STABILITY OF PERTURBED NONLINEAR PARABOLIC EQUATIONS WITH STURMIAN PROPERTY

MANUELA CHAVES AND VICTOR A. GALAKTIONOV

Abstract. We study stability of an equilibrium f^∗ of autonomous dynamical systems under asymptotically small perturbations of the equation. We show that such stability takes place if the domain of attraction of the equilibrium f^∗ contains a one-parametric ordered family F^∗. In the stability analysis we need a special S-relation (a kind of “restricted partial ordering”) to be preserved relative to the family F^∗. This S-relation is inherited from the Sturmian zero set properties for linear parabolic equations. As main applications, we prove stability of the self-similar blow-up behaviour for the porous medium equation, the p-Laplacian equation and the dual porous medium equation in R with nonlinear lower-order perturbations. For such one-dimensional parabolic equations the S-relation is Sturm’s Theorem on the nonincrease of the number of intersections between the solutions and particular solutions with initial data in F^∗. This Sturmian property plays a key role and is true for the unperturbed PME, but is not true for perturbed equations.

1. Introduction: perturbed dynamical systems and applications to blow-up problems

We consider a dynamical system in a metric space X,

(1.1) v_t = A(v) for t > 0,

and a non-autonomous equation which is an asymptotically small perturbation of (1.1) written in the form

(1.2) u_t = B(u, t) for t > 0.

The main goal is to show that, under some hypotheses on the equilibrium f^∗ of the unperturbed equation (1.1) and an extra topological structure of the flow in its neighbourhood, compact orbits of (1.2) in an appropriate class converge to f^∗. Hence, the ω-limit set of the perturbed equation (1.2) is given by f^∗ meaning the stability of the ω-limit set of (1.1) under arbitrary small perturbation of the dynamical system.

1. Application: blow-up in non-linear heat equations. As main applications induced the abstract scheme, we study the problem of stability of self-similar blow-up for

Date: February, 2002.

1991 Mathematics Subject Classification. 35K55, 35K65.

Key words and phrases. Quasilinear parabolic equations, asymptotic behaviour, dynamical systems, nonautonomous perturbation, stability, blow-up self-similarity. 1

a number of one-dimensional heat equations of the form (1.3) u_t = C(u) + g(x, t, u, u_x) in R × (0, T ), where C is a scaling invariant nonlinear operator of the form (1.4) C(u) = (u^m)_{xx} + u^p (the porous medium operator), (1.5) C(u) = (|u_x|^{m−1}u_x)_x + u^p (the p-Laplacian operator), (1.6) C(u) = |u_{xx}|^{m−1}u_{xx} + u^p (the dual porous medium operator), with exponents m > 1 and p > 1 (other more general nonlinearities can be considered). The term g(·) in the right-hand side of (1.3) stays for a perturbation of the scaling invariant flow given by the autonomous equation (1.7) u_t = C(u) in R × (0, T ).

Such unperturbed nonlinear heat equations are directly related to well-established models from combustion and detonation theory [24] describing finite time blow-up processes; see references in [4] and [21].

In some parameter ranges, the stable generic blow-up in the unperturbed equation (1.7) is described by self-similar solutions. Obviously, the autonomous equations are invariant under a group of scaling transformations and admit self-similar solutions of the standard form (1.8) u_∗(x, t) = (T − t)^{−α}f(ξ), ξ = x/(T − t)^β, α = 1/(p − 1), where T > 0 is the blow-up time of the solution. One can calculate the exponents β: β = (p − m)/2(p − 1) < 1/2 for operator (1.4), β = (p − m)/(p − 1)(m + 1) for (1.6) and β = (p − m)/2m(p − 1) for (1.6). Then f ≥ 0 satisfies the following nonlinear ODEs: (1.9) A(f) ≡ C(f) − βξf^′ − αf = 0, ξ ∈ R; f(ξ) → 0 as ξ → ∞. Existence and uniqueness of a unique similarity profile f^∗ = f^∗(ξ) in the range β < 0 is well-known; see [10] for (1.4) and [6] for general operators. Stability of such similarity profiles relative to perturbation of initial data has been proved in [12] for (1.4) and in [7] for (1.4) - (1.6) by different evolution methods.

