SAINT-VENANT’S PRINCIPLE IN BLOW-UP FOR HIGHER-ORDER QUASILINEAR PARABOLIC EQUATIONS: HAMILTON-JACOBI ASYMPTOTICS

V.A. GALAKTIONOV AND A.E. SHISHKOV

Abstract. We prove localization estimates for 2m-th order quasilinear parabolic equations with boundary data blowing up in finite time, as t → T^−. The analysis is based on energy estimates obtained from a system of functional inequalities expressing a version of Saint-Venant’s principle from the theory of elasticity. We consider a special class of parabolic operators including those having fixed orders of algebraic homogeneity p > 0. This class includes the second-order heat equation and linear 2m-th order parabolic equations, for which p = 1, as well as many other higher-order quasilinear ones with p ≠ 1. Such homogeneous equations are invariant under a group of scaling transformations, but the corresponding critical (least) localized regional blow-up regimes are not group-invariant and exhibit typical exponential singularities ∼ e^{(T −t)−γ} → ∞ as t → T^− with the optimal constant γ = 1/[m(p + 1) − 1] > 0. For some particular equations, we study the asymptotic blow-up behaviour described by perturbed first-order Hamilton-Jacobi equations, which shows that general estimates of exponential type are sharp.

1. Introduction: statement of the problem, blow-up localization, Saint-Venant’s principle and energy estimates

Saint-Venant’s principle formulated in the theory of linear elasticity in the middle of the XIX-th century, led to the concept of energy estimates, and in the second half of the XXth century became a fundamental tool of the general theory of linear and nonlinear partial differential equations (PDEs). It is a method of introducing parameters playing a role of new independent variables which are “dual” relative to the original space-time ones. Typically, the corresponding dual dependent variables are then prescribed by integral non-local operators and are smoother than the original ones. It is of principle importance in nonlinear equations with singularities and measurable coefficients admitting essentially generalized (weak) solutions. In applications, choosing a suitable discrete partition in the independent dual variables, the PDE under consideration generates a system of functional inequalities, which can contain a number of differential, difference and other operators. The duality between PDEs and corresponding systems of functional inequalities, which are expected to inherit important properties of the original evolution models, plays a key role. For instance, the most complete description of A.N. Tikhonov - S. Täklind

Date: January, 2001.

1991 Mathematics Subject Classification. 35K55, 35K65.

Key words and phrases. 2m-th order quasilinear parabolic equations, boundary blow-up, localization, S-regime, Saint-Venant’s principle, energy estimates, asymptotic behaviour, Hamilton-Jacobi equation. 1

uniqueness classes for general higher-order linear parabolic equations and systems was obtained in the 1970’s by a version of Saint-Venant’s principle.

In this paper we present an application of Saint-Venant’s principle to localization blowup phenomena for a class of quasilinear 2m-th order parabolic equations. The study of such singular blow-up processes needs delicate estimates near finite blow-up times. This leads to new systems of functional inequalities, where special choices of infinite partitions in dual independent variables are necessary.

We begin with the mathematical statement of the basic problem. A mechanical and physical basement of blow-up singularity formation problems and a survey of results on energy estimates representing Saint-Venant’s principle will be presented next.

1.1. Statement of the problem. Let us formulate the basic example posed in a simple geometry. Let Ω = {|x| > 1} be the open complement of the unit ball B = {|x| < 1} in R^N . In the cylindrical domain Q = Ω × (0, T ) we consider the Cauchy-Dirichlet problem for a general quasilinear 2m-th order parabolic equation, m ≥ 1, (|u|^{q−1}u)_t + ∑ |α|=m (−1)^mD^α_x a_α(x, t, u, ..., D^m_x u) = 0, q > 0, (1.1)

u(x, 0) = u_0(x) ∈ L_{q+1}(Ω) in Ω,

(1.2) D^α_x (u − f) = 0 on ∂Ω × (0, T ) for any |α| ≤ m − 1.

(1.3)

The functions a_α(x, t, ξ) are assumed to be continuous, and the elliptic operator on the left-hand side satisfies the following growth and coercivity conditions:

(1.4) ∑ |α|=m a_α(x, t, ξ)ξ_α ≥ d_1( ∑ |β|=m |ξ_β|)^{p+1}, d_1 > 0, p ≥ q,

(1.5) |a_α(x, t, ξ)| ≤ d_2( ∑ |β|=m |ξ_β|)^p for (x, t, ξ) ∈ Q̄ × R^{n(m)}, d_2 > 0, where n(m) is the number of distinct multiindices of the length not exceeding m. We use the usual notations α = (α_1, ..., α_N ), |α| = α_1 + ... + α_N , D^α_x = ∂^{α1 +...+αN} /∂x^{α1}_1 ...∂x^{αN}_N and D^m_x u = {D^α_x u, |α| = m}. The function f(x, t) determining the boundary values, is assumed to be extended from the lateral boundary ∂Ω × (0, T ) into the domain Q such that for any T_0 < T , there hold

f(·, t) ∈ C([0, T_0]; L_{q+1}(Ω)) ∩ L_{p+1}(0, T_0; W^m_{p+1}(Ω)),

(1.6)

f_t(·, t) ∈ L_1(0, T_0; L_{q+1}(Ω)) ∩ L_r(0, T_0; L_r(Ω)), r = (p + 1)/(p + 1 − q).

(1.7)

The main feature of the problems under consideration is as follows. We assume that the boundary function f(·, t) blows up as t → T^−. The rate of blow-up is characterized 2

by the following function defined for t ∈ (0, T ):

F (t) = sup_{0<τ <t} (∫ Ω |f(x, τ)|^{q+1}dx ) + ∫_t 0 ∫ Ω |D^m_x f(x, τ)|^{p+1}dxdτ

+ (∫_t 0 (∫ Ω |f_τ (x, τ)|^{q+1}dx )_{1/(q+1)} dτ )_{q+1} → ∞ as t → T^−. (1.8)

Without loss of generality, we always suppose that the support of f(·, t) is uniformly bounded for t ∈ (0, T ). Given S ⊂ ∂Ω, by W^m_{p+1}(Ω, S) we denote, as usual, the closure in the norm of the Sobolev space W^m_{p+1}(Ω) of the subset of functions from C^∞(Ω) vanishing in a neighbourhood of S. We set W^m_{p+1}(Ω, ∅) ≡ W^m_{p+1}(Ω) and by ⟨·, ·⟩ denote the duality product between ( W^m_{p+1}(Ω, ∂Ω) )_∗ and W^m_{p+1}(Ω, ∂Ω).

Definition 1. A function u(x, t) is said to be a generalized energy solution of the problem (1.1)-(1.3), if for any T_0 < T , there hold

(i) u − f ∈ L_{p+1}(0, T_0; W^m_{p+1}(Ω, ∂Ω)) ∩ C([0, T_0]; L_{q+1}(Ω)), (ii) (|u|^{q−1}u)_t ∈ L_{(p+1)/p}(0, T_0; (W^m_{p+1}(Ω, ∂Ω))^∗), (iii) u satisfies the initial condition (1.2) and the following integral identity:

T_0∫

0 ⟨(|u|^{q−1}u)_t, η⟩dt + T_0∫

0 ∫ Ω ∑ |α|=m a_α(x, t, u(x, t), ..., D^m_x u(x, t))D^α_x η(x, t)dxdt = 0, (1.9)

where η(x, t) ∈ L_{p+1}(0, T_0; W^m_{p+1}(Ω, ∂Ω)) is an arbitrary function.

An extensive literature is devoted to questions of local existence and uniqueness of generalized (weak) solutions of the mixed problem for equations (1.1). In the case q = 1, f = 0 problem (1.1)-(1.3) was studied in detail in [30]. In the case m = 1 and bounded domains Ω existence of energy solutions follows from [2] for arbitrary T_0 < T by the second inclusions in (1.6)-(1.7). For m > 1 and f = 0 the solvability of problem under consideration was established in [9] in the case where equation (1.1) has a variational structure, in particular, if a_α(x, t, ξ) ≡ |ξ_α|^{p−1}ξ_α. The results admit a natural extension to more general higher-order equations and boundary conditions.

1.2. Localization of blow-up: definition, terminology and a survey. The paper is devoted to the study of the localization of blow-up boundary regimes. Definition 2. The set of points y ∈ Ω satisfying for any small ε > 0 sup 0<t<T ∫ {|x−y|<ε}∩Ω |u(x, t)|^{q+1}dx + t∫ 0 ∫ {|x−y|<ε}∩Ω |u(x, τ)|^{p+1}dxdτ = ∞, is said to be the singularity or the blow-up subset, denoted by Ω_S ≡ Ω_S (u), of the energy solution u(x, t) of problem (1.1)-(1.3). Ω_R ≡ Ω \ Ω_S is the corresponding non-singular subset.

Actually, for sufficiently regular solutions, it is expected that u(x_0, t) is uniformly bounded as t → T^− at any interior point x_0 ∈ Ω_R = Ω \ Ω_S , and vise versa, u(x_0, t) 3

is not uniformly bounded as t → T^− for any x_0 ∈ Ω_S . For such regular solutions, the blow-up set Ω_S is known as the localization domain of the solution (or of the boundary blow-up regime). In the one-dimensional case, L = meas Ω_S is called the localization length of the blow-up regime, see Chapt. 3 in [43]. We also use the following terminology [43]. Given bounded initial data, we say that the blow-up regime, prescribed by the function f(x, t) on ∂Ω, is localized (respectively, non-localized) if meas Ω_S < ∞ (respectively, meas Ω_S = ∞). Localized blow-up regime is called S-regime if meas Ω_S ∈ (0, ∞) (regional blow-up) and LS-regime if meas Ω_S = 0 (this includes the case of single point blow-up). A non-localized blow-up regime with meas Ω_S = ∞ is also called HS-regime (global blow-up).

A general treatment of blow-up processes naturally occurred in the 1930’s - 1950’s in the context of N.N. Semenov’s chain reaction theory (1930’s), adiabatic explosion and combustion theory (we mention D.A. Frank-Kamenetskii’s equation (1938) admitting blow-up in the non-stationary version and the first blow-up analysis by O.M. Todes (1933)), see [18] and [53]. A strong influence was due to blow-up singularities in gas dynamics, the intense explosion (focusing) problem with second kind self-similar solutions considered by K. Bechert, K.G. Guderley and L.I. Sedov in the 1940’s; see [3], p. 127, and [54]. Another classical area of blow-up processes occurring in the 1960’s is nonlinear optics. Here the main model is the nonlinear (cubic) Schrödinger equation admitting blowing up self-focusing solutions. See references in the book [51] and in surveys in [29], [31].

A great interest to blow-up phenomena in the 1960’s was also generated by highly nonstationary and nonlinear problems of the Controlled Thermonuclear Fusion (CTF) and in the Inertial Confinement Fusion (ICF). N.G. Basov and O.N. Krohin [4] (1964) proposed to use concentrated (focusing) laser beams for heating of a deuterium-tritium (DT) pellet to create plasma of super-high temperatures. A remarkable feature of boundary blow-up regimes in CTF-problems was revealed numerically by I. Nuckolls, L. Wood, A. Thiessen and G. Zimmerman in [32] (1972) showing a principle possibility of the laser blow-up-like compression of a DT drop to super-high densities without shock waves (these crucial results were first announced by E. Teller in Montreal in 1972). Such a compression was expected to initiate a thermonuclear burning (by the Lawson criterion the rate of produced thermonuclear energy at a fixed ion temperature is proportional to the product of plasma density and confinement time).

The electron and ion conductivity of fully ionized plasma are known to depend essentially on the temperature. A simplest mathematical model including the heat propagation only (gas dynamics phenomena are known to be inertial and under certain hypotheses can be neglected at the purely heat stage) consists of a quasilinear second-order heat equation

(1.10) u_t − (k(u)u_x)_x = 0 in R_+ × (0, T ),

with given bounded initial data (temperature) u(x, 0) = u_0(x), and a blow-up boundary regime at x = 0:

(1.11) u(0, t) = f(t) → ∞ as t → T^− < ∞. 4

Here k(u) > 0 is the given heat conductivity coefficient satisfying k(u) → ∞ as u → ∞ (k(u) ∼ u^{5/2} for the fully ionized plasma) and f(t) is a prescribed temperature on the surface of the DT-target, which is generated by laser beams and increases in a blowing up (peaking) regime.

A first detailed analysis of the striking effect of space localization of blow-up boundary regime (S-regime of blow-up generated by a blow-up Standing wave) in the quasilinear diffusion equation (1.10) with the power law k(u) = u^σ, σ > 0, was performed by A.A. Samarskii and I.M. Sobol’ (1963) in [44] (such explicit blow-up solutions were used before as parabolic barriers, see typical references in A.S. Kalashnikov’s survey [20]). In the 1970’s the effect of space localization in Ω_S , where temperature u(x, t) tends to infinity as t → T , became a popular subject and posed a number of typical problems for quasilinear parabolic PDEs. In particular, the problem of localization of blow-up solutions in reactiondiffusion equations was first proposed by S.P. Kurdyumov [25] in 1974, see Chapters 3 and 4 in [43] devoted to localization analysis. It was shown that, in a quasilinear model, the heat and burning localization arises in plasma with the electron heat conductivity and heat source due to amalgamation of DT nuclei [55]. Such a model, as well as different aspects of localization effects, are discussed in [27]. An extensive list of references on localization of blow-up dissipative structures with the historical review can be found in Kurdyumov’s survey paper [26]. Main mathematical results on existence and nonexistence of localization of boundary blow-up and singularity formation for equation (1.10) with rather arbitrary monotone conductivity coefficients k(u) are summarized in [43], Chapt. 3, see also surveys in [12], [13]. A necessary and sufficient condition of localization for the porous medium equation (1.10) with k(u) = u^σ, σ > 0, was established in [19]. For general N-dimensional quasilinear second-order parabolic equations (m = 1), localization conditions were obtained in [47], [48] by means of the method of energy estimates we are going to use below for arbitrary higher-order equations.

In the present analysis, the blow-up singularity is generated on the boundary by means of a blow-up function. On the other hand, interior blow-up can be generated by extra source-type lower-order operators, if, for instance, we consider the Cauchy problem for the quasilinear heat equation

(1.12) u_t = ∇ · (k(u)∇u) + Q(u),

where Q(u) ≥ 0 has a superlinear growth as u → ∞. Both types of blow-up (boundary and interior) phenomena are essentially related to each other, the localization terminology stays the same, though blow-up in (1.12) is more delicate, see the book by J. Bebernes and D. Eberly [5], H.A. Levine’s survey [29] and Chapt. 4 in [43] for main results and related references. In general, localization problems of interior blow-up for such higher-order semilinear and quasilinear parabolic equations remain open.

1.3. Main results. We prove localization of boundary blow-up for general 2m-th order quasilinear parabolic equations. Higher-order semilinear and quasilinear diffusion operators occur in several applications including thin film theory, nonlinear diffusion, lubrication theory, flame and wave propagation, phase transition at critical Lifschitz points 5

and bi-stable systems (e.g., the Kuramoto-Sivashinskii equation and the extended Fisher- Kolmogorov equation). See a number of models and a list of references in the recent book by L.A. Peletier and W.C. Troy [38].

It is convenient to present the main result in two theorems. It turns out that in the special case p = q, when the parabolic operators exhibit some kind of “linear” properties (due to coinciding algebraic homogeneities), the asymptotic behaviour of blow-up solutions is the most nonlinear. One can see from the theorems below that estimates on the right-hand sides do not exhibit any scaling invariance, see also further comments below. The localized blow-up regimes admit the following general description for any 2m-th order parabolic equations. We will present examples showing that such exponential estimates of localized blow-up regimes are sharp and cannot be improved.

Theorem 1.1. Let p = q > 0. Given a blow-up boundary regime f, let the corresponding function (1.8) satisfy as t → T^−,

(1.13) F (t) ≤ c exp{A(T − t)^{−1/[m(p+1)−1+ξ0 ]}},

where c, A are arbitrary positive constants and the constant ξ_0 > 0 can be arbitrarily small. Then, for arbitrary constant δ > 0, any energy solution u(x, t) of the problem (1.1)-(1.3) satisfies

(1.14) ∫ {|x|>1+δ} |u(x, t)|^{p+1}dx < C = C(δ) < ∞, t ∈ (0, T ), i.e., the singularity set Ω_S is concentrated on the boundary ∂Ω and f is a localized blow-up LS-regime.

The unit ball Ω can be replaced by any bounded domain with sufficiently smooth boundary and the result says again that for such boundary blow-up, the singularity set is concentrated on the boundary.

Theorem 1.2. Let p = q > 0 and boundary blow-up regime satisfy as t → T^−, (1.15) F (t) ≤ c exp{w(T − t)^{−1/[m(p+1)−1]}}, with some positive constants c and w. Then there exists a constant L = L(w) < ∞ depending also on other parameters of the problem (1.1)-(1.3), such that for any energy solution,

(1.16) ∫ {|x|>L} |u(x, t)|^{p+1}dx < C < ∞ for all t ∈ (0, T ). The uniform estimate (1.16) means that the blow-up set of solution u(x, t) is contained in the ball of radius L. Hence, any boundary regime satisfying (1.15) is, at most, a localized blow-up S-regime. 6

1.4. Method: Saint-Venant’s principle and energy estimates. Saint-Venant’s principle and problem [39] - [41] formulated in the 1850’s play a fundamental role in the linear theory of elastic equilibrium. First rigorous energy estimates on exponential decay of a parameterized strain energy and a strain inequality for a cylinder with a loaded cross section on the end were established by R.A. Toupin (1965) [52] and by J.K. Knowles (1966) [21] (in these papers principle earlier references can be found). In particular, a detailed analysis in [21] established second-order estimates on smooth solutions of the biharmonic (fourth-order elliptic) equation

(1.17) Δ^2φ = 0 in R, φ = φ_x = φ_y = 0 on ∂R,

where R ⊂ R^2 is a bounded simply connected domain (the cross section of the cylinder) with smooth boundary ∂R. It is proved that the strain energy E(z) = ∫ ∫ R_z (φ^2_{xx} + φ^2_{yy} + 2φ^2_{xy})dxdy

contained in the subdomain R_z = R ∩ {x ≥ z} (z ≥ 0 is a parameter) decays at least exponentially with z. Pointwise derivatives estimates were also proved by using mean value theorems for biharmonic functions. Such energy estimates in a weak form applied to more general second-order elliptic equations [22] and to the heat (second-order parabolic) equation [23].

Estimates of behaviour of the energy integrals over the families of inner subdomains of diameter r → 0 (i.e., those having the structure of Saint-Venant’s principle, we do not mention other important approaches) play important role in the study of regularity of generalized solutions of elliptic and parabolic equations. Such estimates for secondorder equations were derived by S. Campanato [10]. V.A. Solonnikov [49], [50] proposed a method of obtaining such estimates for energy solutions of quasilinear divergent elliptic higher-order equations, which is based on the use of E. Hopf’s cut-off functions. The behaviour of energy integrals for solutions of a general class of higher-order elliptic equations near the boundary was studied in [24], where references to earlier papers of the 1970’s on polyharmonic and equations from elasticity theory can be found.

A systematic extension of ideas of different a priori estimates via introducing a parameter for classes of partial differential equations (PDEs) is due to O.A. Oleinik and collaborators, G.A. Iosif’yan, V.A. Kondratiev and E.V. Radkevich (1974-82), see [33] - [37], [24] and a full list of references in the survey in [37], where, in particular, the uniqueness in Tikhonov - Täcklind classes for linear second and higher-order parabolic equations and systems was proved. These were advanced applications of Saint-Venant’s principle to linear higher-order PDEs. Extra references and further comments on energy methods for quasilinear higher-order PDEs can be found in Section 4 of this paper, where we begin our analysis of general higher-order parabolic equations.

