)

3
for ve[d,00), where @;= D, ( g((v)) + v, 0, v) Equation (3.5) may be

rewritten as

% ;;}—(@ (Zg + v, 0, v)) %(@Q (?;;g’ + v, v, v) -9, (%5 + v, 0, v)) . (3.6

The function r is a solution of (0.20) and hence

d r o r L, ror L, F T
REE(Q'(“_E’—E))=2<¢’2(r’f’i)_Q"(r’—f’—f)) (3.7

for Re (0, 1].

We set v = r/R and use Proposition 3.1 to convert (3.7) into (3.6), thereby
completing the proof.

The last proposition is an example of the general invariant nature of the Euler-
Lagrange equations (see CEsaRI (1983) p. 48). We next examine a property of the

integrand of I as defined by (3.3).

Proposition 3.7. If @ satisfies (H1), then for each v € (0, o0) the function G: S— R

defined by
G (i) = G(X) = 3 (3X Lt ) (3.8)
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is a convex function on

X 3X
S = {x — (Xl) €R2; X, € (0, 00), X, € (— o0, 0), — < 0} ) (3.9)
2

Proof. Since S is a convex subset of R? for each v € (0, c0) it is sufficient to show
that the hessian of G is positive semidefinite on S. An easy calculation gives

~1 X,
aef {2G(X) X, X3 3X,
Hess G(X) = (8X,- 8X,-) =3 X _x D, ( + v, v, v) (3.10)
X. X;

It follows from (H1), (3.10) and (3.9) that the trace of Hess G(X) and the deter-
minant of Hess G(X) satisfy.

det (Hess G(X)) =0 and tr (Hess G(X)) >0 for X¢ S,

for each v€ (0, 00). Hence Hess G(X) is positive semidefinite, completing the
proof.
The main result of this section is the following theorem:

Theorem 3.8. If @ satisfies (H1), then for each A€ [1,00) there exists at most
one cavitating equilibrium r<c C*((0, 1]) satisfying r(1) = 4.

Proof. We suppose for a contradiction that there is a A€ [1, c0) for which there
are two distinct cavitating equilibrium solutions ry(R) € C*((0, 1]) with r(1) =4
for i=1,2. Let g, i=1,2 be the corresponding functions as defined in Pro-
position 3.1. Then by Proposition 3.5

~ ~giv)  (3g)
Ir) = ) = — —Q -+ | = . .
(r;) = 1(g) if (g,-(v) v, v, D) dv, i=12 (3.11)

1t follows from Proposition 3.7 that
r ®) (v ()
J ¢ (:( )) d _J (Z(v)) d + f {: ; @(Z)) g1(v) — &)

G ’ ’
X, (223) (8:1(v) — gz(v))} dv  for each M€ (4, 0), (3.12)

where G is defined by (3.8). (This is an elementary consequence of the convexity
of G.) We integrate the second integral on the right hand side of (3.12) by parts
to convert it to the form

f{:,\(f;l (:) “da,l, (:;2 (gl))}(gl &) dv + ((g1 — gz);—g‘ (‘;))‘j{ (3.13)
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Proposition 3.6 and (3.8) then imply that the integrand in (3.13) is identically
equal to zero. We thus conclude from (3.12), (3.13) that

oG (g, G [(g\ ., . G (g(M)
i[ o, (g{) (g1 —g2) + o, ;) (g1 — &) dv = [g(M) — gl(M)]_Z (g{(M))
(3.149)

for each Mc (%, 00), where we have used the fact that g,(1) = g,(A) = 1.
Remark 3.3, Proposition 3.2(i) and (3.8) then imply that the right-hand side of
(3.14) tends to zero as M tends to infinity. Thus (3.14) and (3.12) imply that

Iry) = I(g) < H(gs) = I(r2).
Interchanging the roles of r; and r, in the above arguments we obtain
H(ri(1), 3) = Iry) = I(ry) = H(ri(1), 3),

where we have used Proposition 3.2(ii). Corollary 1.2 implies that r;(1) << 4,
i=1,2, and thus it follows from Remark 3.4 that r{(1) = r;(1). Hence r,(R)
=r,(R), a contradiction.

