BLOW-UP ESTIMATES FOR HIGHER-ORDER SEMILINEAR PARABOLIC EQUATIONS

MANUELA CHAVES AND VICTOR A. GALAKTIONOV

Abstract. We prove L^∞ estimates on the blow-up behaviour of solutions of a 2m-th order semilinear parabolic equation

u_t = −(−Δ)^mu + q(u), x ∈ R^N , t > 0; m > 1, with a general even function q(u) ≥ 0 with a superlinear growth for |u| ≫ 1. Our comparison approach and estimates apply to general integral evolution equations. We also study the following problem: find a continuous function q(u) with a superlinear growth as u → ∞ such that the parabolic equation exhibits regional blow-up in a domain of finite non-zero measure. We show that such a regional blow-up can occur for q(u) = u| ln |u||^{2m}. We present a formal asymptotic theory explaining that the stable (generic) blow-up behaviour as t → T^− is described by the self-similar solution U_∗(x, t) = exp{(T − t)^{−1/(2m−1)}θ(x)}, θ : R^N → C , of the complex Hamilton-Jacobi equation U_t = (−1)^{m+1}U^{1−2m}(∇U · ∇U)^m + U| ln |U||^{2m}.

1. Introduction: estimates and regional blow-up

We consider the Cauchy problem for the 2m-th order semilinear parabolic equation

(1.1) u_t = Au + q(u) in Q = R^N × R_+,

where A = −(−Δ)^m, with initial data u_0 ∈ X = L^1(R^N ) ∩ L^∞(R^N ). Higher-order semilinear and quasilinear diffusion operators occur in several applications including thin film theory, flame and wave propagation, phase transition at critical Lifschitz points and bi-stable systems (e.g., the Kuramoto-Sivashinskii equation and the extended Fisher-Kolmogorov equation). See references in the book [23].

Formation of singularities in higher-order heat equations, which is well understood for the second order reaction-diffusion equations, is an actual problem of the general theory of higher-order parabolic equations.

Let us describe a type of singularities we are going to study. We assume that a sufficiently smooth function q(u) is superlinear for |u| ≫ 1, so that we consider solutions

1991 Mathematics Subject Classification. 35K55, 35K65.

Key words and phrases. Higher-order semilinear parabolic equations, regional blow-up, asymptotic behaviour, Hamilton-Jacobi equation. 1

u(x, t) which blow-up in finite time T = T (u_0) < ∞. This means that u is a bounded classical one in Q_τ = R^N × (0, τ] for any τ ∈ (0, T ) and the solution cannot be extended as a bounded one beyond t = T . By the classical parabolic regularity theory [5], [8], this means that sup_x |u(x, t)| → ∞ as t → T^−. The limit is understood in the usual sense (one can see that if the limit lim inf_{t→T} − would be finite, then the solution could be extended for all t−T > 0 small as a classical bounded solution). General results on global nonexistence for higher-order parabolic equations are well known from 70’s, see a survey paper [20] and references to Chapt. 4 in [24]. In particular, the critical Fujita exponent for the semilinear equation

(1.2) u_t = −(−Δ)^mu + |u|^p in R^N × R_+, p > 1,

was proved in [4] to be p_F = 1 + 2m/N (for m = 1 we arrive at Fujita’s result [7]), so that for p ∈ (1, p_F ] any solution u ≢ 0 with arbitrarily small initial data u_0 with nonnegative first Fourier coefficient,

(1.3) ∫ R^N u_0(x)dx ≥ 0, cannot be global in time, and by the interior parabolic regularity results, it blows up in finite time. For p > p_F there exists a class of small global solutions decaying as t → ∞ [13].

We consider the following three question concerning blow-up behaviour for 2m-th order semilinear parabolic equations.

1. Blow-up. In Section 2 we present a simple proof of blow-up based on a classical analysis of the time evolution of the first Fourier coefficient of the solution. This is essentially an ODE analysis.

2. Rate of blow-up. The first result proved in Section 3 is devoted to a sharp estimate on blow-up rate of the solutions for rather arbitrary source-like terms q(u). The asymptotic theory of blow-up is well developed in the case of semilinear and quasilinear second-order parabolic equations, m = 1, where the Maximum Principle applies and therefore several delicate asymptotic results have been proved. We refer to the book [24] (quasilinear equations) and to papers [6], [17], [21], [26] (semilinear equations with q(u) = u^p and q(u) = e^u), see also references in [24]. In the second-order case corresponding to a local in time order-preserving flow and the solutions obey the Maximum Principle (a standard comparison), the blow-up analysis is essentially based on different types of comparison. In particular, a simple lower estimate follows by a straightforward comparison with a flat solution U(t) independent of x and satisfying the ODE

U^′ = q(U) for t ∈ (0, T ), U(T ) = ∞,

so that we compare solution u(x, t) and U(t) having the same blow-up time. Then they must intersect each other whence an estimate from below: sup_x u(x, t) > U(t) for any t ∈ (0, T ). 2

In the higher-order case such a comparison is not possible since the semigroup is not order-preserving. Nevertheless, we establish that a lower L^∞-estimate on the blow-up solutions of the general semilinear equation (1.1) can be proved by using comparison with similar exact solutions of the associated ODE derived from the majorizing order-preserving equation introduced in [13]. In Section 4 such a comparison is extended to more general evolutions equations governed by pseudodifferential (convolution) operators. 3. Equation with regional blow-up. Regional blow-up, i.e., blow-up of solutions in domains of non-zero measure, is well-known from 70’s for essentially quasilinear secondorder heat equations

(1.4) u_t = Δu^{1+σ} + u^{1+σ}, σ > 0,

describing processes with finite speed of propagation, see references to Chapt. 4 in [24]. Indeed, due to the same algebraic homogeneity of both operators in the right-hand side, equation (1.4) admits blow-up self-similar solutions in separate variables u_∗(x, t) = (T − t)^{−1/σ}θ(x), where θ ≥ 0 is a weak solution of the semilinear elliptic equation

Δθ^{1+σ} + θ^{1+σ} − 1 σ θ = 0 in R^N .

It always admit a compactly supported radial solution, and therefore u_∗(x, t) blows up as t → T^− in a bounded domain supp θ and stays identically zero outside (a striking property of blow-up localization in a combustion medium). Such regional blow-up localization properties can be extended to more general solutions, see proofs in Chap. 4 in [24].

For the semilinear heat equations of any order with infinite speed of propagation, the question on regional blow-up and localization are more delicate. The localization phenomenon should be understood as an effective one in the sense that the blow-up set is a bounded subset of R^N .

We show that, in a class of the semilinear equation (1.1), the regional blow-up (or the blow-up S-regime of Standing wave behaviour) occurs for the special equation

(1.5) u_t = −(−Δ)^mu + u| ln |u||^{2m}.

For m = 1, this equation

(1.6) u_t = Δu + u ln^2 u (u ≥ 1)

exhibiting a striking regional blow-up property in domains with radius L_1 = π, was introduced more than 20 years ago, see [11], [9] and a list of references to § 3, Chapt. 4 in [24]. Different families of the so-called “weakly” quasilinear second-order parabolic equations with blow-up or global behaviour described by the quadratic Hamilton-Jacobi equations were studied in [9] and [12]. The Hamilton-Jacobi blow-up structure has been rigorously established in [14] (the semilinear equation in one dimension) and in [15] (radial solutions of some quasilinear equations). 3

We show that the asymptotic behaviour of blow-up solutions of (1.5) is described by a similarity solution of the following complex Hamilton-Jacobi equation:

(1.7) U_t = (−1)^{m+1} (∇U · ∇U)^m U^{2m−1} + U| ln |U||^{2m}. This similarity solution has a natural separable form (1.8) U_∗(x, t) = exp{(T − t)^{−1/(2m−1)}θ(x)}, and the support of the real part of the (radially symmetric) profile θ(x) : R^N → C gives the actual localization domain of the solutions of both the Hamilton-Jacobi equation (1.7) and of the parabolic one (1.5). We show that the typical localization radius can be estimated from above by

(1.9) L_m = π (2m − 1) sin(π/2m)

(⇒ L_1 = π).