1.5. Plan of the paper. Theorems 1.1 and 1.2 are proved in Sections 4 - 7 by a modification of the energy estimate method of the type [37]. We use a version of energy estimates for quasilinear 2m-th order parabolic equations developed in [46] and [1]. An important 7

feature of our asymptotic analysis is that, in order to exhibit the localization of blowup, we derive an infinite functional system of inequalities for a series of suitable energy functions by means of a specifically organized spatial-time partition of the (x, t)-domain concentrated near blow-up singularity.

Before proceeding with proofs of two theorems, in order to anticipate typical crucial features of boundary blow-up in the given class of equations, we study some special scaling invariant quasilinear and nonlinear second and higher-order parabolic equations, which will be proved to admit non-invariant blow-up asymptotics. In Sections 2 (second-order quasilinear equations) and 3 (2m-th order linear parabolic equations) we give more detailed characteristics of such blow-up singularities including the study of the geometric shape of localization domains and the asymptotic behaviour of blow-up solutions. In particular, we prove that in these two classes of problems, the exponential blow-up function on the boundary

(1.18) f(t) = exp{(T − t)^{n∗} }, with the critical exponent n_∗ = − 1 m(p + 1) − 1 , cf. (1.15), always leads to a localized S-regime with the localization domain of bounded positive measure, meas Ω_S ∈ R_+. Therefore, Theorem 1.1 establishes the optimal characterization of LS-regimes. Moreover, we show that an arbitrary negative perturbation of the critical exponent n_∗ transforms this localized S-regime into the non-localized HSregime with the boundary blow-up

(1.19) f(t) = exp{(T − t)^n}, n < n_∗,

where meas Ω_S = ∞ and u(x, t) → ∞ as t → T^− uniformly on compact subsets.

The class of quasilinear equations with p = q is a special one. It follows from (1.13) or (1.15) that the main blowing up regimes are not scaling invariant (though in examples the homogeneous parabolic operators are invariant under a group of scaling transformations). Formally, scaling invariant asymptotics are obtained by an extra nonlinear logarithmic transformation v = ln u. In the next two sections we show that the asymptotic blow-up behaviour in terms of v(x, t) is described by a blow-up similarity solution of a nonlinear equation of Hamilton-Jacobi type so that the higher-order parabolic terms form singular perturbations of first-order equations.

For the linear heat equation with m = 1 and for weakly quasilinear equations (1.10), N = 1, the above results on the blow-up singularity formation via Hamilton-Jacobi equations are well-known, see first results in [42] and a detailed analysis in [43], Chapt. 3.

In the case p > q, to be considered in a forthcoming paper [14], the main blow-up asymptotics are given by scaling-invariant self-similar solutions of model equations.

2. Second-order parabolic equations

If m = 1, then the Maximum Principle applies, and for some typical equations we can study the blow-up behaviour in more detail, including the asymptotic behaviour and the geometry of localization domains. Let Ω ⊂ R^N be a bounded connected domain with the 8

complement E_Ω = R^N \ Ω. In this section we consider the exterior problem with m = 1, p > 0, where for convenience we set T = 1 (and T = 0 later on):

(2.1) (|u|^{p−1}u)_t = Δ_pu ≡ N∑ i=1 ∂ ∂x_i ( |∇u|^{p−1} ∂u ∂x_i ) in Q = E_Ω × (0, 1),

(2.2) u(x, t) = f(x, t) on S = ∂Ω × (0, 1), u(x, 0) = u_0(x) in E_Ω.

We assume that f(·, t) blows up at t = 1^−. Without loss of generality, we suppose that f ≥ 1 and u_0(x) ≥ 1, hence u ≥ 1 in Q by the Maximum Principle. Such quasilinear parabolic equations of the second order are well known in the literature, see the classical book [30] by J.L. Lions, Kalashnikov’s survey [20] and E. DiBenedetto’s book [11]. By an energy solution we mean a weak one. Since the operator of the parabolic equation is not monotone, the uniqueness of such weak solution is not straightforward. We then assume that u(x, t) is a unique maximal solution, which is constructed by constructed by monotone smooth approximation. It satisfies the Maximum Principle and the usual comparison holds. Such a construction of extended limit semigroups of extremal (maximal and minimal) solutions is an essential and necessary feature for nonlinear parabolic equations admitting strong blow-up or extinction-like finite-time singularities, see Sect. 2 in [17] and a list of references therein.

In order to describe the asymptotic behaviour of main blow-up singularities for this equation, as in the linear case p = 1 [42] (see details in [43], Chapt. 3), we perform the change of the dependent variable

(2.3) u = e^v , v ≥ 0,

which leads to the quasilinear equation with a typical Hamilton-Jacobi operator and the diffusion p-Laplacian term

(2.4) v_t = |∇v|^{p+1} + p^{−1}Δ_pv.

The main idea is to prove that the asymptotic behaviour of this blow-up singularities is described by the corresponding Hamilton-Jacobi equation

(2.5) V_t = |∇V |^{p+1}.

More precisely, we will show that the S-regime of boundary blow-up regional localization is given by its separate-variable solution

(2.6) V_∗(x, t) = (1 − t)^{−1/p}θ(x),

where θ ≥ 0 solves the stationary Hamilton-Jacobi equation

(2.7) |∇θ|^{p+1} − p^{−1}θ = 0 in E_Ω. 9

2.1. S-regime in one dimension. If N = 1 and E_Ω = R_+, (2.7) becomes a first-order ODE of the form (2.8) |θ^′|^{p+1} − p^{−1}θ = 0, which gives the following sufficiently smooth compactly supported solution: (2.9) θ = (1 − x/x_0)^{(p+1)/p}_+ , x ∈ R_+, where x_0 is the effective localization length, (2.10) x_0(p) = (p + 1)p^{−p/(p+1)} of the boundary blow-up S-regime prescribed at the origin x = 0, (2.11) v(0, t) = (1 − t)^{−1/p}, t ∈ (0, 1). On the other hand, it also satisfies the Neumann boundary condition −v_x(0, t) = c_0(1 − t)^{−1/p}, c_0 = −θ^′(0) > 0.

In what follows, without loss of generality, we fix the blow-up Dirichlet boundary condition (2.11). The function θ is sufficiently smooth, |θ^′|^{p+1} ∈ C^1, and indeed it is Kruzhkov’s entropy (viscosity) solution [28] of the Hamilton-Jacobi equation (2.5).

We prove that in the parabolic equation (2.4) the elliptic p-Laplacian operator is negligible on the asymptotic blow-up stage t → 1^− and forms a singular perturbation of the Hamilton-Jacobi equation. We introduce the rescaled function (2.12) g(x, τ) = (1 − t)^{1/p}v(x, t), where τ = − ln(1−t) → ∞ as t → 1^− is the new time variable, and arrive at the perturbed Hamilton-Jacobi equation (2.13) g_τ = |∇g|^{p+1} − p^{−1}g + e^{−τ /p}Δ_pg for τ > 0, g(0, τ) ≡ 1. The initial function g_0(x) ≥ 0 is assumed to be bounded. Theorem 2.1. (i) There holds (2.14) g(x, τ) = θ(x) + o(1) as τ → ∞ uniformly. (ii) The effective localization length of u(x, t) is bounded and positive:

(2.15) L(u) = meas{x > 0 : lim sup_{t→1} u(x, t) = ∞} = x_0(p).

In the proof we derive an exact rate of convergence in (2.14) which is different in the parameter ranges p > 1, p = 1 and p < 1.

Proof. (i) The main difficulty is that the p-Laplacian is not bounded and is not well defined on the compactly supported function θ(x) at the interface x = x_0. Therefore, we first compare two solutions v̄ and V̄_∗ of the problem posed in the domain Q_1 = (0, 2x_0) × (0, 1) with the same boundary condition at x = 0 and an extra symmetric condition on the right-hand lateral boundary: v̄(2x_0, t) ≡ v(0, t) = (1 − t)^{−1/p}. 10

The corresponding solution of the Hamilton-Jacobi equation V̄_∗(x, t) = (1 − t)^{−1/p}θ̄(x), where θ̄(x) = |1 − x/x_0|^{(p+1)/p},

is indeed V_∗ reflected relative to x = x_0. As we show, this reflected solution is sufficiently regular for comparison by the Maximum Principle since Δ_pV̄_∗(x_0, t) makes sense.

If p ≤ 1, then θ(x) ∈ C^2 and we can use simpler straightforward computations. In any case, for any p > 0 and especially for p > 1, we assume that the solution v̄ is sufficiently smooth using a standard approximation via a suitable regularization of the p-Laplacian Δ_pv → Δ_{p,ε}v = ∇ · [(|∇v|^2 + ε^2)^{(p−1)/2}∇v], ε > 0. Consider the difference w = v̄ − V̄_∗ satisfying the parabolic equation w_t = |v̄_x|^{p+1} − |(V̄_∗)_x|^{p+1} + p^{−1}Δ_{p,ε}(V̄_∗ + w).

The right-hand side can be written down in the form w_t = Bw + p^{−1}Δ_{p,ε}(V̄_∗), where on regularized solutions the operator Bw = aw_{xx} + bw_x is a differential secondorder one with sufficiently smooth coefficients. Passing to the limit ε → +0 relative to the regularizing parameter, we construct a weak plane supersolution w̄(t) depending on the variable t only and satisfying the differential inequality

w̄^′ = p^{−1} sup_x Δ_pV̄_∗(x, t) ≡ c_p(1 − t)^{−1/p}, c_p = p^{−1} sup_{x>0} Δ_pθ̄(x) = [p(p + 1)]^{−1},

where, as we have seen, the finiteness of the constant c_p plays a key role in the regularization argument. Choosing w̄(0) = C_0 ≫ 1, by the Maximum Principle we conclude that if p ≠ 1 |v̄(x, t) − V̄_∗(x, t)| ≤ w̄(t) = C_0 + c_p(1 − t)^{(p−1)/p} for any bounded initial data v̄(x, 0). For p = 1 we get the logarithmic term c_p| ln(1 − t)| in the right-hand side (cf. a general approach on p. 379 in [43]). Assume now that p ≠ 1. In particular, this implies that at the end point of the localization domain x = x_0 there holds v̄(x_0, t) ≤ C_0 + c_p(1 − t)^{(p−1)/p}.

Consider now the solution v(x, t) of the original problem in the half-line {x > 0}. One can see that v ≤ v̄ in Q_1, so that v ≤ C_0 + c_p(1 − t)^{(p−1)/p} in (0, x_0] × (0, 1).

On the other hand, using standard monotonicity (in x) properties of large solutions of parabolic equations, we have that by the Maximum Principle for any small ε > 0 as t → 1^−, v(x, t) ≤ v(x_0 − ε, t) for any x ≥ x_0.

Passing to the limit ε → 0, we then obtain that for t ≈ 1^− v(x, t) ≤ C_1 + c_p(1 − t)^{(p−1)/p} for x ≥ x_0. 11

One can see that Δ_pθ ≥ 0 so that the compactly supported function V_∗(x, t) is a subsolution of the parabolic equation and hence the following estimate from below holds: v(x, t) ≥ −C_2 + V_∗(x, t). Summing up all the above estimates, we arrive at the rate of convergence in (2.14).

(ii) The calculations leading to the asymptotic expansion (2.14) mean that as t → 1^−, (2.16) u(x, t) = e^{(1−t)−1/p θ(x)}e^{O((1−t)(p−1)/p )} and C_2e^{(1−t)−1/p θ(x)} ≤ u(x, t) ≤ C_3e^{O((1−t)(p−1)/p )}e^{(1−t)−1/p θ(x)}. If p = 1, then estimates take the form C_2e^{(1−t)−1/p θ(x)} ≤ u(x, t) ≤ C_3(1 − t)^{−cp} e^{(1−t)−1/p θ(x)}. Obviously, this implies that L ≥ x_0(p). On the other hand, setting here x = x_0, where θ(x_0) = 0, we get (2.17) u(x_0, t) ≤ C_3(1 − t)^{−cp} as t → 1^−. Any power-like blow-up on the boundary (2.18) u(0, t) = (1 − t)^n, n < 0, is known to correspond to a blow-up LS-regime with the zero effective localization length. This follows from the general Theorem 1.1 stated in the introduction to be proved later on. On the other hand, it can be proved by the standard comparison with the corresponding localized self-similar solution of the form u_∗(x, t) = (1 − t)^nf(η), η = x/(1 − t)^{1/(p+1)}, where f > 0 solves the ODE (|f^′|^{p−1}f^′)^′ − (p + 1)^{−1}(f^p)^′η + npf^p = 0, η > 0; f(0) = 1.

The self-similar strictly monotone decreasing C^∞-profile f(η) > 0 for all η > 0 satisfies the following asymptotic behaviour:

f(η) = C_∗η^{n(p+1)}(1 + o(1)) → 0 as η → ∞ (C_∗ > 0).

Then the solution u_∗ is effectively localized at x = 0 in the sense that for any x > 0, as t → 1^−, u_∗(x, t) → u_∗(x, 1^−) = C_∗x^{n(p+1)} < ∞. By the usual comparison of two solutions u(x, t) and u_∗(x−x_0, t), which are assumed to be smooth enough by monotone regularization, this implies that u(x, t) is also uniformly bounded for any x > x_0, so that L = x_0. □ 12

2.2. Non-localized HS-regime in one dimension. Let us prove that there exist blowup functions from the same exponential class staying above the S-regime leading to nonlocalized HS-regimes (i.e., blow-up regimes which are “Higher than S”). We thus consider the blow-up boundary condition

(2.19) u(0, t) = e^{(1−t)n} with n < −1/p.

Theorem 2.2. Let (2.19) hold. Then u(x, t) blows up as t → 1^− uniformly on the indefinitely expanding subset

(2.20) {0 ≤ x ≤ c_0(1 − t)^β}, β = [np + 1]/(p + 1) < 0,

with a constant c_0 = c_0(p, n) > 0.

Proof. The new functions v = ln u satisfies the boundary condition

v(0, t) = (1 − t)^n.

The proof is based on comparison from below of the given solution v(x, t) with the selfsimilar solution of the Hamilton-Jacobi equation (2.5)

(2.21) V_∗(x, t) = (1 − t)^nh(η), η = x/(1 − t)^β ,

where h ≥ 0 solves the first-order ODE

|g^′|^{p+1} − βg^′η + ng = 0, η > 0; g(0) = 1.

This ODE admits a scaling invariance and reduces to an autonomous ODE, which is integrated in quadratures. See a similar analysis of the case p = 1 in [43], p. 171. As the result, we obtain that for n < −1/p, such a monotone profile g exists and vanishes at a finite point

(2.22) η_0 = meas supp g < ∞.

We then set g(η) ≡ 0 for all η ≥ η_0 so that g(η) becomes a continuous (but non-smooth) compactly supported rescaled viscosity solution of the Hamilton-Jacobi equation. The comparison of v and V_∗ in the domain {x < η_0(1 − t)^n} × (0, 1), where both solutions are sufficiently smooth, is performed as in the case of the S-regime above (see also [43], p. 382) and gives uniform blow-up on any unbounded subset (2.20) with arbitrary c_0 < η_0. □

A general stability approach to the asymptotic degeneracy of parabolic flows into the Hamilton-Jacobi ones was developed in [15] and [16]. By using there results, it is not difficult to show that the self-similar solution (2.21) of the Hamilton-Jacobi equation (2.5) actually describes the asymptotic behaviour of the HS-regime for the parabolic equation (2.4). This is similar to the behaviour in the linear case p = 1, [43], p. 381. 13

2.3. S-regime in the N-dimensional geometry. By Ω ⊂ R^N we again denote a bounded smooth domain with complement E_Ω. Consider the following blow-up condition: u(x, t) = e^{(1−t)−1/p} =⇒ v(x, t) = (1 − t)^{−1/p} on ∂Ω, t ∈ (0, 1). The rescaled function g(x, τ) satisfies (2.13) with the boundary condition g(x, τ) = 1 on ∂Ω, τ > 0. The corresponding Hamilton-Jacobi stationary profile solves the stationary exterior prob- lem |∇θ|^{p+1} − p^{−1}θ = 0 in E_Ω, θ(x) = 1 on ∂Ω.

One can expect that this solution describes the asymptotic behaviour of the parabolic equation. Then the support of θ,

supp θ = {x ∈ E_Ω : θ(x) > 0},

is the effective localization domain of the solution V_∗(x, t). We now compare this localization domain for the Hamilton-Jacobi equation (2.5) and the localization domain

Ω_S (v) = {x ∈ E_Ω : lim sup_{t→1} v(x, t) = ∞}

of solutions v(x, t) of (2.4) with bounded initial data v_0.

Theorem 2.3. There hold: (i) Ω_S (v) is bounded, and (ii) the x_0-neighbourhood of Ω,

N_{x0} (Ω) = {y ∈ R^N \ Ω : dist(y, ∂Ω) ≤ x_0(p)},

is contained in Ω_S (v).

Proof. (i) Let Ω_∗ be any convex smooth domain such that Ω ⊆ Ω_∗. We use comparison with one-dimensional solutions. Fix a point y_0 ∈ ∂Ω_∗ and let l(y_0) be the hyperplane tangent to ∂Ω_∗ at y = y_0. Denote by z the distance to l(y_0). Consider the one-dimensional solution v_1(z, t) of equation (2.4) with the blow-up function v_1(0, t) = (1−t)^{−1/p} prescribed on the hyperplane, with sufficiently large initial data v_1(z, 0). By Theorem 2.1, v_1(z, t) is effectively localized in the infinite strip of the width x_0(p) with the outer plane lateral boundary parallel to l(y_0). Since v ≤ v_1 in the outer half-space {z > 0}, the solution v(x, t) is uniformly bounded at any x beyond the localization strip. Thus, Ω_S (v) is contained in the intersection of all such tangent strips constructed for all points y_0 ∈ ∂Ω_∗ which implies boundedness of the localization domain and some extra estimates to be improved below.

(ii) In order to prove the second result, we will compare the solutions with the radially symmetric self-similar solutions V_∗(r, t) = (1 − t)^{−1/p}θ(r), r = |x|, of the Hamilton-Jacobi equation, where θ solves the same stationary equation (2.7) which in the radial geometry becomes the same ODE (2.8) with^′ = d/dr. Then we obtain the same solution (2.9). Fix a point y_0 ∈ Ω and a small ε > 0 such that the ball B_ε(y_0) ⊂ Ω. Consider the radial solution v_ε(r, t), r = |x − y_0|, of the parabolic equation in the cylinder 14

B_ε(y_0) × (0, 1), v_ε = (1 − t)^{−1/p} on ∂B_ε with bounded radial initial data. Let V_∗(r, t) be the corresponding approximate self-similar solution described above. The comparison from below establishes that the domain of localization {ε < r < ε + x_0} of V_∗ is contained in the domain of localization of v_ε.

As the last step, we compare v_ε with the solution v: v ≥ v_ε in Q by the Maximum Principle. Since y_0 ∈ Ω and ε > 0 are arbitrary we obtain the result. □ In the case of the convex domain Ω, this simple comparison from above with plane (one-dimensional) self-similar solutions V_∗ and the comparison from below with the radial ones establish the equality (2.23) Ω_S (v) = N_{x0} (Ω).

It is not difficult to see that the equality holds for more general domains Ω. It is curious that though ∂Ω can be arbitrarily smooth, the boundary of the blow-up set Ω_S (v) is not necessarily C^1-smooth, see p. 167 in [43].

