EXISTENCE AND BLOW-UP FOR HIGHER-ORDER SEMILINEAR PARABOLIC EQUATIONS:

MAJORIZING ORDER-PRESERVING OPERATORS

V.A. GALAKTIONOV AND S.I. POHOZAEV

Abstract. As a basic example, we establish that in the Cauchy problem for the 2m-th order semilinear parabolic equation

u_t = −(−Δ)^mu + |u|^p, x ∈ R^N , t > 0; u(x, 0) = u_0(x), x ∈ R^N ,

where m > 1, p > 1, with bounded integrable initial data u_0, the critical Fujita exponent is p_F = 1 + 2m/N, so that for p > p_F there exists a class of small global solutions and for p ∈ (1, p_F ] blow-up can occur for arbitrarily small initial data. The analysis of the asymptotics of both classes of global and blow-up solutions is based on comparison with similarity solutions of the majorizing order-preserving equation, which is shown to exist for any m > 1. Generalizations of this idea to differential and pseudodifferential evolution equations and relations to positivity sets for higher-order equations are discussed.

1. Introduction: majorizing order-preserving operators and equations

This paper deals with a class of higher-order semilinear parabolic differential and nonlinear integral evolution equations with superlinear lower-order terms. The corresponding evolution processes are not order-preserving and the solutions can blow-up in finite time. We show that the idea of constructing of the corresponding majorizing order-preserving operators and equations plays a key role in establishing of the global existence and the asymptotic behaviour of both global and blow-up solutions.

1.1. Example: critical Fujita exponent, global existence and blow-up. As a key example, we study global solvability and blow-up of solutions of higher-order semilinear evolution equations of parabolic type. Consider the Cauchy problem for the 2m-th order equation

u_t = Au + |u|^p in Q = R^N × R_+, u(x, 0) = u_0 ∈ X = L^1(R^N ) ∩ L^∞(R^N ),

(1.1)

where p > 1, A = −(−Δ)^m, m > 1 is integer,

(1.2)

and Δ denotes the Laplace operator in R^N . For m = 1, this is a classical semilinear reaction-diffusion equation from Combustion Theory. Higher-order generalizations

Date: May, 2000.

1991 Mathematics Subject Classification. 35K55, 35K65.

Key words and phrases. Semilinear parabolic equations, global existence, blow-up, Fujita exponent, asymptotic behaviour, majorizing order-preserving equation, Hammerstein’s operator. 1

of the semilinear heat equations are known in a number of application in thin film theory, flame propagation, phase transition, in bi-stable systems and in processes of higherorder diffusion (e.g., the extended Fisher-Kolmogorov equation or equations of Kuramoto- Sivashinskii type).

The lower-order source-like term |u|^p with p > 1 is chosen so that it vanishes sufficiently fast on small solutions u → 0, and conversely it is superlinear on large solutions u ≫ 1. Therefore, the model equation (1.1), composed from two operators of different signs and monotonicity properties in the right-hand side, can describe both nonlinear phenomena such as existence of global small solutions and finite-time blow up of large ones (the global nonexistence). We will treat both different asymptotics by means of a unified approach. Let us begin with first two results for the Cauchy problem (1.1).

Theorem 1.1. If p > p_F = 1 + 2m/N, (1.3)

then for any sufficiently small initial data u_0 ∈ X the Cauchy problem (1.1) admits a global solution satisfying u(·, t) → 0 as t → ∞ uniformly in R^N .

Theorem 1.2. Let p ∈ (1, p_F ]. If u_0 ≢ 0 and ∫ R^N u_0(x)dx ≥ 0, (1.4)

then the solution of (1.1) blows up in finite time T > 0 in L^∞(R^N ) in the sense that u(·, t) ∈ X for all t ∈ (0, T ) and ‖u(·, t)‖_∞ → ∞, t → T^−. (1.5)

The global nonexistence result for p ∈ (1, p_F ] is already proved in [5] by a test function method and establishes that any weak solution u ∈ L^p_{loc}(R^N × R_+) with u_0 ∈ L^1_{loc}(R^N ) satisfying (1.4) must be trivial: u ≡ 0. In Section 4 of the present paper we give a new simple evolution proof of Theorem 1.2 based on the evolution ordinary differential inequality for the first Fourier coefficient, which is an important characteristic of the generic blow-up rate. This eigenfunctions method was introduced by Kaplan [12] for semilinear second-order parabolic equations.

The present result on the global solvability completes the proof that p = p_F is precisely the critical Fujita exponent for the higher-order parabolic equation calculated from both sides: (i) blow-up of any small solutions with (1.4) for 1 < p ≤ p_F and (ii) global existence of small solutions for p > p_F . These results are classical [6] for the semilinear second-order parabolic equation with m = 1,

u_t = Δu + u^p, u ≥ 0, and then p_F = 1 + 2/N is the corresponding critical Fujita exponent. Such critical exponents play an important role in different nonlinear evolution equations. See a survey paper [14] and Chapt. 4 in the book [15].