Consider now a solution u(x, t) of the perturbed equation (1.3) blowing up at a finite T > 0. It is natural to introduce the rescaled variables inherited from similarity solutions (1.10) θ(ξ, τ) = (T − t)^αu(x, t), ξ = x/(T − t)^β, τ = − ln(T − t). The rescaled solution θ(ξ, τ) satisfies the perturbed equation (1.11) θ_τ = B(θ, τ) ≡ A(θ) − G(ξ, τ, θ, θ_ξ) in R_+ × (τ_0, ∞), τ_0 = − ln T, and the perturbation takes the form (1.12) G(ξ, τ, θ, θ_ξ) = e^{−(α+1)τ} g(ξe^{−βτ} , T − e^{−τ} , e^{ατ} θ, e^{(α+β)τ} θ_ξ) We assume that (1.13) G(·, τ, ·, ·) → 0 as τ → ∞ 2

on compact orbits. We thus arrive at equation (1.2) which is an asymptotically small perturbation of the autonomous one (1.1). We then need to prove that small perturbations do not change the asymptotic behaviour of compact orbits. We will discuss some other applications to finite-time extinction problems.

Using a class of perturbed blow-up problems, we show that the intersection comparison principles based on Sturm’s Theorem can be applied to the asymptotic analysis of nonautonomous perturbed equations in order to study omega-limit sets of compact orbits. This is done by a modification of the notion of stability of f^∗ which now includes an oriented intersection S-relation inherited by the limit autonomous equation. In Sections 2 we present an abstract framework of the approach. In Sections 3 and 4 we consider applications to stability in blow-up and extinction problems.

2. Hypotheses and the S-Theorem

We begin with the main notions, properties and hypotheses related to the corresponding counterparts occurring in the above applications to blow-up problems.

Let X be a complete metric space with the distance function d(·, ·). In the application to parabolic blow-up problems, where the Sturm Theorem on zero sets plays a key role, the space X = C^1(I), where I ⊂ R is a bounded closed interval, is a natural metric for using Sturmian intersection properties. Then transversal intersections with stationary profiles in the autonomous evolution are stable by the standard parabolic regularity results and the Maximum Principle. In main applications, due to a special geometric structure of solutions and the standard regularity theory, we also can take X = C(I).

We deal with a bounded class L of solutions u ∈ C([0, ∞) : X) of (1.2) defined for every t > 0 with values in X. By U = {u_0} we denote the corresponding bounded subset of admissible initial data. Actually, the analysis is based on metric-topology arguments applied to families of curves {u(t)} and {v(t)}, which are formally treated as solutions of the abstract equations (1.2) and (1.1) respectively. Therefore, we do not need to specify in which sense solutions satisfy the equations and deal just with continuous solutions.

Denote by ω(u_0) the ω-limit set of an orbit {u(t), t > 0} ⊂ L of equation (1.2) with initial data u_0 ∈ U

ω(u_0) = {f ∈ X : there exists a sequence {t_j} → ∞ such that u(t_j) → f},

which is assumed to be compact subset of X.

By {φ^∗_t } we denote a continuous semigroup induced by the autonomous equation (1.1), globally defined on a bounded subset V^∗ of admissible initial data. The corresponding bounded class of solutions v(t) = φ^∗_t (v_0) ∈ C([0, ∞) : X) with v_0 ∈ V^∗ is denoted by L̄^∗. However, we only deal with a “restricted” class L^∗ ⊆ L̄^∗ and its corresponding subset U^∗ of initial data. Both subsets are characterized later on. By ω^∗(v_0) with v_0 ∈ U^∗, we denote the corresponding ω-limit set. Let f^∗ be an equilibrium

φ^∗_t (f^∗) ≡ f^∗.

Let us present the main hypotheses. 3

(H1) Compactness of the orbits of (1.2). We assume that, for any data u_0 ∈ U, orbit {u(t), t > 0} is relatively compact in X, and if u^s(t) ≡ u(t + s), t, s > 0, then the sets {u^s} are relatively compact in L^∞_{loc}([0, ∞) : X).

(H2) Convergence of equations. This means that B(·, t) is a small perturbation of A(·) in the sense that given a solution u(t) ∈ L of (1.2), if for a sequence {t_j } → ∞ the sequence {u(t_j + t)} converges in L^∞_{loc}([0, ∞) : X) as j → ∞ to a function v(t), then v(t) ∈ L^∗ is a solution of (1.1).

Next, we introduce key hypotheses including a topological (oriented intersection, in applications) S-relation of partial ordering induced by the non-perturbed evolution driven by equation (1.1). We present first the hypotheses related to the autonomous equation.

(H3) Ordered invariant one-parametric family from domain of stability. Let W^s(f^∗) be the domain of attraction (asymptotic stability) of the equilibrium f^∗

W^s(f^∗) = {u_0 ∈ U : φ_t(u_0) → f^∗ as t → ∞}.