3. Blow-up localization in linear 2m-th order equations The linear 2m-th order parabolic equation in one dimension (3.1) u_t = (−1)^{m+1}D^{2m}_x u in Q = R_+ × (0, 1), belongs to the case p = q = 1 of equations with Hamilton-Jacobi blow-up singularities. These problems can be studied using the convolution representation of the general solutions. Without loss of generality, we consider the following blow-up boundary condition: (3.2) u(0, t) = f(t) → ∞, t → 1^−; u_x = ... = D^{m−1}_x u = 0, x = 0, t ∈ (0, 1), and take zero initial data. Let b(x, t) be the fundamental solution of (3.1) of the self-similar form (3.3) b(x, t) = t^{−1/2m}F (ξ), ξ = x/t^{1/2m}, where F (ξ) is a unique symmetric solution of the linear ODE (3.4) (−1)^{m+1}F^{(2m)} + 1 2m (F ξ)^′ = 0 in R, ∫_∞ −∞ F (ξ)dξ = 1. By the cosine Fourier transform, we have that F (ξ) = π^{−1} ∫_∞ 0 e^{−s2m} cos(sξ)ds. The solution of (3.1), (3.2) is given by the convolution potential u(x, t) = 2(−1)^m ∫_t 0 f(τ)D^{2m−1}_x b(x, t − τ)dτ ≡ 2(−1)^m ∫_t 0 f(τ)F^{(2m−1)}[x/(t − τ)^{1/2m}](t − τ)^{−1}dτ. (3.5) For the heat equation, m = 1, classification of boundary blow-up via the potential is easy, see Chapters 3 and 6 in [43]. 15

3.1. S-regime of localization, HS-regimes. It follows from (3.5) that as t → 1^−, the asymptotic behaviour of the blow-up boundary regime f(t) essentially depends on the asymptotic behaviour of the rescaled kernel F (ξ) as ξ → ∞. It is well-known (and can be easily seen from the ODE (3.4)) that the rescaled kernel F (ξ) is oscillatory as ξ → ∞ for m > 1. A standard asymptotic analysis shows that (3.4) admits the solutions with the asymptotic behaviour (3.6) F (ξ) ∼ e^{−a|ξ|α} as ξ → ∞, where α = 2m/(2m − 1) ∈ (1, 2), and a ∈ C satisfies the algebraic equation

(−1)^m(αa)^{2m−1} + 1 2m = 0.

It has 2m−1 different roots {a_k}, and F (ξ) for ξ ≫ 1 exhibits the behaviour corresponding to (3.6) with the maximal Re a_k < 0. The leading asymptotic terms of F are given by two linearly independent expressions of the type (3.7) ∼ e^{−am|ξ|α} cos(b_m|ξ|^α) (or sin(b_m|ξ|^α)) as ξ → ∞, a_m = (2m − 1)(2m)^{−α} cos ( π(m − 1) 2m − 1 ) , b_m = (2m − 1)(2m)^{−α} sin ( π(m − 1) 2m − 1 ) . These asymptotic estimates are enough to establish the following S and HS-regimes of blow-up for the linear parabolic equations.

Theorem 3.1. (i) For any m > 1, the blow-up S-regime occurs for the boundary function

(3.8) f(t) = e^{(1−t)−1/(2m−1)} as t → 1^−, and the effective localization length is given by (3.9) L(u) = a^{−1/α}_m > l_m = 2m(2m − 1)^{−1/α}.

(ii) The HS-regime with any exponent n < −1/(2m − 1), (3.10) f(t) = e^{(1−t)n} as t → 1^−, is not localized and Ω_S (u) = R_+.

For m = 1, we have the equality L(u) = l_1 = 2, [43], p. 132.

Proof. (i) The localization result follows from potential (3.5), where we use the above asymptotics of the rescaled kernel. We present an analysis proving (3.9) and also showing the asymptotic behaviour of the solutions as t → 1^− to be compared with the Hamilton- Jacobi limits given below. By shifting t → t + 1, the blow-up moment becomes T = −0 and now t < 0. Using (3.6) in potential (3.5), we obtain that for t ≈ −0, the main asymptotic expansion terms of solution u(x, t) are composed from oscillatory integrals of the form

(3.11) ∫_t e^{(−τ )−γ −amxα(t−τ )−γ} cos[b_mx^α(t − τ)^{−γ} ]dτ, γ = 1/(2m − 1).

Here we omit lower-order terms, which do not affect convergence or divergence of the integral as t → −0 provided that the main prescribed exponential part stays dominant. Setting τ = μt, μ > 1, we arrive at integrals

(3.12) ∫_{(−t)}−1 e^{(−t)−γ G(μ)} cos[b_mx^α(−t)^{−γ} (μ − 1)^{−γ} ]dμ, where the function

(3.13) G(μ) = μ^{−γ} − a_mx^α(μ − 1)^{−γ} , μ > 1,

has a typical bell-shaped form with a single maximum at

μ_∗ = (1 − a^{1/α}_m x)^{−1} if x < L ≡ a^{−1/α}_m , and G(μ_∗) = g(x) ≡ (1 − x/L)^α. Thus, if x < L, by the Cauchy criterion, integrals of the type (3.11) diverge as t → −0 in view of the strong dominance of the singular multiplier with fast exponential growth. Using Taylor’s expansion of G(μ) in a neighbourhood of μ = μ_∗, we conclude that, in the first approximation, the corresponding non-oscillatory part (the envelope of the oscillating functional family) can be asymptotically estimated by the exponential function (3.14) e^{(−t)−γ G(μ∗)} ≡ e^{(−t)−γ g(x)} → ∞ as t → −0 for any x < L.

One can see from (3.13) that for any fixed x > L, as t → −0, integrals like (3.11) converge absolutely. The behaviour in the localization domain x ∈ (0, L) is oscillatory so that lim sup u(x, t) = ∞ and lim inf u(x, t) = −∞ as t → −0, cf. Hamilton-Jacobi limits explained below.

(ii) The proof is similar. The divergence of the integral for any x > 0 is straightforward for any n < −1/(2m−1). A more precise estimate can also be obtained and it corresponds to the similarity solutions of the Hamilton-Jacobi equation. □

3.2. The Hamilton-Jacobi structure of blow-up singularities. Let us show that the above exponential blow-up regimes have a Hamilton-Jacobi structure. This can be seen directly from the potential. On the other hand, we can use the same nonlinear transformation u = e^v, which leads to the perturbed complex Hamilton-Jacobi equation for the function v : Q → C ,

(3.15) v_t = (−1)^{m+1}(v_x)^{2m} + P_m(v),

where P_m is a quasilinear polynomial 2m-th order operator which can be computed. For instance, P_2(v) = −v_{xxxx} − 4v_xv_{xxx} − −6(v_x)^2v_{xx} − 3(v_{xx})^2.

The corresponding Hamilton-Jacobi equation composed from the leading operator of the maximal algebraic homogeneity order,

(3.16) v_t = (−1)^{m+1}(v_x)^{2m}, 17

admits the solution in separate variables (3.17) V_∗(x, t) = (1 − t)^{−1/(2m−1)}θ(x), where θ : R → C solves the complex ODE (3.18) (−1)^{m+1}(θ^′)^{2m} − θ 2m − 1 = 0 for x > 0, θ(0) = 1.

For odd m = 1, 3, ..., this ODE admits a nonnegative compactly supported solution (3.19) θ̃(x) = (1 − x/l_m)^α_+, l_m = 2m(2m − 1)^{−1/α}. The constant l_m is the same as that calculated via the potential. For m = 1, where l_1 = 2, function (3.19) actually occurs in the asymptotic behaviour as t → −0, [43], Chapt. 3. Though for m > 1, as we have seen above, this non-oscillatory profile does not describe the asymptotic behaviour, θ̃ correctly explains the behaviour of the envelope to a family of oscillatory rescaled blow-up profiles. In general, the ODE (3.18) admits complex valued solutions with compactly supported real part describing the oscillatory blow-up behaviour. For any m > 1, problem (3.18) has the complex solutions θ(x) = (1 − bx)^α , where b ∈ C solves (−1)^{m+1}(αb)^{2m} = 1 2m − 1 , so that b = e^{iφk} /l_m, φ_k = π(2k + 1)/2m for even m’s, and a = e^{iφk} /l_m, φ_k = πk/m for odd ones, k = 0, 1, ..., 2m − 1. Then θ(x) = ρ^αe^{iαψ}, where

ρ^2(x) = 1 + x^2 l^2_m − 2 x l_m cos φ_k, tan ψ(x) = − l_mx sin φ_k l_m − x cos φ_k . This gives a typical oscillating behaviour of the blowing up solution (3.20) u(x, t) ∼ Re e^{V∗(x,t)} ≡ e^{(1−t)−γ ρα(x) cos(αψ(x))} cos[(1 − t)^{−γ} ρ^α(x) sin(αψ(x))]. We again observe the exponential envelope to the oscillating family (3.20) e^{(1−t)−γ ρα(x) cos(αψ(x))} as t → 1^−. In a similar way, we can construct blow-up HS-regimes with v(0, t) = (1 − t)^n, n < −1/(2m − 1). Approximate self-similar solutions satisfying the Hamilton-Jacobi equation take the similarity form

V_∗(x, t) = (1 − t)^nh(η), η = x/(1 − t)^β , β = [n(2m − 1) + 1]/2m < 0, where h : R → C solves the complex ODE (−1)^{m+1}(h^′)^{2m} − βh^′η + nh = 0.

Complex-valued profiles h describe the oscillating character of global blow-up. 18

4. Energy estimates and functional systems We return to the general problem (1.1)–(1.3).

4.1. Energy estimates. Let us introduce families of the subdomains of Q. For any fixed s > 1 and δ > 0, we define Ω(s) = {|x| > s}, Ω(s, δ) = Ω(s) \ Ω(s + δ), Q^b_a(s, δ) = Ω(s, δ) × (a, b), 0 ≤ a ≤ b ≤ T ; Q^b_a(s) ≡ Q^b_a(s, ∞). We will use the interpolation Gagliardo-Nirenberg inequalities for the domains Ω(s, δ). For any 0 ≤ j < m, there holds (4.1) ‖D^j_xv‖_{r,Ω(s,δ)} ≤ k_1δ^{−j−n(r−g)/rg}‖v‖_{g,Ω(s,δ)} + k_2‖D^m_x v‖^θ_{p+1,Ω(s,δ)} ‖v‖^{1−θ}_{g,Ω(s,δ)}, where v(x) is an arbitrary function from the Sobolev space W^m_{p+1}(Ω(s, δ)) ∩ L_g(Ω(s, δ)), ‖v‖^h_{,Ω} = ∫ Ω |v|^hdx, and g > 0, r > 1 fixed exponents. The constant θ ∈ [j/m, 1] is determined by

(4.2) 1 r − j n = θ ( 1 p + 1 − m n ) + 1 − θ g . Positive constants k_1 and k_2 do not depend on v(x), s and δ.

We next introduce cut-off functions. Let η_0(h) ≥ 0 be a C^m-smooth function such that η_0(h) = 0 for h ≤ 0, η_0(h) = 1 for h ≥ 1, 0 ≤ η_0(h) ≤ 1 for any h ∈ R.

Given arbitrary s > 1 and δ > 0, we define the cut-off function (4.3) η(x) = η_0((|x| − s)/δ). Lemma 4.1. Let u(x, t) be an arbitrary energy solution of the problem (1.1)−(1.3). Then for any 0 ≤ a < b < T and any ε > 0, there holds ∫ Ω(s+δ) |u(x, b)|^{q+1}dx + ∫_b a ∫ Ω(s+δ) |D^m_x u(x, t)|^{p+1}dxdt ≤ (1 + ε) ∫ Ω(s) |u(x, a)|^{q+1}dx

(4.4) + δ^{−m(p+1)}c(ε) ∫_b a ∫ Ω(s,δ) |u(x, t)|^{p+1}dxdt. The positive constant c(ε) → ∞ as ε → 0 depends on parameters of the problem and is independent of u(x, t), s and δ.

Proof. Let us fix an s_1 ∈ (1, s), where s is as in (4.3), and introduce the cut-off function

η_1(x) = η_0( |x| − s_1 δ_1

), where δ_1 = s − s_1 > 0.

It is obvious that η^r_1(x)η(x) ≡ η(x) for any exponent r > 0. Therefore, for any t ∈ (0, T ), ⟨b(u)_t, ηu⟩ = ⟨b(u)_t, η^q_1ηu⟩ = ⟨b(η_1u)_t, ηu⟩ = ⟨b(η_1u)_t, ηη_1u⟩ = ⟨b(v)_t, ηv⟩, 19

where b(u) = |u|^{q−1}u and v = η_1u. As a consequence, similar to Proposition 3.2 in [8], we obtain the formula of integration by parts

(4.5) (q + 1)q^{−1} ∫_b a ⟨(|u|^{q−1}u)_t, uη⟩dt = ∫ Ω |u(x, b)|^{q+1}η(x)dx − ∫ Ω |u(x, a)|^{q+1}η(x)dx, where η is given in (4.3). We substitute the test function u(x, t)η(x) into the integral identity (1.9), where u is the given energy solution and η(x) is the cut-off function (4.3). Using (4.5) and the structural conditions (1.4), (1.5), standard transformations yields ∫ Ω(s) |u(x, b)|^{q+1}ηdx + ∫_b a ∫ Ω(s) |D^m_x u|^{p+1}ηdxdt ≤ ∫ Ω(s) |u(x, a)|^{q+1}ηdx

+ c (∫ Q^b_a(s,δ) |D^m_x u|^{p+1}dxdt ) p_{p+1} (_{m−1}∑ i=1 ∫ Q^b_a(s,δ) |D^i_xu|^{p+1}|D^{m−i}_x η|^{p+1}dxdt ) 1_{p+1} . (4.6)

Let us estimate the second term on the right-hand side by using the interpolation inequality (4.1) with j = 0, 1, 2, ..., m − 1, r = p + 1 and g = q + 1. We also use the following obvious property of the cut-off function η(x): (4.7) |D^i_xη| ≤ cδ^{−i}, i = 1, 2, ..., m. As the result, for i = 1, 2, ..., m − 1, we have ∫ Ω(s,δ) |D^i_xu(x, t)|^{p+1}|D^{m−i}_x η|^{p+1}dx ≤ cδ^{−(m−i)(p+1)} ∫ Ω(s,δ) |D^i_xu(x, t)|^{p+1}dx

≤ cδ^{−(m−i)(p+1)} [ k^{p+1}_1 δ^{−i(p+1)} ∫ Ω(s,δ) |u|^{p+1}dx + k^{p+1}_2 (∫ Ω(s,δ) |D^m_x u|^{p+1}dx ) i_m

× (∫ Ω(s,δ) |u|^{p+1}dx ) m−i_m ] ≤ cδ^{−m(p+1)}k^{p+1}_1 ∫ Ω(s,δ) |u|^{p+1}dx + ck^{p+1}_2 (∫ Ω(s,δ) |D^m_x u|^{p+1}dx ) i_m

× ( δ^{−m(p+1)} ∫ Ω(s,δ) |u|^{p+1}dx ) m−i_m ≤ ε ∫ Ω(s,δ) |D^m_x u|^{p+1}dx + c(ε)δ^{−m(p+1)} ∫ Ω(s,δ) |u|^{p+1}dx, where at the last step we apply Young’s inequality with a parameter ε > 0. Substituting these estimates into (4.6) and using Young’s inequality where necessary, we obtain ∫ Ω(s) |u(x, b)|^{q+1}ηdx + ∫_b a ∫ Ω(s) |D^m_x u(x, t)|^{p+1}ηdxdt ≤ ∫ Ω(s) |u(x, a)|^{q+1}ηdx

(4.8) + ε ∫ Q^b_a(s,δ) |D^m_x u(x, t)|^{p+1}dxdt + c(ε)δ^{−m(p+1)} ∫ Q^b_a(s,δ) |u(x, t)|^{p+1}dxdt, where ε > 0 can be arbitrarily small and c(ε) → ∞ as ε → 0.

Consider (4.8) as the relation between the following functions of argument s:

A_b(s) = ∫ Ω(s) |u(x, b)|^{q+1}dx, A_a(s) = ∫ Ω(s) |u(x, a)|^{q+1}dx, 20

B(s) = ∫ Q^b_a(s) |u(x, t)|^{p+1}dxdt, H(s) = ∫ Q^b_a(s) |D^m_x u(x, t)|^{p+1}dxdt. It then follows from (4.8) that (4.9) A_b(s + δ) + H(s + δ) ≤ εH(s) + c(ε)δ^{−m(p+1)}[B(s) − B(s − δ)] + A_a(s). Since s > 1 and δ > 0 are arbitrary continuous arguments in (4.9), the following inequalities hold for any j = 1, 2, ...,

A_b(s + δ 2^{j−1} ) + H(s + δ 2^{j−1} )

(4.10) ≤ εH(s + δ 2^j

) + c(ε)(

2^j δ )^{m(p+1)}[B(s + δ 2^j ) − B(s + δ 2^{j−1} )] + A_a(s + δ 2^j ), which are derived from (4.9) replacing s → s + δ/2^j and δ → δ/2^j.

Let us construct a process of successive estimates using (4.10). It is similar to the procedure used in [50]. To this end, consider it for j = 1 and next estimate H(s + δ/2) on the right-hand side by means of the same inequality for j = 2. Continue this process cyclically for j = 3, 4, ... . Combining all these estimates, we deduce that A_b(s + δ) + H(s + δ) ≤ εH(s + δ 2 ) + c(ε)( 2 δ )^{m(p+1)}[B(s + δ 2 ) − B(s + δ)]

+ A_a(s + δ 2 ) ≤ ε^2H(s + δ 4 ) + c(ε)[( 2 δ )^{m(p+1)}[B(s + δ 2 ) − B(s + δ)]

+ ε (

2^2 δ )^{m(p+1)}[B(s + δ 2^2 ) − B(s + δ 2 )]] + A_a(s + δ 2 ) + εA_a(s + δ 2^2 ) ≤ . . . ≤ ε^jH(s + δ 2^j

) + c(ε)( 2 δ )^{m(p+1)} j−1∑ k=0 (2^{m(p+1)}ε)^k[B(s + δ 2^{k+1} ) − B(s + δ 2^k )]

+ j−1∑ k=0 ε^kA_a(s + δ 2^{k+1} ) ≤ ε^jH(s + δ 2^j

) + A_a(s + δ 2^j ) j−1∑ k=0 ε^k

+ c(ε)( 2 δ )^{m(p+1)}[B(s + δ 2^j

) − B(s + δ)] j−1∑ k=0 (2^{m(p+1)}ε)^k.