Theorem 1.1 gives a characterization of the critical Fujita exponent for the 2m-th order semilinear parabolic equation from the global range. It states that at p = p_F the trivial 2

stationary solution u ≡ 0 of equation (1.1) loses its stability, which takes place in a certain weighted space in the supercritical range p > p_F . This provide us with an alternative (more local) definition of the critical exponent p_F which does not include the blow-up property and therefore applies to a wider class of equations with bounded nonlinearities.

1.2. Majorizing order-preserving operators and equations. As we have mentioned, the main goal of the paper consists in introducing a general idea of the majorizing orderpreserving equation for evolution semilinear parabolic PDEs with semigroups which are not order-preserving. In particular, the proof of Theorems 1.1 in Section 2 is based on the construction of a global self-similar solution of such a majorizing order-preserving equation. This makes it possible to estimate above the solution u(x, t) for small initial data by using a standard comparison as for the quasilinear second-order parabolic equations, see a variety of methods in Chapt. 4 in [15]. The only difference is that the majorizing selfsimilar solutions satisfy integral equations with positive Hammerstein’s operators having nonnegative kernels, which in the particular order-preserving case m = 1 are equivalent to the standard well known elliptic equations (which become ODEs in radial setting).

We choose the Cauchy problem (1.1) as a particular but well known example. One can extend the majorizing approach to any differential evolution equations or more general integral equations with the evolution driven by pseudodifferential operators with kernels and symbols changing sign. In order to prove the results, the only thing we need is a basic estimate of the fundamental solution, and then its scaling structure determines the critical Fujita exponent, global existence and blow-up estimates depending on the type of nonlinear perturbations.

We claim that the structural behaviour of self-similar solutions of the majorizing orderpreserving equations describes some essential features of global and blow-up solutions of the original PDEs, and this approach makes it possible to extend some key results from the order-preserving case m = 1, studied in great detail in the mathematical literature, see references in the books [1] and [15], to the oscillatory non-order-preserving one m > 1. As a second step in this direction, using the majorizing order-preserving equation yields a sharp estimate on the blow-up rate of the L^∞-norm of the solution [2] by means of a standard comparison with a spatially homogeneous solution u(t) governed by the ODE u^′ = Du^p, where D > 1 is the so-called order deficiency of the linear operator (D = 1 if and only if the linear semigroup is order-preserving). See an application in Section 2.

We discuss some extensions of the results to more general equations. In Section 3 we treat the relation between Theorem 1.1 and positivity sets for higher-order parabolic equations.

2. Majorizing order-preserving operators

2.1. Nonlinear integral equation. The operator A is the infinitesimal generator of a strongly continuous semigroup e^{At} : X → X for t > 0. In the corresponding equivalent 3

“evolution” integral equation

u(t) = e^{At}u_0 + ∫_t 0 e^{A(t−s)}|u(s)|^pds, (2.1)

the nonlinear term is a locally Lipschitz map. Let p(ω) = −|ω|^{2m} be the characteristic polynomial of A and e^{At}u_0 = b(t) ∗ u_0, where b(t) is the kernel of the operator e^{At} (the fundamental solution of the parabolic operator): b(x, t) = F^{−1}(e^{p(ω)t}) ≡ (2π)^{−N} ∫ R^N e^{p(ω)t−i(ω.x)}dω. The fundamental solution takes the standard self-similar form b(x, t) = t^{−N/2m}f(η), η = x/t^{1/2m}. (2.2) Substituting b(x, t) into the linear equation u_t = −(−Δ)^mu, (2.3) we obtain that the radially symmetric profile f(η) is a unique solution of a linear ordinary differential equation (ODE), which is the radial restriction of the elliptic equation

−(−Δ_η )^mf + 1 2m ∇_ηf · η + N 2m f = 0 in R^N , ∫ R^N f(η)dη = 1. (2.4)

There holds [4] f(η) = (2π)^{−N/2} ∫_∞ 0 e^{−s2m} s^{N/2}J_{(N−2)/2}(s|η|)ds, (2.5)

where J_ν denotes Bessel’s function. The integral equation (2.1) takes the form

u(t) = M(u)(t) ≡ b(t) ∗ u_0 + ∫_t 0 b(t − s) ∗ |u(s)|^pds, (2.6)

where solution u(t) stays for a fixed point of the operator M for any t > 0. Local solvability and uniqueness for (2.6) are straightforward, see e.g. [16], Chapt. 15. This determines the continuous semigroup u(t) = S(t)u_0 defined in X locally. 2.2. Majorizing kernel and linear majorizing order-preserving operator. For m > 1, the kernel b(x, t) changes sign and is oscillatory as |x| → ∞, and the semigroup S(t) is not order-preserving. On the other hand, for the second-order parabolic equation with m = 1, where b(t) > 0 for t > 0, it is order-preserving and this makes the analysis much easier since the Maximum Principle applies. In particular, due to the order-preserving (comparison) property, Theorems 1.1 and 1.2 are known for the quasilinear second-order equations like u_t = Δu^q + u^p, p_F = q + 2/N [8] or for other nonlinear second-order reaction-diffusion equations with sufficiently arbitrary nonlinearities, see the results references in [15], Chapt. 4. 4

For m > 1, we begin with constructing of the majorizing kernel. The following estimate of the profile f is well known, see p. 46 in [3]. It also follows from a standard asymptotic analysis of the ODE (2.4).