We assume that there exists a one-parametric continuous set F^∗ = {f_μ, μ ∈ (μ_1, μ_2)} ⊂ W^s(f^∗) such that f_μ∗ = f^∗ for some μ^∗ ∈ (μ_1, μ_2). Each closed subinterval {f_μ, μ_1 < a ≤ μ ≤ b < μ_2} is relatively compact in X.

The family F^∗ is one-parametric and we assume that it admits a total ordering denoted by ⪯ in the sense that f_μ ⪯ f_ν (or f_ν ⪰ f_μ) for all μ ≤ ν. Moreover, f_μ ≺ f_ν for all μ < ν, i.e., f_μ ≠ f_ν .

For any μ ∈ (μ_1, μ_2), denote

(2.1) F_μ(t) ≡ φ_t(f_μ) → f^∗ as t → ∞.

The invariance of the family means that for every μ ∈ (μ_1, μ_2) and t > 0, F_μ(t) ∈ F^∗. i.e., F_μ(t) ≡ f_{ρ(t)} for some continuous function ρ(t) with ρ(0) = μ. This implies that for the autonomous equation (1.1) we need to specify two orbits {F_±(t), t ∈ R}, F_±(t) → f^∗ as t → ∞ satisfying F_−(t_1) ≺ F_−(t_2) and F_+(t_1) ≻ F_+(t_2) for any t_1 < t_2 and F_−(t) ≺ f^∗ ≺ F_+(t) for any t ∈ R.

(H4) Asymptotic structural properties and intersection S-relation for (1.1). (i) Asymptotic transversality of F^∗: there exist μ_1 < ν < μ < μ_2 such that for any v_0 ∈ U^∗,

(2.2) f_ν ≺ v_0 ≺ f_μ.

(ii) S-relation and S-semigroup. We assume that the total ordering in F^∗ can be extended as a binary relation for solutions in L^∗. As we have mentioned, in the applications this S-relation is induced by the Sturmian intersection property. It can be classified as a “restricted partial ordering” of solutions v(t) ∈ L^∗ with data from U^∗ and elements of F^∗ = {f_μ}.

The S-relation ⪯ satisfies two properties of partial ordering for any v, v_1, v_2 ∈ U^∗: (i) (reflexivity) v ⪯ v, and 4

(ii) (antisymmetry) v_1 ⪯ v_2 and v_2 ⪯ v_1 imply v_1 = v_2.

The constraint of S-relation induced by the subset F^∗ of particular elements does not satisfy the transitivity property, i.e., v_1 ⪯ f_μ ⪯ v_2 does not imply that v_1 ⪯ v_2 for any v_1, v_2 ∈ U^∗. Actually, such relation is defined relative to the elements of F^∗ only, and we do not define any partial ordering in U^∗ or L^∗.

Later on we will use ⪯ as a standard ordering relation, so that v ≺ f_μ means that v ⪯ f_μ and v ≠ f_μ. The S-relation is assumed to be closed meaning that for any convergent sequence {v_n} ⊂ U^∗ there holds

(2.3) v_n ⪯ f_μ and v_n → f̄ =⇒ f̄ ⪯ f_μ.

Let us present the main hypothesis on the autonomous evolution: the semigroup φ^∗_t on U^∗ induced by equation (1.1) preserves the S-relation relative to the set F^∗ (and is called an S-semigroup) in the following sense: given a μ > 0,

(2.4) v_0 ≺ f_μ (v_0 ≻ f_μ) =⇒ v(t) ≺ F_μ(t) (v(t) ≻ F_μ(t)) for all t > 0.

Moreover, although is not always necessary for the asymptotic analysis, in main applications the semigroup φ^∗_t is strong S-semigroup, i.e., for any given μ > 0, t_0 ≥ 0 and arbitrarily small τ > 0, there exists a δ > 0 such that

v(t_0) ≺ F_μ(t_0) (v(t_0) ≻ F_μ(t_0)) =⇒ v(t_0 + τ) ≺ F_{μ−δ}(t_0 + τ) (v(t_0 + τ) ≻ F_{μ+δ}(t_0 + τ)).

Dynamical systems generating order-preserving semigroups satisfy a number of fundamental properties, and their asymptotic behaviour is well understood, see books [16], [22] and recent papers [18], [19].

Our applications to blow-up singularities in reaction-diffusion or reaction-absorption equations deal with dynamical systems admitting no partial ordering between solutions having the same blow-up time. One can see that the S-relation of restricted partial ordering in (H4) which mimics the Sturm Theorem on zero sets for linear parabolic equations, expresses purely geometric intersection properties of curves and cannot be extended to any partial ordering of solutions.

