ON A SPECTRUM OF BLOW-UP PATTERNS FOR A HIGHER-ORDER SEMILINEAR PARABOLIC EQUATION

VICTOR A. GALAKTIONOV

Abstract. We describe a spectrum of blow-up patterns for the 2m-th order semilinear parabolic equation u_t = −(−Δ)^mu + |u|^p, x ∈ R^N , t > 0; m > 1, p > 1. This problem is well understood in the second-order case m = 1 (the semilinear heat equation), where for p ≤ p_S = (N + 2)/(N − 2)_+ the inner space-time structure of blowup patterns is locally governed by separable Hermite polynomials of arbitrary finite order as eigenfunctions of a linear self-adjoint differential operator.

We consider m > 1 and describe a principle idea of constructing of a spectrum of blowup patterns which in the inner self-similar region are composed of a countable subset of separable Kummer’s polynomials which are eigenfunctions of a non self-adjoint linear differential operator. A matching procedure extends such linearized structures to the nonlinear intermediate region where the asymptotic blow-up behaviour is described by a unique self-similar solution of the first-order Hamilton-Jacobi equation.

1. Introduction: blow-up, critical exponents, singularity spectra

We consider the Cauchy problem for the 2m-th order semilinear parabolic equation

u_t = A_mu + |u|^p, x ∈ R^N , t > 0; u(x, 0) = u_0(x) x ∈ R^N ,

(1.1)

where p > 1 is a fixed exponent and

A_m = −(−Δ)^m, m > 1,

Δ being the Laplace operator in R^N . We fix initial data u_0 ∈ X ∈ L^1(R^N ) ∩ L^∞(R^N ). The lower-order term f(u) = |u|^p is superlinear for |u| ≫ 1, and we consider solutions u(x, t) which blow-up in finite time: u(x, t) is a bounded classical one in R^N × (0, T^′] for any T^′ < T , and sup_{x∈RN} |u(x, t)| → ∞, t → T^−. (1.2)

It is known that p_F = 1 + 2m/N is the critical Fujita exponent for the Cauchy problem (1.1):

Date: April 2000.

1991 Mathematics Subject Classification. 35K55, 35K65.

Key words and phrases. Semilinear parabolic equation, blow-up, asymptotic behaviour, linearization . Research supported by TMR networks ERB FMRX CT98-0201 and by the INTAS project CEC- INTAS-RFBR96-1060. 1

(i) (see [10] and [16]) If p ∈ (1, p_F ], then blow-up (1.2) occurs for arbitrarily small initial data with nonnegative first Fourier coefficient ∫ R^N

u_0 ≥ 0.

(ii) (see [16]) If p > p_F , then solutions are global in time for any sufficiently small u_0. We thus assume that in the supercritical case p > p_F , the initial function u_0 is large enough to guarantee blow-up in finite time.

The main goal of the present paper is to describe a discrete spectrum of possible blow-up asymptotic patterns and to study the stable generic one. This problem is well understood in the second-order case m = 1 (the semilinear heat equation), where the spectrum of blow-up patterns is locally composed from the separable Hermite polynomials of arbitrary order generated by a linear self-adjoint differential operator. These results are referred in detail in Sections 3 and 4, where we are going to compare them with those for m > 1.

We show that for m > 1, in the inner region governed by self-similar scaling, a spectrum of blow-up patterns is generated by a countable subset of separable Kummer’s polynomials, which are eigenfunctions of a linear non self-adjoint differential operator. A matching procedure extends these linearized structures into the intermediate (nonlinear) region, where the asymptotic blow-up behaviour is described by a self-similar solution of the first-order Hamilton-Jacobi equation.

We see that the general structure of blow-up patterns for m > 1 is similar to that for the second-order heat equation, where the rescaled equation is potential and the linearized operator is self-adjoint. Though for m > 1 these potential and self-adjoint properties are not valid, we discover some striking similarities with the case m = 1 including the basic mathematical methods (already well established) which are necessary to treat such singularities rigorously. We expect that, in general, parabolic problems with m ≥ 1 describe some general concepts of the discretization (self-organization) of smooth higherorder evolution flows approaching finite-time blow-up.

Moreover, a similar discrete spectrum of blow-up patterns is observed for the semilinear wave equation u_{tt} = Δu + |u|^p, x ∈ R^N , t > 0, see [15]. An essential difference between the parabolic case and the hyperbolic one is that for the wave equation the inner Kummer-like polynomial structures are generated by a quadratic pencil of non self-adjoint operators.

We thus observe an impressive similarity of a general construction of a discrete spectrum of finite-time singularities for a class of semilinear evolution partial differential equations regardless their order and even their type. In all such cases the inner singularity behaviour is governed by a discrete spectrum of eigenfunctions of linear operators or, in general, of pencils of linear operators.

It is important that such linearized spectra of singular patterns are available for semilinear equations only. For essentially quasilinear evolution equations, the interaction between the diffusivity-like operators and the lower-order term |u|^p can lead to a number of first entirely nonlinear eigenfunctions satisfying quasilinear elliptic problems. Such examples 2

are well-known in the mathematical literature on blow-up. These are (i) the quasilinear heat equation u_t = Δu^m + u^p (u ≥ 0), with m > 1,

see p. 190 in [34] and references therein, and (ii) the p-Laplacian equation with a source u_t = ∇ · (|∇u|^σ∇u) + u^p (u ≥ 0), σ > 0, see [14]. A natural parameter exchange between such linearized and nonlinear spectra is described in [5] by using the model equation with the exponential nonlinearity (a generalization of Frank-Kamenetskii equation from combustion theory)

u_t = (|u_x|^σu_x)_x + e^u, σ > 0.

It was shown that there exists a countable sequence of critical values {σ_k} → σ_∞ ≈ 0.60 such that at each σ = σ_k exactly one linearized pattern is transformed into the corresponding nonlinear one. For σ ∈ (0, σ_1), the first generic blow-up pattern is nonlinear and the rest of other patterns is governed by a discrete spectrum of a linear differential operator obtained via linearization. On the other hand, for σ > σ_∞ the countable spectrum is entirely nonlinear so that for such an essentially quasilinear equation no linearization techniques apply and no Hermite-Kummer polynomial structures occur. Indeed, such a combination of nonlinear and linearized blow-up singularity spectra can be found for “sufficiently quasilinear” higher-order equations and equations of other types.

Principles of singularity formation in nonlinear media play a fundamental role in Mechanics and Physics. It is well known that such singularity phenomena describe microscale nonlinear effects (often chaotic and turbulent), which eventually lead and explain the laws of the medium self-organization which is responsible for global coherent structures. In the general theory of nonlinear evolution equations, such questions reduce to the study of spectra of different essentially singular (finite-time blow-up) solutions, and this idea was well understood a long time ago, see a survey paper [29] and references to Chap. 4 in [34]. The results of the present paper and those mentioned above, complete a formal description of types of formation of blow-up singularity spectra in nonlinear evolution equations.