Setting in this inequality (4.11) ε ≤ ε_0 = 2^{−m(p+1)−1} and next passing to the limit j → ∞, we obtain

(4.12) A_b(s + δ) + H(s + δ) ≤ c(ε)

2^{m(p+1)+1} δ^{m(p+1)} [B(s) − B(s + δ)] + 1 1 − ε A_a(s). Here we have used the continuity property of the functions A_a(s) and B(s). Inequality (4.12) is equivalent to (4.4). This completes the proof of the lemma. □ 21

4.2. System of functional inequalities. We introduce an arbitrary strictly monotone sequence (4.13) {t_j} → T^−, Δ_j = t_j − t_{j−1} > 0 for j = 1, 2, ..., t_0 > 0, and define two families of energy functions of the energy solution u(x, t) of problem (1.1)- (1.3) for s > 1 h_j(s) = sup_{t∈(tj−1 ,tj )} ∫ Ω(s) |u(x, t)|^{q+1}dx,

(4.14) I_j(s) = ∫_{tj} t_{j−1} ∫ Ω(s) |u(x, t)|^{p+1}dxdt, j = 1, 2, ... , I_0(s) = ∫_{t0} 0 ∫ Ω(s) |u(x, t)|^{p+1}dxdt, h_0(s) = ∫ Ω(s) |u(x, t_0)|^{q+1}dx. Lemma 4.2. Given an arbitrary energy solution of (1.1)-(1.3), for any s > 1 and δ > 0, functions (4.14) satisfy the following system of functional inequalities:

(4.15) h_j (s + δ) ≤ (1 + ε_j )h_{j−1}(s) + c(ε_j )

ΔI_j(s) δ^{m(p+1)} , ΔI_j (s) ≡ I_j (s) − I_j (s + δ),

(4.16) I_j (s + δ) ≤ c_1Δ^{1−θ1}_j [ (1 + ε_j)h_{j−1}(s) + c(ε_j)

ΔI_j (s) δ^{m(p+1)} ]_{1+ν} , j = 1, 2, ... , where c_1 > 0 is a constant,

(4.17) θ_1 = n(p − q) n(p − q) + m(p + 1)(q + 1) , ν = (p − q)(1 − θ_1) q + 1 , {ε_j > 0} is an arbitrary sequence and positive constants satisfy c(ε_j) → ∞ as ε_j → 0. Proof. Setting in (4.4) a = t_{j−1} and b = t̃, where t̃ ∈ (t_{j−1}, t_j] is arbitrary, we obtain (4.15). In order to prove (4.16), we write down the interpolation inequality (4.1) with δ = ∞, j = 0, r = p + 1, g = q + 1 and replacing s → s + δ: ∫ Ω(s+δ) |u|^{p+1}dx ≤ k^{p+1}_2 (∫ Ω(s+δ) |D^m_x u|^{p+1}dx )_{θ1} (∫ Ω(s+δ) |u|^{q+1}dx )^{(1−θ}1^{)(p+1)} q+1 , where θ_1 is taken from (4.17). Integrating this inequality in t and using estimates (4.15) and (4.4), we get

I_j(s + δ) ≤ c_2 (∫_{tj} t_{j−1} ∫ Ω(s+δ) |D^m_x u|^{p+1}dxdt )_{θ1} [∫_{tj} t_{j−1} (∫ Ω(s+δ) |u|^{q+1}dx ) p+1_{q+1} dt ]_{1−θ1}

(4.18) ≤ c_1[R_j (s, δ)]^{θ1} Δ^{1−θ1}_j [R_j (s, δ)]^{(p+1)(1−θ1)/(q+1)} ≡ c_1Δ^{1−θ1}_j [R_j (s, δ)]^{1+(p−q)(1−θ1)/(q+1)}, where R_j (s, δ) ≡ (1 + ε_j)h_{j−1}(s) + c(ε_j)

ΔI_j(s) δ^{m(p+1)} . 22

Inequality (4.18) gives (4.16). □

Other types of infinite functional systems of inequalities for energy functions were introduced in [34] - [37]. The last paper, where a survey on such methods of introducing a parameter can be found, contains an abstract scheme of the method with applications to uniqueness and asymptotic properties of solutions to the second and higher-order elliptic and parabolic equations in unbounded domains. As we have mentioned in the introduction, papers [49], [50] present a version of energy methods in the study of differential properties of solutions of quasilinear higher-order elliptic equations. Later on, in applications to quasilinear higher-order parabolic equations, the energy methods were extended in [6] - [9] and in [45], [46].

Let us comment on types and “measures” of singularities covered by energy methods in earlier results. In [37] an infinite partition was arranged near the initial moment t = 0 in order to prove uniqueness in optimal Tikhonov-Täcklind classes of growing functions for higher-order linear parabolic equations and systems. In [1] optimal uniqueness classes were obtained by special energy estimates for quasilinear parabolic equations. Formally, this can be classified as an asymptotic (short-time) description of “initial singularities” posed in terms initial data u_0(x) growing as x → ∞.

Localization phenomena present another type of eventual singularities, which occur at finite blow-up time t = T^− and essentially depend on both nonlinear properties of the equations and the blow-up boundary regime. We thus face new types of evolution singularities occurring in nonlinear dynamical systems. In the analysis of the evolution singularities, the type of partitions is not known a priori and, in fact, should be chosen according to unknown asymptotic properties of the unbounded blow-up solutions. Such an asymptotic analysis of infinite functional systems is delicate, and the total amount of computations we are dealing with increases dramatically due to an essential difference between the initially posed (fixed) singularity and the eventual evolution one with unknown properties.

4.3. Preliminary estimates.

Corollary 4.1. For equation (1.1) with p = q, the main functional system (4.15), (4.16) reads as follows: for any s > 1 and δ > 0,

(4.19) h_j(s + δ) ≤ (1 + ε_j)h_{j−1}(s) + c(ε_j)

ΔI_j (s) δ^{m(p+1)} ,

(4.20) I_j(s + δ) ≤ c_1Δ_j (1 + ε_j)h_{j−1}(s) + c_1c(ε_j )Δ_j

ΔI_j(s) δ^{m(p+1)} , j = 1, 2, ... . Fix an arbitrary strictly monotone decreasing sequence {α_i > 0}. We define the normalized energy functions

(4.21) H_j (s) = α_jh_j (s) and J_j (s) = α_jI_j (s). 23

In terms of them, system (4.19), (4.20) takes the form

(4.22) H_j(s + δ) ≤ β_j H_{j−1}(s) + c(ε_j)

ΔJ_j (s) δ^{m(p+1)} , β_j ≡ (1 + ε_j)α_j α_{j−1} ,

(4.23) J_j (s + δ) ≤ c_1β_jΔ_j H_{j−1}(s) + c_1c(ε_j)Δ_j

ΔJ_j(s) δ^{m(p+1)} , j = 1, 2, ... . We now iterate this system. Namely, we estimate H_{j−1}(s) on the right-hand side of (4.23) by means of (4.22) replacing j → j − 1. Assuming now that δ = δ_j in (4.22) and (4.23) depend on j and denoting for convenience d_j = δ^{−m(p+1)} j , we obtain

J_j(s+δ_j + δ_{j−1}) ≤ c_1β_j Δ_jH_{j−1}(s + δ_{j−1}) + c_1c(ε_j )Δ_jΔJ_j (s + δ_{j−1})d_j ≤ c_1β_j β_{j−1}Δ_j H_{j−2}(s) + c_1[c(ε_j)Δ_j d_jΔJ_j (s + δ_{j−1}) + c(ε_{j−1})Δ_j β_j d_{j−1}ΔJ_{j−1}(s)].

We again estimate H_{j−2}(s) on the right-hand side by means of (4.22) with j → j − 2:

J_j(s + δ_j + δ_{j−1}+δ_{j−2}) ≤ c_1β_jβ_{j−1}β_{j−2}Δ_j H_{j−3}(s) + c_1[c(ε_j)Δ_jd_j ΔJ_j(s + δ_{j−1} + δ_{j−2}) + c(ε_{j−1})Δ_jβ_j d_{j−1}ΔJ_{j−1}(s + δ_{j−2}) + c(ε_{j−2})Δ_j β_j β_{j−1}d_{j−2}ΔJ_{j−2}(s)].

Repeating the same procedure, we arrive at

J_j(s + j∑ i=0 δ_i) ≤ c_1β_j...β_1Δ_j H_0(s + δ_0) + c_1 j∑ k=1 c(ε_k)Δ_jβ_j ...β_{k+1}d_k ΔJ_k(s + k−1∑ i=0 δ_i), or, replacing s + ∑_j i=0 δ_i by s,

J_j (s) ≤ c_1β_j ...β_1Δ_j H_0(s − j∑ i=1 δ_i) + c_1c(ε_j )Δ_jd_j[J_j (s − δ_j) − J_j (s)]

+ c_1 j∑ k=1 c(ε_k)Δ_j β_j...β_{k+1}d_k J_k(s − j∑ i=k δ_i). Collecting like terms together, we derive the following result.

Lemma 4.3. For p = q, normalized energy functions J_j (s), j = 1, 2, ..., given by (4.14), (4.21), satisfy the following functional system: J_j (s) ≤ γ_j 1 + γ_j

J_j (s − δ_j) + c_1 1 + γ_j j−1∑ k=1 c(ε_k)Δ_jβ_j ...β_{k+1} J_k(s − j∑ i=k δ_i) δ^{−m(p+1)} k

+ c_1 1 + γ_j β_j...β_1Δ_j H_0(s − j∑ i=1 δ_i), s ≥ 1 + j∑ i=1 δ_i, γ_j = c_1c(ε_j)Δ_jδ^{−m(p+1)}_j .

(4.24)

We now establish a global a priori bound on the solution u(x, t) via the boundary function F . 24

Lemma 4.4. For any energy solution u(x, t) of the problem (1.1)-(1.3) with p = q, the following global a priori estimate holds:

(4.25) ∫ Ω |u|^{p+1}dx + ∫_t 0 ∫ Ω |D^m_x u|^{p+1}dxdτ ≤ C[‖u_0‖^{p+1}_{Lp+1(Ω)} + F (t)], t ∈ (0, T ). Proof. Using conditions (1.6),(1.7) and the definition of solution u(x, t), it is easy to extend the proof of the integration by parts formula [2] to arbitrary m > 1. We then obtain ∫_t 0 ⟨(|u|^{p−1}u)_τ , u − f⟩dτ = p p + 1 ∫ Ω (|u(x, t)|^{p+1} − |u(x, 0)|^{p+1})dx + ∫_t 0 ∫ Ω (|u(x, τ)|^{p−1}u(x, τ) − |u(x, 0)|^{p−1}u(x, 0))f_τ (x, τ)dxdτ (4.26) − ∫ Ω (|u(x, t)|^{p−1}u(x, t) − |u(x, 0)|^{p−1}u(x, 0))f(x, t)dx. Substituting the test function η(x, t) = u(x, t) − f(x, t) into the integral identity (1.9) and using (4.26) and the structural conditions (1.4), (1.5), we conclude that p p + 1 ∫ Ω |u(x, t)|^{p+1}dx + d_1 ∫_t 0 ∫ Ω |D^m_x u|^{p+1}dxdτ ≤ d_2 ∫_t 0 ∫ Ω |D^m_x u(x, τ)|^p|D^m_x f(x, τ)|dxdτ + ∫ Ω (|u(x, t)|^{p−1}u(x, t) − |u(x, 0)|^{p−1}u(x, 0))f(x, t)dx − ∫_t 0 ∫ Ω [|u(x, τ)|^{p−1}u(x, τ) (4.27) − |u(x, 0)|^{p−1}u(x, 0)]f_τ (x, τ)dxdτ + p p + 1 ∫ Ω |u(x, 0)|^{p+1}dx, where d_1 is taken from (1.4). By Young’s inequality we derive the following straightforward estimates of the terms given on the right-hand side of (4.27): ∫_t 0 ∫ Ω |D^m_x u(x, τ)|^p|D^m_x f(x, τ)|dxdτ ≤ ε_1 ∫_t 0 ∫ Ω |D^m_x u(x, τ)|^{p+1}dxdτ

(4.28) + c(ε_1) ∫_t 0 ∫ Ω |D^m_x f(x, τ)|^{p+1}dxdτ, ∫ Ω | ||u(x, t)|^{p−1}u(x, t) − |u(x, 0)|^{p−1}u(x, 0) | | |f(x, t)|dx ≤ ε_1[‖u(·, t)‖^{p+1}_{Lp+1(Ω)} (4.29) + ‖u(·, 0)‖^{p+1}_{Lp+1(Ω)}] + c_2(ε_1)‖f(·, t)‖^{p+1}_{Lp+1(Ω)},

(4.30) ∫_t 0 ∫ Ω |u(x, 0)|^p|f_τ (x, τ)|dxdτ ≤ ε_1‖u_0‖^{p+1}_{Lp+1(Ω)} + c_3(ε_1)‖f_τ (·, τ)‖^{p+1}_{L1(0,t;Lp+1(Ω))}, ∫_t 0 ∫ Ω |u(x, τ)|^p|f_τ (x, τ)|dxdτ ≤ sup_{τ ∈(0,t)} ‖u(·, τ)‖^p_{Lp+1(Ω)} ∫_t 0 (∫ Ω |f_τ (x, τ)|^{p+1}dx ) 1_{p+1} dτ 25

(4.31) ≤ ε_1 sup_{τ ∈(0,t)} ‖u(·, τ)‖^{p+1}_{Lp+1(Ω)} + c_4(ε_1)‖f_τ (·, τ)‖^{p+1}_{L1(0,t;Lp+1(Ω))}.

Combining (4.28)-(4.31) and substituting them into (4.27), we arrive at (4.25). □ 5. First step: proof of localization of “flat” LS-regime The proof of Theorem 1.1 consists of two steps. In this section we perform the first step and consider the case of “flat” (lower than the optimal one in (1.13)) boundary blow-up regime meaning that function F in (1.8) satisfies (5.1) F (t) ≤ c exp{A(T − t)^{−1/[m(p+1)+ξ0 ]}}, t ∈ (0, T ), where c and A are arbitrary positive constants. The constant ξ_0 > 0 can be arbitrarily small. Localization estimates are derived from the functional system (4.24) with the following choice of its free parameters.

(i) Fix a small δ > 0 (δ → 0 later on), and define a sequence of displacements (a spatial partition) (5.2) δ_i = 2^{−i}δ, i ≥ 1, δ_0 = 0.

(ii) We choose unit normalized multipliers (5.3) α_i = 1, i ≥ 1.

(iii) All the parameters ε_j in the system (4.19), (4.20) and in (4.24) are constant: (5.4) ε_i = ε = const > 0, hence β_j = 1 + ε, j ≥ 1, with a small fixed ε > 0 to be determined later.

(iv) The space displacements for j = 1, 2, ... (a time partition) are

(5.5) Δ_j = δ^{m(p+1)} j c_1 · c(ε)

= r^{j−1}_0 Δ_1, Δ_1 = 1 c_1c(ε) ( δ 2 )_{m(p+1)} , r_0 = 2^{−m(p+1)} < 1,

where c_1 and c(ε) are the constants from (4.24). Then (5.6) γ_j = 1, j ≥ 1.

The functional system (4.24) takes the form I_j(s) ≤ 1 2 I_j(s − δ_j ) + 1 2 j−1∑ k=1 (1 + ε)^{j−k}r^{j−k}_0 I_k(s − j∑ i=k δ_i)

(5.7) + 1 2 c_1[(1 + ε)r_0]^{j−1}Δ_1h_0(s − j∑ i=1 δ_i), j ≥ 1, s > 1 + j∑ i=1 δ_i. Let us calculate the value t_0, which corresponds to displacements {Δ_i, i ≥ 1} defined in (5.5):

T − t_0 = ∞∑ i=1 Δ_i = Δ_1 ∞∑ i=0 r^i_0 =

Δ_1 1 − r_0 = δ^{m(p+1)} c_1c(ε)2^{m(p+1)}(1 − r_0) , 26

so that (5.8) t_0 = T − δ^{m(p+1)} c_1c(ε)2^{m(p+1)}(1 − r_0)

→ T^− as δ → 0 or ε → 0.

We now fix ε > 0 in (5.7) so small that (5.9) (1 + ε)r_0 = r_1 < 1. Then system (5.7) takes the final form I_j (s) ≤ 1 2 I_j (s − δ_j ) + 2^{−1} j−1∑ k=1 r^{j−k}_1 I_k(s − j∑ i=k δ_j )

(5.10) + 1 2 c_1r^{j−1}_1 Δ_1h_0(s − j∑ i=1 δ_i), j ≥ 1, s > 1 + j∑ i=1 δ_i. Assume that s satisfies the following additional restriction:

(5.11) s − δ_j − j∑ i=1 δ_i ≥ 1. Then the first summand on the right-hand side of (5.10) can be estimated from above by means of the same inequality with the shifted argument s → s − δ_j . This yields

I_j(s) ≤ 2^{−2}I_j (s − 2δ_j ) + 2^{−2} j−1∑ k=1 r^{j−k}_1 I_k(s − δ_j − j∑ i=k δ_j ) + 2^{−1} j−1∑ k=1 r^{j−k}_1 I_k(s − j∑ i=k δ_j )

+ c_1r^{j−1}_1 Δ_1 [ 2^{−1}h_0(s − j∑ i=1 δ_i) + 2^{−2}h_0(s − δ_j − j∑ i=1 δ_i) ] . If we now assume that s satisfies s − 2δ_j − j∑ i=1 δ_i ≥ 1, then the first summand on the right-hand side is estimated by (5.10) with s → s − 2δ_j. After similar l steps, assuming that

(5.12) s − lδ_j − j∑ i=1 δ_i ≥ 1, 27

we obtain

I_j(s) ≤ 2^{−l}I_j (s − lδ_j ) + j−1∑ k=1 r^{j−k}_1 l∑ i=1 2^{−i}I_k(s − iδ_j − δ_{j−1} − ... − δ_k)

+ c_1r^{j−1}_1 Δ_1 l∑ i=1 2^{−i}h_0(s − iδ_j − δ_{j−1} − ... − δ_1), j ≥ 1. (5.13) Observe that (5.12) holds provided that (5.14) s = s_0 ≡ 1 + 2δ, l = l_1 ≡ 2^j. Indeed, for any j ≥ 1, s_0 − l_1δ_j − j−1∑ i=1 δ_i = 1 + 2δ − 2^jδ_j − δ j−1∑ i=1 2^{−i} = 1 + 2^{−j+1}δ > 1.

From (5.13) we then derive the first main inequality

I_j (s_0) ≤ 2^{−l1} I_j (s_0 − l_1δ_j) + j−1∑ k_1=1 r^{j−k}_1 l_1∑

i_1=1

2^{−i1} I_{k1} (s_0 − i_1δ_j − δ_{j−1} − ... − δ_{k1} )

(5.15) + c_1r^{j−1}_1 Δ_1

l_1∑

i_1=1

2^{−i1} h_0(s_0 − i_1δ_j − δ_{j−1} − ... − δ_1) ≡ A^{(1)}_1 + A^{(2)}_1 + A^{(3)}_1 . Let us transform A^{(2)}_1 into the form A^{(2)}_1 = r_1

l_1∑

i_1=1

2^{−i1} I_{j−1}(s_0 − i_1δ_j − δ_{j−1})

+ j−2∑ k_1=1 r^{j−k1}_1 l_1∑

i_1=1

2^{−i1} I_{k1} (s_0 − i_1δ_j − δ_{j−1} − ... − δ_{k1} ) ≡ A^{(2)}_{1,1} + A^{(2)}_{1,2}.

In order to estimate the summands of A^{(2)}_{1,1} we use (5.13) with j → j − 1, I_{j−1}(s_0 − i_1δ_j − δ_{j−1}) ≤ 2^{−l2} I_{j−1}(s_0 − i_1δ_j − δ_{j−1} − l_2δ_{j−1}) + j−2∑ k_2=1 r^{j−1−k2} 1 l_2∑

i_2=1

2^{−i2} I_{k2} (s_0 − i_1δ_j − δ_{j−1} − i_2δ_{j−1} − δ_{j−2} − ... − δ_{k2} )

+ c_1r^{j−2}_1 Δ_1

l_2∑

i_2=1

2^{−i2} h_0(s_0 − i_1δ_j − δ_{j−1} − i_2δ_{j−1} − δ_{j−2} − ... − δ_1).

(5.16) The restriction from above (5.12) for l_2 now takes the form s_0 − i_1δ_j − δ_{j−1} − l_2δ_{j−1} − j−2∑ i=1 δ_i ≥ 1, 28

and hence l_2δ_{j−1} ≤ s_0 − 1 − i_1δ_j − j−1∑ i=1 δ_i ≡ δ − i_1δ_j + δ_{j−1}.

Substituting estimate (5.16) into the expression for A^{(2)}_{1,1}, after some manipulations in the right-hand side of (5.15) we arrive at I_j(s_0) ≤ A^{(1)}_2 + A^{(2)}_2 + A^{(3)}_2 ,

A^{(1)}_2 = A^{(1)}_1 + r_1

l_1∑

i_1=1

2^{−(i1+l2)}I_{j−1}(s_0 − i_1δ_j − δ_{j−1} − l_2δ_{j−1}),

A^{(2)}_2 = A^{(2)}_{1,2} +

l_1∑

i_1=1

2^{−i1} r_1 j−2∑ k_2=1 r^{j−1−k2} 1 l_2∑

i_2=1

2^{−i2} I_{k2} (s_0 − i_1δ_j − δ_{j−1} − i_2δ_{j−1} − δ_{j−2} − ... − δ_{k2} )

≡ j−2∑ k_2=1 l_1∑

i_1=1 l_2∑

i_2=0

r^{j−k2}_1 2^{−(i1+i2)}I_{k2} (s_0 − i_1δ_j − i_2δ_{j−1} − δ_{j−1} − δ_{j−2} − ... − δ_{k2} ),

A^{(3)}_2 =A^{(3)}_1 + c_1r^{j−1}_1 Δ_1

l_1∑

i_1=1 l_2∑

i_2=1

2^{−(i1+i2)}h_0(s_0 − i_1δ_j − i_2δ_{j−1} − δ_{j−1} − δ_{j−2} − ... − δ_1)

≡ c_1r^{j−1}_1 Δ_1

l_1∑

i_1=1 l_2∑

i_2=0

2^{−(i1+i2)}h_0(s_0 − i_1δ_j − i_2δ_{j−1} − δ_{j−1} − δ_{j−2} − ... − δ_1).