Proposition 2.1. Let m > 1. There exist constants D > 1 and d > 0 depending on m and N only such that |f(η)| ≤ D F (η), F (η) = ω_1e^{−d|η|α} in R^N , (2.7) where α = 2m 2m − 1 ∈ (1, 2) and ω_1 = (∫ R^N e^{−d|η|α} dη )_{−1} . Integrating (2.7) over R^N , we obtain that D ≥ ∫ |f|, so that D > 1 provided that f changes sign. If f ≥ 0, i.e., the linear semigroup is order-preserving, we have f = F so that D = 1. D > 1 is said to be the order deficiency of the parabolic operator in (2.3) and of the linear convolution operator B(t)ϕ = b(t) ∗ ϕ in (2.6). (In fact, the actual order deficiency of the operator is measured by the difference δ = D − 1, but we keep the notation D for convenience.)

A sharp estimate on the asymptotic exponential decay rate of f(η) as |η| → ∞ can be obtained by a standard asymptotic analysis of the linear ODE. We keep the two main terms, which are responsible for the exponential expansion in the ODE (2.4),

(−1)^{m+1}f^{(2m)} + ... + 1 2m f^′ξ + ... = 0, ξ = |η| ≫ 1, and looking for a solution in the standard exponential form f(ξ) ∼ e^{−aξα} , ξ ≫ 1. Then α = 2m/(2m − 1) and the algebraic equation for the constant a:

(−1)^m(αa)^{2m−1} + 1 2m = 0.

It has 2m − 1 different roots {a_k}, and in (2.7) we choose −d > max{Re a_k < 0}. We thus introduce the positive majorizing kernel b̄(x, t) = t^{−N/2m}F (η), η = x/t^{1/2m}, (2.8) which is majorizing relative to the oscillating kernel b(t) of the parabolic operator: |b(x, t)| ≤ D b̄(x, t) in R^N × R_+. (2.9) As a by product, we obtain the linear majorizing operator Ā(t) with the majorizing kernel b̄(t). The corresponding non-autonomous equation ū_t = Ā(t)ū for t > 0, ū(0) = ϕ,

(2.10) describes the order-preserving evolution relative to initial data ϕ ∈ L^1(R^N ). Indeed, consider the convolution operator ū(x, t) = B̄(t)ϕ ≡ b̄(t) ∗ ϕ = t^{−N/2m} ∫ F ((x − y)t^{−1/2m})ϕ(y)dy. (2.11)

Differentiating (2.11) with respect to t, we get ū_t = b̄_t(t) ∗ ϕ, (2.12)

where the right-hand side determines Ā(t)u. The majorizing operator is defined on the domain generated by the convolution operator B̄(t): W̄ = {U(t) ∈ L^1, t ≥ 0 : ∀ t ≥ 0 ∃ ϕ ∈ L^1 such that U(t) = b̄(t) ∗ ϕ}.

(2.13)

In general, this means that the orbit {U(t), t > 0} ⊂ W̄ admits the representation U(t) = b̄(t) ∗ ϕ(t); ϕ(t) ∈ L^1, t ≥ 0. (2.14) Ā(t) is single-valued on W̄ . Arguing by contradiction, we assume that there exist ϕ_1 and ϕ_2 from L^1 such that for some t_0 > 0,

U(t_0) = b̄(t_0) ∗ ϕ_1 = b̄(t_0) ∗ ϕ_2,

and the corresponding convolution orbits u_1(t) = b̄(t) ∗ ϕ_1, u_2(t) = b̄(t) ∗ ϕ_2 are such that u_{1t}(t_0) ≠ u_{2t}(t_0). Then v = ϕ_1 − ϕ_2 ∈ L^1 satisfies b̄(t_0) ∗ v = 0, which on the Fourier Transform implies that W (ω, t_0)F(v)(ω) = 0. Since the symbol W (ω, t_0) ≠ 0 a.e., we have that F(v)(ω) = 0 a.e., so that v ≡ 0. Since b̄(t) > 0 for t > 0 the solution ū(t) depends monotonically on ϕ in R^N × R_+ and we have the usual partial ordering ≥.

Actually, equality (2.11) determines an inverse operator for t > 0, ϕ = B̄^{−1}(t)ū, acting along the backward convolution vector field. Substituting this into (2.12), we arrive at the following formal representation of the evolution majorizing operator:

ū_t = b̄_t(t) ∗ ϕ = b̄_t(t) ∗ B̄^{−1}(t)ū ≡ Ā(t)ū.

(2.15)

In general, operator B̄(t) in (2.11) is not invertible on L^1(R^N ) and is not a Fredholm operator. Indeed, its symbol given by the Fourier Transform of the kernel W (ω, t) = F(b̄(t))(ω) ≡ ∫ F (ζ)e^{i t1/2m (ω.ζ)}dζ is not necessarily positive, so that the Convolution Theorem applied to equation (2.11), F(ū(t))(ω) = W (ω, t) F(ϕ)(ω), does not give a solution F(ϕ)(ω) = F(ū(t))(ω)/W (ω, t) if W (ω, t) vanishes (unless F(ū(t))(ω) vanishes on the zero set of the symbol). Hence, the operator is not invertible [10].