2. Preliminaries

2.1. Integral equation and local solvability. The operator A_m is known to be the infinitesimal generator of a strongly continuous semigroup e^{Amt} : X → X for t > 0. In the corresponding equivalent integral equation

u(t) = e^{Am t}u_0 + ∫_t 0 e^{Am(t−s)}|u(s)|^pds (2.1)

the nonlinear term is a locally Lipschitz map. Denoting by p(ω) = −|ω|^m the characteristic polynomial of A_m, we have e^{Amt}u_0 = b(t) ∗ u_0, 3

where b(t) is the kernel of the operator e^{Amt} (the fundamental solution of the parabolic operator): b(x, t) = F^{−1}(e^{p(ω)t}) ≡ (2π)^{−N} ∫ R^N e^{−|ω|mt−i(ω.x)}dω, b(x, 0) = δ(x). The fundamental solution takes the standard self-similar form b(x, t) = t^{−N/2m}f(η), η = x/t^{1/2m}. (2.2) Substituting b(x, t) into the linear equation u_t = −(−Δ)^mu, (2.3) we obtain that the radially symmetric profile f(η) is a unique solution of a linear ordinary differential equation (ODE), which is the radial restriction of the elliptic equation:

B^∗f ≡ −(−Δ_η )^mf + 1 2m ∇_ηf · η + N 2m f = 0 in R^N , ∫ R^N f = 1, (2.4) where B^∗ has the equivalent divergent representation B^∗f ≡ A_mf + 1 2m ∇ · (ηf). (2.5) There holds [9] f(η) = (2π)^{−N/2} ∫_∞ 0 e^{−s2m} s^{N/2}J_{(N−2)/2}(s|η|)ds, (2.6) where J_ν denotes Bessel’s function. The integral equation (2.1) takes the form

u(t) = b(t) ∗ u_0 + ∫_t 0 b(t − s) ∗ |u(s)|^pds. (2.7) Local solvability and uniqueness of the classical solution for (2.7) are straightforward, see e.g. [35], Chapt. 15. This determines the semigroup u(t) = S(t)u_0 defined in X locally in time, and by the interior parabolic regularity (or by the equivalent regularity analysis of the integral equation), if a classical solution blows up as t → T^−, then (1.2) holds. 2.2. On spectral properties of B^∗. For any m > 1, operator B^∗ is not symmetric and does not admit a self-adjoint extension. The point spectrum σ_p(B^∗) was studied in [11]. We first observe that due to (2.5) the eigenvalue problem B^∗ψ^∗ = λψ^∗, ψ^∗ ∈ L^2(R^N ),

(2.8) admits the first eigenfunction ψ^∗_0 = f with λ_0 = 0.

Proposition 2.1. Let m > 1. (i) The point spectrum of B^∗ in L^2(R^N ) is real and discrete: σ_p(B^∗) = {λ_β = −|β|/2m, |β| = 0, 1, 2, ...}. (2.9)

Each eigenvalue λ_β has a finite multiplicity and eigenfunctions numerated by a multiindex β = (β_1, ..., β_N ), |β| ≡ β_1 + ... + β_N , are: ψ^∗_β(η) = D^βf(η) ≡ ( ∂ ∂η_1 )_{β1} ... ( ∂ ∂η_N )_{βN} f(η). (2.10)

(ii) The set of eigenfunctions {ψ^∗_β} is complete in L^2(R^N ).

The proof in [11] uses the rescaling of the convolution representation of the solution u(t) = b(t)∗u_0, which by Taylor expansion of the kernel f gives all possible eigenfunctions. See similar computations in the next section.

In the classical parabolic case m = 1, where f(η) = (4π)^{−N/2}e^{−|η|2/4}, we thus obtain the separable Hermite polynomials e^{|η|2/4} ψ^∗_β (η) = H_β(η) ≡ H_{β1} (η_1)...H_{βN} (η_N ),

(2.11) which form an orthogonal basis in the weighted space L^2_ρ(R^N ) with the associated strictly positive weight function ρ(η) = e^{|η|2/4} = (4π)^{−N/2}/f(η). If m > 1, then the operator is not self-adjoint, eigenfunctions are not orthogonal and are not generated by polynomials. Moreover, since f changes sign, no weighted space is available. See some other comments below.

2.3. Majorizing order-preserving equation. Using the main idea from [16], given the integral (evolution) equation (2.7), we show how to construct the corresponding orderpreserving majorizing equation. The following estimate of the rescaled kernel f is well known, see [8].

Proposition 2.2. Let m > 1. There exist constants D > 1 and d > 0 depending on m and N such that |f(η)| < D F (η) ≡ Dω_1e^{−d|η|α} in R^N , (2.12) where α = 2m 2m − 1 ∈ (1, 2) and ω_1 = (∫ R^N e^{−d|η|α} dη )_{−1} . Due to the definition of the fundamental solution, the constant d in (2.12) characterizes the “minimal” behaviour of solutions of the ODE (2.4) as η → ∞. We next introduce the majorizing kernel b̄(x, t) = t^{−N/2m}F (η), η = x/t^{1/2m}, (2.13) which is strictly positive for t > 0. Therefore, the corresponding majorizing integral equation with nonlinear Hammerstein’s integral operator

v(t) = b̄(t) ∗ v_0 + ∫_t 0 b̄(t − s) ∗ D|v(s)|^pds, t > 0; v_0 ≥ 0, (2.14)

describes the order-preserving evolution of nonnegative orbits with the usual partial order. Since the nonlinear term is a locally Lipschitz map, local existence and uniqueness of the 5

solution v(t) are straightforward, see [35], Chapt. 15. In particular we have the positivity property:

v_0 ≥ 0, v_0 ≢ 0 =⇒ v(t) > 0, t > 0.

(2.15)

By comparing (2.7) and (2.14), we deduce the following result on the Maximum Principle (comparison) duality between the semilinear parabolic equation and the integral majorizing one, see [16] and also [6].

Lemma 2.1. The integral equation (2.14) is majorizing for the 2m-th order parabolic equation (1.1) in the following sense: D|u_0(x)| ≤ v_0(x) in R^N =⇒ |u(x, t)| ≤ v(x, t) for x ∈ R^N , t > 0. (2.16)

One can see that, actually, we have the strong comparison property and the inequality in (2.16) is strict: |u(x, t)| < v(x, t) for t > 0. It is important that, in general, for m > 1, the majorizing integral equation (2.14) is not generated by a semigroup unlike the second-order case m = 1, where b(t) ∗ u_0 = e^{Δt}u_0. The solutions v(x, t) of (2.14) are not time-translational invariant.

3. Self-similar rescaling and linearization We suppose that u_0(x) is bell-shaped so that the origin x = 0 belongs to the corresponding non-empty blow-up set of the orbit {u(t), t ∈ (0, T )}:

B(u_0) = {x ∈ R^N : ∃ {x_n} → x, {t_n} → T^− such that u(x_n, t_n) → ∞}.

(3.1) By standard regularity results for parabolic equations [8], [13], the set B(u_0) is closed.