Let us separate the terms in A^{(2)}_2 corresponding to k_2 = j − 2 in the first summand and write down the representation A^{(2)}_2 = A^{(2)}_{2,1} + A^{(2)}_{2,2}.

We estimate summands from A^{(2)}_{2,1} by means of the main inequality (5.13) with j replaced by j − 2 and s replaced by s_0 − i_1δ_j − i_2δ_{j−1} − δ_{j−1} − δ_{j−2}. By manipulations similar to those at the previous step, we obtain a new form of estimate (5.15) I_j(s_0) ≤ A^{(1)}_3 + A^{(2)}_3 + A^{(3)}_3 .

Performing these cyclic estimates j − 1 times, we arrive at (5.17) I_j (s_0) ≤ A^{(1)}_{j−1} + A^{(2)}_{j−1} + A^{(3)}_{j−1}, where

A^{(1)}_{j−1} = 2^{−l1} I_j (s_0 − l_1δ_j) + r_1

l_1∑

i_1=1

2^{−(i1+l2)}I_{j−1}(s_0 − i_1δ_j − δ_{j−1} − l_2δ_{j−1}) + ...

+ r^h_1

l_1∑

i_1=1 l_2∑

i_2=0 ... l_h∑

i_h=0 2^{−(i1+...+ih+lh+1)}I_{j−h}(s_0 − i_1δ_j − ... − i_hδ_{j−h+1} − l_{h+1}δ_{j−h} − j−1∑ i=j−h δ_i) + ... 29

+ r^{j−2}_1

l_1∑

i_1=1 l_2∑

i_2=0 ... l_{j−2}∑

i_{j−2}=0 2^{−(i1+...+ij−2+lj−1)}I_2(s_0 − i_1δ_j − ... − i_{j−2}δ_3 − l_{j−1}δ_2 − j−1∑ i=2 δ_i),

A^{(2)}_{j−1} = r^{j−1}_1

l_1∑

i_1=1 l_2∑

i_2=0 ... l_{j−1}∑

i_{j−1}=0 2^{−(i1+...+ij−1)}I_1(s_0 − i_1δ_j − ... − i_{j−1}δ_2 − j−1∑ i=1 δ_i),

A^{(3)}_{j−1} = c_1r^{j−1}_1 Δ_1

l_1∑

i_1=1 l_2∑

i_2=0 ... l_{j−1}∑

i_{j−1}=0 2^{−(i1+...+ij−1)}h_0(s_0 − i_1δ_j − ... − i_{j−1}δ_2 − j−1∑ i=1 δ_i). The values l_k satisfy the following restrictions from above: s_0 − i_1δ_j − i_2δ_{j−1} − ... − i_{k−1}δ_{j−k+2} − l_kδ_{j−k+1} − j−1∑ i=1 δ_i ≥ 1 =⇒ i_1δ_j + i_2δ_{j−1} + ... + i_{k−1}δ_{j−k+2} + l_kδ_{j−k+1} ≤ 1 + 2δ − 1 − j−1∑ i=1 δ_i ≡ 2δ − δ(1 − 2^{−j+1}) = δ + δ_{j−1}, k = 1, 2, ..., j − 1. (5.18)

Our next goal is to establish appropriate estimates from above on A^{(1)}_{j−1}, A^{(2)}_{j−1} and A^{(3)}_{j−1}. We begin with A^{(1)}_{j−1}. Let us write it down in the form (5.19) A^{(1)}_{j−1} = j−2∑ h=0 r^h_1 P_h, where for h = 2, 3, ..., j − 2, P_h =

l_1∑

i_1=1 l_2∑

i_2=0 ... l_h∑

i_h=0 2^{−(i1+...+ih+lh+1)}I_{j−h}(s_0 − i_1δ_j − ... − i_hδ_{j−h+1} − l_{h+1}δ_{j−h} − j−1∑ i=j−h δ_i),

P_0 = 2^{−l1} I_j (s − l_1δ_j ), P_1 =

l_1∑

i_1=1

2^{−(i1+l2)}I_{j−1}(s_0 − i_1δ_j − l_2δ_{j−2} − δ_{j−1}).

By condition (5.18) on the number of iteration, the following estimate on P_h holds: (5.20) P_h ≤ I_{j−h}(1)

l_1∑

i_1=1 l_2∑

i_2=0 ... l_h∑

i_h=0 2^{−(i1+...+ih+lh+1)}, h ≥ 2. According to (5.18), we also conclude that l_{h+1} satisfies i_1δ_j + i_2δ_{j−1} + ... + i_hδ_{j−h+1} + l_{h+1}δ_{j−h} ≤ δ + δ_{j−1}.

Hence, by the definition of sequence {δ_j } there holds δ_j (i_1 + 2i_2 + 2^2i_3 + ... + 2^{h−1}i_h + 2^hl_{h+1}) ≤ δ_j(2^j + 2). 30

Therefore, l_{h+1} ≤ 2^{j−h} − 2^{−h}(i_1 + 2i_2 + 2^2i_3 + ... + 2^{h−1}i_h) + 2^{1−h}, so that we can set l_{h+1} = [ 2^{j−h} − 2^{−h}(i_1 + 2i_2 + ... + 2^{h−1}i_h) + 2^{1−h} ] , where [·] denotes the entire part. Obviously, there holds (5.21) l_{h+1} ≥ 2^{j−h} − 2^{−h}(i_1 + 2i_2 + ... + 2^{h−1}i_h) − 1. Extending estimate (5.20), we obtain

(5.22) P_h ≤ 2I_{j−h}(1) ∞∑ i_1=1 ∞∑ i_2=0 ... ∞∑ i_h=0 2^{−R(i1 ,i2,...,ih)} , where

R(i_1, i_2, ..., i_h) = 2^{j−h} + i_1(1 − 2^{−h}) + i_2(1 − 2^{−(h−1)}) + ... + i_h(1 − 2^{−1}). It then follows from (5.22) that P_h ≤ 2I_{j−h}(1) ∞∑ i_1=1 2^{−(1−2−h)i1} h∏ l=2 (_∞ ∑ i_l=0 2^{−(1−2−(h−l+1))il} ) 2^{−2j−h}

≤ 2^{2−h} 2^{−2j−h} I_{j−h}(1) h∏ l=1 b_i, (5.23)

where b_i = (1 − 2^{−(1−2−i)})^{−1}. In order to estimate constants b_i, we observe that for arbitrarily small μ > 0, there exists a number k_0 = k_0(μ) such that (5.24) b_i ≤ 2 + μ for any i > k_0. Hence, there holds

(5.25) h∏ i=1 b_i ≤ (2 + μ)^{h−k0} g^{k0}_0 , h > 1; g_0 = √ 2/( √ 2 − 1).

Extending (5.23), we obtain (5.26) P_h ≤ 2^{2−h} I_{j−h}(1)2^{−2j−h} (2 + μ)^{h−k0} g^{k0}_0 .

We now estimate I_{j−h}(1) from above. By the a priori estimate (4.25) from Lemma 4.4 it follows by assumption (5.1) that (5.27) I_{j−h}(1) ≤ cF (t_{j−h}) = c_3 exp{A(T − t_{j−h})^{−β}}, β = 1/[m(p + 1) + ξ_0]. By the definition (5.5) of {Δ_j } there holds T − t_{j−h} = ∞∑ i=j−h+1 Δ_j = ∞∑ i=j−h+1 r^{i−1}_0 Δ_1 =

Δ_1r^{j−h}_0 1 − r_0 ≡ Δ_12^{−m(p+1)(j−h)} 1 − r_0 . Hence, inequality (5.27) provides us with the estimate (5.28) I_{j−h}(1) ≤ c_3 exp{A[(1 − r_0)/Δ_1]^β2^{(j−h)(1−ξ0β)}}. 31

Substituting this estimate into (5.26), we get (5.29) P_h ≤ c_32^{2−h} (2 + μ)^{h−k0} g^{k0}_0 exp{−2^{j−h}K(j − h, ξ_0, δ)}, where the function K(u, ξ_0, δ) has the form

(5.30) K(u, ξ_0, δ) = ln 2 − A ( 1 − r_0 Δ_12^{uξ0} )_β ≡ ln 2 − A [ (1 − r_0)c_1c(ε)2^{m(p+1)} δ^{m(p+1)}2^{uξ0} ]_β . Here the constants c_1 and c(ε) are given in (4.24), (5.5) and ε > 0 satisfies (5.9), and β is from (5.27). We need some properties of the functions K(u, ξ_0, δ). For arbitrarily small values of δ > 0 and ξ_0 > 0, there exists finite u_0 = u_0(ξ_0, δ) > 0 such that (5.31) K(u, ξ_0, δ) ≥ ln 2/2 for any u ≥ u_0. Hence, estimate (5.29) can be extended as follows: P_h ≤ c_32^{2−h} (2 + μ)^{h−k0} g^{k0}_0 exp{−2^{j−h} ln 2/2} if h ≤ j − u_0, P_h ≤ c_32^{2−h} (2 + μ)^{h−k0} g^{k0}_0 exp{2^{1+u0} Bδ^{−m(p+1)β} } if h > j − u_0.

(5.32) The constant B = A[(1 − r_0)c_1c(ε)]^β is independent of h, j and other constants in (5.32). Moreover, (5.33) k_0 ≡ k_0(μ) → ∞ as μ → 0, u_0(ξ_0, δ) → ∞ as ξ_0 → 0, δ → 0. Estimate (5.32) was obtained for any h ≥ 2. For h = 0 and h = 1, the proof is quite similar.

We now estimate A^{(1)}_{j−1}. In view of (5.32) it follows from (5.19) that

A^{(1)}_{j−1} ≤ j−u_0∑

h=0 c_32^{2−h} g^{k0}_0 [r_1(2 + μ)]^h(2 + μ)^{−k0} exp{−2^{j−h} ln 2/2}

+ j−2∑ h=j−u_0+1 c_32^{2−h} g^{k0}_0 [r_1(2 + μ)]^h(2 + μ)^{−k0} exp{2^{1+u0} Bδ^{−m(p+1)β} } ≡ A^{(1)}_{j−1,1} + A^{(1)}_{j−1,2}.

We recall that by (5.9), r_1 = (1 + ε)r_0 = (1 + ε)2^{−m(p+1)}. Therefore, for any m ≥ 1 and p > 0, we can choose small fixed ε > 0 and the μ > 0 from (5.24) such that (5.34) (2 + μ)r_1 = (2 + μ)(1 + ε)/2^{m(p+1)} = λ_1 < 1. Then we deduce the estimates

(5.35) A^{(1)}_{j−1,1} ≤ 2c_3g^{k0}_0 (2 + μ)^{−k0} j−u_0∑

h=0 λ^h_1 exp{−2^{j−h} ln 2/2}

≤ c_4λ^j_1 j−u_0∑

h=0 exp{−(ln 2/2)2^{j−h} + (j − h) ln λ^{−1}_1 } < c_4λ^j_1B_1,

B_1 = ∞∑ i=1 exp{−(ln 2/2)2^i + i ln λ^{−1}_1 } = B_1(λ_1) = const < ∞, c_4 = 2c_3g^{k0}_0 (2 + μ)^{−k0} ; 32

(5.36) A^{(1)}_{j−1,2} ≤ c_4 exp{2^{1+u0} Bδ^{−m(p+1)β} } j−2∑ h=j−u_0+1 λ^h_1 ≤ c_4 exp{2^{1+u0} Bδ^{−m(p+1)β} }

× λ^{j−u0+1} 1 u_0−1∑

i=0 λ^i_1 ≤ c_4 exp{2^{1+u0} Bδ^{−m(p+1)β} } λ^j_1 (1 − λ_1)λ^{u0−1}_1 . Let us estimate the term A^{(2)}_{j−1}. We have

A^{(2)}_{j−1} ≤ r^{j−1}_1 ∞∑ i_1=1 ∞∑ i_2=0 ... ∞∑ i_{j−1}=0

2^{−(i1+...+ij−1)}I_1(1) = r^{j−1}_1 I_1(1)2^{j−2} = (2r_1)^{j−1}I_1(1)/2.

It follows from (5.34) that 2r_1 < λ_1 < 1, and hence (5.37) A^{(2)}_{j−1} ≤ 2^{−1}λ^{j−1}_1 I_1(1). Finally, consider A^{(3)}_{j−1},

A^{(3)}_{j−1} ≤ c_1r^{j−1}_1 h_0(1)Δ_1 ∞∑ i_1=1 ∞∑ i_2=0 ... ∞∑ i_{j−1}=0 2^{−(i1+i2+...+ij−1)} ≤ c_1(2r_1)^{j−1}Δ_1h_0(1)/2 ≤ c_1λ^{j−1}_1 Δ_1h_0(1)/2.

(5.38) Thus, we obtain from (5.17) due to (5.35)-(5.38) that (5.39) I_j (s_0) = I_j (1 + 2δ) ≤ cλ^j_1 for any j = 1, 2, ... , where c is independent of j and δ > 0 can be chosen arbitrarily small. Due to (5.39) we have I^{(tj )}(s_0) = j∑ i=1 I_i(1 + 2δ) ≤ c j−1∑ i=0 λ^i_1 ≤ c 1 − λ_1 , j = 1, 2, ... . This uniform estimate completes the proof of Theorem 1.1 under the additional restriction (5.1).

6. End of proof of Theorem 1.1: “steep” LS-regime We now consider optimal blow-up LS-regimes. Namely, according to Theorem 1.1, the boundary blow-up function satisfies for t ∈ (0, T ) (6.1) F (t) ≤ c exp{A(T − t)^{−ϕ}}, where ϕ = 1/[m(p + 1) − 1 + ξ_0] and ξ_0 > 0. We begin with the functional system (4.24), but unlike the previous section, we use a different choice of free parameters in partitions.

(i) Fix ε_i = ε_0 = const, i ≥ 1, where ε_0 is sufficiently small. (ii) We define the sequence {α_j} of normalized multipliers in (4.21) as follows:

(6.2) α_j = α_{j−1}r_2, r_2 = r_3/(1 + ε_0), r_3 = const < 1, 33

so that it is a geometric series α_j = α_1r^{j−1}_2 = r^j_2, j ≥ 1 (α_0 = 1).

(iii) Then (6.3) β_j = r_3 for any j ≥ 1.

(iv) Let us fix a large constant K > 0 (in what follows we pass to the limit K → ∞), and define the partitions (6.4) δ_i = (K + i)^{−1−ξ1/m(p+1)}, Δ_i = (K + i)^{−m(p+1)−ξ1} , i ≥ 1 (we set δ_0 = 0), where the constant ξ_1 = ξ_1(ξ_0) > 0 will be determined below. Under the above definitions, the functional system (4.24) takes the form

J_j(s) ≤ λ_1J_j (s − δ_j ) + λ_1 j−1∑ k=1 Δ_j Δ_k r^{j−k}_3 J_k(s − j∑ i=k δ_i)

+ c_2r^j_3Δ_j H_0(s − j∑ i=1 δ_i), j ≥ 1, (6.5)

where λ_1 = c_1c(ε_0)/[1 + c_1c(ε_0)] < 1, c_2 = c_1/[1 + c_1c(ε_0)].

(6.6) Recall that (6.7) J_j (s) = I_j(s)r^j_2 = I_j(s) exp{− ln r^{−1}_2 j}.

System (6.5) looks similar to (5.10) for the flat LS-regime and we apply the same iteration procedure. Assuming (5.11), the term J_j(s − δ_j ) in (6.5) is estimated from above by the same inequality with s → s − δ_j so that

(6.8) J_j(s) ≤ λ^2_1J_j (s − 2δ_j ) + j−1∑ k=1 Δ_j Δ_k r^{j−k}_3 2∑ i=1 λ^i_1J_k(s − (i − 1)δ_j − j∑ h=k δ_h)

+ c_2r^j_3Δ_j 2∑ i=1 λ^{i−1}_1 H_0(s − (i − 1)δ_j − j∑ h=1 δ_h). Performing this procedure l times and assuming that (5.12) holds, we obtain

J_j (s) ≤ λ^l_1J_j(s − lδ_j ) + j−1∑ k=1 Δ_j Δ_k r^{j−k}_3 l∑ i=1 λ^i_1J_k(s − iδ_j − j−1∑ h=k δ_h)

+ c_2r^j_3Δ_j l∑ i=1 λ^{i−1}_1 H_0(s − iδ_j − j−1∑ h=1 δ_h), j ≥ 1. (6.9) 34

Let us comment on a possible number of iterations l in (6.9). Denote

(6.10) δ = δ(K, ξ_1) = ∞∑ i=1 δ_j ≡ ∞∑ i=1 (K + i)^{−1−ξ1/m(p+1)}. We have ∫_∞ K+1 x^{−1−ξ1/m(p+1)}dx ≤ δ ≤ ∫_∞ K x^{−1−ξ1/m(p+1)}dx, and (6.11) ξ^{−1}_1 m(p + 1)(K + 1)^{−ξ1/m(p+1)} ≤ δ(K, ξ_1) ≤ ξ^{−1}_1 m(p + 1)K^{−ξ1/m(p+1)}, so that for any fixed ξ_1 > 0 (6.12) δ(K, ξ_1) → 0 as K → ∞. Denote (6.13) s_0 = 1 + 2δ(K, ξ_1), and determine the following number of iterations at the fist step: (6.14) l_1 = l_1(j) = [δ/δ_j ], j ≥ 1. Then

s_0 − l_1δ_j − j∑ i=1 δ_i = 1 + 2δ − l_1δ_j − j∑ i=1 δ_i ≥ 1 + 2δ − δ − j∑ i=1 δ_i = 1 + ∞∑ i=j+1 δ_i > 1. Hence, (6.9) holds with l = l_1,

J_j (s_0) ≤ λ^{l1}_1 J_j (s_0 − l_1δ_j ) + j−1∑ k_1=1

Δ_j Δ_{k1} r^{j−k1}_3 l_1∑

i_1=1

λ^{i1}_1 J_{k1} (s_0 − i_1δ_j − j−1∑ h=k_1 δ_h)

+ c_2r^j_3Δ_j

l_1∑

i_1=1

λ^{i1−1}_1 H_0(s_0 − i_1δ_j − j−1∑ h=1 δ_h) ≡ A^{(1)}_1 + A^{(2)}_1 + A^{(3)}_1 .

(6.15)

We again decompose A^{(2)}_1 in a manner similar to that in the previous section to get

A^{(2)}_1 =

Δ_j Δ_{j−1} r_3

l_1∑

i_1=1

λ^{i1}_1 J_{j−1}(s_0 − i_1δ_j − δ_{j−1})

+ j−2∑ k_1=1

Δ_j Δ_{k1} r^{j−k1}_3 l_1∑

i_1=1

λ^{i1}_1 J_{k1} (s_0 − i_1δ_j − j−1∑ h=k_1 δ_h) ≡ A^{(2)}_{1,1} + A^{(2)}_{1,2}.