In the applications to reaction-diffusion parabolic problems, such a geometric topological constraint means that the functions f_μ(ξ) ∈ F^∗ must intersect each other with a fixed number of intersections. In typical applications with radial symmetry, such intersection is always unique and transversal. The same is supposed to be true for more general solutions. Otherwise, if a sufficient number of intersections is not available, such solutions do not belong to a suitable functional class L. The Maximum Principle for one-dimensional parabolic equations stated as the first Sturm Theorem on non-increase of the number of intersections between solutions, can be treated as a dissipativity-like property of parabolic evolution but is not an order-preserving property of parabolic flows. Under special conditions, the number of intersections Int(t) between two given solutions can be fixed for special geometric configurations, so that Int(t) does not increase by Sturm’s Theorem and, on the other hand, does not decrease if it is the minimal admissible one generated by the topology structure of the set F^∗ (and the corresponding orbits on a stable manifold of f^∗). Under these special circumstances, existence of a fixed number of intersections can 5

be treated as a oriented intersection constraint. Given two solutions of the rescaled autonomous parabolic equation, θ(ξ, t) and F_μ(ξ, t), the total number of intersection Int(t) should be taken into account with a local character of intersections. We then count the intersections with signs. For instance, consider the case of a single intersection so that |Int(t)| = 1. We say that Int(t) = +1 if the difference θ(ξ, t) − F_μ(ξ, t) changes sign from − to + when increasing ξ crosses the intersection, and Int(t) = −1 otherwise. The mutual geometric locations with Int(t) = +1, denoted by θ(·, t) ≺ F_μ(·, t), and Int(t) = −1, denoted by θ(·, t) ≻ F_μ(·, t), differ from each other. Moreover, these cannot be transformed into each other via evolution since by continuity and standard intersection comparison arguments we would conclude that Int(t_0) = 0 for some t_0, and hence Int(t) ≡ 0 for any t > t_0 by the usual comparison (the MP) for parabolic equations. Moreover, this would mean that θ(ξ, t) ∉ L.

We now state the main stability theorem (the S-Theorem, for short).

Theorem 2.1. Under hypotheses (H1)-(H4), for any u_0 ∈ U there hold

ω(u_0) = f^∗.

We begin with a key proposition providing us with a consistency between metric and topology for the unperturbed equation restricted to the ω-limit set of the perturbed equation.

Proposition 2.1. Given a solution {u(t)} ∈ L of (1.2) with u_0 ∈ U, for any ε > 0, there exists λ_0 = λ_0(ε) > 0 satisfying λ_0(ε) → 0 as ε → 0, such that for a f ∈ ω(u_0), there holds (2.5) f_μ∗_{−λ} ⪯ f ⪯ f_μ∗_{+λ} for a λ ∈ (0, λ_0(ε)] =⇒ d(f, f^∗) < ε. Proof. Assume for contradiction that there exists a constant ε_0 > 0 and sequences {λ_n} → 0 and {f_n} ⊂ ω(u_0) such that

(2.6) f_μ∗_{−λn} ⪯ f_n ⪯ f_μ∗_{+λn} but d(f_n, f^∗) ≥ ε_0.

Since by the assumption, {f_n} is a compact sequence, there exists a converging subsequence {f_{nk} } → f̄ ∈ X. Since the restricted partial ordering is closed we obtain f^∗ ⪯ f̄ ⪯ f^∗. Hence f̄ = f^∗ and a contradiction with (2.6) follows. □

Proof of Theorem 2.1. Consider a bounded orbit {u(t), t > 0} with u_0 ∈ U. Let us prove that

(2.7) u(t) → f^∗ as t → ∞.

We argue by contradiction. Assume that there exist a constant ε > 0 and a sequence {t_j} → ∞ such that (2.8) d(u(t_j), f^∗) > ε, j = 1, 2, ... . Fix λ_0 = λ_0(ε/2) with λ_0 being the function defined in Proposition 2.1. Let f_ν and f_μ be the profiles from (2.2), and consider the corresponding solutions F_ν (t) and F_μ(t). By 6

(2.1), there exists t_0 ≫ 1 such that (2.9) F_ν (t_0) ≡ f_{ρ1(t0)} and F_μ(t_0) ≡ f_{ρ2(t0)}, where 0 < μ^∗ − ρ_1(t_0) < λ_0 and 0 < ρ_2(t_0) − μ^∗ < λ_0. Consider the sequence {t̂_j = t_j − t_0} → ∞ with u(t̂_j) → g ∈ ω(u_0) as j → ∞ choosing a subsequence if necessary. From (2.2) we have that (2.10) f_ν ⪯ g ⪯ f_μ.