We introduce the rescaled variables by setting u(x, t) = (T − t)^{−1/(p−1)}θ(η, τ), η = x(T − t)^{−1/2m}, τ = − ln(T − t). (3.2) The rescaled solution θ solves the Cauchy problem θ_τ = Bθ − θ p − 1 + |θ|^p, η ∈ R^N , τ > τ_0 = − ln T, (3.3)

with the initial data θ(η, τ_0) = θ_0(η) ≡ T^{1/(p−1)}u_0(T^{1/2m}η) in R^N , where the linear operator B is a first-order perturbation of the 2m-th order elliptic operator: B = −(−Δ)^m − 1 2m η · ∇ . (3.4)

We will study the asymptotic behaviour of the rescaled orbit {θ(τ), τ > τ_0}. The corresponding stationary equation BS − S p − 1 + |S|^p = 0 in R^N ,

(3.5) admits two obvious constant solutions: the trivial one S_0 ≡ 0 and S_∗(η) ≡ θ_∗ = (p − 1)^{−1/(p−1)} > 0. 6

In the present paper we do not consider the problem of the existence of other nontrivial self-similar profiles S satisfying S(η) → 0 as η → ∞. For (3.5) and for a similar elliptic equation with the monotone nonlinearity |S|^{p−1}S, such nontrivial self-similar solutions are expected to play an important role for a general classification of blow-up patterns in the supercritical Sobolev range p > p_S = (N + 2m)/(N − 2m)_+. On the other hand, in the subcritical and critical ranges, Pohozaev’s identities for the higher-order elliptic equation (3.5) [33] can be applied in order to derive a nonexistence-like result.

We now consider the stable, centre and unstable manifolds of the constant solution θ_∗ for the prescribed rescaled smooth parabolic flow. We perform a usual linearization

θ(τ) = θ_∗ + Y (τ),

where Y solves the Cauchy problem

Y_τ = (B + I)Y + D(Y ), τ > τ_0; Y (τ_0) = Y_0 ≡ θ_0 − θ_∗.

(3.6)

D denotes an asymptotically quadratic perturbation of the linear operator B + I:

D(Y ) = |θ_∗ + Y |^p − θ_∗/(p − 1) − pY/(p − 1) = d_2Y^2 + O(Y^3), Y → 0,

(3.7)

where d_2 = p(p − 1)θ^{p−2}_∗ /2.

3.1. Discrete point spectrum of the non self-adjoint operator B. We study spectral properties of the linear operator

B = −(−Δ)^m − 1 2m η · ∇. (3.8)

If m = 1, it admits a natural symmetric representation B = 1 ρ ∇ · (ρ∇), ρ(η) = e^{−|η|2/4}. (3.9)

Therefore, since −B ≥ 0 is semibounded from below, there exists a unique Friedrichs extension, which is a self-adjoint operator in the weighted Hilbert space L^2_ρ(R^N ) with the domain D(B) = H^2_ρ (R^N ) and a discrete point spectrum. The eigenfunctions form an orthonormal basis in L^2_ρ(R^N ) and the classical Hilbert-Schmidt theory applies. These properties of self-adjoint operator play a fundamental role in the study of blow-up patterns in the case of the second-order semilinear parabolic equation, see e.g. [4], [12], [27], [31], [36], [37] and references in [34], [23].

For any m > 1, operator (3.8) is not self-adjoint. In the one-dimensional geometry, N = 1, where it becomes the even order ordinary differential operator

By = (−1)^{m+1}y^{(2m)} − 1 2m ηy^′, (3.10)

it cannot be written down as a self-adjoint differential expression of the form (p_0y^{(m)})^{(m)} + ... + p_my and is not self-adjoint. Then B^∗ is the adjoint differential expression for B in (3.10). See Chapt. 1 in [32].

In the general case, the following observation establishes the relationship between operators B and B^∗. L denotes the space of rapidly decreasing functions in R^N . 7

Proposition 3.1. Operator B^∗ in (2.5) is adjoint of B in L.

In order to derive the point spectrum of B, we consider the corresponding parabolic equation w_τ = Bw, τ > 0; w(0) = w_0 ∈ L^1_ρ(R^N ),

(3.11) where for simplicity we set T = 1. Initial data w_0 are assumed to be bounded in a weighted space with the weight function ρ(η) > 0 to be naturally associated with the rate of decay of the rescaled kernel f(η), see estimate (2.12). Then w(η, τ) = v(x, t) is the rescaled solution of the Cauchy problem for the parabolic equation v_t = A_mv, t > 0; v(0) = w_0,

(3.12) so that v(x, t) = t^{−N/2m} ∫ R^N f((x − y)t^{−1/2m})w_0(y)dy. (3.13) It follows after rescaling that w(η, τ) = ∫ R^N f(ζ − ν)w_0(ζt^{1/2m})dζ, ν = η[(1 − t)/t]^{1/2m}. (3.14) We now use the analytic expansion of the kernel converging everywhere: f(ζ − ν) = ∑ (γ) 1 γ! D^γ f(ζ)ν^γ , ν^γ ≡ ν^{γ1}_1 ...ν^{γN}_N , (3.15)

where γ = (γ_1, ..., γ_N ) is the multiindex. Substituting into (3.14), we obtain the following expansion: w(η, τ) = ∑ (γ) C_γ (τ)η^γ , (3.16)

with the expansion coefficients C_γ (τ) = 1 γ! e^{−|γ|τ /2m}(1 − e^{−τ} )^{−|γ|/2m}⟨ψ^∗_γ (ζ), w_0(ζ(1 − e^{−τ} )^{1/2m})⟩. Here ψ^∗_γ are eigenfunctions (2.10) of the adjoint operator B^∗ and ⟨·, ·⟩ denotes the duality product (with the corresponding adjoint space to be determined). Note that the set of the separable polynomials {η^γ , |γ| = 0, 1, ...} presented in the expansion (3.16) is complete in, say, L^2_ρ(R^N ) since it contains a complete subset of the separable Hermite polynomials (2.11).

Using a necessary change of variables in the duality product, one obtains that C_γ (τ) = 1 γ! e^{−|γ|τ /2m}(1 − e^{−τ} )^{−N/2m} ∫ D^γ f(ζ(1 − e^{−τ} )^{−1/2m})w_0(ζ)dζ. (3.17) In order to obtain the eigenfunctions, we expand all the terms in (3.17):

(1 − e^{−τ} )^{−1/2m} = 1 + ∞∑ k=1 b_{k0}e^{−kτ} , (1 − e^{−τ} )^{−N/2m} = 1 + ∞∑ k=1 c_ke^{−kτ} , 8

and setting h(τ) = (1 − e^{−τ} )^{−1/2m} − 1,

D^γ f(ζ(1 − e^{−τ} )^{−1/2m}) = D^γ f(ζ + ζh(τ)) = ∑ (δ) 1 δ! D^{γ+δ}f(ζ)ζ^δh^{|δ|}(τ)

= ∑ (δ) ∞∑ k=0 e^{−(|δ|+k)τ} b_{kδ} 1 δ! D^{γ+δ}f(ζ)ζ^δ. We now state the following property of the eigenfunctions ψ^∗_γ = D^γ f of B^∗. Applying the differential operator D^γ to equation (2.4), we obtain the following relation between the higher-order eigenfunctions and the lower-order ones:

(−1)^{m+1}ψ^∗_{γ+2mI} + 1 2m ∇ψ^∗_γ · η + N + |γ| 2m ψ^∗_γ = 0 (I = (1, ..., 1)).