(6.16) 35

We estimate the summands in A^{(2)}_{1,1} by using (6.9),

J_{j−1}(s_0 − i_1δ_j − δ_{j−1}) ≤ λ^{l2}_1 J_{j−1}(s_0 − i_1δ_j − δ_{j−1} − l_2δ_{j−1}) + j−2∑ k_2=1 Δ_{j−1} Δ_{k2} r^{j−1−k2} 3 l_2∑

i_2=1

λ^{i2}_1 J_{k2} (s_0 − i_1δ_j − δ_{j−1} − i_2δ_{j−1} − j−2∑ h=k_2 δ_h)

+ c_2r^{j−1}_3 Δ_{j−1}

l_2∑

i_2=1

λ^{i2−1}_1 H_0(s_0 − i_1δ_j − δ_{j−1} − i_2δ_{j−1} − j−2∑ h=1 δ_h), (6.17)

Substituting estimate (6.17) into the expression for A^{(2)}_{1,1}, by some obvious manipulations with the summands on the right-hand side in (6.15) we obtain

(6.18) J_j(s_0) ≤ A^{(1)}_2 + A^{(2)}_2 + A^{(3)}_2 , j ≥ 1,

where

A^{(1)}_2 = λ^{l1}_1 J_j(s_0 − l_1δ_j) +

Δ_j Δ_{j−1} r_3

l_1∑

i_1=1

λ^{i1+l2}_1 J_{j−1}(s_0 − i_1δ_j − δ_{j−1} − l_2δ_{j−1}),

A^{(2)}_2 = j−2∑ k_2=1 l_1∑

i_1=1 l_2∑

i_2=0

Δ_j Δ_{k2} r^{j−k2}_3 λ^{i1+i2}_1 J_{k2} (s_0 − i_1δ_j − i_2δ_{j−1} − j−1∑ h=k_2 δ_h),

A^{(3)}_2 = c_2r^j_3Δ_j

l_1∑

i_1=1 l_2∑

i_2=0 λ^{i1+i2−1} 1 H_0(s_0 − i_1δ_j − i_2δ_{j−1} − j−1∑ h=1 δ_h).

After j − 1 steps of such calculations, similar to the previous section we deduce that

(6.19) J_j (s_0) ≤ A^{(1)}_{j−1} + A^{(2)}_{j−1} + A^{(3)}_{j−1}, j ≥ 1,

A^{(1)}_{j−1} = λ^{l1}_1 J_j(s_0 − l_1δ_j) +

Δ_j Δ_{j−1} r_3

l_1∑

i_1=1

λ^{i1+l2}_1 J_{j−1}(s_0 − i_1δ_j − l_2δ_{j−1} − δ_{j−1})

+ Δ_j Δ_{j−2} r^2_3

l_1∑

i_1=1 l_2∑

i_2=0 λ^{i1+i2+l3} 1 J_{j−2}(s_0 − i_1δ_j − i_2δ_{j−1} − l_3δ_{j−2} − δ_{j−1} − δ_{j−2}) + ... +

Δ_j Δ_2 r^{j−1}_3 36

× l_1∑

i_1=1 l_2∑

i_2=0 ... l_{j−2}∑

i_{j−2}=0 λ^{i1+i2+...+ij−2+lj−1} 1 J_2(s_0 − i_1δ_j − ... − i_{j−2}δ_3 − l_{j−1}δ_2 − j−1∑ h=2 δ_h),

A^{(2)}_{j−1} =

Δ_j Δ_1 r^{j−1}_3 l_1∑

i_1=1 l_2∑

i_2=0 ... l_{j−1}∑

i_{j−1}=0 λ^{i1+i2+...+ij−1} 1 J_1(s_0 − i_1δ_j − ... − i_{j−1}δ_2 − j−1∑ h=1 δ_h),

A^{(3)}_{j−1} = c_2r^j_3Δ_j λ^{−1}_1

l_1∑

i_1=1 l_2∑

i_2=0 ... l_{j−1}∑

i_{j−1}=0 λ^{i1+i2+...+ij−1} 1 H_0(s_0 − i_1δ_j − ... − i_{j−1}δ_2 − j−1∑ h=1 δ_h). Note that the values of l_k = l_k(i_1, i_2, ..., i_{k−1}), k = 1, 2, ..., j − 1, are determined from (5.18), where now s_0 is given in (6.13) and {δ_i} are defined in (6.4). Thus, we conclude that A^{(1)}_{j−1} = j−2∑ h=0 Δ_j Δ_{j−h} r^h_3 P_h,

where

P_0 = λ^{l1}_1 J_j (s_0 − λ_1δ_j ), P_1 =

l_1∑

i_1=1

λ^{i1+l2}_1 J_{j−1}(s_0 − i_1δ_j − l_2δ_{j−1} − δ_{j−1}),

P_h =

l_1∑

i_1=1 l_2∑

i_2=0 ... l_h∑

i_h=0 λ^{i1+i2+...+ih+lh+1} 1 J_{j−h}(s_0 − i_1δ_j − ... − i_hδ_{j−h+1} − l_{h+1}δ_{j−h} − j−1∑ k=j−h δ_k)

for h ≥ 2. By (5.18) we have

(6.20) P_h ≤ J_{j−h}(1)

l_1∑

i_1=1 l_2∑

i_2=0 ... l_h∑

i_h=0 λ^{i1+i2+...+ih+lh+1} 1 , h ≥ 2. Using (5.18) again, we derive the condition determining possible values of l_{h+1}, (6.21) l_{h+1} ≤ (δ − i_1δ_j − i_2δ_{j−2} − ... − i_hδ_{j−h+1})/δ_{j−h} ≡ a. Hence, we can set l_{h+1} = [a]. It then follows that

i_1 + i_2 + ... + i_h + l_{h+1} ≥ δ δ_{j−h} + i_1(1 − δ_j δ_{j−h} ) + i_2(1 − δ_{j−1} δ_{j−h} ) + ... + i_h(1 − δ_{j−h+1} δ_{j−h} ) − 1. Therefore, the following estimates on P_h holds:

P_h ≤ λ^{−1}_1 J_{j−h}(1) exp { − ln λ^{−1}_1 δ δ_{j−h} }_∞∑ i_1=1 λ^{(1−} δj δj−h )i1 1 ∞∑ i_2=0 λ^{(1−} δj−1 δj−h )i2 1 ... ∞∑ i_h=0 λ^{(1−} δj−h+1 δj−h )ih 1 ≤ λ^{−1}_1 J_{j−h}(1) exp { − ln λ^{−1}_1 δ δ_{j−h} } Π_h,

(6.22)

where

(6.23) Π_h = λ^{−(1−} δj−1 δj−h ) 1 ...λ^{−(1−} δj−h+1 δj−h ) 1 (λ^{−(1−} δj δj−h ) 1 − 1)^{−1}...(λ^{−(1−} δj−h+1 δj−h ) 1 − 1)^{−1}. 37

In order to estimate Π_h from above we need bounds on the last factors. By Lagrange’s formula

(6.24) λ^{−(1−} δj−k δj−h ) 1 − 1 = exp { ln λ^{−1}_1 (1 − δ_{j−k} δ_{j−h} ) } − 1 ≥ ln λ^{−1}_1 ( 1 − δ_{j−k} δ_{j−h} ) . Therefore, (6.23) implies that for any h ≥ 1,

(6.25) Π_h ≤ λ^{−(h−1−} δj−1+...+δj−h+1 δj−h ) 1 [ (ln λ^{−1}_1 )^h h−1∏ k=0 ( 1 − δ_{j−k} δ_{j−h} )]^{−1} . It follows from (6.4) that 1 − δ_{j−k} δ_{j−h} = 1 − ( K + j − h K + j − k )_{1+ξ1/m(p+1)}

= 1− ( 1 − h − k K + j − k )_{1+ξ1/m(p+1)} ≥ h − k K + j − k . (6.26)

Hence, h−1∏ k=0 ( 1 − δ_{j−k} δ_{j−h} ) ≥ h−1∏ k=0 h − k K + j − k = h!(K + j − h)! (K + j)!

≡ (C^h_{K+j})^{−1},

where the binomial coefficient satisfies (C^h_{K+j})^{−1} ≥ 2^{−(K+j)}. Therefore, there holds Π_h ≤ μ^h_1 λ^{(δj−1+δj−2+...+δj−h)/δj−h} 1 C^h_{K+j}, μ_1 = (λ_1 ln λ^{−1}_1 )^{−1}.

Substituting this estimate into (6.22), we obtain that (6.27) P_h ≤ λ^{(δj−1+δj−2+...+δj−h+1)/δj−h} 1 μ^h_1 C^h_{K+j}J_{j−h}(1) exp{− ln λ^{−1}_1 δ δ_{j−h} }. Let us estimate the last two factors on the right-hand side. By (6.11) and by the definition of δ_i in (6.4) we have δ δ_{j−h} ≥ m(p + 1)(K + j − h)^{1+ξ1/m(p+1)} ξ_1(K + 1)^{ξ1/m(p+1)} , so that

(6.28) exp { − ln λ^{−1}_1 δ δ_{j−h} } ≤ exp { − ln λ^{−1}_1 m(p + 1)(K + j − h)^{1+ξ1/m(p+1)} ξ_1(K + 1)^{ξ1/m(p+1)} } . We now estimate J_{j−h}(1). By the a priori estimate (4.25), it follows from Lemma 4.4, condition (6.1) on the boundary blow-up regime, definition (4.21) of J_j(s) and from (6.2) that (6.29) J_{j−h}(1) ≡ r^{j−h}_2 I_{j−h}(1) ≤ r^{j−h}_2 cF (t_{j−h}) ≤ cr^{j−h}_2 exp{A(T − t_{j−h})^{−ϕ}}, 38

where r_2 = r_3/(1 + ε_0). Let us derive an estimate on T − t_i for any i ≥ 1, T − t_i = ∞∑ k=i+1 Δ_k = ∞∑ k=K+i+1 k^{−m(p+1)−ξ1} . Hence, ∫_∞ K+i+1 x^{−[m(p+1)+ξ1]}dx ≤ T − t_i ≤ ∫_∞ K+i x^{−[m(p+1)+ξ1]}dx, so that for i ≥ 1, (6.30) ϕ_1(K + i + 1)^{−1/ϕ1} ≤ (T − t_i) ≤ ϕ_1(K + i)^{−1/ϕ1} , ϕ_1 = 1/[m(p + 1) − 1 + ξ_1]. Therefore, (6.29) implies that J_{j−h}(1) ≤ cr^{j−h}_2 exp{A_1(K + j − h + 1)^{ϕ/ϕ1} }, (6.31) where A_1 = Aϕ^{−ϕ}_1 . We now choose ξ_1 = ξ_1(ξ_0) > 0 such that

(6.32) ϕ ϕ_1 ≡ m(p + 1) − 1 + ξ_1 m(p + 1) − 1 + ξ_0

= 1 + ξ_1 2m(p + 1) , i.e., (6.33) ξ_1 = ξ_0

2m(p + 1) m(p + 1) + 1 − ξ_0 , and, in particular, for any ξ_0 > 0, (6.34) ξ_1 > γ_0ξ_0, γ_0 = 2m(p + 1)/[m(p + 1) + 1] > 1. Then estimate (6.31) for h ≥ 1 takes the form (6.35) J_{j−h}(1) ≤ cr^{j−h}_2 exp{A_1(K + j − h + 1)^{ν1} }, ν_1 = 1 + ξ_1/2m(p + 1) > 1. Substituting estimates (6.28) and (6.35) into (6.27), we obtain (6.36) P_h ≤ cμ^h_1 2^{K+j}r^{j−h}_2 exp{−A_2(K + j − h)^{2ν1−1} + A_1(K + j − h + 1)^{ν1} }, where A_2 = m(p + 1) ln λ^{−1}_1 /ξ_1(K + 1)^{2(ν1−1)}. We need some extra simple manipulations. Let us write down the exponential term in the right-hand side of (6.36) in the form Γ_1 ≡ −(K + j − h)^{ν1} {A_2(K + j − h)^{ν1−1} − A_1(1 + (K + j − h)^{−1})^{ν1} }.

Consider the auxiliary function Γ_2(u) = A_2(K + u)^{ν1−1} − A_1[1 + (K + u)^{−1}]^{ν1} .

One can see that there exists u_0 = u_0(A_2, A_1, K, ξ_1) such that (6.37) Γ_2(u) > 1 for all u > u_0. Denote Γ^{(0)}_2 ≡ Γ^{(0)}_2 (A_2, A_1, K, ξ_1) = max_{2≤u≤u0} |Γ_2(u)|.

By the definition of Γ_2(u) we have

Γ_1 ≤ −(K + j − h)^{ν1} if j − h ≥ u_0, Γ_1 ≤ Γ^{(0)}_2 (K + u_0)^{ν1} if j − h < u_0. 39

Thus, from (6.36) we derive the following estimate: P_h ≤ cμ^h_1 2^{K+j}r^{j−h}_2 exp{−(K + j − h)^{ν1} }, h ≤ j − u_0, P_h ≤ cμ^h_1 2^{K+j}r^{j−h}_2 exp{Γ^{(0)}_2 (K + u_0)^{ν1} }, h > j − u_0.

(6.38) This estimate holds for any h ≥ 2. For h = 0 and h = 1 it is elementary. Let us return back to the estimate on

A^{(1)}_{j−1} = j−2∑ h=0 Δ_j Δ_{j−h} r^h_3 P_h ≡ j−u_0∑

h=0 (·) + j−2∑ h=j−u_0+1 (·). Hence, by (6.38) we have

A^{(1)}_{j−1} ≤ c2^{K+j} j−u_0∑

h=0 Δ_j Δ_{j−h} r^h_3 r^{j−h}_2 μ^h_1 exp{−(K + j − h)^{ν1} }

+ c2^{K+j} j−2∑ h=j−u_0+1 Δ_j Δ_{j−h} r^h_3 r^{j−h}_2 μ^h_1 exp{Γ^{(0)}_2 (K + u_0)^{ν1} }

= c2^{K+j}r^j_2 j−u_0∑

h=0 Δ_j Δ_{j−h} (1 + ε_0)^hμ^h_1 exp{−(K + j − h)^{ν1} }

+ c2^{K+j}r^j_2 j−2∑ h=j−u_0+1 Δ_j Δ_{j−h} [(1 + ε_0)μ_1]^h exp{Γ^{(0)}_2 (K + u_0)^{ν1} }

≤ c2^{K+j}r^j_2 j−u_0∑

h=0 Λ^h_1 + cK_12^{K+j}r^j_2 j−2∑ h=j−u_0+1 Λ^h_1 ,

(6.39)

where K_1 = exp{Γ^{(0)}_2 (K + u_0)^{ν1} }, Λ_1 = (1 + ε_0)μ_1 and μ_1 = (λ_1 ln λ^{−1}_1 )^{−1}. As a natural continuation of (6.39), we finally obtain (6.40) A^{(1)}_{j−1} ≤ c2^{K+j}r^j_2K_1Λ^{j−1}_1 (Λ_1 − 1)^{−1} ≡ C_1(2r_2Λ_1)^j , j ≥ 1. Here and later on constants C_1, C_2, ... depend on the known parameters and, in particular, are independent of j. Next, we have

A^{(2)}_{j−1} ≤ c

Δ_j Δ_1 r^{j−1}_3 J_1(1) ∞∑ i_1=1

λ^{i1}_1 ∞∑ i_2=0 λ^{i2}_1 ... ∞∑ i_{j−1}=0

λ^{ij−1}_1 ≤ c_1r^{j−1}_2 (1 + ε_0)^{j−1} K^{m(p+1)+ξ1}

(6.41) ×(K + j)^{−m(p+1)−ξ1} J_1(1)λ_1(1 − λ_1)^{−(j−1)} ≤ C_2[r_2(1 + ε_0)(1 − λ_1)^{−1}]^j . Hence, there holds

A^{(3)}_{j−1} ≤ c_2r^j_3Δ_j H_0(1) ∞∑ i_1=1

λ^{i1}_1 ∞∑ i_2=0 λ^{i2}_1 ... ∞∑ i_{j−1}=0

λ^{ij−1}_1 ≤ c_2r^j_2(1 + ε_0)^j 40

(6.42) ×(K + j)^{−m(p+1)−ξ1} H_0(1)λ_1(1 − λ_1)^{−(j−1)} ≤ C_3[(1 + ε_0)r_2(1 − λ_1)^{−1}]^j. By (6.19) and (6.40)-(6.42) we have (6.43) J_j(s_0) ≤ C_4r^j_2[2Λ_1 + 2(1 + ε_0)(1 − λ_1)^{−1}]^j ≡ C_4r^j_2Λ^j_2.

Recalling the definition of the normalized functions J_i(s) in (4.21) and (6.2), we obtain (6.44) I_j(s_0) ≤ C_4Λ^j_2. It follows from (6.44) that for any j ≥ 1, (6.45)

I^{(tj )}(s_0) ≡ ∫_{tj} t_0 ∫ Ω(s_0) |u|^{p+1}dxdt = j∑ i=1 I_i(s_0) ≤ C_4 j∑ i=1 Λ^i_2 ≤ C_5Λ^j_2 = C_5 exp{j ln Λ_2}.

By estimate (6.30), K + i ≤ ϕ^{ϕ1}_1 (T − t_i)^{−ϕ1} for i ≥ 1. Substituting into (6.45), we get (6.46) I^{(tj )}(s_0) ≤ C_5 exp{Λ_3(T − t_j)^{−ϕ1} }, Λ_3 = ϕ^{ϕ1}_1 ln Λ_2. Since (T − t_j )/(T − t_{j−1}) → 1 as j → ∞ monotone, the “discrete” estimate (6.46) implies the “continuous” one for any t > t_0, i.e., (6.47) I^{(t)}(s_0) ≤ C_6 exp{Λ_4(T − t)^{−ϕ1} }, Λ_4 = Λ_3[(T − t_1)/(T − t_2)]^{ϕ1} . Let us note that by the a priori estimate (4.25) and condition (6.1), we have the “initial estimate” (6.48) I^{(t)}(1) ≤ cF (t) ≤ c exp{A(T − t)^{−ϕ}}, t > t_0; ϕ = 1/[m(p + 1) − 1 + ξ_0]. Comparing estimates (6.47) and (6.48) shows that we essentially reduce the singularity order at s = s_0 relative to that at s = 1 since by the construction ξ_1 > γ_0ξ_0, where γ_0 > 1.

We now start the next computational cycle by taking estimate (6.47) as the initial one instead of (6.48). Namely, for s > s_0, we introduce a sequence of new energy functions I_j(s) keeping for convenience all the previous notations, so that for i ≥ 1, (6.49) Δ_i = Δ_i(ξ_2) ≡ (K + i)^{−m(p+1)−ξ2} ω_0, δ_i = δ_i(ξ_2) ≡ (K + i)^{−1− ξ2m(p+1)} , where δ_0 = 0 by implication and ξ_2 is determined from the equality similar to (6.32)

(6.50) m(p + 1) − 1 + ξ_2 m(p + 1) − 1 + ξ_1

= 1 + ξ_2 m(p + 1)

=⇒ ξ_2 = ξ_1

2m(p + 1) m(p + 1) + 1 − ξ_1

> γ_0ξ_1,

where γ_0 > 1 is as in (6.34). The new energy functions are

I_j(s) = ∫_{tj} t_{j−1} ∫ Ω(s) |u(x, t)|^{p+1}dxdt, s ≥ s_0, j ≥ 1. Here {t_j} is the new time partition of the interval (0, T ) corresponding to {Δ_i} from (6.49). Instead of δ = δ(K, ξ_1) in (6.10), we set

(6.51) δ = δ(K, ξ_2) = ∞∑ i=1 δ_i(ξ_2), 41

so that similar to (6.11) there holds (6.52) m(p + 1)ξ^{−1}_2 (K + 1)^{− ξ2m(p+1)} ≤ δ(K, ξ_2) ≤ m(p + 1)ξ^{−1}_2 K^{− ξ2m(p+1)} . We also define the new value (6.53) s_1 = s_0 + 2δ = 1 + 2δ(K, ξ_1) + 2δ(K, ξ_2).