On the other hand, by (H2) choosing a subsequence, we have that u(t̂_j + t) → v(t) locally, where v(t) is a solution of (1.1) with initial data v(0) = g ∈ ω(u_0). Hence, (2.11) d(v(t), u(t̂_j + t)) ≤ ε/2 for j ≫ 1, uniformly on t ∈ [0, t_0].

It follows from (2.10) and (2.11) and the S-relation property in (H4), that (2.12) F_ν (t) ⪯ v(t) ⪯ F_μ(t), t ∈ [0, t_0]. Taking into account (2.9), we have that v(t_0) ∈ ω(u_0) satisfies f_μ∗_{−λ} ⪯ v(t_0) ⪯ f_μ∗_{+λ} with a λ ∈ (0, λ_0(ε/2)].

Then Proposition 2.1 guarantees that (2.13) d(v(t_0), f^∗) < ε/2. Hence, for all j ≫ 1, (2.14) d(u(t_j), f^∗) = d(u(t̂_j + t_0), f^∗) ≤ d(u(t̂_j + t_0), v(t_0)) + d(v(t_0), f^∗) ≤ ε contradicting (2.8). □ 3. Applications to stability in blow-up problems We apply the above S-Theorem to equation (1.3) with operators (1.4)–(1.6). After rescaling (1.10) we arrive at the perturbed equation (1.11) to be compared with the corresponding unperturbed, autonomous one (3.1) θ_τ = A(θ), τ > 0.

ODEs for the similarity profiles take the form (1.9). In what follows, we denote by f^∗(ξ) ≥ 0, f^∗ ≢ 0, a non-trivial rescaled similarity profile (equilibrium) A(f^∗) = 0 in R, f^∗(ξ) → 0 as ξ → ∞.

In the case of quasilinear operators (1.4) and (1.5), f^∗ is a weak solution, while for the fully nonlinear equation with operator (1.6), it is a mild solution or a proper maximal solution constructed by monotone approximations via uniformly parabolic equations; see [5], [15] and references therein. Same definitions apply to the rescaled solution θ(ξ, τ) (and u(x, t)) so that θ is a unique weak solution of the first two equations and mild, maximal one for the third equation.

In the case β < 0, any stationary profile f^∗(ξ) is compactly supported since the ODEs do not admit positive solutions f(ξ) vanishing at infinity. The proof in Chapter 4 [21] for 7

the ODE with operator (1.4), β < 0, is extended to other ones. Moreover, by similar arguments one can establish that there exists a non-trivial, symmetric, compactly supported equilibrium f^∗ (see details in [6]) which will be proved to be unique and asymptotically stable.

3.1. Application of the S-Theorem. Let X = C(I) be the space of bounded and continuous compactly supported functions defined on sufficiently large closed symmetric interval I = [−k, k], k ≫ 1, with the distance function given by the L^∞-norm ‖ · ‖. The solution class L is

(3.2) L = {θ(τ) ≥ 0 : θ(τ) ∈ X satisfies (1.11) and c_1 ≤ ‖θ(ξ, τ)‖ ≤ c_2 ∀ τ ≥ τ_0},

where c_1 = c_1(k) > 0 is a sufficiently small constant and the constant c_2 = c_2(k) > c_1 is large enough. We denote by U the class of such smooth compactly supported initial data θ_0 such that the corresponding solution θ ∈ L. The class L^∗ of solutions θ^∗(τ) of the unperturbed equation (3.1) is defined in the same way, and by U^∗ we denote the bounded set of the corresponding initial data θ^∗_0.

We next prove via the S-Theorem that for any positive k, there holds L ⊂ W^s(f^∗). In order to apply the S-Theorem, we need to check hypotheses (H1)–(H4). To begin with, we note that interior regularity results for parabolic equations guarantee the compactness and convergence hypotheses (H1) and (H2). To see that ω(θ_0) ∈ U^∗ for every θ_0 ∈ U we argue as follows. Assume for contradiction that there exists f = lim_{j→∞} θ(τ_j ) ∈ ω(θ_0) which does not belong to U^∗. This means that one of the bounds in the definition of L^∗ is not true for the corresponding solution θ^∗(ξ, τ) and some τ_1 > τ_0. By the convergence θ(ξ, τ + τ_j ) → θ^∗(ξ, τ) uniformly on [τ_0, τ_1] × R we deduce that the assumption holds for θ(ξ, τ_0 + τ_j ) for any τ_j ≫ 1 contradicting the definition of L.