In Section 5 we study self-similar solutions of the Hamilton-Jacobi equation

(1.10) v_t = (−1)^{m+1}(∇v · ∇v)^m + |Re v|^{2m}, v : Q_T → C .

In Section 6 we present a formal asymptotic analysis of the rate of convergence of u(x, t) to the self-similar solution of the Hamilton-Jacobi equation (1.9) and describe the first (generic) blow-up pattern for the equation under consideration.

In Section 7 we discuss three types of blow-up behaviour governed by similarity solutions of the Hamilton-Jacobi equation, for the semilinear equation

(1.11) u_t = −(−Δ)^mu + u| ln |u||^γ.

We show that it exhibits three types of blow-up: (i) γ > 2m: single point blow-up (the LS-regime), (ii) γ = 2m: regional blow-up (the S-regime), and (iii) 1 < γ < 2m: global blow-up (the HS-regime). Such a classification is quite similar to that for the second-order heat equation with m = 1, see p. 294 in [24].

It is worth mentioning that such a variety of different blow-up patterns of equation (1.11) is not available for a standard 2m-th order semilinear parabolic equation (1.2). For any p > 1, similar to the case m = 1, it admits a countable subset of different blow-up patterns of single-point blow-up, which is constructed by means of a spectral analysis of the linearized rescaled non self-adjoint operator with a discrete real point spectrum, see [10] and a spectral analysis presented in Section 6.

2. Proof of blow-up by ODE analysis

Consider equation (1.1) with an even lower-order term satisfying

(2.1) q = q(|u|) in R, q(u) > 0 and q(u) is convex for u > 0.

Using the same construction as in [13], we show that the blow-up theorem for higher-order equations can be proved by a special modification of the well-known method of Fourier coefficients (the eigenfunctions method) introduced in [18] for the second-order equations. Different extensions of this Kaplan’s idea are discussed in Levine’s survey paper [20]. Moreover, it is sufficient to control the first positive coefficient, and the result is based 4

on blow-up properties of a single ordinary differential inequality (ODI). Without loss of generality, we consider initial data u_0 ∈ X concentrated around the origin, u_0(x) → 0 as |x| → ∞ and u(x, t) and its spatial derivatives vanish as |x| → ∞ for t > 0. For instance, this is true for compactly supported data u_0 ∈ X, and the general case is then treated by approximation.

We first construct a nonnegative smooth radial function ψ_1 = ψ_1(|x|) > 0 satisfying ψ_1(0) = 1; 0 < ψ(r) ≤ 1, r > 0, ψ_1(r) is decreasing and ψ_1(r) → 0 as r → ∞ sufficiently fast. The analysis is essentially based on a special choice of this test function ψ_1 associated with an “eigenvalue” inequality for the elliptic operator Δ^m. We will use the following estimate on ψ_1: there exists a constant λ_1 > 0 such that (2.2) |Δ^mψ_1| ≤ λ_1ψ_1 in R^N .

One can see that in the present geometry such an “eigenfunction” ψ_1 always exists. Actually, we need to check if (2.2) holds for r ≫ 1 where we put ψ_1(r) = e^{−rβ} with an exponent β ∈ (0, 1]. Then ψ_1 is extended for all r ∈ [0, ∞) by a smooth approximation. We next normalize ψ_1 so that ‖ψ_1‖_1 ≡ ∫ R^N ψ(x)dx = 1. Multiplying equation (1.1) by ψ_1 and integrating by parts in R^N , we obtain that the first Fourier coefficient of the solution E(t) = (u(t), ψ_1), where (·, ·) denotes the inner product in L^2(R^N ), satisfies (2.3) E^′(t) = (u(t), (−1)^{m+1}Δ^mψ_1) + (q(u)(t), ψ_1), t > 0. By (2.1) and Jensen’s inequality for convex functions (q(u), ψ_1) ≥ q((|u|, ψ_1)) ≡ q(Ē), where we introduce the notation (2.4) Ē(t) = (|u(t)|, ψ_1) ≥ |E(t)|. Using (2.2), we deduce that

(u(t), (−1)^{m+1}Δ^mψ_1) ≥ −(|u(t)|, |Δ^mψ_1|) ≥ −λ_1(|u(t)|, ψ_1) = −λ_1Ē(t). Substituting these two estimates into (2.3), we arrive at the ODI (2.5) E^′ ≥ −λ_1Ē + q(Ē) ≡ H(Ē), t > 0.

Let s_0 be the largest positive root of H(s) and let q(u) satisfy the condition (2.6) H(s) > 0, H^′(s) > 0 for s > s_0. We assume that the initial function u_0 is such that (2.7) E(0) ≡ (u_0, ψ_1) > s_0. 5

Then since by definitions Ē(t) ≥ E(t), and hence Ē(0) > s_0, obviously, (2.5) implies that Ē(t) ≥ E(t) ≥ E(0) > s_0 for all t > 0.

By the monotonicity assumption in (2.6) we then conclude that E(t) satisfies the ODI (2.8) E^′ ≥ H(Ē) ≥ H(E) for t > 0, E(0) > s_0. Integrating gives finite time blow-up of the first Fourier coefficient E(t) provided that Osgood’s criterion holds:

(2.9) ∫_∞ ds q(s) − λ_1s < ∞. It then follows that E(t) blows up in finite time T ≤ ∫_∞ E(0) ds q(s) − λ_1s , and since E(t) ≤ ‖u(t)‖_∞, this means blow-up of the solution in the L^∞-norm. Let us summarize these computations as follows.

Theorem 2.1. Let q satisfy (2.1), (2.6) and (2.9). If u_0 satisfies (2.7), then the solution blows up in finite time.

A further analysis of a family of the ODIs obtained by multiplication by the rescaled “eigenfunction” ψ_R(x) = ψ_1(x/R) shows that in the case q(u) = |u|^p blow-up occurs for arbitrarily small initial data satisfying (1.3), provided that 1 < p ≤ p_F = 1 + 2m/N [13], thus introducing the critical Fujita exponent obtained in [4] by a different technique. Such a blow-up result can be extended to any even superlinear function q(u) > 0 for u > 0 satisfying q(|u|) ≥ c |u|^p for small u > 0; p ≤ p_F , c > 0. 3. Lower blow-up estimates via majorizing order-preserving equation 3.1. Nonlinear integral equation and oscillatory properties. We consider the general equation (1.1) with a smooth function q(u) satisfying q(u) ≠ 0 for u ≠ 0 and q(0) = 0. In this section we are going to use the integral representation of the parabolic equation:

(3.1) u(t) = M_{2m}(u) ≡ b(t) ∗ u_0 + ∫_t 0 b(t − s) ∗ q(u(s))ds, u_0 ∈ X, where b(t) ∗ u_0 ≡ e^{At}u_0 is the convolution representation of the continuous semigroup e^{At} with the infinitesimal generator A, i.e., u(t) is a fixed point of operator M_{2m} for any t > 0. Then (3.2) b(x, t) = t^{−N/2m}f(ξ), ξ = x/t^{1/2m}, is the fundamental solution (the self-similar kernel) of the linear operator ∂/∂t − A. The function f is the unique radial solution of the elliptic equation

(3.3) Cf ≡ Af + 1 2m ξ · ∇f + N 2m f = 0 in R^N , ∫ R^N f(ξ)dξ = 1. 6

On the interval (0, T ) of the classical solvability, both integral and differential equations give the same solution u(x, t).

Oscillatory properties of fundamental solutions of higher-order parabolic operators as well as of solutions of higher-order ODEs are well known, see a survey paper [19]. We observe that for odd m’s the ODE (3.3) is not oscillatory since a standard asymptotic analysis shows that it admits a monotone exponentially decaying solution, but such a mode is not a leading one in the fundamental rescaled profile f. For convenience, we state a result on oscillatory properties of solutions of 2m-th order parabolic equations.