We perform calculations similar to those which led us from the initial estimate (6.48) to (6.47), but now with (6.47) as the initial one. We then obtain for any t < T (6.54) I^{(t)}(s_1) ≤ C_7 exp{Λ_5(T − t)^{−ϕ2} }, ϕ_2 = 1/[m(p + 1) − 1 + ξ_2]. Using (6.54) as the initial estimate for the next cycle of calculations, etc., after a number l of such cycles we arrive at the estimate (6.55) I^{(t)}(s_{l−1}) ≤ C_8 exp{Λ_6(T − t)^{−ϕl} }, ϕ_l = 1/[m(p + 1) − 1 + ξ_l], Λ_6 = Λ_6(l), where (6.56) ξ_l ≥ γ^l_0ξ_0, γ_0 > 1; s_{l−1} = 1 + 2δ(K, ξ_1) + ... + 2δ(K, ξ_l), and δ(K, ξ) satisfies (6.52). Choosing l = l_0 such that ξ_{l0} = 1 + ν, ν > 0, then l_0 = [ln(1 + ν) + ln ξ^{−1}_0 ]/ ln γ_0, as a consequence, we deduce that

s_{l0−1} ≤ 1 + 2

l_0∑

i=1 δ(K, ξ_i) ≤ 1 + 2m(p + 1)

l_0∑

i=1 ξ^{−1}_0 γ^{−i}_0 K^{−ξ0γi0/m(p+1)} ≤ 1 + 2m(p + 1)ξ^{−1}_0 (γ_0 − 1)^{−1}K^{−ξ0γ0/m(p+1)}.

(6.57)

Thus, performing l_0 cycles, we obtain the estimate (6.58) I^{(t)}(s_{l0−1}) ≤ C_9 exp{Λ_7(T − t)^{−1/[m(p+1)+ν]}}, t < T, ν > 0. We now choose the value of K. Given an arbitrarily small number μ > 0, let K = K(μ) be such that (6.59) 2m(p + 1)ξ^{−1}_0 (γ_0 − 1)^{−1}K^{−ξ0γ0/m(p+1)} = μ. Then, in view of (6.57) and (6.59), estimate (6.58) yields I^{(t)}(1 + μ) ≤ C_9 exp{Λ_7(T − t)^{−1/[m(p+1)+ν]}} with finite Λ_7.

The constants C_9 and Λ_7 do not depend on t. Therefore, we arrive at a flat blow-up LS-regime posed on the lateral boundary of the domain {|x| > 1 + μ} × (0, T ). By the results from Section 5, the blow-up set is contained in {|x| ≤ 1 + μ}. Since μ > 0 can be chosen arbitrarily small, Theorem 1.1 follows. 42

7. Boundary S-regime: proof of Theorem 1.2 As above, we begin with estimate (4.24). First, we define the sequence of displacements {Δ_i}. Namely, we fix two numbers K > 0, γ > 0 , and define for i = 1, 2, ..., (7.1) Δ_i = [(1 + γ)^{−m(p+1)}w]^{m(p+1)−1}[(i + K)^{−1}(m(p + 1) − 1)]^{m(p+1)}, where w > 0 is from condition (1.15). It is easy to check that for j ≥ 0,

(7.2) [ w(m(p + 1) − 1) (j + K + 1)(1 + γ)^{m(p+1)} ]_{m(p+1)−1} ≤ T − t_j ≡ ∞∑ i=j+1 Δ_i

≤ [ w(m(p + 1) − 1) (j + K)(1 + γ)^{m(p+1)} ]_{m(p+1)−1} . The constant K > 0 is fixed to guarantee the inequality

(7.3) T − t_0 ≤ [ w(m(p + 1) − 1) K(1 + γ)^{m(p+1)} ]_{m(p+1)−1} ≤ T =⇒ K ≥ K_0 = K_0(T, γ). One can see that for j ≥ 0,

(7.4) w^{m(p+1)−1m(p+1)} Δ^− 1 m(p+1) j ≤ w 1 + γ

(T − t_j)^{− 1m(p+1)−1} ,

(7.5) K K + 1 w 1 + γ

(T − t_j )^{− 1m(p+1)−1} ≤ w^{m(p+1)−1m(p+1)} Δ^− 1 m(p+1) j ≡ (1 + γ)^{m(p+1)−1} j + K m(p + 1) − 1 . Let us now choose the weights α_i, which define the weighted energy functions J_j(s) and H_j(s) for j = 0, 1, ...,

(7.6) α_j = exp{−w^{m(p+1)−1m(p+1)} Δ^− 1 m(p+1) j } = exp { −(1 + γ)^{m(p+1)−1} j + K m(p + 1) − 1 } . Then for any j ≥ 1,

(7.7) α_j α_{j−1} = exp { − (1 + γ)^{m(p+1)−1} m(p + 1) − 1 } = const < 1.

We now set in (4.24) ε_k = ε_0 = const > 0, k ≥ 1, and for arbitrary j ∈ N and all i ≤ j define displacements δ^{(j)}_i as follows:

(7.8) δ^{(j)}_i = δ_j ≡ [c_1c(ε_0)Δ_j ]^{1m(p+1)} ω^{− 1m(p+1)}_0 , where ω_0 > 0 is a small parameter to be determined. It is easy to see that

(7.9) δ_j = c_2(1 + γ)^{−[m(p+1)−1]}w^{m(p+1)−1m(p+1)} (j + K)^{−1}ω^− 1 m(p+1) 0 , 43

where c_2 = [c_1c(ε_0)]^{1/m(p+1)} and constants c_1, c(ε_0) are as in (4.24). Substituting (7.8) into (4.24), by simple transformations we deduce that

J_j(s) ≤ ω_1J_j(s − δ_j ) + ω_1 j−1∑ k=1 λ^{j−k}_0 J_k(s − (j − k + 1)δ_j)

+ cλ^j_0Δ_j H_0(s − jδ_j), s > 1 + jδ_j , j ∈ N,

(7.10) where ω_1 = ω_0/(1 + ω_0), c = c_1/(1 + ω_0) and

(7.11) λ_0 = λ_0(γ, ε_0) = (1 + ε_0) α_j α_{j−1} = (1 + ε_0) exp { − (1 + γ)^{m(p+1)−1} m(p + 1) − 1 } , where λ_0 → 0 as γ → ∞. Therefore, setting γ > γ_0(ε_0) > 0, we can assume that (7.12) λ_0 = λ_0(γ, ε_0) < 1.

We now begin the analysis of the functional system (7.10). We iterate inequalities (7.10) in the same way as above. After l_1 cycles of estimates we obtain that for any s > 1 + (l_1 + j − 1)δ_j ,

J_j(s) ≤ ω^{l1}_1 J_j (s − l_1δ_j) + j−1∑ k_1=1 λ^{j−k1}_0 l_1∑

i_1=1

ω^{i1}_1 J_{k1} (s − (i_1 + j − k_1)δ_j )

+ cλ^j_0Δ_j

l_1∑

i_1=1

ω^{i1−1}_1 H_0(s − (i_1 + j − 1)δ_j) ≡ A^{(1)}_1 + A^{(2)}_1 + A^{(3)}_1 .

(7.13)

Consider A^{(2)}_1 (s) in the following form:

A^{(2)}_1 = λ_0

l_1∑

i_1=1

ω^{i1}_1 J_{j−1}(s − (i_1 + 1)δ_j)

+ j−2∑ k_1=1 λ^{j−k1}_0 l_1∑

i_1=1

ω^{i1}_1 J_{k1} (s − (i_1 + j − k_1)δ_j ) ≡ A^{(2)}_{1,1} + A^{(2)}_{1,2}.

We estimate the terms from A^{(2)}_{1,1} using (7.13) with j → j − 1 and s → s − (i_1 + 1)δ_j . For any s > 1 + (i_1 + 1)δ_j + (l_2 + j − 2)δ_{j−1}, there holds J_{j−1}(s − (i_1 + 1)δ_j) ≤ ω^{l2}_1 J_{j−1}(s − (i_1 + 1)δ_j − l_2δ_{j−1}) + j−2∑ k_2=1 λ^{j−1−k2} 0 l_2∑

i_2=1

ω^{i2}_1 J_{k2} (s − (i_1 + 1)δ_j − (i_2 + j − 1 − k_2)δ_{j−1})

+ c λ^{j−1}_0 Δ_{j−1}

l_2∑

i_2=1

ω^{i2−1}_1 H_0(s − (i_1 + 1)δ_j − (i_2 + j − 1 − 1)δ_{j−1}).

(7.14) 44

Substituting (7.14) into the expression for A^{(2)}_{1,1}, by a simple transformation we get J_j(s) ≤ A^{(1)}_2 (s) + A^{(2)}_2 (s) + A^{(3)}_2 (s), j ≥ 1, where

A^{(1)}_2 = A^{(1)}_1 + λ_0

l_1∑

i_1=1

ω^{i1+l2}_1 J_{j−1}(s − (i_1 + 1)δ_j − l_2δ_{j−1}),

A^{(2)}_2 = A^{(2)}_{1,2} + j−2∑ k_2=1 l_1∑

i_1=1 l_2∑

i_2=1

ω^{i1+i2}_1 λ^{j−k2}_0 J_{k2} (s − (i_1 + 1)δ_j − (i_2 + j − 1 − k_2)δ_{j−1}),

A^{(3)}_2 = A^{(3)}_1 + cλ^j_0Δ_{j−1}

l_1∑

i_1=1 l_2∑

i_2=1 ω^{i1+i2−1} 1 H_0(s − (i_1 + 1)δ_j − (i_2 + j − 2)δ_{j−1}).

Since δ_j ≤ δ_{j−1}, in view of monotonicity of functions J_k(s) it follows that A^{(2)}_2 ≤ j−2∑ k_2=1 l_1∑

i_1=1 l_2∑

i_2=0

ω^{i1+i2}_1 λ^{j−k2}_0 J_{k2} (s − (i_1 + 1)δ_j − (i_2 + j − 1 − k_2)δ_{j−1}).

(7.15) Repeating this cycle of calculations q times, we derive q inequalities for each j ∈ N, J_j (s) ≤ A^{(1)}_h (s) + A^{(2)}_h (s) + A^{(3)}_h (s), h = 1, 2, ..., q,

(7.16) where

A^{(1)}_h ≡ A^{(1)}_h (s) = ω^{l1}_1 J_j(s − l_1δ_j) + λ_0

l_1∑

i_1=1

ω^{i1+l2}_1 J_{j−1}(s − (i_1 + 1)δ_j − l_2δ_{j−1})

(7.17)

+λ^2_0

l_1∑

i_1=1 l_2∑

i_2=0 ω^{i1+i2+l3} 1 J_{j−2}(s − (i_1 + 1)δ_j − (i_2 + 1)δ_{j−1} − l_3δ_{j−2}) + ... + λ^{h−1}_0

× l_1∑

i_1=1 l_2∑

i_2=0 ... l_{h−1}∑

i_{h−1}=0 ω^{i1+i2+...+ih−1+lh} 1 J_{j−h+1}(s − (i_1 + 1)δ_j − ... − (i_{h−1} + 1)δ_{j−h+2} − l_hδ_{j−h+1}),

A^{(2)}_h = j−h∑ k_h=1 l_1∑

i_1=1 l_2∑

i_2=0 ... l_h∑

i_h=0 λ^{j−kh}_0 ω^{i1+i2+...+ih} 1 J_{kh} (s − (i_1 + 1)δ_j − (i_2 + 1)δ_{j−1} − ...

(7.18) −(i_{h−1} + 1)δ_{j−h+2} − (i_h + j − h − k_h + 1)δ_{j−h+1}),

A^{(3)}_h = cλ^j_0[Δ_j

l_1∑

i_1=1

ω^{i1−1}_1 H_0(s − (i_1 + j − 1)δ_j)

(7.19)

+ Δ_{j−1}

l_1∑

i_1=1 l_2∑

i_2=1 ω^{i1+i2−1} 1 H_0(s − (i_1 + 1)δ_j − (i_2 + j − 2)δ_{j−1}) + ... + Δ_{j−h+1} 45

× l_1∑

i_1=1 l_2∑

i_2=1 ... l_h∑

i_h=1 ω^{i1+i2+...+ih−1} 1 H_0(s − (i_1 + 1)δ_j − (i_2 + 1)δ_{j−1} − ... − (i_h + j − h)δ_{j−h+1})].

We choose the total number q of such cycles by setting (7.20) q = jξ, with a constant ξ ∈ (0, 1) to be determined later.

Let us write down the condition for the argument s, which guarantees (7.16), s ≥ 1 + (l_1 + j − 1)δ_j, s ≥ 1 + (i_1 + 1)δ_j + (i_2 + 1)δ_{j−1} + . . . + (i_{h−1} + 1)δ_{j−h+2} + (l_h + j − h)δ_{j−h+1}), h = 2, . . . , q. (7.21) Consider system (7.21). First, we show that for any ξ ∈ (0, 1), there exists a number s_0 = s_0(ξ) < ∞ independent of j ∈ N, such that inequalities (7.21) are satisfied for all j ∈ N, s ≥ s_0(ξ) and suitable values of l_k = l_k(i_1, . . . , i_{k−1}). Let us write the second inequality (7.21) in the form

s ≥ 1 + j∑ i=j−h+2 δ_i + (j − h)δ_{j−h+1} + h−1∑ k=1 i_kδ_{j−k+1} + l_hδ_{j−h+1}, (7.22)

where h = 2, ..., jξ for any j ∈ N. Due to definition (7.9) we have j∑ i=j−h+2 δ_i = G_1 j∑ i=j−h+2 (i + K)^{−1} ≤ G_1 ln( j j − h ), (7.23)

where G_1 = c_2(1 + γ)^{−m(p+1)+1}w^{m(p+1)−1m(p+1)} ω^− 1 m(p+1) 0 . In addition, we have by (7.9) that for any h < j, (j − h)δ_{j−h+1} = G_1(j − h)/(j − h + 1 + K)) ≤ G_1.

Hence, (7.22) follows from the inequality

(7.24) s ≥ 1 + G_1[1 + ln(1 − ξ)^{−1}] + l_hδ_{j−h+1} + h−1∑ k=1 i_kδ_{j−k+1}

= 1 + G_1 [ 1 + ln(1 − ξ)^{−1} + l_h(j − h + 1 + K)^{−1} + h−1∑ k=1 i_k(j − k + 1 + K)^{−1} ] . Fix now ζ > 0 (to be determined), set (7.25) s_1 = 1 + G_1[1 + ln(1 − ξ)^{−1} + ζ], and define

l_h = [ δ^{−1}_{j−h+1}(G_1ζ − h−1∑ k=1 i_kδ_{j−k+1}) ] , h = 2, 3, ..., jξ, l_1 = [G_1ζ/δ_j]. (7.26) 46

As usual, [G_1ζ/δ_j] denotes the entire part. It follows from (7.26) that (7.24) holds for all s > s_1 with s_1 from (7.25). Our next goal is to establish suitable upper estimates of functions A^{(1)}_h (s), A^{(2)}_h (s), A^{(3)}_h (s) with h = jξ. By (7.24)-(7.26) we have

A^{(1)}_h ≡ A^{(1)}_h (s) ≤ ω^{l1}_1 J_j (1) + h−1∑ i=1 λ^i_0σ_iJ_{j−i}(1), (7.27)

σ_1 =

l_1∑

i=1 ω^{i+l2}_1 , σ_k =

l_1∑

i_1=1 l_2∑

i_2=0 ... l_k∑

i_k=0 ω^{i1+i2+·+ik+lk+1} 1 . Let us estimate σ_k from above. By (7.26) there holds

i_1 + i_2 + ... + i_k + l_{k+1} ≥ i_1 + i_2 + ... + i_k + (G_1ζ − k∑ m=1 i_mδ_{j−m+1})δ^{−1}_{j−k} − 1

= G_1ζδ^{−1}_{j−k} + i_1(1 − δ_j δ_{j−k} ) + ... + i_k(1 − δ_{j−k+1} δ_{j−k} ) − 1

= ζ(j − k + K) + i_1 k j + K + i_2 k − 1 j + K − 1 + ... + i_k 1 j + K − k + 1 − 1. Therefore,

(7.28) σ_k ≤ ω^{−1}_1 ω^{ζ(j−k+K)}_1 ∞∑ i_1=1 ω^{i1 kj+K}_1 ∞∑ i_2=0 ω^{i2 k−1j+K−1} 1 ... ∞∑ i_k=0 ω^{ik 1j+K−k+1} 1

≤ ω^− j+K−k j+K 1 ω^{ζ(j−k+K)} 1 k∏ h=1 ( 1 − ω^{k−h+1} j+K−h+1 1 )_{−1} , k = 1, 2, ..., h − 1. Let us estimate the last factor on the right-hand side. Since the function f(x) = 1 − ω^x_1 is convex on (0, 1), we have f(x) ≥ f(0) + x(f(1) − f(0)) = xf(1), so that 1 − ω^{k−h+1} j+K−h+1 1 ≥ k − h + 1 j + K − h + 1

(1 − ω_1).

Then estimate (7.28) implies that σ_k ≤ ω^{−1}_1 ω^{ζ(j−k+K)} 1 (1 − ω_1)^{−k} k∏ h=1 j + K − h + 1 k − h + 1 (7.29)

= ω^{−1}_1 ω^{ζ(j−k+K)} 1 (1 − ω_1)^{−k}

(j + K)! k!(j + K − k)! ≤ 2^{j+K}ω^{−1}_1 ω^{ζ(j−k+K)} 1 (1 − ω_1)^{−k}.

Substituting estimate (7.29) into (7.27), we conclude that for h ≤ jξ,

A^{(1)}_h (s) ≤ h−1∑ i=0 λ^i_02^{j+K}ω^{−1}_1 ω^{ζ(j−i+K)}

1 (1 − ω_1)^{−i}J_{j−i}(1)

(7.30) 47

= 2^K h−1∑ i=0 ( 2λ_0 1 − ω_1 )^i2^{j−i}ω^{ζ(j−i+K)−1} 1 J_{j−i}(1) = 2^K ω^{ζK−1}_1 h−1∑ i=0 ( 2λ_0 1 − ω_1 )^i2^{j−i}ω^{ζ(j−i)}_1 J_{j−i}(1). It remains to estimate J_{j−i}(1) from above. By (4.25), conditions (2.14) and properties (7.4)-(7.7) we have J_{j−i}(1) = I_{j−i}(1)α_{j−i} ≤ CF (t_{j−i})α_{j−i} ≤ C exp{w(T − t_{j−i})^{− 1m(p+1)−1} } (7.31)

× exp{−w^{m(p+1)−1m(p+1)} Δ^− 1 m(p+1) j−i } ≤ C exp{(1 − K (K + 1)(γ + 1) )w(T − t_{j−i})^{− 1m(p+1)−1} } ≤ C exp{a_1(j − i + K)}, a_1 =

K + 1 K (γ + 1)^{m(p+1)}[1 − K (K + 1)(γ + 1)

](m(p + 1) − 1)^{−1}, where C is given in (4.25). Therefore, (7.30) yields

A^{(1)}_h ≤ C2^K ω^{ζK−1}_1 exp{a_1K} h−1∑ i=0 ( 2λ_0 1 − ω_1

)^i exp{−(j − i)(ζ ln ω^{−1}_1 − ln 2 − a_1)}.

(7.32)

Now we fix the value of the free parameter ζ from the equality ζ ln ω^{−1}_1 − ln 2 − a_1 = 1 =⇒ ζ =

1 + a_1 + ln 2 ln ω^{−1}_1 . (7.33)

Then it follows from (7.32) that

A^{(1)}_h (s) ≤ C2^K ω^{ζK−1}_1 exp{a_1K} exp{−(j − h + 1)} h−1∑ i=0 ( 2λ_0 1 − ω_1 )_i . By our construction, λ_0 = λ_0(γ, ε_0) → 0 as γ → ∞. Let us fix γ = γ_0 such that λ_0 = λ_0(γ_0, ε_0) satisfies the condition 2λ_0 1 − ω_1

= λ_1 < 1.

(7.34) In this case we obtain the estimate A^{(1)}_h (s) ≤ C2^K ω^{ζK−1}_1 exp{a_1K} exp{−(j − h + 1)}(1 − λ_1)^{−1}, and, as a consequence, for any j ∈ N, A^{(1)}_{ξj} ≤ CC_1, C_1 = 2^K ω^{ζK−1}_1 exp{a_1K}(1 − λ_1)^{−1}.