Consider the crucial hypotheses (H3)–(H4) dealing with the class of solutions L^∗ for the unperturbed equation (3.1) (cf. [7]).

(H3) Let us introduce the family F^∗ ⊂ W^s(f^∗). We define functions f_μ for every μ ∈ R by translation f_μ(ξ) = f^∗(ξ − μ) in R.

The corresponding solution F_μ(τ) of the unperturbed parabolic equation (3.1) is given explicitly F_μ(τ) = φ_t(f_μ) ≡ f^∗(ξ − μe^{βτ} ) in R × R_+.

Since β < 0, we have that for any μ ∈ R, F_μ(τ) → f^∗ as τ → ∞ uniformly on compact subsets in R, so that F^∗ ⊂ W^s(f^∗). Thus, F^∗ = {f_μ, μ ∈ R} is a continuous one-parametric family of functions satisfying f_μ∗ ≡ f^∗ for μ^∗ = 0 and

(3.3) f_μ(·) → 0 = f_∞ as μ → ±∞.

The total ordering ⪯ in F^∗ is straightforward. It characterizes the number and the character of intersection of profiles from F^∗. We say that f_λ ≺ f_ν if these profiles intersect 8

each other exactly once and the difference f_ν (ξ) − f_λ(ξ) has a change of sign from − to + at the intersection. Then f_λ ⪯ f_ν means that either f_λ ≺ f_ν or f_λ = f_ν . (H4) (i) Asymptotic transversality of F^∗. The property (2.2) follows from obvious geometric structure of the family F^∗. In particular, it suffices to observe that the interfaces a_μ < b_μ of the function f_μ(ξ) satisfy a_μ → ±∞, b_μ → ±∞ as μ → ±∞. This implies that the asymptotic transversality assumption holds for any initial data with compact support.

(ii) S-relation and S-semigroup. We keep the same definition of ≺ and ⪯ as in (H3) for functions θ^∗_0 ∈ U^∗. Obviously, both the reflexivity and antisymmetry properties of the S-relation hold. In order to show that the S-relation is closed in the sense of (2.3) and that the S-semigroup property (2.4) holds, we need to prove special intersection properties characterizing solutions in L^∗. The proof relies on the existence of a two-parametric family of functions G^∗ = {f^λ_μ } from the local domain of unstability W^u(f^∗) of the equilibrium f^∗. These functions are defined as follows: f^λ_μ (ξ) = λ^{−α}f^∗((ξ − μ)λ^{−β}), μ ∈ R, λ ∈ R. The corresponding solutions of the PDE (3.1) are given explicitly

(3.4) F^λ_μ (ξ, τ) = (1 − (1 − λ)e^τ )^{−α}f^∗((ξ − μe^{βτ} )(1 − (1 − λ)e^τ )^{−β}).

These rescaled solutions are obtained from the self-similar ones for the original PDE by translations in both independent variables x and t. We have that for any fixed μ, solutions (3.4) stabilize as τ → ∞ to the trivial one f_∞ ≡ 0 if λ > 1 and blow-up in finite time if λ < 1. For λ = 1 we are given the family F^∗ from the domain of stability of f^∗.

We now state the main intersection property of parabolic evolution in L^∗. Given a solution θ ∈ L^∗, by I_μ(τ) ≡ Int(τ, f_μ) we denote the number of intersections of θ(ξ, τ) and the function f_μ(ξ).

Lemma 3.1. Let θ(τ) ∈ L^∗ and θ_0 ∉ F^∗. Then

(i) for any μ ∈ R, I_μ(τ) > 0 for τ ≥ 0, and (ii) Int(g, f^∗) > 0 for any g ∈ ω(θ_0).

Proof. (i) Assume for contradiction that there exist τ_0 > 0 and ν such that I_ν (τ_0) = 0 so that the profiles do not intersect each other and hence are ordered uniformly in R. We may assume without loss of generality that ν > 0.

We begin with the case θ(ξ, τ_0) ≤ f_ν (ξ) for every ξ ∈ R. Then, by the usual comparison we have that I_ν (τ) = 0 and θ(τ) ≤ F_ν (τ −τ_0) for every τ ≥ τ_0. Assume for a moment that at τ = τ_0 no contact points are available on the interfaces. Then, by applying the strong Maximum Principle to solutions in the domain of strict positivity (and hence sufficient regularity), we have that the solutions are strictly separated at τ = τ_0 + δ with δ > 0 being arbitrarily small. By continuity the same is true for θ and f^λ_ν if λ ≈ 1^−. By considering the associated non-stationary solution F^λ_ν (ξ, τ − τ_0) after shifting in time, we get that θ(·, τ) → 0 as τ → ∞ uniformly in R. This contradicts the assumption θ ∈ L. 9

If θ(ξ, τ_0) ≥ f_ν (ξ) in R, the proof is similar by choosing ν ≈ 1^+. In this case we obtain that the solution blows up in finite time again contradicting the same assumption.