4, Existence of Radial Equilibria

In subsection A we prove the existence of energy minimisers for the displace-
ment boundary value problem for a ball and in subsection B the existence of
cavitating minimisers for sufficiently large boundary data. Proposition 0.3 then
gives conditions under which these minimisers are solutions of the radial equi-
librium equation (0.20). Finally in subsection C we show existence of radial
equilibria for shells.

A. Existence of minimisers for a ball. Our first proposition concerns the existence
of energy minimisers to the displacement boundary value problem for a ball.

Proposition 4.1, Let @ satisfy (E1) and (H1) and let I be defined by

1) = ojl RO (r’(R), 5(R£), LII:)) dR. (4.1)

Then I attains its infimum on A, (Where A, is defined by (0.23).
Proof. Let {y,} be a minimising sequence for 7 on 4; and let g = Inf 7.
7

Assumption (E1) implies that for each positive integer m

17142
f (—;n—) - 9(y,) dR < I(y,) = constant for all n. 4.2)
1

m
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Using Theorem 10.3 from CEsarI (1983), we choose the following sequences
inductively:

{Ymnpne1 is a subsequence of {y,,_y,jney satisfying 4.3)

’ Ll(;nl_.’l)
N/ as n— oo 4.4
1
for some Z,¢€L*! (;, 1) and we define {y,,} by »,,=y, for all n.
We define the function Z by

1
Z(R) = Z;,{R) where k is so chosen that R€ (7’ 1) . 4.5)

The function Z is then well defined for a.e. R since if m, > m, then

, 2m)

Ymn™ " Zp, @ n—>00, = 1,2, 4.6)

2

so by the uniqueness of weak limits Z, (R) = Z,,(R) for a.e. R¢ (mi’ 1).
We now set
YRy =1 — fl Z(s) ds 4.7
and *
Fm = Ymm for all m. 4.8)
The sequence {r,} defined by (4.8) then satisfies

1,1
T W—(a’l)-*y as m—oo 4.9
for each 6€(0,1).
We extend the definition of @ by setting P(v,, v,, v3) =0 if v, =<0 for
any 7 so that for each R€ (0, 1), g(R, -, ) defined by

T L)
g(R,r,)=R @(r, z’ R
becomes a continuous function from R xR —R. Then using (E1), (H1) and a
standard lower semicontinuity theorem (¢f. BALL, CURRIE & OLVER 1980, Theo-
rem 5.4) we conclude that

1 R R R
J qus( “(R), XSR—) %) dR < Lim | qus( ' (R), Y "'( )| "”;R)) (4.10)

for each d6¢(0,1). Since {r,} is a subsequence of a minimising sequence for I
on A,

1
fR2d5( '(R), -y-£R—) y—(R—))dR</3—Ian for each 6€(0,1). (4.11)
3
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Using the fact that @ is positive we obtain by the monotone convergence theorem
that

1
J R’(D( '(R), 2 (R), 4 (R)) dR=§. 4.12)

To complete the proof we show that y€ A4, so that equality holds in (4.12).
It follows from (El), (4.7) and (4.12) that y'(R) > 0 for a.e. R€(0,1). Clearly
»1) =21 and as

1 1
[1¥|ds= [y ds<24 for each d¢ (0, 1),
é [

the monotone convergence theorem implies that y’€L1(0, 1), whence ye W(0, 1).
Finally (4.9) implies that

r 8l a5 m—> 0o for each € (0, 1);

hence y(R) =0 for R€(0,1) and so y(0) = 0. This establishes that y¢€ 4,.

B. Existence of cavitating minimisers. With a view to proving the existence of
cavitating minimisers we establish conditions under which any solution re C2((0, 1])
of (0.20) satisfying (0.24), r(1) = 4 and »(0) = Iiir% r(R) = 0 must be identically
equal to AR. We first state a preparatory result, the proof of which is given by
BarL (1982), Theorem 6.5.