This makes it possible to express the first-order operator in (3.15), ∇ψ^∗_γ · η ≡ ψ^∗_{(γ1+1,...,γN )}η_1 + ... + ψ^∗_{(γ1 ,...,γN +1)}η_N , and get rid of some of the odd-order differential expressions. In particular, if γ = (γ_1, ..., γ_N ) is such that γ_i ≥ 2m for any i = 1, 2, ..., N, then by setting γ + 2mI = δ we get the recurrent relation

(−1)^{m+1}ψ^∗_δ + 1 2m ∇ψ^∗_{δ−2mI} · η + N + |δ − 2m| 2m ψ^∗_{δ−2mI} = 0. Integrating in (3.17), substituting in (3.16) and summing up the terms with common exponential multipliers by using the above recurrences, we arrive at the following expression of the solution: for sufficiently smooth initial data w_0 ∈ L^1_ρ(R^N ) with the weight function ρ(η) = e^{−d∗|η|α} > 0 (α = 2m/(2m − 1)), (3.18) where d_∗ = d_∗(m, N) ∈ (0, d] is a small constant, there holds w(η, τ) = ∑ (β) M_β (w_0)e^{−|β|τ /2m}ψ_β (η), (3.19)

where the functions ψ_β are given by special finite linear combinations of the functions from {η^γ } and the multipliers M_β(w_0) denote the β-th “momenta” of initial data w_0. Moreover, the general linear separate structure of (3.19) with purely exponential τ-dependent factors implies a complete characterization of the point spectrum of B. Using estimate (2.12) of the rescaled kernel, we fix the space L^2_ρ(R^N ) with the weight function (3.18), where the exponent d_∗ > 0 is always assumed to be sufficiently small, see comments below. We ascribe to the differential operator B the dense domain W^{2m,2}_ρ (R^N ). As a differential operator with smooth coefficients, B is closable, and by B we will also denote its smallest closed extension with the domain D(B).

Lemma 3.1. (i) Operator B in L^2_ρ(R^N ) has the discrete real point spectrum σ_p(B) = {λ_β = −|β|/2m, |β| = 0, 1, 2, ...} (= σ_p(B^∗)). (3.20)

Each eigenfunction has the separable decomposition

ψ_β(η) = ψ_{β1} (η_1)...ψ_{βN} (η_N ),

(3.21)

where ψ_{βk} (η_k) is an eigenfunction of the one-dimensional operator (3.10) with η = η_k.

(ii) The subset {ψ_β} is complete in L^2_ρ(R^N ).

Proof. The result (i) follows from expansion (3.19), which also guarantees that σ_p(B) contains no other eigenvalues λ ∈ C . Completeness (ii) follows from (3.21) and the fact that the subset of elementary polynomials {η^β} is complete. In general, regardless the pure polynomial structure of eigenfunctions, completeness properties in weighted spaces can be also obtained from the continuity of the corresponding uniformly parabolic flow (3.12).

For m = 1, both (3.20) and (3.21) are well-known properties of the separable Hermite polynomials, see [3].

Let us note that the distribution (3.20) of the eigenvalues as |β| → ∞ plays an important role for the completeness of the generalized eigenfunctions. Using Schmidt’s Theorem [24], Chapt. 6, one can consider B − I with the uniformly negative point spectrum σ_p(B − I) = {−|β|/2m − 1 < 0}. Assuming that the resolvent C = R_1(B) = (B − I)^{−1} : H^{2m}_ρ (R^N ) → H^{2m}_ρ (R^N ) is a compact integral operator (a kernel condition, this can be easily checked for N = 1 or in the radial case for the ordinary differential operator, see the results below), we have that CC^∗ and C^∗C are positive compact self-adjoint operators. Consider the ordered s-numbers denoted by μ, Cv = μw, C^∗w = μv, so that μ^2 are real eigenvalues of CC^∗ and C^∗C. The rate of convergence to zero of the characteristic numbers is known to measure the closeness of C to finite-dimensional compact operators, For instance, if for some p ≥ 1, |β|^{1/p}μ_β → 0, |β| → ∞, then this rate of convergence corresponds to the completeness of generalized eigenfunctions in H^{2m}_ρ (R^N ) [25]. We will show that in the one-dimensional case or in the radial setting the s-numbers satisfy |μ_β| ∼ 1/|β| as |β| → ∞ and this gives the completeness. On the other hand, in these two cases of ordinary differential operators B the completeness can be established by the ODEs techniques, see the analysis below.

3.2. The one-dimensional spectral problem. It follows from Lemma 3.1 that it is sufficient to study in detail the point spectrum and eigenfunctions of the one-dimensional ordinary differential operator (3.10). We then follow [32]. Consider B and the adjoint differential expression B^∗ in L^1_ρ(R_+) with domains W^{2m,1}_ρ (R_+) of functions satisfying the symmetry condition at the origin

y^′(0) = ... = y^{(2m−1)}(0) = 0.

(3.22)

In addition, at η = ∞ the boundary conditions are imposed by the weight function ρ associated with the minimal behaviour of solutions of the ODE. Using a standard asymptotic analysis for the linear ODE By = λy, (3.23) we have that for any λ ∈ C , the dominant exponential behaviour y(η) ∼ e^{aηα} , η → ∞ (a ∈ C ), is governed by the two differential operators in (3.10) and this yields the following algebraic equation on a:

(−1)^{m+1}(αa)^{2m−1} = (2m)^{−1}. Here, for odd m = 1, 3, 5, ..., a = a_k = α^{−1}(2m)^{−1/(2m−1)}e^{2πil/(2m−1)}, l = 0, 1, ..., 2m − 2, and for even m = 2, 4, ..., a_k = α^{−1}(2m)^{−1/(2m−1)}e^{i[π+2πl/(2m−1)]}, l = 0, 1, ..., 2m − 2. It follows that for any m > 1, there exist m exponentially growing solutions with Re a_k > 0 and m − 1 exponentially decaying solutions with Re a_k < 0. The last 2m-th intermediate type of behaviour corresponds to finite order Kummer’s polynomials, see the proof below. In the second-order case m = 1, the exponentially decaying solutions are not available. Nevertheless, for m > 1, similar to m = 1, the non-empty (m − 1)-dimensional subset of exponentially decaying solutions generates no eigenfunctions.

Proposition 3.2. For any m ≥ 1, the operator B admits no eigenfunctions with exponential decay at infinity.

Proof. This is again a straightforward consequence of the decomposition (3.19) with finite order separable polynomials ψ_β.

Using the above analysis, we present the necessary condition at infinity: ρ(η)y(η) is bounded in R_+.