2.3. Nonlinear majorizing order-preserving operator and equation. The most of applications are obtained by comparison with positive solutions v(x, t) satisfying the nonlinear majorizing integral equation with the majorizing operator having a positive kernel

v(t) = M̄(v)(t) ≡ b̄(t) ∗ v_0 + ∫_t 0 b̄(t − s) ∗ (Dv^p(s))ds, t > 0, (2.16)

where v_0 ∈ X and D = D(m, N) > 1 for any m > 1 is the order deficiency given in (2.7). Local existence and uniqueness are obtained by contractivity properties of such integral 6

operators with locally Lipschitz nonlinearities, see [16]. By comparing (2.6) and (2.16), we deduce the following result.

Theorem 2.1. The integral equation (2.16) is majorizing for the 2m-th order parabolic equation (1.1) in the following sense: for any u_0 ∈ X with D|u_0| ≤ v_0, there holds |S(t)u_0| ≤ v(t), t > 0. (2.17)

The proof is straightforward since the difference w(t) = v(t) − |u(t)| satisfies an integral inequality with a positive kernel of the form (Db̄(t − s) − |b(t − s)|) ∗ (pξ^{p−1}(s)), ξ(s) ∈ (|u(s)|, v(s)). In the case of compactly supported data u_0 and v_0 we use approximation. It is important that the order deficiency D = D(m, N) > 1, which occurs in both the initial function and in the nonlinear term in (2.16), is necessary to compensate the lack of order-preserving (monotonicity) properties of the higher-order parabolic flow. In the first case, it establishes comparison of initial data: |u_0(x)| ≤ D|u_0(x)| ≤ v_0(x) in R^N . In the second operator, it is necessary for comparison in the nonlinear terms.

2.4. Global self-similarity for the majorizing equation: eigenfunctions of Hammerstein’s operator. As a general property of the majorizing nonlinear integral equation (2.16) with v_0 = 0, we now use its scaling invariance. It admits the following global self-similar solution: v_∗(x, t) = t^{−1/(p−1)}θ(η), η = x/t^{1/2m}, (2.18)

with a nontrivial function θ ≥ 0, θ ≢ 0, to be determined. Let us comment on initial data for v_∗. Assuming for this moment that θ ∈ L^1(R^N ) and setting β = 1/(p−1)−N/2m > 0 if p > p_F , we have that ‖v_∗(t)‖_1 = t^{−β}‖θ‖_1 → 0, t → 0, so that v_∗(0) = 0 in D^′(R^N ). This is a typical phenomenon of “nonuniqueness” in the supercritical range p > p_F . Then for any fixed t > 0, there holds b̄(t) ∗ v_∗(τ) → 0 as τ → 0. Now, without any restriction on θ, we put v_0 = 0 and substituting the similarity structure (2.18) into (2.16), we get t^{−1/(p−1)}θ(η) = D ∫_t 0 ∫ R^N (t − s)^{−N/2m}F ((x − y)/(t − s)^{1/2m})s^{−p/(p−1)}θ^p(y/s^{1/2m})dyds. Performing natural changes of variables and setting s = tz, we conclude that θ is an eigenfunction with the eigenvalue λ = 1 of Hammerstein’s operator: K(θ) ≡ ∫ R^N K(η, ζ)θ^p(ζ)dζ = λθ(η) in R^N , (2.19)

with the positive kernel K(η, ζ) = D ∫_1 0 z^{N/2m−p/(p−1)}(1 − z)^{−N/2m}F [(1 − z)^{−1/2m}(η − ζz^{1/2m})]dz. (2.20) 7

Observe that the convergence of the integral at z = 0 imposes the restriction N/2m − p/(p − 1) > −1, i.e., p > p_F . Thus, the majorizing equation inherits the same critical Fujita exponent as its differential parabolic one.

The general theory of eigenfunctions of nonlinear positive operators in Banach spaces with cone [13] applies to (2.19), though we note that the domain of integration is unbounded and the kernel is not uniformly positive in R^N . The continuity and compactness of Hammerstein’s operator play a role. Finally, we arrive at the following result.

Proposition 2.2. For p > p_F the integral equation (2.19) with λ = 1 has a positive radially symmetric solution θ = θ(ξ), ξ = |η|.

Proof. We will look for radial θ. Setting t = η/(1 + ξ) : R^N → B_1 = {|η| < 1}, we obtain a standard Hammerstein equation with a compact positive linear integral operator over B_1 with a nonnegative kernel K̃(z, t) and a monotone nonlinearity θ^p. Then K̃ > 0 on B_1 × B_1 and K̃ can vanish on its boundary only. Moreover, the kernel is of positive type, i.e., the iterated kernel in strictly positive, see p. 266 in [13]. This means that for any λ > 0, (2.19) admits a positive (radial) solution, [13], Chapt. 5, and we set λ = 1 by scaling.