Proposition 4.2, Let @ satisfy (H1)-(H4) and let re C*((0,1]) be a solution
of (0.20) satisfying (0.28) with %L‘% r(R) = r(0) = 0. Then

re CY([0, 1) N C*((0, 1]) (4.13)
and there is an 1€ (0, 00) such that
, ., rR)
r(0) = %1_{13 r'R)= L1m n— = I “.19)

Proposition 4.3. Let @ satisfy (H1)-(H4) and let re C*((0,1]), r(R) = AR be
a solution of (0.20) satisfying (0.28) with %gl(} HR)=r(0)=0, r(1) =A. Then

I(r) < I(AR). 4.15)

Proof. The proof is analogous to that of Proposition 1.13. It follows from (1.6)
that

1
D7)+ 3 f REOR)dR=D(1) + (A —r(1)) D (1) + = ( '(r) — —) 1(7).

’ 4.16)
The last term on the right-hand side of (4.16) may be written as

ri@) (vr'(zx) — r(v)) (r2 @ _1(1)) . @.17
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Using Proposition 4.2 and the fact that r(0) =0, we conclude that (4.17) tends
to zero as T — 0. Since the left-hand side of (4.16) is the sum of two positive terms
one of which is monotone, the limit as 7— 0 of each of them exists. By the
monotone convergence theorem I(r) << 4 co and so I;Lr(x)l 73®(7) = 0. Equation

(4.16) then takes the form

I(r) = L (D('(1), A, ) + (A — r'(1)) D4(r'(1), 4, 1)) . (4.18)
Using (H1), we obtain
In) < %’;—’ﬂ = fl R*®(2, 2, 1) dR = I(AR) 4.19)
0

as required ('(1) =2 by Proposition 1.1).

Proposition 4.4. Let @ satisfy (H1)~(H4) and let re C*((0, 1]), n(R) = AR be a
solution of (0.20) satisfying (0.28) with r(1) = 1 and %Eﬁg r(R) =r(0) = 0. Then

IAR) < I(r). (4.20)

Proof. It follows from (H1) and Proposition 1.1 that

R@(,,,L,L)>Rz<¢(L,L,L)+(r,_L)¢I(L,L,L))
R’ R R R’ R R “"\R R’ R

4.21)
for R¢ (0,1]. Then for 7€ (0, 1)

! roor R3 ror r\\!
2 LA, — e
!R¢(r,R,R)dR><3Q"(R,R,R)>T. 4.22)
Letting 7> 0, we obtain from Proposition 4.2, part (4.14) that

I(r) = [l R*® (r’ r) dR > 3 D(A, A, 2) = I(AR), (4.23)
0

¥
>R’ R
as required.

The observation that (H1) implies (4.22) was made by BALL (in a private
communication). On combining the last two propositions we obtain the following
result.

Proposition 4.5. Let @ satisfy (H1)—(H4) and let re C*((0, 1]) be a solution of
(0.20) satisfying (0.28) with r(1) = 4 and Iiin(} r(R) =r(0) = 0. Then r(R) =AR.

Proof. We suppose for a contradiction that r(R) = AR; then applying Proposi-
tions 4.3 and 4.4 we conclude that I(r) > I(AR) and I(r) < I(AR).

Remark 4.6. We refer to BALL (1982) for an alternative proof of Proposition 4.5
and for the analogous result when the hypotheses (H3) and (H4) are replaced by
(H7).
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Proposition 4.5 is in the spirit of a recent result by Knops & STUART (1984)
concerning the uniqueness of smooth solutions to the equilibrium equations of
elasticity.

Our next result concerns the existence of cavitating minimisers for the dis-
placement boundary value problem.

Proposition 4.7. Let @ satisfy (H1)-(H5), (H9), (H10), (E1) and (E2). Then any
minimiser r of I on A, satisfies ¥(0) > 0 for A sufficiently large.