(7.35)

Let us estimate A^{(2)}_h for h ≤ jξ. By (7.21) we have

A^{(2)}_h (s) ≤ j−h∑ k_h=1 l_1∑

i_1=1 l_2∑

i_2=0 ... l_h∑

i_h=0 λ^{j−kh}_0 ω^{i1+i2+...+ih} 1 J_{kh} (1) = j−h∑ k_h=1 λ^{j−kh}_0 J_{kh} (1) l_1∑

i_1=1 l_2∑

i_2=0 ... l_h∑

i_h=0 ω^{i1+i2+...+ih} 1 ≤ ω_1 (1 − ω_1)^h j−h∑ k=1 λ^{j−k}_0 J_k(1).

(7.36) 48

Therefore, it follows from (7.31) that

A^{(2)}_{jξ} (s) ≤ ω_1 (1 − ω_1)^{ξj} j(1−ξ)∑

k=1 λ^{j−k}_0 J_k(1) ≤

Cω_1 exp{a_1K} (1 − ω_1)^{jξ} j(1−ξ)∑

k=1 λ^{j−k}_0 exp{a_1k} (7.37)

= Cω_1 exp{a_1K}λ^{jξ}_0 (1 − ω_1)^{jξ} exp{−a_1(1 − ξ)j} j(1−ξ)∑

k=1 ( λ_0 e^{a1} )_{j(1−ξ)−k}

≤ Cω_1 exp{a_1K}λ^{jξ}_0 exp{a_1(1 − ξ)j}e^{a1} (1 − ω_1)^{jξ}(e^{a1} − λ_0) = Cω_1 exp{a_1(K + 1)} e^{a1} − λ_0 exp { −j [ ξ ln ( 1 − ω_1

λ_0 ) − a_1(1 − ξ) ]} . We now fix the free parameter ξ. Namely, let ξ satisfy the inequality

(7.38) 1 > ξ > a_1 ln(^{1−ω1}_{λ0} ) + a_1

> 0 =⇒ ξ ln ( 1 − ω_1 λ_0 ) − a_1(1 − ξ) > 0.

Then it follows from (7.37) that

A^{(2)}_{jξ} (s) ≤ CC_2 ≡

Cω_1 exp{a_1(K + 1)} (e^{a1} − λ_0) . (7.39)

Finally, we estimate A^{(3)}_h with h = ξj,

A^{(3)}_h ≤ cλ^j_0H_0(1)[Δ_j

l_1∑

i_1=1

ω^{i1−1}_1 + Δ_{j−1}

l_1∑

i_1=1 l_2∑

i_2=1 ω^{i1+i2−1} 1 + ...

+ Δ_{j−h+1}

l_1∑

i_1=1 l_2∑

i_2=1 ... l_h∑

i_h=1 ω^{i1+i2+...+ih−1} 1 ] ≤ cλ^j_0H_0(1)ω^{−1}_1 [Δ_j ω_1 1 − ω_1

+ Δ_{j−1}( ω_1 1 − ω_1

)^2 + ...

+ Δ_{j−h+1}( ω_1 1 − ω_1

)^h] ≤ cλ^j_0H_0(1)ω^{−1}_1 Δ_{j−h+1} h∑ k=1 ( ω_1 1 − ω_1 )_k . (7.40)

Since ω_1 1 − ω_1 = ω_0 1+ω_0

1 +^{ω0}_{1+ω0}

= ω_0 < 1,

we have A^{(3)}_h ≤ cλ^j_0H_0(1)ω^{−1}_1 Δ_{j−h+1} ω_0 1 − ω_0 ≤ CC_3 < ∞. (7.41)

Combining estimates (7.35), (7.39) and (7.41), due to (7.16) we deduce that for any j ≥ 1 and s ≥ s_1, J_j(s) ≤ CC_4, C_4 = C_1 + C_2 + C_3, where s_1 is prescribed in (7.25). In particular, J_j (s_1) ≤ CC_4 < ∞.

(7.42)

Due to definition (7.1) and properties (7.4)-(7.6), it follows from (7.42) that for j ∈ N,

I_j (s_1) ≤ CC_4α^{−1}_j = CC_4 exp{w^{m(p+1)−1m(p+1)} Δ^− 1 m(p+1) j } = CC_4 exp { (γ + 1)^{m(p+1)−1} m(p + 1) − 1

(j + K) } . (7.43)

Therefore,

I^{(tj )}(s_1) = ∫_{tj} 0 ∫ Ω(s_1) |u(x, t)|^{p+1}dxdt ≤ CC_4 j∑ i=0 exp { (γ + 1)^{m(p+1)−1} m(p + 1) − 1

(i + K) }

≤ CC_5 exp { (γ + 1)^{m(p+1)−1} m(p + 1) − 1

(j + K) } , C_5 = C_4 [ 1 − exp { −(γ + 1)^{m(p+1)−1} m(p + 1) − 1 }]_{−1} . Hence, for any t ∈ [t_{j−1}, t_j),

I^{(t)}(s_1) ≤ CC_5 exp { (γ + 1)^{m(p+1)−1} m(p + 1) − 1 } exp { (γ + 1)^{m(p+1)−1} m(p + 1) − 1

(j + K − 1) } . (7.44)

Using (7.44), it follows from (7.5) and (7.4) that for any t < T ,

I^{(t)}(s_1) ≤ CC_6 exp { w_1(T − t)^{− 1m(p+1)−1} } , w_1 = w/(1 + γ),

(7.45)

where C_6 = C_5 exp{^{(γ+1)m(p+1)−1}

m(p+1)−1 }. Let us note that the constant C6 < ∞ depends on

known parameters only and does not depend on the boundary function F (t). Thus, estimate (7.45) is the final point of the first cycle of computations. This cycle was based on the starting a priori estimate

I^{(t)}(s_0) ≡ I^{(t)}(1) ≤ C exp{w(T − t)^{− 1m(p+1)−1} }.

(7.46) As the second global cycle, we will use (7.45) as the starting estimate instead of (7.46). In this second cycle of computations we use the same restriction on new parameters as in the first one with w replaced by w_1. As a result, we derive the estimate

I^{(t)}(s) ≤ CC_6 · C_6 exp { w_1 1 + γ (T − t)^{− 1m(p+1)−1} }

= CC^2_6 exp { w (1 + γ)^2 (T − t)^{− 1m(p+1)−1} } , s > s_2 = s_1 + G_2[1 + ln(1 + ξ)^{−1} + ζ],

(7.47)

where, in view of (7.23) and (7.46),

G_2 ≤ c_2(1 + γ)^{−m(p+1)+1}w m(p+1)−1 m(p+1) 1 ω^− 1 m(p+1) 0 = G_1 (1 + γ)^{− m(p+1)−1m(p+1)} .

Then we use (7.47) as the starting estimate for the third cycle and so on. After j cycles we obtain

(7.48) I^{(t)}(s) ≤ CC^j_6 exp { w (1 + γ)^j (T − t)^{− 1m(p+1)−1} } 50

for s > s_j = s_0 + [1 + ln(1 + ξ)^{−1} + ζ] j∑ i=1 G_i = s_0 + G_1 j∑ i=1 [1 + ln(1 + ξ)^{−1} + ζ] (1 + γ)^{(m(p+1)−1)i} m(p+1) , where s_0 = 1. One can see that

(7.49) s_j < s_∞ = s_0 + G_1

[1 + ln(1 + ξ)^{−1} + ζ] (1 + γ)^{(m(p+1)−1)}

m(p+1) − 1 < ∞, j ∈ N,

and s_j → s_∞ as j → ∞. Then I^{(t)}(s) is a continuous and monotone nonincreasing function with respect to s > s_0 = 1. Therefore, it follows from (7.48), (7.49) that for arbitrary j ∈ N, (7.50) I^{(t)}(s_∞) ≤ CC^j_6 exp { w (1 + γ)^j (T − t)^{− 1m(p+1)−1} } ≡ D^{(j)}(t), t < T. Let us fix arbitrary t < T and find a number j so large that

(1 + γ)^j = w(T − t)^{− 1m(p+1)−1} =⇒ j = ln[w(T − t)^{− 1m(p+1)−1} ] ln(1 + γ) . Then

C^j_6 ≡ exp{j ln C_6} = exp { ln[w(T − t)^{− 1m(p+1)−1} ] ln C_6 ln(1 + γ) }

= w^{ln C6ln(1+γ)} (T − t)^{− ln C6}

(m(p+1)−1) ln(1+γ) .

(7.51) Due to (7.51) it follows from (7.50) that

I^{(t)}(s_∞) ≤ C e w^{ln C6ln(1+γ)} (T − t)^{− ln C6(m(p+1)−1) ln(1+γ)} , t < T.

(7.52) We use estimate (7.52) as the new starting estimate on the energy function. One can see that such a starting power (non-exponential) ”boundary regime” satisfies the condition of Theorem 1.1. Hence, I^{(t)}(s_∞ + ε) < C_7 = C_7(ε) < ∞, t < T, for arbitrary ε > 0. This completes the proof of Theorem 1.2.

Acknowledgement. The second author thanks Department of Mathematical Sciences of the University of Bath for its hospitality during his visits. This work has been partially supported by the INTAS project CEC-INTAS-RFBR96-1060. 51

References

[1] V.F. Akulov and A.E. Shishkov, On asymptotic properties of solutions of mixed problems for quasilinear parabolic equations in unbounded domains, Math. USSR Sbornik, 73 (1992), 557-567.

[2] H. Alt and S. Luckhaus, Quasilinear elliptic-parabolic differential equations, Math. Z., 183 (1983), 311-341.

[3] G.I. Barenblatt, Scaling, Self-Similarity, and Intermediate Asymptotics, Cambridge Univ. Press, Cambridge, 1996.

[4] N.G. Basov and O.N. Krohin, Conditions of plasma heating by optic generators radiation, J. Exper.

Tech. Phys., 46, No. 1 (1964), 171-180.

[5] J. Bebernes and D. Eberly, Mathematical Problems in Combustion Theory, Appl. Math. Sci., Vol.

83, Springer-Verlag, Berlin, 1989.

[6] F. Bernis, Compactness of the support for some nonlinear elliptic problems of arbitrary order in dimension n, Comm. Partial Differ. Equat., 9 (1984), 271-312.

[7] F. Bernis, Finite speed of propagation and asymptotic rates for some nonlinear higher order parabolic equations with absorption, Proc. Roy. Soc. Edinburgh, 104A (1986), 1-19.

[8] F. Bernis, Qualitative properties for some nonlinear higher-order degenerate parabolic equations, Huston J. Math., 14 (1988), 319-352.

[9] F. Bernis, Existence results for doubly nonlinear higher order parabolic equations on unbounded domains, Math. Ann., 279 (1988), 373-394.

[10] S. Campanato, Equazioni paraboliche del secondo ordine e spasi L^{2,θ}(Ω, δ), Ann. Mat. Pura Appl., 73 (1966), 55-102.

[11] E. DiBenedetto, Degenerate Parabolic Equations, Series Universitext, Springer-Verlag, New York, 1993.

[12] V.A. Galaktionov, S.P. Kurdyumov, A.P. Mikhailov, and A. A. Samarskii, Heat localization in nonlinear media, Differ. Equat., 17 (1981), 1141-1154.

[13] V.A. Galaktionov and A.A. Samarskii, Methods of construction of approximate self-similar solutions of nonlinear heat equations. IV, Math. USSR Sbornik, 49 (1984), 125-149.

[14] V.A. Galaktionov and A.E. Shishkov, Saint-Venent’s principle in blow-up for higher-order quasilinear parabolic equations: parabolic asymptotics, in preparation.

[15] V.A. Galaktionov and J.L. Vazquez, Regional blow-up in a semilinear heat equation with convergence to a Hamilton-Jacobi equation, SIAM J. Math. Anal., 24 (1993), 1254-1276.

[16] V.A. Galaktionov and J.L. Vazquez, Blow-up for quasilinear heat equations described by means of nonlinear Hamilton-Jacobi equations, J. Differ. Equat., 127 (1996), 1-40.

[17] V.A. Galaktionov and J.L. Vazquez, Continuation of blow-up solutions of nonlinear heat equations in several space dimensions, Comm. Pure Appl. Math., 50 (1997), 1-68.

[18] I.M. Gel’fand, Some problems in the theory of quasilinear equations (see Section 15 by G.I. Barenblatt), Amer. Math. Soc. Transl. (Ser. 2), 29 (1963), 295-381.

[19] B.H. Gilding and M.A. Herrero, Localization and blow-up of thermal waves in nonlinear heat conduction, Math. Ann., 282 (1988), 223-242.

[20] A.S. Kalashnikov, Some problems of the qualitative theory of non-linear degenerate second-order parabolic equations, Russian Math. Surveys, 42 (1987), 169-222.

[21] J.K. Knowles, On Saint-Venant’s principle in the two-dimensional linear theory of elasticity, Arch.

Rational Mech. Anal., 21 (1966), 1-22.

[22] J.K. Knowles, A Saint-Venant’s principle for a class of second-order elliptic boundary-value problems, Z. angew. Math. Phys., 18 (1967), 473-490.

[23] J.K. Knowles, On the spatial decay of the heat equation, Z. angew. Math. Phys., 22 (1971), 1050-1056. [24] V.A. Kondratiev and O.A. Oleinik, On the behaviour of generalized solutions of the Dirichlet problem for higher-order elliptic equations in a neighbourhood of the boundary, Zap. Nauchn. Semin. LOMI,

Vol. 115 (Boundary Problems of Math. Phys. and Quest. Theory Funct., Vol. 14), Leningrad, Nauka, 1982, 114-125.

[25] S.P. Kurdyumov, Nonlinear processes in dense plasma, In: Proc. 2nd International Conference on Plasma Theory (Kiev 1974), Naukova Dumka, Kiev, 1976, pp. 278-287.

[26] S.P. Kurdyumov, Evolution and self-organization laws in complex systems, Int. J. Modern Phys., C1 (1990), 299-327.

[27] S.P. Kurdyumov, A.A. Samarskii, and N.V. Zmitrenko, Heat localization effects in problems of ICF (inertial confinement fusion), Int. J. Modern Phys., B9 (1995), 1797-1811.

[28] S.N. Kruzhkov, First-order quasilinear equations in several independent variables, Math. USSR Sbornik, 10 (1970), 217-243.

[29] H.A. Levine, The role of critical exponents in blow-up problems, SIAM Rev., 32 (1990), 262-288. [30] J.L. Lions, Quelques methodes de resolution des problems aux limites non linearies, Paris, Dunod, 1968.

[31] H. Nawa, Asymptotic and limiting profiles of blow-up solutions of the nonlinear Schrödinger equation with critical power, Comm. Pure Appl. Math., 52 (1999), 193-270.

[32] I. Nuckolls, L. Wood, A. Thiessen, and G. Zimmerman, Laser compression of matter to super-high densities, VIII Intern. Quant. Electr. Conf., Montreal, May 1972; Nature, 239, No. 5368 (1972), 139-142.

[33] O.A. Oleinik, On the uniqueness of the solutions of the Cauchy problem for general parabolic systems in classes of rapidly increasing functions, Uspekhi Mat. Nauk, 29, No. 5 (1974), 229-230.

[34] O.A. Oleinik and G.A. Iosif’yan, An analogue of Saint-Venant’s principle and the uniqueness of solutions of boundary-value problem for parabolic equations in unbounded domains, Russian Math. Surveys, 31 (1976), 153-178.

[35] O.A. Oleinik and G.A. Iosif’yan, Boundary value problems for second order elliptic equations in unbounded domains and Saint-Venant’s principle, Ann. Scuola Norm. Super. Pisa, Ser. 4, 2 (1977), 269-290.

[36] O.A. Oleinik and G.A. Iosif’yan, On singularities at the boundary points and uniqueness theorems for solutions of the first boundary-value problem of elasticity, Comm. Partial Differ. Equat., 2 (1977), 937-969.

[37] O.A. Oleinik and E.V. Radkevich, Method of introducing of a parameter for evolution equations, Russian Math. Surveys, 33 (1978), 7-84.

[38] L.A. Peletier and W.C. Troy, Spatial Patterns. Higher Order Models in Physics and Mechanics, Birkhäuser, Boston/Berlin, 2001.

[39] A.-J.-C. Barré de Saint-Venant, De la Torsion des Prismes, Imprimére Impériale, Paris, 1855. [40] A.-J.-C. Barré de Saint-Venant, Mémoire sur la torsion des prismes, Mémoires Divers des Savants étrangers, Acad. Sci. Paris, 14 (1856), 233-560.

[41] A.-J.-C. Barré de Saint-Venant, Mémoire sur la flexion des prismes, Journal de Mathématiques de Liouville, Ser. II, 1 (1856), 89.

[42] A. A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, and A.P. Mikhailov, Localization of diffusion processes in media with constant properties, Soviet Phys. Dokl., 24, No. 7 (1979), 543-545.

[43] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, and A.P. Mikhailov, Blow-up in Quasilinear Parabolic Equations, Walter de Gruyter, Berlin/New York, 1995.

[44] A.A. Samarskii and I.M. Sobol’, Examples of numerical computation of temperature waves, USSR Comput. Math. and Math. Phys., 3 (1963), 945-970.

[45] A.E. Shishkov, Behaviour of the solutions of the Dirichlet problem for high-order quasilinear divergence-form elliptic equations in unbounded domain, Sibirsk. Mat. Zh., 28, No. 6 (1987), 134-146.

[46] A.E. Shishkov, Behaviour of generalized solutions of mixed problems for quasilinear parabolic equations of high order in unbounded domain, Ukranian Math. J., 39, No.5 (1988), 509-515.

[47] A.E.Shishkov, Boundary blow-up for energy solutions of general multi-dimensional parabolic equations, Nonl. Bound. Value Probl., 8 (1998), 229-237.

[48] A.E. Shishkov and A.G. Shchelkov, Blow-up boundary regimes for general quasilinear parabolic equations in multidimensional domains, Sbornik: Mathematics, 190 (1999), 447-479.

[49] V.A. Solonnikov, On differential properties of weak solutions of quasi-linear elliptic equations, Zap.

Nauchnykh Semin. LOMI, 30 (1972), 174-175.

[50] V.A. Solonnikov, Differential properties of weak solutions of quasi-linear elliptic equations, Zap.

Nauchnykh Semin. LOMI, 39 (1974), 110-119; J. Soviet Math., 8, No. 1 (1977), 79-86. [51] C. Sulem and P.-L. Sulem, The Nonlinear Schrödinger Equation, Appl. Math. Sci., Vol. 139, Springer-Verlag, Berlin, 1999.

[52] R.A. Toupin, Saint-Venant’s principle, Arch. Rational Mech. Anal., 18 (1965), 83-96. [53] Ya.B. Zel’dovich, G.I. Barenblatt, V.B. Librovich, and G.M. Makhviladze, The Mathematical Theory of Combustion and Explosions, Consultants Bureau (Plenum), New York/London, 1985.

[54] Ya.B. Zel’dovich and Yu.P. Raizer, Physics of Shock Waves and High-Temperature Hydrodynamic Phenomena, Vols. I and II, Academic Press, New York, 1966, 1967.

[55] N.V. Zmitrenko, S.P. Kurdyumov, A.P. Mikhailov, and A. A. Samarskii, Localization of thermonuclear combustion in plasma with electron heat conductance, Pis’ma v Zh. Eksper. Teor. Fiz. 26, No. 9 (1977), 620-624; JETP Letters 26 (1977).

Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK and Keldysh Institute of Applied Mathematics, Miusskaya Sq. 4, 125047 Moscow, RUSSIA E-mail address: vag@maths.bath.ac.uk

Institute of Applied Mathematics and Mechanics, Donetsk State University, R. Luxemburg str. 74, 83114 Donetsk, UKRAINE

E-mail address: shishkov@iamm.ac.donetsk.ua