Proposition 3.1. Let m > 1 and f = f(η, τ), η = |ξ| ≥ 0, τ > 0, be a smooth radial solution of the inhomogeneous parabolic equation

(3.4) f_τ = Cf.

Assume that f vanishes at η = ∞ with its derivatives f_η, ..., f^{(2m)}η , and f_τ ≥ 0. If f ≥ 0 for η ≫ 1, then f ≡ 0.

Proof. We argue by contradiction. Assume that f ≥ 0, f ≢ 0 for η ≫ 1, is a solution of the ODI Cf ≥ 0. Denoting Z = Δ^{m−1}f, we integrate the ODI in the divergent form

(−1)^{m+1}(η^{N−1}Z^′)^′ + 1 2m (η^N f)^′ ≥ 0

over the interval (η, ∞) and obtain that

−(−1)^{m+1}η^{N−1}Z^′ − 1 2m η^N f ≥ 0, so that (−1)^mZ^′ > 0 on a subset where f > 0. Integrating again, we get (−1)^{m−1}Z > 0 there, and we conclude that f > 0 =⇒ (−Δ)^{m−1}f > 0 =⇒ −(−Δ)^{m−2}f > 0 =⇒ ... . Finally, we obtain −Δf > 0 if m is even, and Δf > 0 if m is odd. In the first case, integrating Δf < 0 twice yields f_η > 0 in the positivity domain of f, a contradiction. In the second case, we obtain f_η < 0. Since by construction, this inequality is valid if f > 0, there exists the positive extension of f(η, τ) up to η = 0, which does not satisfy the symmetry condition at the origin. □ As a consequence, we deduce that any suitable symmetric solution f(η), η ≥ 0, of the stationary ODE (3.3) is oscillatory at η = ∞.

3.2. Majorizing equation. Using an idea introduced in [13], given the integral (evolution) equation (3.1), we construct the corresponding order-preserving majorizing equation. The following estimate of the rescaled kernel f follows from the ODE (the radial restriction of the elliptic equation (3.3)), see more general results in [5], p. 48.

Proposition 3.2. Let m > 1. There exist constants D > 1 and d > 0 depending on m and N such that (3.5) |f(η)| < D F (η) ≡ Dω_1e^{−d|η|α} in R^N , 7

where α = 2m 2m − 1 ∈ (1, 2) and ω_1 = (∫ R^N e^{−d|η|α} dη )_{−1} . We next introduce the majorizing kernel (3.6) b̄(x, t) = t^{−N/2m}F (η), η = x/t^{1/2m}, which is strictly positive for t > 0. Therefore, if q(u) is increasing in R^N , the corresponding majorizing integral equation with nonlinear Hammerstein’s integral operator (t plays a role of a parameter)

(3.7) v(t) = b̄(t) ∗ v_0 + ∫_t 0 b̄(t − s) ∗ (Dq(v(s)))ds, t > 0, describes the order-preserving evolution in X with the usual partial order: given two solutions v(t) and ṽ(t) of (3.7), v_0 ≤ ṽ_0 =⇒ v(t) ≤ ṽ(t) for t > 0.

The nonlinear term is a locally Lipschitz map and local existence and uniqueness are straightforward, see [25], Chapt. 15. In particular, we have the positivity property: (3.8) v_0 ≥ 0, v_0 ≢ 0 =⇒ v(t) > 0 for t > 0.

By comparing (3.1) and (3.7), we deduce the following result on the Maximum Principle (comparison) duality between the semilinear parabolic equation and the integral majorizing one, cf. [13].

Theorem 3.1. Let q(u) satisfy the following properties: (3.9) |q(u)| ≤ q(|u|) in R, and q^′(u) > 0 in R_+. Then the integral equation (3.7) is majorizing for the 2m-th order parabolic equation (1.1) in the following sense: (3.10) D|u_0(x)| ≤ v_0(x) in R^N =⇒ |u(x, t)| ≤ v(x, t) for x ∈ R^N , t > 0. Proof. We have that v(t) solves the integral inequality

(3.11) v(t) ≥ b̄(t) ∗ (D|u_0|) + ∫_t 0 b̄(t − s) ∗ (Dq(v(s)))ds, t > 0, On the other hand, it follows from (3.1) and Proposition 3.2 that |u(t)| ≤ |b(t)| ∗ |u_0| + ∫_t 0 |b(t − s)| ∗ |q(u(s))|ds

(3.12) ≤ |Db̄(t)| ∗ |u_0| + ∫_t 0 |Db̄(t − s)| ∗ q(|u(s)|)ds. 8

Using (3.9), we conclude that the difference w = v − |u| satisfies the linear integral inequality

(3.13) w(t) ≥ ∫_t 0 Db̄(t − s) ∗ (q(v(s)) − q(|u(s)|)ds ≡ ∫_t 0 K(t)w(s)ds, t > 0, with the positive integral operator K(t)w(s) = Db̄(t − s) ∗ [q^′(ξ(s))w(s)], with strictly positive kernel. Here ξ(s) ∈ (|u(s)|, v(s)) denotes intermediate points obtained via Lagrange’s formula of finite increments. Since D > 1, we have w(0) = v_0−|u_0| ≥ v_0 − D|u_0| ≥ 0. If w(0) > ε > 0 in R^N , then the integral inequality with positive operator implies that w(t) ≥ 0 for all t > 0, see below. If w(0) is not uniformly positive and, say, both u_0 and v_0 are compactly supported, we then use a standard approximation of the solution on any compact subset by constructing v(t) as the limit of a monotone decreasing sequence {v_ε(t)} of strictly solutions v_ε ≥ ε in R^N of the integral equation (3.7) (such a sequence is monotone by the order-preserving property of the majorizing equation and the limit solution does not depend on approximation by uniqueness). In both cases, we have by continuity that (we set w = w_ε if necessary)

τ = sup {t ≥ 0 : w(t) > 0} > 0.

It follows from (3.13) that, for all t ≥ τ, w = w(x, t) cannot vanish a any point x ∈ R^N , which completes the proof. □

One can see that, actually, we have the strong comparison property and the inequality in (3.10) is strict: |u(x, t)| < v(x, t) for t > 0.

For m > 1, the majorizing integral equation (3.7) is not generated by a semigroup unlike the second-order case m = 1, where b(t) ∗ u_0 = e^{Δt}u_0 > 0 and the semigroup is orderpreserving since b(t) > 0 for t > 0. Therefore, solutions v(x, t) are not time-translational invariant. Nevertheless, the spatially homogeneous solutions V = V (t) satisfying the integral equation (we recall that ∫¯ b(t) ≡ 1) V (t) = V (0) + ∫_t 0 Dq(V (s))ds, t > 0, and hence the ODE

(3.14) V^′ = Dq(V ), t > 0; V (0) > 0,

admit translation in time, so that V (t + τ) is a solution of the majorizing equation for any constant time-shift τ.

In view of the order-preserving majorizing evolution, we now compare u(x, t) with such spatially homogeneous solutions V = V (t) and obtain the following simple estimate from above of the solutions and hence a lower estimate of the blow-up time.

Corollary 3.1. Let f satisfy (3.9). Denote m_0 = sup |u_0(x)| > 0. Then (3.15) |u(x, t)| ≤ V (t) < ∞, 0 < t < t_0 = 1 D ∫_∞ m_0D dz q(z) , 9

where V (t) > 0 is the solutions of the ODE (3.14) with initial data V (0) = Dm_0.

Finally, we establish a more delicate intersection-like property of the solutions u(x, t) and V_T (t), V_T (T ) = ∞, having the same blow-up time T . Estimates based on such intersection properties play a fundamental role for the blow-up analysis in the secondorder case m = 1, see Chapt. 4 in [24] and references therein.