Proof. A minimiser r exists by Proposition 4.1 and is a smooth solution of the
radial equilibrium equation by Proposition 0.3. It follows from Proposition 4.5
that if r(0) =0 then r(R)=AR. To prove the proposition it therefore suffices
to exhibit a function r¢€ A4, satisfying 7(0) > 0 and having less energy than the
homogeneous deformation for sufficiently large 4. To this end we choose the fol-
lowing test function

s i 5 . 424
FR) = {[R + &%) if Re[O0, 4], (4.249)

if Re[4,1] (4.25)

where § = ¢/(A%® — 1)%. It is easily checked that r € A4;. The difference in energies
AE is then given by

Foor

3
AE = Ir) — I(AR) = Of R? (45 (F’,—E, R) — DA, A, z)) dR. (4.26)

Setting v = % and using the definition of § we can write (4.26) the form
20441
D(4,2,2)
<&l .
e (f P @(u) do — —35 ) (4.28)

Hence by (H9) and (H10), AE is negative for A sufficiently large, as the first
term in (4.28) is decreasing and the second is bounded away from zero.

Remark 4.8. The above proposition holds with (H3) and (H4) replaced by (H7)
or by any conditions under which Proposition 4.5 holds (for a variety of such
results see BALL (1982) chapter 6).

C. Existence of radial equilibria for shells.
Proposition 4.9, Suppose that D satisfies (H1), (E1). For each 2 >0, ¢€ (0, 1) let

def r(R) r(R)) AR

IL(n= f R2¢( '(R), —~, (4.29)
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whenever re¢ A; where

A e w6, ;1) =4 >0 ae., re) = 0} (4.30)
Then there exists an absolute minimiser r, of I, on A5. Moreover, if D also satisfies
(HS), (H11), (E2), then r. € C*((c, 1)) is a solution of (0.20) and there exists a
0(e) > 0 such that if A€ (1 — &(g),00), then r. € C*([e, 1)) and satisfies (2.4)-
.7.

Proof. Applying the techniques of Proposition 4.1 we obtain the existence of a
minimiser r, of I, on Aj for each &€ (0, 1). Arguments identical to those con-
tained in the appendix then imply that r.€ ((s, 1]) and is a solution of (0.20)
satisfying (2.4) and (2.5). It therefore suffices to show that r, satisfies r(g) > 0
since this implies that r, satisfies (2.7) (by arguments analogous to those in the
appendix). We consider the two cases A>1 and A=< 1.

Case (i). We suppose for a contradiction that r,(g9) = 0 for some ¢, € (0, 1).
Since 4> 1 by assumption, r, (Ry) = R, for some R, € (gy, 1). By the opti-
mality of r,, it then follows that r defined by

- R if Re[Ry, 1

F(R) = { € [Ro, 1]

r(R)  if R€ [0, Ro)
satisfies
L(r(R) = I(R),

in contradiction to (H11).

Case (ii). We now suppose for a contradiction that for some z€(0,1) there
does not exist § with the stated properties. Then there exists a sequence 4, 1

as n—>oo with corresponding minimisers r® of I on Afn with the property
that

r™E) =0 for all n. (4.31)
This property of r™ then implies the existence of a subsequence which we also
denote by {r™}, and a function r¢ 4; with the property that

1,1,
r@ G0 a5 n—> oo, 4.32)

(This follows by arguments analogous to those in Proposition 4.1). But
I; (") < L(A,R)  for all n, since A,R€ 4 .
Hence by (4.32) and the weak lower semicontinuity of 7> we obtain

I:(r) = Lim (™) < Lim /;(4,R) = I(R). (4.33)
Clearly (H11) implies that #(R) = R in contradiction (4.31) and (4.32).
Our next proposition shows that the deformed cavity size is a monotone func-
tion of the boundary displacement for shells.
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Proposition 4.10. Suppose that @ satisfies (H1), (H5), (E1), (E2) and that ¢€ (0, 1).
If r} is a minimiser of I, on A5, then rXc) is a nowhere decreasing function of A.