(3.24)

One can see that (3.24) imposes exactly half of boundary conditions at the right-hand end point of the interval (0, ∞), so that both conditions (3.22) and (3.24) correspond to the special case of separable boundary conditions of Sturm type for even-order differential operators [32].

Condition (3.24) naturally corresponds to the weighted space L^∞_ρ (R_+) and the domain of B is, say, C^{2m}_ρ (R_+), with the norm ‖y‖_ρ = sup_{η∈R+} ρ(η)(|y(η)| + ... + |y^{(2m)}(η)|). It is dense in L^1_ρ(R_+) and in L^2_ρ(R_+). Moreover, the asymptotic behaviour of solutions at η → ∞ shows that these weighted spaces are also naturally connected with the condition (3.24) provided that d_∗ > 0 is small enough. Therefore, we can pose the eigenvalue 11

problem for B in L^2_ρ(R^N ) (or in L^q_ρ(R^N ) with any q ≥ 1) in the space of symmetric functions satisfying (3.22).

A similar analysis applies to the adjoint operator B^∗ and we impose the same condition (3.24). The smallest closed extensions of the operator B and of the adjoint one B^∗ satisfy ⟨By, z⟩ = ⟨y, B^∗z⟩, y ∈ D(B), z ∈ D(B^∗). (3.25) Let us state some typical results for ordinary differential operators, see Chapt. 1 in [32]. Proposition 3.3. The boundary conditions at the origin (3.22) and at infinity are selfadjoint.

Proof. (3.22) are symmetry conditions for the self-adjoint operator y^{(2m)} in L^2(R_+). Fixing arbitrary solutions y and z of By = λy, B^∗z = μz, satisfying the boundary conditions, integrating by parts, we obtain ⟨By, z⟩ = ⟨y, B^∗z⟩ + [(y^{(2m−1)} − 1 2m y)z − y^{(2m−2)}z^′ + y^{(2m−3)}z^{′′} − ... + yz^{(2m−1)}]|^∞_0 ,

where all the non-integral terms vanish due to the boundary conditions at η = 0 and known exponential decay of the admissible solutions y(η), z(η) and their derivatives as η → ∞. This implies (3.25) and completes the proof.

We now present a general description of the eigenvalue-eigenfunction pairs of operator B in the weighted space L^1_ρ(R). The symmetry condition at the origin (3.22) restricts to the even-order polynomials only.

Lemma 3.2. Let N = 1. (i) The ordinary differential operator (3.10) in L^2_ρ(R) has the discrete real point spectrum of simple eigenvalues σ_p(B) = {λ = −γ/2m, γ = 0, 1, 2, ...}, and each eigenfunction ψ_γ is a γ-th order polynomial.

(ii) σ_p(B) = σ_p(B^∗) and the orthogonality condition holds: ⟨ψ_γ , ψ^∗_μ⟩ = 0 if λ_γ ≠ λ_μ. (3.26)

For instance, we have:

ψ_γ (η) = c_γ η^γ , γ < 2m; ψ_{2m}(η) = c_{2m} ( 1 + (−1)^m 1 (2m)! η^{2m} ) , (3.27)

where c_γ denote normalization constants. Setting m = 1 yields ψ_2 = c_2(1 − η^2/2), the second Hermite polynomial H_2(η).

Proof. (i) Obviously, there exist (degenerate) eigenfunctions (3.27) with any γ < 2m. We now look for a solution of the ODE (3.23) in the form of Kummer’s series

Y (η) = ∞∑ k=0 C_kη^k. 12

Substituting into (3.23), one obtains the recurrent formula: for any k ≥ 2m

C_{2m+k} = (−1)^{m+1} λ +^k_{2m} (2m + k)(2m + k − 1)...(k + 1) C_k, (3.28)

so that for k ≫ 2m C_{2m+k} ∼ (−1)^{m+1} 1 k^{2m−1} C_k. Hence, similar to Kummer’s polynomials [2], the radius of convergence of the series is R = ∞. It follows from the above asymptotic analysis that this gives either exponentially growing solutions (not satisfying (3.24)) or exponentially decaying solutions, which cannot be eigenfunctions by Proposition 3.2, unless λ = −k/2m for some k ≥ 2m. The corresponding eigenfunctions ψ_γ ∈ L^2_ρ(R) are finite polynomials.

(ii) The orthogonality property is standard. Assume Bψ_γ = λ_γ ψ_γ and B^∗ψ^∗_μ = λ_μψ^∗_μ. Then ⟨Bψ_γ , ψ^∗_μ⟩ = λ_γ ⟨ψ_γ , ψ^∗_μ⟩, ⟨ψ_γ , B^∗ψ^∗_μ⟩ = λ_μ⟨ψ_γ , ψ^∗_μ⟩, so that (λ_γ −λ_μ)⟨ψ_γ , ψ^∗_μ⟩ = 0, whence the orthogonality (due to the reality of the spectrum we perform calculations in a space over the field of real numbers).

3.3. The radial N-dimensional spectral problem. The results for N = 1 can be translated to the radial N-dimensional ordinary differential operator B written down in terms of the single variable ξ = |η| > 0:

B_R = −(−Δ_ξ )^m − 1 2m ξ d dξ . (3.29)

The boundary conditions are y^′(0) = ... = y^{(2m−1)}(0) = 0,

(3.30)

ρ(ξ)y(ξ) is bounded in R_+ (ρ(ξ) = e^{−d∗ξα} ).

(3.31)

Lemma 3.3. In the radial case, N ≥ 1, (i) operator B_R in L^2_{ρ̄}(R_+), ρ̄(ξ) = ξ^{N−1}ρ(ξ), has the real discrete spectrum of simple eigenvalues σ(B_R) = {λ_{2k} = −k/m, k = 0, 1, 2, ...}. (3.32) The eigenfunctions ψ_{2k}, k ≥ m, are even 2k-th order polynomials of the form ψ_{2k}(ξ) = c_{2k}(1 + .... + b_{2k}ξ^{2k})

(3.33)

(ii) The orthogonality condition (3.26) holds and {c_{2k}} in (3.33) are the normalization constants (for convenience, we put c_{2k}b_{2k} < 0).

(iii) The set of eigenfunctions {ψ_{2k}} is complete in the weighted space H^{2m}_{ρ̄} (R_+) of symmetric functions. 13

Proof. The statements (i) and (ii) are proved similarly to those in the previous lemma. Such ordinary differential operators with boundary conditions of Sturm type admit point spectrum only [32]. (iii) Let us discuss the completeness using an ODE argument. Consider the operator B−I with the uniformly negative real point spectrum. Hence, as typical for ordinary differential operators, the resolvent C = R_1(B) = (B − I)^{−1} : H^{2m}_{ρ̄} (R_+) → H^{2m}_{ρ̄} (R_+) exists and is bounded and σ(C) = {−(k/m + 1)^{−1}}. We next claim that C is a compact operator. Since σ(C) is composed from simple eigenvalues, the ODEs theory applies. It follows [32] that for any symmetric g ∈ H^2_{ρ̄} (R_+) there exists a uniformly convergent series of eigenfunctions g(ξ) = ∞∑ k=0 a_{2k}ψ_{2k}(ξ), with a_{2k} = ⟨g, ψ^∗_{2k}⟩.