Theorem 3.2. Let u(x, t) and V = V_T (t) solving (3.14) have the same finite blow-up time T > 0. Then, for any t ∈ [0, T ), the function |u(·, t)| ∈ X intersects DV_T (t), so that (3.16) ‖u(t)‖_∞ ≥ DV_T (t), t ∈ [0, T ). Proof. Assume for contradiction that |u(x, t_0)| < DV_T (t_0) in R^N for some t_0 ∈ [0, T ). By continuity, there exists a small ε > 0 such that |u(x, t_0)| < DV_T (t_0 − ε) ≡ DV_{T +ε}(t_0), x ∈ R^N . By the comparison Theorem 3.1 we then have that |u(x, t)| < V_{T +ε}(t) for all t ∈ [t_0, T ). This means that at t = T , the solution satisfies |u(x, T )| < V_{T +ε}(T ) < ∞ and hence is uniformly bounded at its blow-up time. This contradiction completes the proof. □

It follows that for the weakly nonlinear logarithmic function with the exponent γ > 1,

(3.17) q(u) = u ln^γ (1 + |u|) = u| ln |u||^γ(1 + o(1)) as u → ∞,

the following lower L^∞-estimate on blow-up solutions holds:

(3.18) ‖u(·, t)‖_∞ ≥ DV_T (t) = D exp{[(γ − 1)D(T − t)]^{−1/(γ−1)}(1 + o(1))}, t → T^−.

This estimate well corresponds to the asymptotic analysis of blow-up patterns we are going to perform in the next sections. It is easy to see that the strict inequality holds in (3.16) and (3.18).

4. Blow-up estimates for nonlinear pseudodifferential evolution

Consider a general class of nonlinear integral equations (3.1) with the pseudodifferential (convolution) operator Bϕ = b(t)∗ϕ, ϕ ∈ X, where the kernel b(t) has the scaling structure as in (3.2) with a smooth L^1 rescaled kernel f. Now it is not generated by a linear parabolic differential operator. Then (3.1), where t is a parameter, is to be considered as an evolution equation with evolution governed by a pseudodifferential operator B. This equation includes all the higher-order parabolic equations, and other integro-differential equations which do not admits a local pointwise PDEs formulation. If the symbol of B, i.e., the Fourier transform W (t) = F(b(t)), changes sign for t > 0, then B is not invertible in L^1(R^N ) and is not a Fredholm operator, see Chap. 12 in [16].

We now apply the same idea of the majorizing operator. We assume that the rescaled kernel f has an L^1 positive majorizing kernel and the following hypothesis holds.

(H) There exists a continuous function F (η) > 0 and a constant D ≥ 1 such that

(4.1) |f(η)| ≤ DF (η) in R^N , ∫ R^N F (η)dη = 1. 10

One can see that the order deficiency D = D(f) = 1 if f ≥ 0, i.e., if the pseudodifferential evolution is order-preserving. Otherwise, if f changes sign, we always have that D > 1. Actually, the optimal deficiency D corresponds to the majorizing kernel

F (η) = 1 D |f(η)| =⇒ D = (∫ R^N |f(η)|dη )_{−1} . Then D(f) = 1 if and only if f ≥ 0.

We next introduce the majorizing kernel (3.6) and the corresponding majorizing pseudodifferential evolution equation (3.7) with Hammerstein’s operator. A local in time solution exists and is unique [25]. Obviously, if a smooth solution cannot be extended globally in time, then its L^∞-norm blows up in finite time. The solutions of (3.7) satisfy the positivity property (3.8). Moreover, the comparison Theorem 3.1 holds. We then arrive at the following estimate of blow-up solutions of the pseudodifferential evolution equation (3.1).

Theorem 4.1. Let (H) and (3.9) hold. Let u(x, t) satisfying (3.1) and V = V_T (t) solving (3.14) have the same finite blow-up time T > 0. Then (4.2) ‖u(t)‖_∞ ≥ DV_T (t), t ∈ [0, T ). It is important that the only influence of the type of a pseudodifferential evolution is in the order deficiency D depending on the rescaled kernel f. We deduce that for the weakly superlinear function (3.17), the corresponding estimate of the blow-up rate from below takes the same form (3.18) as for the semilinear 2m-th order parabolic equation.

5. Transition to the Hamilton-Jacobi equation

5.1. Nonlinear scaling. The idea of the asymptotic transition to the Hamilton-Jacobi equation consists in the nonlinear scaling by setting

(5.1) u = e^v.

For any m > 1, the kernel of the parabolic operator ∂/∂t + (−Δ)^m is oscillatory (the rescaled kernel f(ξ) in (3.2) is oscillatory as ξ → ∞), and the corresponding semigroup e^{At} is not order-preserving, see [5]. Therefore, if blow-up occurs as t → T^− on a blowup set of a non-zero measure, the solution u(x, t) can take arbitrarily large positive and negative values. In general, we then obtain a function v = ln u : Q_T → C , and in the case m = 1 only, when the linear semigroup is order-preserving, we arrive at a real-valued function v if u > 0. Therefore, performing transformation (5.1), we treat (1.5) as a complex parabolic equation for u : Q_T → C .

The function v satisfies the following semilinear parabolic equation:

(5.2) v_t = H_{2m}(v) + P_{2m}(v),

where

(5.3) H_{2m}(v) = (−1)^{m+1}(∇v · ∇v)^m + |Re v|^{2m} 11

is the first-order Hamilton-Jacobi operator of the algebraic homogeneity 2m, and P_{2m} is a 2m-th order semilinear elliptic operator of the form (5.4) P_{2m}(v) = −(−Δ)^mv + Q_{2m−1}(v), where Q_{2m−1} is a lower (2m − 1)-th order polynomial operator. For instance, P_2(v) = Δv (Q_1 = 0) and P_4(v) = −Δ^2v + Q_3(v) ≡ −Δ^2v −Δ(∇v · ∇v) − 2∇v · ∇Δv − 2(∇v · ∇v)Δv − 2∇v · ∇(∇v · ∇v) − (Δv)^2. An important point is that, in comparison with the Hamilton-Jacobi operator H_{2m}, the higher-order differential operator P_{2m} on the right-hand side of (5.2) is a lower-order one relative to its algebraic homogeneity in u. Indeed, given a smooth non-trivial function φ, as λ → ∞, |P_{2m}(λφ)| = O(λ^{2m−1}) ≪ |H_{2m}(λφ)| = O(λ^{2m}).

5.2. Hamilton-Jacobi profiles. Keeping in (5.2) the leading operators of the homogeneity 2m, we arrive at the Hamilton-Jacobi equation (5.5) V_t = H_{2m}(V ) ≡ (−1)^{m+1}(∇V · ∇V )^m + |Re V |^{2m}. The structure of blow-up patterns for (5.5) is described by the Standing wave solutions (the blow-up S-regime) in the separable form (5.6) V_∗(x, t) = (T − t)^{−1/(2m−1)}θ(x), where θ : R^N → C solves the following complex stationary Hamilton-Jacobi equation:

(5.7) H̄_{2m}(θ) ≡ (−1)^{m+1}(∇θ · ∇θ)^m + |Re θ|^{2m} − θ 2m − 1 = 0.

Of course, it admits a trivial constant (real) solution: θ ≡ θ_∗ = (2m − 1)^{−1/(2m−1)}, describing flat global blow-up in R^N for both Hamilton-Jacobi equation and the parabolic one. We are looking for a smooth compactly supported solution θ : R^N → C , describing a non-trivial spatial shape of regional blow-up.