Proof. The existence of r} is a consequence of Proposition 4.9. We suppose for
a contradiction that there exist an ¢€ (0, 1), displacements A, 1, satisfying
0 <, <1, < + oo and corresponding minimisers r of I, on Aj, such that

re(e) > ri(e).
Then there exists an R, € (g, 1) such that

ri(Ro) = ri*(Ry).
Consequently r defined by

. ri(R)  if R€ [Ry, 1]
r(R) = {rgz(R) if R€ [, Ry)
satisfies
(i) re4,
Gi) L) =L@ = InefIs.

A;.l

The arguments contained in Proposition 4.9 then imply tbat 7, 7+ belong to
C?((e, 1]) and satisfy (0.20) on (s, 1]. Hence by the definition of r and the uniqueness
of solutions to the initial value problem for (0.20) it follows that r*(R) = r*(R)
which is a contradiction.

Finally we indicate the proof of Theorem 1.11,

Proof Theorem 1.11. The uniqueness of r. follows from Theorem 3.8. Proposi-
tion 1.6 then implies that 7, is uniquely extendable to 7 &€ C2((0, o0)) as a solu-

R
tion of (0.20) with r“iq)

This proves (i) and (ii).
It follows from Proposition 4.1 that for each u € (0, co) there exists a global
minimiser r, of 7 on A,. Propositions 0.3 and 4.5 together imply that

(@) r, is a solution of (0.20),
(b) r(0) =0 if and only if r,(R) =puR.
We first treat the case in which g > 1,. By the monotonicity of #(R)/R ensured

N 4 as R->co, where A € (1,00) by Remark 1.7.

1 .
by Corollary 1.2 there is a unique solution é of édr, (F) = p if and only if
u>A. We now define

= (2.

As the equilibrium equation (0.20) is invariant under this rescaling, r is a cavitating
equilibrium solution that satisfies 7(1) = u. We then obtain

D(p, p, 1)
3

1) = 3 [ (D), o ) + (u— /(D)) (' (D), p, )] < = I(uR)
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from Proposition 1.13 and (H1). Thus xR is not the global minimiser of 7 on 4,
and so r,(0) > 0 by (b). It then follows from Proposition 0.3 that 7, is a cavitating
equilibrium solution, which must be unique by Theorem 3.8. Hence r,(R) = r(R)
proving (iv).

We now consider the case in which u = A.. Suppose for a contradiction that
there exists u < A, with r,(R) ==uR. It follows from (b) that r,(0) >0 and so
Proposition 0.3 implies that r, is a cavitating equilibrium solution. Thus by
Proposition 1.6 r, is extendable to r,€ C?((0,00)) as a solution of (0.20) with

(R

R — 1z as R—oo, where A;:€[l,00).

If we then choose 4> max(4,4;) we can find appropriate rescalings ry, r,
of r, and r, satisfying r,(1) = ry(1) = 4, i.e., we can exhibit two distinct cavitating
equilibria contradicting Theorem 3.8. Thus (iii) holds.

Corollary 1.12 follows by an identical argument with the exception that we
use Remark 4.6 (in place of Proposition 4.5) to conclude that (b) holds.

5. Asymptotic Behaviour of Equilibria for Shells

In this section we present results on the asymptotic behavior of solutions to
the mixed problem for shells studied in Section 2.

Proposition 5.1. Suppose D satisfies (H1), (E1). Let 2> 0. If {¢,} is a sequence
of positive numbers with ¢,— 0 as n— oo andifr, is a minimiser of I, on Ajr,

then there exist rc A, and a subsequence {e,;} such that

whlen r as j—» oo
enti) G0

Jor each 6€(0,1). Moreover
I(r) =1Inf1. (5.2)
43

Proof. The existence of r, follows from Proposition 4.9. For fixed d€ (0, 1)

there exists N(8) such that 0 < ¢, << 6 whenever n > N(J). It then follows from
(E1) that

1
[ 82p(rl) dR < I(r.) < I (r,) = Inf I, = I, (r) < I(r) < const. (5.3)
i P n n

Azn

for n > N(8), where r is any global minimiser of 7 on 4, (by Proposition 4.1
at least one exists). Theorem 10.3 of Cesari (1983) then implies the existence of
a subsequence {r} of {r,} which is weakly convergent in W"'(4, 1). Using
the techniques of Proposition 4.1 and choosing inductive subsequences {ri}
of {rd~1} for some positive sequence {4,} -0 as k— oo, we can show that the
diagonal sequence then satisfies (5.1) for some r¢ 4;.
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Finally, to prove (5.2) we note that for each §¢ (0, 1), Touiy € A5 for j suffi-
ciently large. Hence (5.3) implies that Io("a,,(j)) < I(r) for j sufficiently large.
The weak lower semicontinuity of I; then implies that

Ij(r) < I(r).