(3.34)

This completes the proof.

One can calculate the first m (degenerate) eigenfunctions ψ_0 = c_0, ψ_2 = c_2ξ^2, ... , ψ_{2(m−1)} = c_{2(m−1)}ξ^{2(m−1)},

(3.35) and ψ_{2m}(ξ) = c_{2m} ( 1 + b_{2m}ξ^{2m} ) , b_{2m} = (−1)^m

(N − 2)!!

(2m)!!(2m + N − 2)!! . (3.36) The eigenfunctions are orthonormal: ⟨ψ_λ, ψ^∗_μ⟩ = δ_{λμ}. (3.37)

4. Centre manifold behaviour in the radial setting Consider equation (3.6) in the radial case Y_τ = (B_R + I)Y + D(Y ), τ > τ_0.

(4.1) It follows from Lemma 3.3 that B_R + I has the discrete real spectrum σ(B_R + I) = {λ_{2k} = 1 − k/m, k = 0, 1, ...}. (4.2) This gives the following unstable, centre and stable subspaces:

E^u = Span{ψ_0, ψ_2, ..., ψ_{2(m−1)}}, E^c = Span{ψ_{2m}}, E^s = Span{ψ_{2(m+1)}, ...}. By completeness of eigenfunctions, there holds H^{2m}_{ρ̄} (R_+) ⊆ E^u ⊕ E^c ⊕ E^s.

(4.3)

4.1. On the unstable manifold. By the spectral properties, the ordinary differential operator B_R is sectorial, and σ_+(B_R + I) = {λ ∈ σ(B_R + I) : Re λ ≥ 0} consists of (finite) (m + 1) isolated simple eigenvalues. In this case, a general stable-centre-unstable manifold analysis applies to equation (4.1), see [30].

As usual in blow-up problems, we expect that in the semilinear equation, perturbations on the unstable manifold tangent to the subspace E^u correspond to blow-up evolution with a different blow-up time. For m = 1 this is proved by using the standard comparison since the flow is order-preserving. For m > 1, where the fundamental solution (and the rescaled kernel f) changes sign and the semigroup is not order-preserving, the proof becomes more involved. Let us note that in the linearized equation

Y_τ = (B_R + I)Y, τ > τ_0,

(4.4)

which is the rescaled version of the linear parabolic equation for the function u(x, t) = (T − t)Y (ξ, τ), ξ = x/(T − t)^{1/2m}, satisfying u_t = −(−Δ)^mu, (4.5)

the unstable modes occur as a consequence of the obvious invariance of the 2m-th order parabolic equation under the polynomial translations (radial setting) u → u + 1, u → u + |x|^2, ... , u → u + |x|^{2(m−1)}. The unstable manifold of the origin for equation (4.1) in H^{2m}_{ρ̄} (R_+) corresponds to the evolution with a different blow-up time and such a behaviour cannot occur if the orbit is rescaled with the correct value of the blow-up time T = T (u_0) (a well established result for the order-preserving semigroup with m = 1). Therefore, the stability of the constant stationary solution θ ≡ θ_∗ in the subset of the rescaled orbits {θ(τ), τ > τ_0} (the structural stability) depends on the stability properties of the centre manifold behaviour.

4.2. Stability on the centre manifold. We will show that for any m > 1, the centre manifold behaviour is governed by equations quite similar to those which occur in the second-order self-adjoint (potential) case m = 1.

On first results for m = 1. The centre manifold analysis of blow-up orbits for the semilinear heat equation u_t = Δu + u^p p > 1, has a remarkable history. The exact rate of convergence Y (ξ, τ) = τ^{−1} ψ_0(ξ) + ..., τ → ∞, corresponding to the first generic blow-up pattern, was first formally derived about 30 years ago in [28] for the exponent p = 3 and N = 1, 2 by using a fundamental idea of the analytic expansion of the rescaled solution as τ → ∞, which admits a rigorous justification. Since τ = − ln(T − t), it then follows that the blow-up behaviour in the intermediate domain is governed by the new rescaled spatial variable ζ = |x|/ √ (T − t)| ln(T − t)|, t → T^−. (4.6)

The paper [28] is one of the first works, where a slow logarithmic factor √ | ln(T − t)|, t → T^−, appeared in the mathematical literature on blow-up singularities in nonlinear PDEs (together with the results on self-focusing for the cubic nonlinear Schrödinger equation, see e.g. a survey paper [23]). It turned out that such an analytic approach applies for any exponent p > 1 and gives a unique asymptotic profile [17], [18]. Moreover, it was shown that the limit profile f_∗(ζ) rescaled with respect to the variable ζ (it essentially stays the same for any m > 1, see the expressions for f_∗ derived below) occurs in estimates of blow-up solutions for a wide class of quasilinear equations u_t = ∇ · (k(u)∇u) + Q(u), see Sect. 4 in [22] and earlier references therein. A detailed centre manifold analysis was performed in [4], [12], [27], [31], [36], [37], see also references in [23]. In the subcritical range p < p_S = (N + 2)/(N − 2)_+ the singularity classification problem is now solved in the maximal generality.

Higher-order equations, m > 1. In order to study equation (4.1) we fix a complete orthonormal subset of eigenfunctions {ψ_{2k}} so that (3.37) holds. Looking for a solution in the form Y (ξ, τ) = ∑ a_{2k}(τ)ψ_{2k}(ξ), substituting into (4.1) and projecting, we obtain the dynamical system

ȧ_{2k} = (1 − k/m)a_{2k} + ⟨D( ∑ a_{2k}ψ_{2k}), ψ^∗_{2k}⟩, k = 0, 1, 2, ... . (4.7)

Assuming that the behaviour on the centre manifold W^c(0) (tangent to E^c) is dominant, setting k = m, we have the following asymptotic equation for τ ≫ 1:

ȧ_{2m} = ⟨D( ∑ a_{2k}ψ_{2k}), ψ^∗_{2m}⟩ = ⟨D(a_{2m}ψ_{2m} + ...), ψ^∗_{2m}⟩ = a^2_md_2⟨ψ^2_m, ψ^∗_{2m}⟩ + ...,

where we have used expansion (3.7) applicable in the weighted space with the exponentially decaying weight function. Denoting (h_m)^{−1} = −d_2⟨ψ^2_m, ψ^∗_{2m}⟩ (necessarily, h_m > 0), we arrive at the quadratic equation ȧ_{2m} = −h^{−1}_m a^2_m + ... for τ → ∞, and hence

a_{2m}(τ) = h_mτ^{−1} (1 + o(1)) → 0, τ → ∞.