5.3. Example: a real-valued profile for odd m’s. In order understand a general structure of such solutions, we first consider the case of odd m = 3, 5, ... (the orderpreserving case m = 1 is also included). The equation admits a real-valued non-negative solution θ ≥ 0 so that it takes the form of a standard Hamilton-Jacobi equation

(5.8) |∇θ|^{2m} = θ 2m − 1 − θ^{2m}. Actually, such real-valued profiles do not occur in the oscillatory blow-up behaviour for m > 1, where the complex Hamilton-Jacobi equation becomes a system of two firstorder ODEs. Nevertheless, such real first-order equations play a key role in estimating of solutions of complex ones. 12

Setting

(5.9) S(x) = ∫_{θ(x)} 0 ( z 2m − 1 − z^{2m} )_{−1/2m} dz, 0 ≤ θ ≤ θ_∗, we obtain the classical eikonal equation: (5.10) |∇S|^2 = 1.

We are interested in bell-shaped profiles θ(x) concentrated around the origin so that we always assume that θ(0) = θ_∗. This implies that

S(0) = S_∗ = ∫_{θ∗} 0 (z/(2m − 1) − z^{2m})^{−1/2m}dz = 1 2m − 1 ∫_1 0 η^{1/2m−1}(1 − η)^{(2m−1)/2m−1}dη = 1 2m − 1 Γ(1/2m)Γ((2m − 1)/2m) = π (2m − 1) sin(π/2m) ≡ L_m, (5.11)

where Γ denotes Euler’s Gamma function.

5.4. The radial profile. The radial compactly supported solution Ŝ depending on r = |x| satisfies the ODE Ŝ^′(r) = −1 so that (5.12) Ŝ(r) = [S_∗ − r]_+.

Observe that due to transformation (5.9), the Hamilton-Jacobi profile is a (classical) viscosity C^1-solution of the ODE (5.8). This gives the localization ball of the radius S_∗ = L_m:

θ(L_m) = 0, θ(r) > 0 for any r ∈ [0, L_m).

5.5. General solution of the eikonal equation: nonexistence of non-symmetric patterns. Let us show that the above eikonal equation has no other sufficiently smooth non-radial solutions so that the Hamilton-Jacobi equation (5.5) admits no self-similar non-symmetric blow-up patterns.

According to the transformation (5.9), we are looking for a solution S which is a C^1- function a.e., except a unique point, similar to the conical point r = 0 in the radially symmetric profile (5.12). Let us note that by translation and a natural continuous constant extension, for any a > 0 the function

S^a(r) = {S_∗ for r ≤ a, S_∗ + a − r for a < r ≤ a + S_∗, 0 for r ≥ a + S_∗} also generates a viscosity C^1-solution θ^a of (5.8). Following the evolution stability theory developed for m = 1 in [14], [15], such profiles with nontrivial mesa-like parts should be excluded from the reduced ω-limit set of the Hamilton-Jacobi equation (5.5), since they cannot be approached as the ω-limits of the parabolic orbits. We expect that the same remains true for the higher-order equations.

More precisely, we will prove the following result.

Lemma 5.1. The radial solution (5.12) is the unique solution of the eikonal equation (5.10) having a single singularity point. 13

By the methods of characteristics for the first-order equations with smooth coefficients, such a unique singular point means that in the canonical form, all the characteristics intersect each other at this point only, and the solutions stays smooth away from it.

For simplicity, we explain this fact in two-dimensions:

(5.13) S^2_x + S^2_y = 1.

In order to see that the radial solution is the unique one which “collapses” at the origin only, we solve equation (5.13) with the data S = 0 prescribed on a smooth simple closed curve Γ_0 ⊂ R_2 given by

(5.14) x = x_0(s), y = y_0(s),

where s is a parameter (Γ_0 is the boundary of the support of θ). We introduce the canonical variables S_x = p, S_y = q, and solve Charpit’s equations:

(5.15) ẋ = p, ẏ = q, Ṡ = 1, ṗ = q̇ = 0,

where dot means d/dτ, along the characteristics for the functions p and q that originate on the boundary given by (5.14), on which also

S = 0, p^2_0 + q^2_0 = 1, p_0x^′_0 + q_0y^′_0 = 0.

One can see that, given an arbitrary point (x_0(s), y_0(s)) ∈ Γ and τ ≥ 0, we have that p = p_0 = − sin α, q = q_0 = cos α (α = α(s) is the angle of the boundary to the xaxis at the given point on the boundary), and S = τ at the point x = x(s) − τ sin α, y = y_0(s) + τ cos α, so that (x − x_0(s))^2 + (y − y_0(s))^2 = τ^2. The envelope Γ_τ of all these spherical wavefronts gives the characteristic for S: S = τ, and it is a level surface of S. This determines a parametric form of the solution S for arbitrary curve Γ_0. This solution can be looked at as a set of wavefronts propagating from the initial surface, where S = 0, and is generated by a set of small spherical waves, one emanating from each point of the initial surface (Huyghens’ Principle). The level surfaces Γ_τ of any solution form a set of parallel surfaces and it is obvious that the radial solution is the unique one with level surfaces collapsing at a single point (say, at the origin). The analysis is similar for N > 2.

5.6. On solvability of the complex Hamilton-Jacobi equation. We now consider complex-valued radial solutions θ = θ(r) : R_+ → C of the Hamilton Jacobi equation (5.7). It is an ODE with the real independent variable r for a complex-valued function θ(r) (5.16) (θ^′)^{2m} = F (θ) ≡ (−1)^{m+1}(γθ − |Re θ|^{2m}) for r > 0, θ^′(0) = 0,

where γ = 1/(2m − 1). We will look for a solution θ(r) = f(r) + i g(r), where f and g are smooth real-valued functions. Then the symmetry condition at the origin implies that θ(0) = θ_∗ = γ^γ is real, so that we arrive at the conditions

(5.17) f(0) = γ^γ , f^′(0) = g(0) = g^′(0) = 0. 14

We first prove that the real part f(r) vanishes at a finite point which makes it possible to consider compactly supported solutions of the complex Hamilton-Jacobi equation. The right-hand side F in (5.16) is not analytic, and we cannot integrate (5.16) as a standard ODE. Substituting θ = f + ig and hence (f^′ + ig^′)^{2m} = P_{2m}(f^′, g^′) + iQ_{2m}(f^′, g^′), we obtain a system of two first-order ODEs (5.18) P_{2m}(f^′, g^′) = (−1)^{m+1}(γf − |f|^{2m}), Q_{2m}(f^′, g^′) = (−1)^{m+1}γg, where P_{2m} and Q_{2m} are polynomials of the form P_{2m}(p, q) = p^{2m} −

2m(2m − 1) 2 p^{2m−2}q^2 + ... +

2m(2m − 1) 2 (−1)^{m−1}p^2q^{2m−2} + (−1)^mq^{2m}, Q_{2m}(p, q) = 2mp^{2m−1}q + ... + 2m(−1)^{m−1}pq^{2m−1}. Setting for convenience g^′(r) = βf^′(r) (β = β(r)), one can obtain the following representation of these polynomials: P_{2m}(f^′, g^′) = (f^′)^{2m}P_{2m}(1, β), Q_{2m}(f^′, g^′) = (f^′)^{2m}Q_{2m}(1, β), where (5.19) P_{2m}(1, β) = (1 + β^2)^m cos(2ms), Q_{2m} = (1 + β^2)^m sin(2ms), s = tan^{−1} β.

We begin with a local analysis of solvability of the system near the origin r = 0, which is a singular point (f, f^′, g, g^′) = (γ^γ , 0, 0, 0) = P_0. A careful checking of equations (5.18) shows that on the unstable manifold of P_0, the derivatives f^′ and g^′ are balanced in the sense that in a small neighbourhood of P_0 there holds g^′ = βf^′ + ..., β = const > 0.

It then follows from equations (5.18) that as r → 0, f(r) = γ^γ − Cr^α + ..., g(r) = −βCr^α + ... , where by (5.19) the expansion coefficient C = C(β) satisfies the following algebraic system: C^{2m−1} =

(−1)^{m+1} α^{2m}P_{2m}(1, β) = (−1)^mγβ α^{2m}Q_{2m}(1, β) > 0. Therefore, β is a root of the algebraic system (5.20) −Q_{2m}(1, β) = γβP_{2m}(1, β), (−1)^{m+1}P_{2m}(1, β) > 0, β > 0. Denote by [z] the entire part of a number z ∈ R.