But this inequality holds for each ¢ (0, 1) and so by the monotone convergence
theorem

I < Kp). 54

Since re€ 4,;, equality holds in (5.4).
The idea that minimisers of I° on Aj converge to minimisers of 7 on 4, as
&¢— 0 was first noticed by BALL (1982).

Proposition 5.2. Suppose that @ satisfies (H1)-(H5), (H11), (E1), (E2) and that
Jor each ¢ >0, r, is a global minimiser of I, on A.

@) If A < A, thenSup |r(R) — AR|—>0 as ¢—>0, (5.5
I, 1]

(i) If A> A, thenSup [r (R) — r(R)|—-0 as e—0, (5.6)
[e,1]

where r. is the cavitating equilibrium solution satisfying r.(1) = A (if there is no
cavitation we set A, = o).

Proof. It follows from Proposition 5.1 and Theorem 1.11 that for each d¢ (0, 1)

P ROD . as 550 if A< A, 6.7
where
r(R) =AR
and
r‘;ﬂ@—-rc ase—>0 if A>4.. (5.8)

We first treat the case in which 1 =< 4.. We suppose for a contradiction that
(5.5) does not hold. Then there are an &, > 0 and positive sequences {e,}, {x,}
such that

(@) g,—>0 as n—>o0,
{b) x,€ [¢,, 1] for each n,
© {r, () — Ax,| = &, for all .
Condition (5.7) implies that for each §¢€ (0, 1)
%ul}]) |r{R) —AR| -0 as ¢—0. (5.9)
We may therefore assume without loss of generality that x,— 0 as n-— co.

On choosing § = £,/(24) we obtain a contradiction of the fact that r,(R) >0 for
Rec (e, 1]. (r. would necessarily have the form indicated in Figure 3).
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\

Fig. 3

We next consider the case in which 1 > 4,. We again suppose for a contradic-
tion that (5.6) does not hold. Then there exist an ¢, > 0 and positive sequences
{e}, {x,} with the properties

(@ ¢,—>0 as n-—>oo0, (5.10)
(b) x,€ e, 1] for each n, (5.11)
©) |r.,(x) — r(x,)| = & for all n. (5.12)

Again (5.8) implies that for each € (0, 1)
Sup|rdR) — r(R)|—0 ase—>0 (5.13)
(5,11

and we therefore assume that

x,—~0 asn—>oco. (5.149)

Note that r, € C?*([e,, 1] for all n by (1.10) and Proposition 4.9. We assert
that
re, () <rl) for all n, (5.15)

since if for some N, ry(l) < r, (1), it then follows from (H1) that
0 < T(rD) = T(r., (1))

As T(reN(eN)) = 0 (by Proposition 4.9) we conclude from Proposition 1.3 that

ron(R)
r;N(R) < —NE—— for R€ [ey, 1]. Consideration of the phase portrait together

with (H1) then implies that
1 , 1
0= 57 PaliE 0D, 1, )| _ren® < T(r (B) (5.16)

for R€ [ey, 1], where g is defined in Proposition 3.1. Condition (5.16) evaluated
at R =gy contradicts the fact that r, satisfies (2.7); thus (5.15) holds. The
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continuity of r, implies the existence of a d, such that

r(0) < r(R) < r0) + 83—" for Re (0, 8]. (5.17)

Setting 6 = J, in (5.13) we obtain

|1 (R) — r{R| < 5+ for RE [86, 11, ¢.18)
for sufficiently large n. Hence (5.17) implies that

o) < 700 + 22 < 1f0) + 22 (5.19)
if n is sufficiently large. The arguments of Theorem 2.5 imply that
r(®) #r, (R) for Re[en 1),
and so by (5.12) and (5.15) we conclude that
ro (5) 2 1) + 80 = 1(0) + £ (5.20)

for all n. The limit (5.14) shows that conditions (5.20) and (5.19) together contra-
dict (2.4) for large n.