(4.8)

This describes the centre manifold behaviour in terms of Y , Y (ξ, τ) = h_mτ^{−1} ψ_{2m}(ξ) + ..., τ → ∞, (4.9)

which is valid on compact subsets in ξ. Since ψ_{2m} is a 2m-th order polynomial, for large ξ ≫ 1, we have Y (ξ, τ) = −τ^{−1}e_mξ^{2m} + ... , e_m = −h_mc_{2m}b_{2m} > 0, (4.10)

where c_{2m} is the normalization constant of the eigenfunction ψ_{2m} and b_{2m} is as given in (3.36). Remind that by the construction of eigenfunctions, c_{2m}b_{2m} < 0.

5. Stable manifold patterns, completeness of the spectrum

The patterns on the stable manifold W^s(0) tangent to E^s are generated by the corresponding eigenfunctions with the asymptotic behaviour for τ ≫ 1 on compact subsets Y (ξ, τ) = Ce^{(1−k/m)τ} ψ_{2k}(ξ) + ..., k = m + 1, m + 2, ... , (5.1) where C > 0 depends on the initial data. Similar to the case m = 1, all such patterns are unstable.

The completeness of the spectrum of such blow-up patterns assumes that solutions to equation (4.1) in H^{2m}_{ρ̄} (R_+) cannot decay to zero faster than exponentially. For m = 1 this problem has been solved by a number of different approaches in the papers mentioned above. A similar problem was analyzed in detailed earlier in [26] in connection with Morse-Smale systems generated by parabolic equations. It is important that the general approach in [26] is stated in a maximal generality for rather arbitrary non self-adjoint operators and is based on general Agmon’s estimates. See also [1]. We expect that such an approach can be applied to the present equation which is a quadratic perturbation of a smooth parabolic flow associated with an analytic semigroup generated by a non self-adjoint operator.

6. Extension to the intermediate Hamilton-Jacobi region

6.1. Extension of the centre manifold pattern. Since ψ_{2m}(ξ) = c_{2m}b_{2m}ξ^{2m} + ... as ξ → ∞, using (4.9), we have that for large ξ ≫ 1, (4.10) holds. This suggests to introduce the new rescaled variable ζ = ξτ^{−1/2m} ≡ |x|[(T − t)| ln(T − t)|]^{−1/2m}, t → T^−, (6.1)

so that (4.10) implies that on the lateral boundary of the domain of the centre manifold expansion (4.9) Y = −e_mζ^{2m} + ... , τ → ∞ (ξ → ∞). (6.2)

It follows from (3.3) that the rescaled function θ = θ(ζ, τ) satisfies

θ_τ = H_m(θ) + 1 τ Fθ, τ > τ_0, (6.3)

H_m(θ) = − 1 2m ζθ_ζ − θ p − 1 + |θ|^p, F = −(−Δ)^m − 1 2m ζ d dζ . Hence, as τ → ∞, (6.3) is an asymptotically small perturbation of the order O(1/τ) (∉ L^1((1, ∞)), i.e., a non-integrable one) of the first-order Hamilton-Jacobi equation

h_τ = H_m(h), τ > τ_0.

(6.4)

Such singularly perturbed dynamical systems occur in several reaction-diffusion equations, see [19] and [21], [22], where a general stability theorem covering this special case of nonintegrable asymptotically small singular perturbations of dynamical systems was proved. The main hypothesis of this stability theory is the uniform Lyapunov stability of the ω-limit set of the unperturbed equation (6.4) established in [21], Sect. 3, for general equations like (6.4) in a Banach space C_ρ(R_+) with a singular weight ρ(ξ) = |ξ|^{−2}.

Finally, we conclude that the orbit approaches the stationary profiles satisfying

H_m(f) = 0, ζ > 0; f(0) = θ_∗, 17

and this gives a one-parameter family of the limit profiles: f(ζ) = [(p − 1)(1 + Aζ^{2m})]^{−1/(p−1)}, A ≥ 0.

(6.5) Since f(ζ) = θ_∗ − A(p − 1)^{−p/(p−1)}ζ^{2m} + ... as ζ → 0, comparing with (6.2) for the intermediate values of ζ yields the unique stable profile (6.5), f_∗(ζ), with the constant A = A_∗ ≡ e_m(p − 1)^{p/(p−1)} > 0. (6.6) 6.2. Extension of the stable manifold patterns. This analysis is quite similar. It follows from (5.1) that for ξ ≫ 1 Y (ξ, τ) = Cc_{2k}b_{2k}e^{(1−k/m)τ} ξ^{2k} + ... ≡ Cc_{2k}b_{2k}ζ^{2k} + ... (C > 0), (6.7) where ζ is the new spatial variable ζ = ξe^{−τ (k−m)/2km} ≡ |x|(T − t)^{−1/2k}, k = m + 1, m + 2, ... . (6.8) Then θ(ζ, τ) solves the exponentially perturbed equation θ_τ = H_k(θ) − e^{−(1−m/k)τ} (−Δ)^mθ, (6.9) with the Hamilton-Jacobi operator H_k(θ) = − 1 2k ζθ_ζ − θ p − 1 + |θ|^p. (6.10) Using the same stability theory [19], [21], similar to the above case k = m, we conclude that, under necessary compactness hypotheses, the orbit {θ(τ)} uniformly approaches the stationary subset of equation (6.9), τ = ∞, consisting in the smooth profiles satisfying H_k(f) = 0, i.e., (cf. (6.5)) f(ζ) = [(p − 1)(1 + Aζ^{2k})]^{−1/(p−1)}, A ≥ 0,

(6.11) where the constant A is uniquely determined from the asymptotics (6.7): A = A_C ≡ −Cc_{2k}b_{2k}(p − 1)^{p/(p−1)} > 0. (6.12) This completes the classification of the blow-up patterns in the intermediate Hamilton- Jacobi region.

6.3. On the extension to the outer region. The extension of blow-up patterns into the outer region {0 < |x| ≪ 1}, which determines the asymptotic final-time profile u(x, T^−) of the blow-up solutions of the semilinear parabolic (1.1), is also well-understood and is similar to that for m = 1. See [22], [27] and references in [34]. Such an extension based on a compactness argument applied to a rescaled parabolic flow shows that the behaviour in the intermediate domain, given by (6.5) or (6.11) for ζ ≫ 1, can be extended for |x| ≪ 1. We then obtain the following asymptotics of the final-time profiles as x → 0:

(i) the generic blow-up pattern formed on the centre manifold with the intermediate scaling (6.1) exhibits the behaviour u(x, T^−) = C_m|x|^{−2m/(p−1)}| ln |x||^{1/(p−1)}(1 + o(1)), 18

where the constant C_m = [(p−1)^{(2p−1)/(p−1)}e_m/2m]^{1/(p−1)} depends on m and the dimension N only;

(ii) the unstable patterns on the stable manifold with the variable (6.8) give for k = m + 1, m + 2, ... u(x, T^−) = C̃|x|^{−2k/(p−1)}(1 + o(1)), where C̃ depends also on initial data u_0.

Acknowledgement. The author would like to thank Yu.V. Egorov, V.A. Kondratiev and S.I. Pohozaev for several discussions.

References

[1] S.B. Angenent, The Morse-Smale property for a semi-linear parabolic equation, J. Differ. Equat., 62 (1986), 427-442.