Proposition 5.1. For any m > 1, problem (5.20) has exactly K = [m/2] different solutions 0 < β_1 < ... < β_K . 15

Proof. Setting β = tan s in (5.20), we arrive at the problem

(5.21) tan(2ms) = −γ tan s, (−1)^{m+1} cos(2ms) > 0, s ∈ (0, π/2). One can check that it admits K solutions s_1 = tan^{−1} β_1 < ... < s_K = tan^{−1} β_K . □ Observe that K = 1 for m = 2 and 3, so that such a solution is unique. In the case m = 2, where

P_4(1, β) = 1 − 4β^2 + β^4, Q_4(1, β) = 4β − 4β^3, γ = 1 3 , the first equation in (5.20) takes the form

β^4 − 16β^2 + 13 = 0.

Among the two positive roots β^2_± = 8± √ 51, the largest one β_+ does not satisfy the second condition in (5.20), P_4(1, β_±) ≡ 85 ± 12 √ 51 < 0, which is true for the unique minimal root β_1 = √ 8 − √ 51. The existence of such local solutions with the prescribed asymptotic behaviour as r → 0 is established by a standard reduction of the first-order system to a nonlinear integral equation to which Banach’s Contraction Principle applies. In order to extend local solutions defined near the origin r = 0, we need an a priori bound, which guarantee that the real part f(r) always vanishes at a finite point.

Proposition 5.2. There exists a constant a_m > 0 depending on m only, such that f(r) is strictly decreasing in its bounded positivity interval (0, l_m), f^′(r) < 0 for r ∈ (0, l_m), and f(r) ≤ Y (r), where Y (r) ≥ 0 is a unique compactly supported solution of the real ODE

(5.22) a_m(Y^′)^{2m} = γY − Y^{2m}, r > 0; Y^′(0) = 0.

Proof. It follows from (5.18) that, setting g^′ = βf^′,

(−1)^{m+1}P_{2m}(f^′, βf^′) ≡ (f^′)^{2m}(−1)^{m+1}P_{2m}(1, β)

≤ (f^′)^{2m} sup_{β∈R}(−1)^{m+1}P_{2m}(1, β) ≡ a_m(f^′)^{2m},

and we arrive at the ordinary differential inequality a_m(f^′)^{2m} ≥ (γf − f^{2m}) > 0, f ∈ (0, γ^γ ).

Hence, f^′ < 0 on this interval, and the result follows by a standard comparison for firstorder ODEs. An estimate of the support of f is derived by integrating the ODE (5.22), as it has been done above. □ It follows from this proposition that on (0, l_m) the system (5.16) is not degenerate, and moreover f^′(r) < 0 on (0, l_m], so that both real and imaginary parts are strictly monotone decreasing on [0, l_m]. We observe that f^′(l_m) < 0 unlike the real valued analysis above.

Finally we extend the real part f by setting f(r) = 0 for r > l_m, and arrive at a continuous compactly supported solution f = f(x). The imaginary part g describing oscillatory properties of the solution V_∗(x, t) as t → T for any x in the localization domain (see the behaviour presented below), does not admit a continuous extension. 16

We thus obtain a finite spectrum of complex-valued Hamilton-Jacobi profiles {θ = θ_k, k = 1, ..., K}, which can occur in the blow-up behaviour. Let us note again that for the fourth-order, m = 2, and the sixth-order, m = 3, equations (as well as in the secondorder case m = 1, where the profile is real-valued with β_1 = 0), there exists a unique suitable radial complex profile θ_1(x).

5.7. Oscillatory blow-up patterns: conjecture on convergence of the envelope. Let us describe a key blow-up and localization properties of the solution V_∗. It follows from the nonlinear scaling, that the real part of the approximate self-similar solution

(5.23) Ũ_∗(x, t) = Re e^{V∗(x,t)} = exp{(T − t)^{−γ} f(r)} cos((T − t)^{−γ} g(r)),

blows up in a finite ball {|x| < l_m}, l_m = meas supp f, with highly oscillatory behaviour at any of its internal point r ∈ (0, l_m) (recall that g ≠ 0 on (0, l_m]). By the construction, g(0) = 0, so that at the symmetry point x = 0, we observe the blow-up growth Ũ_∗(0, t) ∼ exp{[γ(T − t)]^{−γ} }, which is expected to describe the actual L^∞-estimate of blow-up solutions to (1.5). Blowup estimates from the previous section confirm such a behaviour.

We obtain that for higher-order equations with m > 1, the asymptotic behaviour of blow-up solutions with regional blow-up is much more complicated than that proved in [14], [15] for the non-oscillatory second-order case m = 1. Actually, we have shown that after the nonlinear scaling, a pointwise convergence makes no sense in view of the timeoscillatory behaviour of the solution (5.23) in the blow-up set. We then expect that a stability analysis should be oriented to the convergence of such a characteristic of the oscillatory solutions as the envelope of the family as t → T^−. Namely, we consider the family of rescaled oscillatory radial solutions {ln(1 + |u(r, t)|), t ∈ (0, T )}, and state the following conjecture of the asymptotic behaviour of its envelope. Conjecture. (Convergence of the envelope) There exists a finite limit

(T − t)^γ sup_{s<t} ln(1 + |u(r, s)|) → f(r) as t → T^−,

where f(r) > 0 on [0, l_m) is the real part of a solution of the complex radial stationary Hamilton-Jacobi equation (5.16).

Such a stability theory and the envelope conjecture remain open problems for any m > 1. 6. Stability analysis of the generic blow-up pattern

In order to study the stability of the generic blow-up pattern constructed by means of the Hamilton-Jacobi equation, we introduce the rescaled variables (6.1) v(x, t) = (T − t)^{−1/(2m−1)}h(x, τ), τ = − ln(T − t), where h solves the perturbed Hamilton-Jacobi equation

(6.2) h_τ = H̄_{2m}(h) + e^{−τ} Ah + ... (A = −(−Δ)^m),

where we keep the first linear term only of the polynomial operator P_{2m}. 17

The last term in (6.2) forms a higher-order singular perturbation of the first-order equation. Then as in the classical boundary layer theory, we restrict the evolution to such small spatial-time subsets where the 2m-th order perturbation in (6.2) becomes dominant. One can see that this can be achieved if we perform further rescaling ξ = xe^{τ /2m}. Using also the linearisation h(x, τ) = θ_∗ + Y (ξ, τ), θ_∗ = γ^γ , we arrive at a perturbed linear 2m-th order parabolic equation (at this moment, we are assuming that h is a real-valued function) (6.3) Y_τ = BY + e^τ (−1)^{m+1}|∇Y |^{2m} + ... + D(Y ), with the linear operator (6.4) B = A − 1 2m ξ · ∇ + I. The nonlinear perturbation D is locally quadratic: D(Y ) ≡ (θ_∗ + Y )^{2m} − θ^{2m}_∗ − 2mθ^{2m−1}_∗ Y = O(Y^2) as Y → 0.

we begin with the spectral properties of the linear operator in equation (6.3). 6.1. Discrete point spectrum of the non self-adjoint operator B. We study spectral properties of the linear operator (6.4). If m = 1, it admits a natural symmetric representation (6.5) B = 1 μ ∇ · (μ∇) + I, μ(ξ) = e^{−|ξ|2/4}. Therefore, since −B + I ≥ 0 is semibounded from below, there exists a unique Friedrichs extension, which is a self-adjoint operator in the weighted Hilbert space L^2_μ(R^N ) with the domain D(B) = H^2_μ(R^N ) and a discrete point spectrum, see [1]. The eigenfunctions form an orthonormal basis in L^2_μ(R^N ) and the classical Hilbert-Schmidt theory applies.