Proposition 5.3. Let @ satisfy (HD)-(H5), (H11), (E1), (E2). If €(0,1), i€
(1 — 6(g), 00) with &) defined as in Proposition 4.9, then r,€ C*([e, 1)) and is
a solution of (0.20) satisfying (2.4)-(2.7) if and only if it is the global minimiser of
I, on A;. Moreover,

@ if 1 — () <A =4, then sup|r(R) —AR|—>0 as e¢—0
[e.1]
and

(i) if A> 2., then sup|r(R) — r(R)|—>0 as e—0.
[s.1]

Proof. It follows from the arguments of Proposition 4.9 that a global minimiser
r, always exists and satisfies (0.20) and (2.4)-(2.7). Theorem 2.4 implies that r,
is unique. Thus the first half of the proposition is true. Statements (i) and (ii)
follow from Proposition 5.2.

Remark 5.4. As a consequence of Corollary 1.12, Proposition 5.3 holds with (H3)
and (H4) replaced by (H7).

Remark 5.5. Tt is clear from Theorem 1.11(iv) and Corollary 1.2 that for cavitating
equilibria the deformed cavity size is a continuous monotone function of the
boundary displacement A. Combining this observation with Propositions 4.2 and
5.3 yields the following rigorous picture of the bifurcation that has occured. In
Figure 4 we have plotted the deformed cavity size against the corresponding
boundary displacement A. The solid curve represents the values of r;(0) where ry
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is the minimiser of 7 on 4, and the broken curve represents the values of rie)
where r? is the minimiser of I, on 4;. ¢ is fixed and chosen to be small. r/(e)
forms a continuous curve by Proposition 2.1 and by the continuous dependence
of solutions to (3.2) on initial data. It is at present unclear whether the broken
curve rejoins the A axis for sufficiently small values of 4; i.e. whether the opposite
phenomenon to cavitation occurs with the cavity of a shell disappearing for suffi-
ciently small boundary displacements.

Deformed
cavity
size

Fig. 4*
((e) is defined as in Proposition 4.9)

6. Concluding Remarks

The solutions r, exhibit boundary layer behaviour with significant changes in
strain in a neighbourhood of the cavity. If suitable conditions on the stored energy
function @ are imposed and if A <C 4. it is possible to prove the following uniform
first order expansion for r,:

R = ary () + o), 6.1)

where r, is the unique solution of (0.20) on the exterior domain [1, co) that satis-
fies (i) I%_i)xg%?z A, (ii) ro(R) >0 for Re€[l,00), (iii) T(ro(l)) = 0. Thus
(6.1) provides a uniform approximation of strains within the boundary layer.
Expansions of this type together with the other results presented are of interest
in studying the interaction between voids in an elastic material.

Work on metals (e.g. Cox & Low (1974), HaNcock & CowLING (1977))
indicates that void nucleation and coalescence is a possible mechanism for the
initiation of fracture. This type of ductile fracture is often considered to be a pheno-
menon of plasticity. However there is evidence that suggests that this type of pheno-
menon may be treated within the framework of nonlinear elasticity provided

* (In a recent paper HORGAN & ABEYARATNE (1985) obtain a similar picture using
the two-dimensional stored energy function

D(vy, vy) = o7 % + v72 - 20.0y).
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unloading does not take place. I conjecture that in weak materials the presence
holes leads to high stresses giving rise to cavitation. The cumulative effect of this

state of stress across a body could be a mechanism for the initiation of fracture,
with the creation of a series of holes leading to the formation of a crack.