Finally, let us prove that there exists a τ_1 > τ_0 when interfaces are separated and hence the previous argument applies at the moment τ_1 + δ for the profile f_γ with γ = ν or γ ≈ ν. If interfaces are not separated for every τ ≥ τ_0, we fix τ^∗ ≫ 1 such that function F^λ_ν (τ − τ^∗) has a unique intersection with θ_0 by choosing λ ≈ 1^−. It follows from this construction and obvious properties of the family G^∗ that I^λ_μ (τ) ≡ Int(τ^∗, f^λ_μ ) ≥ 2 whence a contradiction.

(ii) Given a sequence {τ_k} → ∞, we pass to the limit τ_k + τ → ∞ so that θ(τ_k + τ) → θ̃(τ). Then the same argument applies to the solution θ̃ ∈ L∗ of the equation (1.11) with initial data g ∈ ω(θ_0). □ Let us show that the S-relation is closed in the sense of (2.3). Indeed, if f̄ ⪯ f_μ does not hold, then, by construction, the only possibility is that f̄ ≢ f_μ does not intersect f_μ. Since f̄ ∈ U^∗, this contradicts Lemma 3.1, (i).

Finally, we prove that {φ^∗_t } is an S-preserving semigroup preserving the S-relation. This is a consequence of the Sturm Theorem and Lemma 3.1. Assume that θ^∗_0 ⪯ F_μ(0). This means that I_μ(0) = +1, i.e., there exists a unique intersection of the profiles and the difference F_μ(ξ, 0) − θ^∗_0 (ξ) changes sign from − to + at the intersection. For degenerate equations admitting weak solutions, intersections can be a point or an interval. By the Sturm Theorem and Lemma 3.1, it follows that I_μ(τ) ≡ +1 for every τ > 0 and hence, the same local character of the intersection is preserved in time. Therefore θ^∗(τ) ≺ F_μ(τ) for any τ > 0. By repeating the arguments relative to the profile f_ν and the solution F_ν (τ), we obtain the opposite estimate θ^∗(τ) ≻ F_ν (τ) for all τ > 0.

Hence, (H1)–(H4) hold and this provide us with the following conclusion.

Theorem 3.1. Any bounded and compactly supported rescaled solution θ(ξ, τ) of the parabolic equation (1.11), with operators (1.4), (1.5) and (1.6) satisfies one of the following properties: as τ → ∞, either (i) θ(τ) → 0 or (ii) θ(τ) → f^∗ uniformly in R.

As a straightforward consequence, we have that if θ(τ) ∈ L, then the solution satisfies (ii). The estimates appearing in the definition of L may strongly depend on the perturbation term G of the equation and the same is true in constructive characterizations of the sets U and L. In the next section, we choose a special case showing such constructive characterizations. The same technique is extended to more general perturbations G satisfying (1.13) though this can cause some specific technical difficulties depending on G. The application below shows how the invariance properties of the semigroup φ_t can be used in order to get estimates for a “good” set of initial data. This set provides us with a family F̂^∗ satisfying (H3) and (H4) with respect to the perturbed equation (1.11). Hence, although this equation is not autonomous, the classical intersection comparison arguments apply to any solution of (1.11) and the solutions with initial data in the family 10

F̂ ∗. We note that now we are comparing solutions of the same equation (1.11). Then, the stability theory in [6] applies without changes, and the convergence result follows for a wide class of initial data. Such an approach allows to avoid rather delicate calculations and estimates for general orbits.

4. Global blow-up in nonlinear heat equations with source and other applications

In the first application, we consider a general autonomous perturbation of the form g = g(u) and such that the rescaled perturbation G in (1.12) satisfies (1.13), i.e.,

(4.1) h(u) = u^{−p}g(u) → 0 as u → ∞.

We also assume that the function h(u) is globally bounded. It is convenient that with this choice of general autonomous perturbations, some of the invariant properties of the semigroup φ^∗_t remain valid for φ_t induced by the perturbed equation. In particular, we will use the following properties of (1.3):

(i) given symmetric and decreasing for x > 0 initial data u_0, the same holds for the corresponding solution u(x, t) for every t > 0 (this follows from the Maximum Principle), and (ii) solutions are translationally invariant, u^γ_λ(x, t) = u(x + λ, t + γ) is also a solution of the equation.