For any m > 1, operator (6.4) is not self-adjoint. In the one-dimensional geometry, N = 1, where it becomes the even order ordinary differential operator (6.6) By = (−1)^{m+1}y^{(2m)} − 1 2m ξy^′ + y, it cannot be written down as a self-adjoint differential expression of the form (p_0y^{(m)})^{(m)} + ...+p_my and is not self-adjoint. See Chapt. 1 in [22]. Let us introduce the weight function (6.7) ρ(ξ) = e^{−d∗|ξ|α} > 0 (α = 2m/(2m − 1)), where d_∗ = d_∗(m, N) ∈ (0, d] is a small constant. 18

Lemma 6.1. (i) Operator B in L^2_ρ(R^N ) has the discrete real point spectrum (6.8) σ_p(B) = {λ_β = 1 − |β|/2m, |β| = 0, 1, 2, ...}, where β = (β_1, ..., β_N ) is a multiindex, |β| = β_1 + ... + β_N . Each eigenfunction has the separable decomposition

(6.9) ψ_β(ξ) = ψ_{β1} (ξ_1)...ψ_{βN} (ξ_N ),

where ψ_{βk} (ξ_k) is an eigenfunction (a Kummer-type polynomial) of the one-dimensional operator (6.6) with ξ = ξ_k.

(ii) The subset {ψ_β} is complete in L^2_ρ(R^N ).

The proof in [10] is based on the analysis of the strong continuous (analytic) semigroup generated by B, which is constructed by the backward rescaling of the parabolic one b(t)∗u_0 with well-known contractivity and analytic properties. B^{−1} is an integral operator with an L^2_ρ(R^N )-kernel and hence is a compact operator with a point spectrum only.

6.2. A formal stability analysis. It follows from Lemma 6.1 that B has unstable (if |β| < 2m) and centre (if |β| = 2m) finite-dimensional subspaces. As usual in rescaled blow-up problems, the unstable subspace corresponds to instabilities of the parabolic flow relative to space-time shifting and also reflects “degenerate” eigenfunctions which are eigenfunctions of the first-order operator in (6.4).

We next use the standard orthogonality properties of the complete subset of normalized eigenfunctions Φ = {ψ_β} of operator B and of Φ^∗ = {ψ^∗_β } of the adjoint operator B^∗ with the same point spectrum: (ψ_β, ψ^∗_γ ) = δ_{βγ} ,

where (·, ·) is the inner (duality) product in L^2(R^N ). Then one can use a standard discrete eigenfunctions expansion of the solution

Y (τ) = ∑ (β) a_β (τ)ψ_β , and derive a dynamical system on the expansion coefficients {a_k(τ)} by the corresponding Schmidt procedure. Such a linearized stability approach is effective for the rescaled semilinear equation (1.2) and gives a classification of blow-up patterns in terms of the spectrum of Kummer’s polynomials. Then the generic blow-up pattern corresponds to the behaviour on the centre manifold with |β| = 2m.

We will show that for perturbed equation (6.3) such an application based on the eigenfunctions expansion is not straightforward and leads to a nonlinear stability analysis. Indeed, equation (6.3) contains an exponentially large first-order perturbation. Therefore, the stability and the rate of convergence as τ → ∞ to the generic Hamilton-Jacobi blowup pattern are described by its “resonance” approximate self-similar solution in separate variables

(6.10) Y (ξ, τ) = e^{−τ /(2m−1)}[ψ(ξ) + o(1)]. 19

This corresponds the behaviour induced by the stable subspace E_{2m−1}(0) = Span{ψ_β, |β| = 4m^2/(2m − 1)}.

Substituting it into (6.3) and passing to the limit τ → ∞, we obtain the following semilinear elliptic equation for the profile ψ: (6.11) C_{2m}(ψ) ≡ Aψ − 1 2m ξ · ∇ψ + 2m 2m − 1 ψ + (−1)^{m+1}|∇ψ|^{2m} = 0 in R^N .

For odd m = 1, 3, ... this equation admits solutions with singularities at finite ξ, where ψ → −∞. Such singular behaviour is not suitable (not minimal) and does not provide us with a finite limit as t → T^−. The minimal behaviour for (6.11) as ξ → ∞ corresponds to a typical parabolic (algebraic) behaviour: ψ(ξ) = α^{−α}|ξ|^α + ..., ξ → ∞. We thus conclude that on compact subsets in ξ, we observe an exponentially fast convergence of the order e^{−τ /(2m−1)} ≡ (T − t)^{1/(2m−1)} → 0 as t → T^−, to the self-similar profile θ satisfying θ(0) = θ_∗.

Thus, as a conjecture, we conclude that the constant rescaled profile θ_∗ is stable with the rate of convergence O(e^{−τ /(2m−1)}) and the corresponding nonlinear “eigenfunction” ψ(ξ) is a solution of the semilinear elliptic equation (6.11). For this higher-order equation with m > 1, the existence and uniqueness of such a solution remain an open problem, unlike the case m = 1 presented below.

6.3. Existence and uniqueness for the second-order equation. In the second-order case m = 1, where we can consider rescaled function is real-valued, the resonance equation takes the form (6.12) C_2(ψ) ≡ Δψ − 1 2 ξ · ∇ψ + 2ψ + |∇ψ|^2 = 0. Setting ψ = ln ϕ yields the following semilinear equation for ϕ > 0: (6.13) Δϕ − 1 2 ξ · ∇ϕ + 2ϕ ln ϕ = 0, in R^N , where the nonlinear lower-order term 2ϕ ln ϕ, ϕ > 0, has a typical single-well shape with a single minimum point at ϕ_m = 1/e.

Proposition 6.1. Equation (6.13) admits the explicit radial solution (6.14) ϕ(ξ) = e^{N/4} e^{−|ξ|2/4}. In the radial setting, (6.14) is a unique positive solution.

Proof. In terms of the original variable ψ = ln ϕ we obtain the parabolic solution (6.15) ψ(ξ) = (N − |ξ|^2)/4, 20

which belongs to the linear subspace W_2 = Span{1, |ξ|^2} invariant under the quadratic operator of the equation (6.12) and the explicit solution follows. The uniqueness proof in [2] uses the exact solutions of the parabolic equation v_t = C_{2m}(v), t > 0, which belong to the invariant subspace: v(·, t) ∈ W_2 for all t > 0. Similar solutions for semilinear equations with the Hamilton-Jacobi nonlinearity |∇v|^2 are well-known, see p. 94 in [24] and references therein. The uniqueness proof is based on the intersection comparison via the Sturmian argument. □ Keeping the main term in the asymptotic expansion, we then conclude that uniformly on compact subsets in ξ h(x, τ) = θ_∗ + e^{−τ} 1 4 (N − |ξ|) + ... . This expansion with a fixed second term describes the transition to a unique Hamilton- Jacobi pattern existing for small |x| > 0, which has been described in the previous section. Actually, such a matched asymptotic analysis is expected to provide us with an alternative proof of the stability of the Hamilton-Jacobi pattern. For N = 1, another proof by means of a dynamical systems approach is presented in [14], [15] (no centre manifold or matched asymptotic analysis is involved). 7. Three types of blow-up We now present a brief derivation of the asymptotic Hamilton-Jacobi theory for the semilinear equation (7.1) u_t = (−1)^{m+1}Δ^mu + u| ln |u||^γ, γ > 1. The same nonlinear scaling u = e^v leads to the equation (7.2) v_t = H_{2m}(v) + P_{2m}(v), where the Hamilton-Jacobi operator takes a similar form H_{2m}(v) = (−1)^{m+1}(∇v · ∇v)^m + |Re v|^γ , and the perturbation polynomial operator P_{2m} stays the same. Taking into account the algebraic dimensional-like analysis, we expect that the asymptotically dominant Hamilton- Jacobi equation takes the form (7.3) V_t = H_{2m}(V ) ≡ (−1)^{m+1}(∇V · ∇V )^m + |ReV|^γ . It admits the self-similar solution (7.4) V_∗(x, t) = (T − t)^{−1/(γ−1)}θ(η), η = x/(T − t)^β , β = γ − 2m 2m(γ − 1) . The profile θ : R^N → C then solves the stationary Hamilton-Jacobi equation (7.5) (−1)^{m+1}(∇θ · ∇θ)^m − βη · ∇θ − 1 γ − 1 θ + |Re θ|^γ = 0, η ∈ R^N , 21

and θ(0) = θ_∗, ∇θ(0) = 0. The analysis via a priori bounds of the corresponding system of ODEs for the radial function θ(η) = f(η) + ig(η) is similar to that in the critical case γ = 2m. We then derive a majorizing real ODE which shows that f is compactly supported if γ < 2m (as for γ = 2m). For γ > 2m we need to consider strictly positive profiles f with a special algebraic decay at infinity described by the linear part of the equation −βηf^′ − f/(γ − 1) = 0. We observe that even in the case m = 1 of the real Hamilton-Jacobi approximation, such a positive profile θ(η) ≡ f(η) is not unique (see Chapt. 4 in [24]), but the one with analytic expansion at the origin is unique and stable [15].