In general, equations with Hammerstein’s and more general Uryson’s integral operators in cones with monotone nonlinearities, admit continuous branches of eigenfunctions of infinite length, see p. 250 in [13]. This is obvious for (2.19) since cθ, c > 0, is an eigenfunction with λ = c^{1−p}. We expect that equation (2.19), λ = 1, admits a wide family of others non-radial solutions. Even in the radial setting, the global structure of solutions branches of (2.19) remains an open problem. We expect that the corresponding critical Sobolev exponent p_S = (N + 2m)/(N − 2m)_+ can play a role. More is known for the parabolic second-order case, m = 1. In the radial setting, such integral equations reduce to second-order ODEs and continuous infinite branches of different solutions were constructed for both the semilinear equation [11] and the quasilinear one, u_t = Δu^q + u^p, q > 1, p > p_F = q + 2/N, see [15], Theorem 4 on p. 222. The geometry of such branches changes precisely at the Sobolev critical value p_S = q(N + 2)/(N − 2).

The global self-similar solution (2.18) satisfies the following L^∞ decay rate: ‖v_∗(t)‖_∞ = c_∗t^{−1/(p−1)} as t → ∞, where the exponent 1/(p − 1) < N/2m for p > p_F , so that the decay rate of the fundamental solution ∼ t^{−N/2m} is faster than of the similarity solution. Similar to the parabolic equation (1.1) with p > p_F (see below), this decay rate corresponds to the unstable border behaviour between classes of global and blow-up solutions of the integral equation (2.16).

Completing the discussion on the majorizing order-preserving equation (2.16), we claim that p_F = 1+2m/N is its critical exponent not only from the supercritical range (existence of small global solutions is established in Theorem 1.1), but also from the subcritical blow-up range saying that all nonnegative solution v ≢ 0 blow up if 1 < p ≤ p_F . See a monotone stabilization evolution approach in [7] which can be adapted to the evolution integral equation (2.16) with Hammerstein’s operators and positive kernels. 8

2.5. Note on global self-similarity for the parabolic equation. Looking for the solution u_∗ of the self-similar form (2.18) of the parabolic equation (1.1), we arrive at the elliptic equation for θ:

−(−Δ)^mθ + 1 2m ∇θ · η + 1 p − 1 θ + |θ|^p = 0 in R^N .

(2.21)

On the other hand, using the integral equation (2.6), one obtains the eigenvalue problem (2.19) for the integral operator K, where θ^p is replaced by |θ|^p and F (η) > 0 is replaced by f(η). The oscillatory rescaled kernel f changes sign and, in general, so does the kernel K, and the positive operators theory in spaces with cones does not apply. One can expect that such similarity solutions are unstable and play no role for the generic asymptotic behaviour of global solutions.

2.6. Comparison with majorizing self-similar solution. Proof of Theorem 1.1. The majorizing equation is not translational invariant in time. In order to use a standard comparison, we need an extra construction. Fix a small constant τ > 0, and consider the solution of the Cauchy problem with initial data at t = τ:

u(t) = b(t − τ) ∗ u_0 + ∫_t τ b(t − s) ∗ |u(s)|^pds, t > τ, (2.22)

so that |u(t)| ≤ |b(t − τ)| ∗ |u_0| + ∫_t τ |b(t − s)| ∗ |u(s)|^pds ≡ J_1 + J_2. (2.23)

Consider the similarity solution of the majorizing equation (2.18) satisfying

v_∗(t) = ∫_t 0 b̄(t − s) ∗ Dv^p_∗ (s)ds ≡ ∫_τ 0 + ∫_t τ ≡ J̄_1 + J̄_2, t > τ.

(2.24)

We have that J̄_1 ≥ J̄_{11} = ∫_τ τ /2 b̄(t − s) ∗ Dv^p_∗ (s)ds, and using necessary uniform bounds of v_∗(t) in [τ/2, τ] × B_R, R ∈ (0, ∞), where it is uniformly bounded away from zero, we conclude that there exists a sufficiently small function ϕ(τ) > 0 in B_R such that J̄_{11} ≥ b̄(t − τ) ∗ Dϕ(τ), t > τ. (2.25) On the other hand, using (2.9), we have that J_2 ≤ J̄_2, t > τ, (2.26) provided that |u(s)| ≤ v(s) for all s > τ. It follows from (2.25) and (2.26) that, given any τ > 0, if |u_0| ≤ Dϕ(τ), (2.27) then, as in comparison Theorem 2.1, the usual comparison holds: |u(t)| ≤ v_∗(t) for any t > τ. (2.28)

Hence, u(t) is a global uniformly bounded solution with the decay rate ‖u(t)‖_∞ ≤ c_∗t^{−1/(p−1)}, t ≫ 1 (c_∗ = ‖θ‖_∞). (2.29)

This completes the proof.

2.7. On the stable manifold of the origin. Denote by W_0 ⊂ X a non-empty subset of initial functions u_0 such that u(x, τ) satisfies (2.27) for some τ > 0. Then the stability subset W_0 is contained in the stable manifold of the trivial stationary solution u ≡ 0: for any u_0 ∈ W_0 the solution u(·, t) → 0 as t → ∞ uniformly in R^N .