[2] H. Bateman, E. Erdélyi, Higher Transcendental Functions, Vol. I, McGraw-Hill, New York, 1953. [3] M.S. Birman and M.Z. Solomjak, Spectral Theory of Self-Adjoint Operators in Hilbert Space, D.

Reidel, Dordrecht/Tokyo, 1987.

[4] A. Bressan, Stable blow-up patterns, J. Differ. Equat., 98 (1992), 57-75.

[5] C. Budd and V. Galaktionov, Stability and spectra of blow-up in problems with quasi-linear gradient diffusivity, Proc. Roy. Soc. London A 454 (1998), 2371-2407.

[6] M. Chaves and V.A. Galaktionov, Regional blow-up for higher-order semilinear heat equations, in preparation.

[7] C.R. Chester, Techniques in Partial Differential Equations, McGraw-Hill, New York, 1971. [8] S.D. Eidelman, Parabolic Systems, North-Holland Publ. Comp., Amsterdam/London, 1969. [9] S.D. Eidelman, Parabolic equations, In. Modern Problems of Math. Fundam. Achiev., Vol. 63 (Part.

Differ. Equat.), VINITI AN SSSR: 1990, Moscow, p. 244. English transl.: J. Soviet Math., 1991. [10] Yu.V. Egorov, V.A. Galaktionov, V.A. Kondratiev, and S.I. Pohozaev, On the necessary conditions of existence to a quasilinear inequality in the half-space, C. R. Acad. Sci. Paris, 330, Série I (2000), 93-98.

[11] Yu.V. Egorov, V.A. Galaktionov, V.A. Kondratiev, and S.I. Pohozaev, Asymptotic behaviour of global solutions to higher-order semilinear parabolic equations in the supercritical range, in preparation.

[12] S. Filippas and R.V. Kohn, Refined asymptotics for the blow–up of u_t − Δu = u^p, Comm. Pure Appl.

Math., 45 (1992), 821-869.

[13] A. Friedman, Partial Differential Equations, Robert E. Krieger Publ. Comp., Malabar, 1983. [14] V.A. Galaktionov, S.P. Kurdyumov, S.A. Posashkov, and A. A. Samarskii, A nonlinear elliptic problem with a complex spectrum of solutions, USSR Comput. Math. and Math. Phys., 26 (1986), 48-54.

[15] V.A. Galaktionov and S.I. Pohozaev, Blow-up, critical exponents and asymptotic spectra for nonlinear hyperbolic equations, Preprint 00/10, School Math. Sci., Univ. Bath, May 2000 (available in www.maths.bath.ac.uk/∼masjde/preprints); Comm. Part. Differ. Equat., submitted.

[16] V.A. Galaktionov and S.I. Pohozaev, Existence and blow-up for higher-order semilinear parabolic equations: majorizing order-preserving operators, in preparation.

[17] V.A. Galaktionov and S.A. Posashkov, The equation u_t = u_{xx} + u^β . Localization, asymptotic behaviour of unbounded solutions, Keldysh Inst. Appl. Math. Acad. Sci. USSR, Preprint No. 97 (1985).

[18] V.A. Galaktionov and S.A. Posashkov, Application of a new comparison theorem for unbounded solutions of nonlinear parabolic equations, Differ. Equat., 22 (1986), 809–815.

[19] V.A. Galaktionov and J.L. Vazquez, Asymptotic behaviour of nonlinear parabolic equations with critical exponents. A dynamical systems approach, J. Funct. Anal., 100 (1991), 435-462. 19

[20] V.A. Galaktionov and J.L. Vazquez, Regional blow-up in a semilinear heat equation with convergence to a Hamilton-Jacobi equation, SIAM J. Math. Anal., 24 (1993), 1254-1276.

[21] V.A. Galaktionov and J.L. Vazquez, Extinction for a quasilinear heat equation with absorption II. A dynamical systems approach, Comm. Partial Differ. Equat., 19 (1994), 1107-1137.

[22] V.A. Galaktionov and J.L. Vazquez, Blow-up for quasilinear heat equations described by means of nonlinear Hamilton-Jacobi equations, J. Differ. Equat., 127 (1996), 1-40.

[23] V.A. Galaktionov and J.L. Vazquez, The problem of blow-up in nonlinear parabolic equations, Preprint 00/04, School Math. Sci., Univ. Bath, March 2000 (available in www.maths.bath.ac.uk/ ∼masjde/ preprints). Proc. Summer Course on PDEs (Temuco, Chile, 1999), Pitman, 2000, to appear.

[24] I. Gohberg, S. Goldberg, and M.A. Kaashoek, Classes of Linear Operators, Vol. 1, Operator Theory:

Advances and Applications, Vol. 49, Birkhäuser Verlag, Basel/Berlin, 1990.

[25] I.C. Gohberg and M.G. Krein, Introduction to the Theory of Linear Nonselfadjoint Operators, Trans.

Math. Monographs, Vol. 18, Amer. Math. Soc., Providence, R.I., 1969.

[26] D.B. Henry, Some infinite-dimensional Morse-Smale systems defined by parabolic partial differential equations, J. Differ. Equat., 59 (1985), 165-205.

[27] M.A. Herrero and J.J.L. Velázquez, Blow-up behaviour of one-dimensional semilinear parabolic equations, Ann. Inst. Henri Poincaré, Analyse non linéaire, 10 (1993), 131-189.

[28] L.M. Hocking, K. Stewartson, and J.T. Stuart, A nonlinear instability burst in plane parallel flow, J. Fluid Mech., 51 (1972), 705-735.

[29] S.P. Kurdyumov, Evolution and self-organization laws in complex systems, Int. J. Modern Phys., C1 (1990), 299-327.

[30] A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Birkhäuser, Basel/Berlin, 1995.

[31] F. Merle and H. Zaag, Stability of the blow-up profile for equations of the type u_t = Δu + |u|^{p−1}u, Duke Math. J., 86 (1997), 143-195.

[32] M.A. Naimark, Linear Differential Operators, Part 1, Frederick Ungar Publ. Co., New York, 1967. [33] S.I. Pohozaev, On the eigenfunctions of quasilinear elliptic problems, Math. USSR Sbornik, 11 (1970), 171-188.

[34] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, and A.P. Mikhailov, Blow-up in Quasilinear Parabolic Equations, Walter de Gruyter, Berlin/New York, 1995.

[35] M.E. Taylor, Partial Differential Equations III. Nonlinear Equations, Springer, New York/Tokyo, 1996.

[36] J.J.L. Velazquez, Estimates on (N − 1)-dimensional Hausdorff measure of the blow-up set for a semilinear heat equation, Indiana Univ. Math. J., 42 (1993), 445-476.

[37] J.J.L. Velázquez, V.A. Galaktionov, and M.A. Herrero, The space structure near a blow-up point for semilinear heat equations: a formal approach, USSR Comput. Math. Math. Phys., 31 (1991), 46-55.

Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK and Keldysh Institute of Applied Mathematics, Miusskaya Sq. 4, 125047 Moscow, RUSSIA E-mail address: vag@maths.bath.ac.uk