It follows from the similarity structure of the scaling invariant in (7.4) that the blow-up behaviour essentially depends on the sign of the exponent β. Namely, as in the secondorder order-preserving parabolic case m = 1, we have the following three cases:

(i) β > 0 (γ > 2m): the approximate self-similar solution describes single point blow-up with the following final-time profile of the solution: (7.6) Re V_∗(x, T^−) = C_∗|x|^{−2m/(γ−2m)} < ∞, x ≠ 0, where C_∗ ≠ 0 is a constant, so that V_∗ blows up as t → T^− at the origin x = 0 only.

(ii) β = 0 (γ = 2m): regional blow-up in a bounded domain of non-zero measure, the case already studied.

(iii) β < 0 (1 < γ < 2m): global blow-up. The solution V_∗ blows up as t → T^− at any point x ∈ R^N and blow-up is global (but not uniform with highly oscillating behaviour) on subsets of the form {|x| ≤ η_0(T − t)^β} with sufficiently small 0 < η_0 < meas suppf.

Final conclusions. We summarize the main results of the paper as follows. It is established that some basic comparison techniques via majorizing order-preserving operators apply to semilinear higher-order parabolic equations and provide us with sharp blow-up L^∞ estimates similar to those which are well established for the second-order semilinear heat equations. On the other hand, we present a formal theory of Hamilton-Jacobi blow-up asymptotics for the 2m-th order semilinear equation which exhibits some striking similarities with the simple second-order case m = 1 but indeed is more complicated.

Acknowledgement. The first author thanks Department of Mathematical Sciences of the University of Bath for its hospitality during her visits sponsored by the TMR network EBR FMRX CT98-0201.

References

[1] M.S. Birman and M.Z. Solomjak, Spectral Theory of Self-Adjoint Operators in Hilbert Space, D.

Reidel, Dordrecht/Tokyo, 1987.

[2] M. Chaves and V.A. Galaktionov, On approaches to uniqueness for quasilinear ODEs from blow-up theory, in preparation.

[3] C.R. Chester, Techniques in Partial Differential Equations, McGraw-Hill, New York, 1971. [4] Yu.V. Egorov, V.A. Galaktionov, V.A. Kondratiev, and S.I. Pohozaev, On the necessary conditions of existence to a quasilinear inequality in the half-space, C. R. Acad. Sci. Paris, 330, Série I (2000), 93-98.

[5] S.D. Eidel’man, Parabolic Systems, North-Holland Publ. Comp., Amsterdam/London, 1969. 22

[6] S. Filippas and R.V. Kohn, Refined asymptotics for the blow–up of u_t − Δu = u^p, Comm. Pure Appl.

Math., 45 (1992), 821-869.

[7] H. Fujita, On the blowing up of solutions to the Cauchy problem for u_t = Δu + u^{1+α}, J. Fac. Sci.

Univ. Tokyo, Sect. IA, Math., 13 (1966), 109-124.

[8] A. Friedman, Partial Differential Equations, Robert E. Krieger Publ. Comp., Malabar, 1983. [9] V.A. Galaktionov, The existence and non-existence of global solutions of boundary value problems for quasilinear parabolic equations, USSR Comput. Math. and Math. Phys., 22 (1982), 88–07.

[10] V.A. Galaktionov, On a spectrum of blow-up patterns for a higher-order semilinear parabolic equations, Proc. Royal Soc. London A, 457 (2001), 1-21.

[11] V.A. Galaktionov, S.P. Kurdyumov, A.P. Mikhailov, and A.A. Samarskii, Unbounded solutions of semilinear parabolic equations, Keldysh Inst. Appl. Math. Acad. Sci. USSR, Preprint No. 161 (1979). MR 81c:35060.

[12] V.A. Galaktionov, S.P. Kurdyumov, and A.A. Samarskii, On approximate self-similar solutions of a class of quasilinear heat equations with a source, Math. USSR Sbornik, 52 (1985), 155-180.

[13] V.A. Galaktionov and S.I. Pohozaev, Existence and blow-up for higher-order semilinear parabolic equations: majorizing order-preserving operators, Indiana Univ. Math. J., submitted.

[14] V.A. Galaktionov and J.L. Vazquez, Regional blow-up in a semilinear heat equation with convergence to a Hamilton-Jacobi equation, SIAM J. Math. Anal., 24 (1993), 1254-1276.

[15] V.A. Galaktionov and J.L. Vazquez, Blow-up for quasilinear heat equations described by means of nonlinear Hamilton-Jacobi equations, J. Differ. Equat., 127 (1996), 1-40.

[16] I. Gohberg, S. Goldberg, and M. Kaashoek, Classes of Linear Operators, Vol. 1, Ser. Oper. Theory:

Adv. and Appl., Vol. 49, Birkhäuser Verlag, Basel/Berlin, 1990.

[17] M.A. Herrero and J.J.L. Velázquez, Blow-up behaviour of one-dimensional semilinear parabolic equations, Ann. Inst. Henri Poincaré, Analyse non linéaire, 10 (1993), 131-189.

[18] S. Kaplan, On the growth of solutions of quasilinear parabolic equations, Comm. Pure Appl. Math., 16 (1963), 305-330.

[19] A.Yu. Levin, Non-oscillation of solutions of the equation x^{(n)} +p_1(t)x^{(n−1)} +...+p_n(t)x = 0, Russian Math. Surveys, 24 (1969), 43-99.

[20] H.A. Levine, The role of critical exponents in blow-up problems, SIAM Rev., 32 (1990), 262-288. [21] F. Merle and H. Zaag, Stability of the blow-up profile for equations of the type u_t = Δu + |u|^{p−1}u, Duke Math. J., 86 (1997), 143-195.

[22] M.A. Naimark, Linear Differential Operators, Part 1, Frederick Ungar Publ. Co., New York, 1967. [23] L.A. Peletier and W.C. Troy, Spatial Patterns. Higher Order Models in Physics and Mechanics, Birkhäuser, Boston/Berlin, 2001.

[24] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, and A.P. Mikhailov, Blow-up in Quasilinear Parabolic Equations, Walter de Gruyter, Berlin/New York, 1995.

[25] M.E. Taylor, Partial Differential Equations III. Nonlinear Equations, Springer, New York/Tokyo, 1996.

[26] J.J.L. Velazquez, Estimates on (N − 1)-dimensional Hausdorff measure of the blow-up set for a semilinear heat equation, Indiana Univ. Math. J., 42 (1993), 445-476.

Department of Mathematics, Autonoma University of Madrid, 28049 Madrid, Spain E-mail address: Manuela.Chaves@uam.es

Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK and Keldysh Institute of Applied Mathematics, Miusskaya Sq. 4, 125047 Moscow, RUSSIA E-mail address: vag@maths.bath.ac.uk

23