2.8. A generalization. The result of Theorem 1.1 is true for more general parabolic equations (1.1) with linear operators A = ∑ |σ|≤m D^σ(a_σ(x, t)D^σ) with bounded coefficients a_σ provided that a suitable estimate on the fundamental solution (similar to that in Proposition 2.1) is available. Then in the supercritical case a majorizing linear and nonlinear order-preserving operators exist with a non-trivial global similarity solutions obtained via eigenfunctions of positive Hammerstein’s operators.

2.9. A blow-up rate via the majorizing equation.

Proposition 2.3. If T is the finite blow-up time of the solution u(x, t) of the Cauchy problem (1.1), then ‖u(t)‖_∞ > V_T (t) ≡ [D(p − 1)(T − t)]^{−1/(p−1)}, t ∈ [0, T ), (2.30)

where D > 1 is the order deficiency of the parabolic operator.

Proof. The proof [2] is based on the standard comparison of u(x, t) with the flat blowing up solution V_T (t) of the majorizing order-preserving equation (2.16) with constant initial data v_0 ≡ V_T (0) chosen such that V_T (t) has the same blow-up time as u. One can see that, by construction of the majorizing evolution, V_T solves the ODE v^′ = Dv^p, t ∈ (0, T ); v(T ) = ∞. Then, for any t ∈ [0, T ), u(x, t) must intersect V_T (t). Otherwise, if u(x, t_0) ≤ V_T (t_0) in R^N for some t_0 ∈ (0, T ), one can check that by the strict order-preserving monotonicity of the majorizing evolution, these solutions cannot have the same blow-up time.

Observe, that such a derivation of the blow-up estimate (2.30) just repeats the argument of the proof in the order-preserving case m = 1 (i.e., D = 1), where the comparison is straightforward and is based on the Maximum Principle. It is worth mentioning that the standard comparison and the intersection comparison of solutions having the same blowup time play an important role in the blow-up and localization theory for second-order quasilinear reaction-diffusion equations, see Chapt. 4 in [15]. We expect that some of 10

these results, which are well known for m = 1, can also be translated to the non-order-preserving case m > 1 by means of introducing and studying the corresponding majorizing order-preserving equations.

2.10. Extension of main results to pseudodifferential evolution. The main idea and the main results on global and blow-up estimates of solutions are true for more general equations (2.6) where the evolution process is governed by an integral operator, say, of the convolution type B(t)ϕ = b(t) ∗ ϕ, or by a more general pseudodifferential one. Here both the kernel and the symbol F(b(t)) of the operator change sign and B(t) is not invertible. Assuming the scaling structure (2.2) of the kernel b(t), constructing the corresponding rescaled majorizing kernel, |f| ≤ DF , with the order deficiency D = D(f) > 1, and finally introducing the corresponding majorizing equation of the type (2.16), we arrive at similar global existence results and blow-up estimates. The global existence follows by comparison with a self-similar solution v_∗(t) obtained from Hammerstein’s equation with strictly positive iterated kernel. A sharp lower blow-up estimate is proved by a standard comparison with a spatially homogeneous similarity solution having the same blow-up time.

3. Positivity sets for higher-order parabolic equation

The stability and global existence Theorem 1.1 has a direct relation to the question on positivity sets W_+ for higher-order parabolic equations without the Maximum Principle. Consider as a basic example, the equation

w_t = −(−Δ)^mw + |w − 1|^p(w − 1) in Q,

with initial data w_0 ∈ X. Denote the positivity set

W_+ = {w_0 ∈ X : w ≥ 0 in Q}.

Of course, W_+ ≠ {w ≡ 1} in the case when w ≡ 1 is a stable stationary solution, which is the case if p > p_F . Setting w = 1 + u, we obtain the equation u_t = −(−Δ)^mu + |u|^pu. Equation (2.16) is the majorizing order-preserving one for the semigroup of the above parabolic flow, so that by Theorem 1.1 we obtain that the positivity set is nontrivial and

{w_0 ∈ X : w_0 ≥ 0, w_0 − 1 ∈ W_0} ⊂ W_+,

where W_0 is the stable subset of w ≡ 1 constructed in the proof of Theorem 1.1. It follows that such a positivity set can be constructed for any semilinear equation of the type

w_t = Aw + g(w),

with a smooth function g(w) satisfying g(1) = 0 provided that w ≡ 1 is a stable stationary solution in an appropriate weighted space. For instance, this is always the case if g^′(1) < 0. Thus, the global existence Theorem 1.1 establishes the structure of the positivity set in the most delicate case g^′(0) = 0 and |g(w)| = O(|w − 1|^p) as w → 1 (the supercritical case p > p_F ), where the stationary solution u ≡ 0 turns out to be asymptotically stable in a 11

weighted space with the weight function somehow related to the majorizing kernel b̄(x, t) for t ≫ 1. Recall that for any for p ≤ p_F , by Theorem 1.2 this stationary solution is not stable.