7. Appendix

Proof of Proposition 0.3. The proof uses a technique from BALL (1982) Theo-
rem 7.3. Let k€ (1,00) and define s, by

S = {QE (%, 1) ;%< rie) < k}. 7.1

Let v€ L=, 1) satisfy

[odg—0. (72)
sk
Then setting
rio) = @) + f o() x,(x) d, (13)

where x; is the characteristic function of s, we find from (7.2) and (7.3) that r,
satisfies

@ r1) =12,
(i) r,(0) = r(0),

1 1
(i) o) = @ if 0= 1 or it @< ().

1
Since reC ([%, 1]) and ' >0 a.e., it follows that r (—k—) >0 and so

r{e) > 0 for o€ (0,1) provided e is sufficiently small. It follows from (iii) that

rio) >0 forae. g€ (0,1) provided &< Thus r,€ 4; for suffi-

|
2k |[vlle -
ciently small ¢. The triangle inequality implies that

r Ve re Fs
¢(r;"r—€s£)_¢(r,’L,—r_') @(r;’—s’—)—-—@(r',———’—-)
o @ e @ e ¢ e ¢

€ &€

for oc (0, 1).
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1 1
Notice that each side of (7.4) is identically zero for g € (0, ?) L If ec (—];— . 1)
and r'(0)€ [1/k, k], then the two terms on the right hand side of (7.4) are bounded
1 1
by a constant independent of &. If p¢ (?, 1) and r'(p) ¢ (?,k) then we

multiply the right-hand side of (7.4) by ¢* and use (iii) and the mean value theorem
to obtain

1 e
202 | D5(r'(0), &lo, O0); ©), g(0, O(0), ¢)) | 3 0f u(t) %4(7) dr (7.5)

where
r(o)  €6(o)
g0, Oe), &) = —Z— + t ] e u(7) x(v) dr (7.6)
and 6(p)€ (0,1). We now write
[4
. (r(g) + ¢6(p) of X0 dr)
,0,8) =— . 7.7
(0, 0, 9 . ) (7.7
Since
[4
"e) + ¢0() [ X dr
0
@ — 1< g (7.8)
for ¢ sufficiently small, we conclude from (E2) that the right-hand side of (7.4) is
bounded by
r r
22M<<D(r —,—)+ ) vd( ) 7.9
? e’ ¢ f AT (79)

. 1 1 .
Since r(g) = r (-%—) for p€ (7, 1) and since I(r) < -+ oo by assumption, it

1
follows that (7.9) lies in L! (7 , 1) . As ris a global minimiser of /, on using the

dominated convergence theorem we obtain

v, r ror
q)(r’i —i)—qs(r'-— -—)
1 & ’R H £
0=Lir51fR2< R R_R] ) ar
&> o

&

20,R) F
R

1
= 1f R? (qD,I(R) xx(R) v(R) + df x(7) 0() dr) dR.  (7.10)

. 1 .
Since I(r) << + oo, r (7) > 0, it follows from (E2) that R®, (r’,—;—, %) €

1
L (7, 1) . Integrating (7.10) by parts then gives

f(qus,l( ; R)+2fgq5 (r',—;-,—:)—)@)u(]z)dze:o. @.11)

Sk



Uniqueness of Elastic Equilibria 135

As (7.11) holds for all v€ L=(0,1) with f vdp = 0 it follows that
Sk

1
R*® (R)+ 2 [ oPy0)do = ¢, for ae. o€ s,
R

o0

where ¢, is a constant. Finally since meas ((0, D\ 5¢) =0, the ¢, are all equal.
1

An application of Theorem 4.2 of BALL (1982) implies r € C™((0, 1]) and satis-
fies (0.20) and (0.28).

If r(0)> 0 then let we C®((0, 1)) satisfy w(@) =1 for ¢€(0,4) and
w(o) =0 for g€ (%, 1). It is a consequence of (E2) that R®,(R)€ L'(0, 1). On
setting

ulo) = r(p) + ew(p)

we obtain
d 1
0 =—[Iw)]lewo= [ R°®,(R) W (R) + 2RDx(R) w (R) dR = — Lim R*P (R),
0 —~>

proving the proposition.
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