4. Blow-up results by ODE analysis

Proof of Theorem 1.2. We will prove that for p ∈ (1, p_F ] there exist arbitrarily small initial data leading to blow-up of sufficiently smooth solutions u(·, t) ∈ C^1([0, T ] : X). Therefore, without loss of generality, we consider initial data u_0 ∈ X concentrated around the origin, u_0(x) → 0 as |x| → ∞ and u(x, t) and its spatial derivatives vanish as |x| → ∞ for t > 0. For instance, this is true for compactly supported data u_0 ∈ X, and the general case is then treated by approximation. We show that the blow-up theorem for higherorder equations can be proved by a special modification of the well-known method of Fourier coefficients (the eigenfunctions method) introduced in [12] for the second-order equations. Moreover, it is sufficient to control the first positive coefficient, and the result is based on blow-up properties of a single ordinary differential inequality (ODI).

We first construct a nonnegative smooth radial function ψ_1 = ψ_1(|x|) > 0 satisfying

ψ_1(0) = 1, 0 < ψ(r) ≤ 1 for r > 0,

ψ_1(r) is decreasing and ψ_1(r) → 0 as r → ∞ sufficiently fast. The analysis is essentially based on a special choice of this test function ψ_1 associated with an “eigenvalue” inequality for the elliptic operator Δ^m. We will use the following estimate on ψ_1: there exists a constant λ_1 > 0 such that

|Δ^mψ_1| ≤ λ_1ψ_1 in R^N .

(4.1)

One can see that in the present geometry such an “eigenfunction” ψ_1 always exists. Actually, we need to check if (4.1) holds for r ≫ 1 where we put ψ_1(r) = e^{−rβ} with an exponent β ∈ (0, 1]. ψ_1 is extended for all r ∈ [0, ∞) by a smooth approximation.

Multiplying equation (1.1) by ψ_R(x) = ψ_1(x/R) > 0 in L^2(R^N ) with a parameter R > 0 and integrating by parts, we obtain that the first Fourier coefficient E(t) = (u(t), ψ_R), where (·, ·) denotes the inner product in L^2(R^N ), satisfies

E^′(t) = (u(t), (−1)^{m+1}Δ^mψ_R) + (|u|^p(t), ψ_R), t > 0.

(4.2)

We have ‖ψ_R‖_1 = a_1R^N , where a_1 = ‖ψ_1‖_1, so that by the Hölder inequality

(|u|^p(t), ψ_R) ≥ ‖ψ_R‖^{1−p}_1 (|u|, ψ_R)^p = a_2R^{(1−p)N} Ē^p, a_2 = a^{1−p}_1 ,

where we set Ē(t) = (|u(t)|, ψ_R) ≥ |E(t)|.

Subcritical range p < p_F . Since Δ^mψ_R(x) = R^{−2m}Δ^mψ_1(η), η = x/R, using (4.1), we deduce that (u(t), (−1)^{m+1}Δ^mψ_R) ≥ −(|u(t)|, |Δ^mψ_R|) ≥ −λ_1R^{−2m}(|u(t)|, ψ_R) = −λ_1R^{−2m}Ē(t). Substituting these two estimates into (4.2), we arrive at the ODI

E^′ ≥ a_2R^{(1−p)N}Ē(Ē^{p−1} − a_3R^μ) ≡ H(Ē), a_3 = λ_1/a_2,

(4.3) where μ = (p − 1)N − 2m = N(p − p_F ) < 0. Using the equality (d/dt) ∫ u(t) = ∫ |u(t)|^p > 0, t > 0 (u(t) ≢ 0) and (1.4), by slight shifting the origin in time, we may assume that (1.4) holds with the strict positivity. Then one can fix an R ≫ 1 such that Ē^{p−1}(0) ≥ E^{p−1}(0) > a_3R^μ, and then (4.3) implies that E^′(0) > 0, so that by continuity E(t) > E(0) > 0 for small t > 0. Let us show that

E(t) ≥ E(0) > (a_3R^μ)^{1/(p−1)} for all t > 0.

(4.4)

Indeed, if E(t_1) < E(0) for some t_1 > 0 then there exists t_2 ∈ (0, t_1) such that E^′(t_2) = 0 and E(t) ≥ E(0) on (0, t_2]. Then (4.3) implies that Ē^{p−1}(t_2) ≤ a_3R^μ, contradicting the inequality Ē^{p−1}(t_2) ≥ E^{p−1}(t_2) > a_3R^μ. Thus, (4.4) holds for all t > 0 so that both values Ē(t) and E(t) always belong to the monotone increasing positive branch of the function H. We then obtain the ODI E^′(t) ≥ H(Ē(t)) ≥ H(E(t)) > 0, t > 0. (4.5)

Integrating this ODI, it follows that u(x, t) cannot be global, otherwise it is not bounded in L^1(R^N ). Next, by standard local properties of smooth parabolic flows governed by the integral equation (2.6), we have that ‖u(t)‖_∞ blows up first in the sense of the usual limit as in (1.5) for some finite T . Indeed, if it is lim sup and there exists a sequence {t_k} → T^− such that ‖u(t_k)‖_∞ ≤ c, then by the uniqueness for (2.6) a bounded solution can be extended beyond t = T .

The critical case p = p_F . In this special case, where μ = 0 in (4.3), we need a slight modification of the “eigenfunction”: we set ψ_1(x) ≡ 1 in B_1 = {|x| < 1}. Then (4.3) with μ = 0 implies that E(t) does not blow-up if |E(t)| ≤ Ē(t) = ∫ R^N

|u(t)|ψ_R ≤ a_4 = a^{1/(p−1)}_3 for all t ≥ 0.

(4.6)

On the other hand, since Δ^mψ_R ≡ 0 in B_R, we conclude that as R → ∞

(u(t), (−1)^{m+1}Δ^mψ_R) ≥ −λ_1R^{−2m} ∫ |x|>R |u(t)|ψ_R = −λ_1R^{−2m}o(1), since by by (4.6) ∫ |x|>R |u(t)|ψ_R = o(1) → 0, R → ∞. Therefore for R ≫ 1, we arrive at the ODI

E^′ ≥ a_2R^{(1−p)N} Ē(Ē^{p−1} − o(1)) ≡ H(Ē),

and the same analysis as for (4.5) applies proving blow-up (1.5). This completes the proof of Theorem 1.2.

Note that the resulting ODIs establish blow-up of solutions with large initial data for any p > 1. Moreover, it is important that, besides blow-up itself in a suitable metric, 13

such evolution ODIs can provide us with delicate estimates on the asymptotic blow-up behaviour of general solutions as t → T^−, see e.g. an application in [9], Sect. 3. Acknowledgement. The second author would like to thank Department of Mathematical Sciences of the University of Bath for its hospitality during his visits sponsored by a grant from the London Mathematical Society, by the INTAS project CEC-INTAS- RFBR96-1060 and by an EPSRC research grant.

References

[1] J. Bebernes and D. Eberly, Mathematical Problems in Combustion Theory, Appl. Math. Sci., Vol.

83, Springer-Verlag, Berlin, 1989.

[2] M. Chaves and V.A. Galaktionov, Regional blow-up for a higher-order semilinear parabolic equation, Euro J. Appl. Math., submitted.

[3] S.D. Eidel’man, Parabolic Systems, North-Holland Publ. Comp., Amsterdam/London, 1969. [4] S.D. Eidel’man, Parabolic equations, In: Modern Problems of Math. Fundam. Achiev., Vol. 63 (Part.

Differ. Equat.), VINITI AN SSSR: 1990, Moscow, p. 244. English transl.: J. Soviet Math., 1991. [5] Yu.V. Egorov, V.A. Galaktionov, V.A. Kondratiev, and S.I. Pohozaev, On the necessary conditions of existence to a quasilinear inequality in the half-space, C. R. Acad. Sci. Paris, Série I, 330 (2000), 93-98.

[6] H. Fujita, On the blowing up of solutions to the Cauchy problem for u_t = Δu + u^{1+α}, J. Fac. Sci.

Univ. Tokyo, Sect. IA, Math., 13 (1966), 109-124.

[7] V.A. Galaktionov, Blow-up for quasilinear heat equations with critical Fujita’s exponents, Proc. Royal Soc. Edinburgh, 124A (1994), 517-525.

[8] V.A. Galaktionov, S.P. Kurdyumov, A.P. Mikhailov, and A.A. Samarskii, Unbounded solutions of the Cauchy problem for the parabolic equation u_t = ∇(u^σ ∇u) + u^β, Soviet Phys. Dokl., 25 (1980), 458-459.

[9] V.A. Galaktionov and J.L. Vazquez, Regional blow-up in a semilinear heat equation with convergence to a Hamilton-Jacobi equation, SIAM J. Math. Anal., 24 (1993), 1254-1276.

[10] I. Gohberg, S. Goldberg, and M. Kaashoek, Classes of Linear Operators, Vol. 1, Ser. Oper. Theory:

Adv. and Appl., Vol. 49, Birkhäuser Verlag, Basel/Berlin, 1990.

[11] A. Haraux and F. Weissler, Non-uniqueness for a semilinear initial value problem, Indiana Univ.

Math. J., 31 (1982), 167-189.

[12] S. Kaplan, On the growth of solutions of quasilinear parabolic equations, Comm. Pure Appl. Math., 16 (1963), 305-330.

[13] M.A. Krasnosel’skii, Topological Methods in the Theory of Nonlinear Integral Equations, Pergamon Press, Oxford/Paris, 1964.

[14] H. Levine, The role of critical exponents in blow-up problems, SIAM Rev., 32 (1990), 262-288. [15] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, and A.P. Mikhailov, Blow-up in Quasilinear Parabolic Equations, Walter de Gruyter, Berlin/New York, 1995.

[16] M.E. Taylor, Partial Differential Equations III. Nonlinear Equations, Springer, New York/Tokyo, 1996.

Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK and Keldysh Institute of Applied Mathematics, Miusskaya Sq. 4, 125047 Moscow, RUSSIA E-mail address: vag@maths.bath.ac.uk

Steklov Mathematical Institute, Gubkina St. 8, 117966 Moscow, RUSSIA E-mail address: pohozaev@class.mi.ras.ru