Denote by L_k the subset L depending on the length 2k of the interval [−k, k]. We have the following characterization of the subset L corresponding to the space C_0(R) of continuous compactly supported functions.

Theorem 4.1. Define U = {u_0 ∈ C_0(R) such that u(x, t) blows up at T = 1}, and let L be the set given by L = {θ(τ) ∈ C_0(R) is rescaled solution of (1.11), (4.1) with initial data θ_0 ∈ U}. Then L = ∪_{k∈R+} L_k .

Theorems 3.1 and 4.1 guarantee that any solution u ∈ L of the perturbed equations with arbitrary perturbations from the class (4.1) has the asymptotic self-similar behaviour with the unique rescaled similarity profile f^∗.

Proof. Step 1: symmetric and decreasing initial data. We first deal with this kind of initial data for which the estimates involved in the definition of L_k can be obtained much simpler thanks to space symmetry and monotonicity properties.

Let u_0 = θ_0 ∈ U. Let us prove that the corresponding rescaled solution θ(ξ, τ) belongs to L_k for some sufficiently large k > 0. This means, keeping in mind the definition of L_k, that it is globally bounded from above with compact support in I_k for every τ ≥ 0 and does not tend to the trivial zero solution, see (3.2). We may assume that the function h is negative. The same proof with minor changes in the construction of sub and 11

supersolutions applies without this extra assumption. The result is a consequence of the following estimates.

1. A lower bound. If u_0 = θ_0 ∈ U, the following estimate holds:

‖θ(τ)‖ > c^∗ = α^{−α} for any τ ≥ 0.

Indeed, if this is false and ‖θ(τ_0)‖ ≤ c^∗ for some τ_0 ≥ 0, in the original variables we obtain that u(x, t_0) ≤ H(t_0) ≡ c^∗(1 − t_0)^{−α}, with t_0 = 1 − e^{βτ0} .

Hence, taking into account that H(t + c) is a supersolution of equation (1.1) for every c ∈ R and by the strong Maximum Principle, we obtain that for a fixed positive δ ≪ 1 and arbitrarily small ε > 0, u(x, t_0 + δ) ≤ H(t_0 − ε + δ). By comparison, the same inequality holds for t ≥ t_0 + δ and hence u(x, t) does not blow-up at time T = 1 contradicting the assumption.

2. An upper bound. Let ±a be the interfaces of the symmetric equilibrium f^∗(ξ). On one hand, let us prove that there exists τ_0 ≥ 0 such that

θ(ξ, τ) ≤ f^∗(0) + 1 for all τ ≥ τ_0 and every |ξ| ≥ a.

Assume that this is false for some ξ_0 ≥ a and a sequence {τ_j} → ∞. Then, by the decreasing and symmetric hypotheses, the same holds for every ξ ∈ [−ξ_0, ξ_0]. Using that h(u) is globally bounded, we construct a subsolution in the following way. First of all, consider small enough fixed values of ε and ρ such that for every j,

(4.2) θ(ξ, τ_j ) ≥ (1 − ρ)^{−α}f_ε(ξ(1 − ρ)^{−β}),

where f_ε(ξ) denotes the unique stationary solution to the nonlinear ODE

(4.3) A(f) ≡ A(f) − εf^p = 0, ξ ∈ R, f(ξ) → 0 as ξ → ∞,

A being the operator defined in (1.9). Note that f_ε can be obtained from the profile f^∗ by rescaling. For instance, for the PME operator (1.4), the transformation is given by f_ε(ξ) = λf(λ^{(m−p)/2}ξ), λ = (1 − ε)^{−(p−1)}. Finally, consider j^∗ ≫ 1 such that G(τ) ≤ ε for τ ≥ τ_j∗ . With the above assumptions the function θ(ξ, τ) = (1 − ρe^{τ −τj∗} )^{−α}f_ε(ξ(1 − ρe^{τ −τj∗} )^{−β}) is a subsolution of equation (1.11), (4.1) for τ ≥ τ_j∗ . Hence, it follows from (4.2) by the Maximum Principle that θ(ξ, τ) ≤ θ(ξ, τ) for τ ≥ τ_j∗ . Since the subsolution θ blows-up at a finite τ_0, the same holds for the solution θ. In terms of the original variable u(x, t) this means that u blows up at time t_0 < 1 and a contradiction follows. In addition, we note that the upper bound in [−a, a] can be obtained as follows. One has that for every M ≫ f^∗(0), the symmetric and decreasing stationary profile f_M satisfying f_M (0) = M is a supersolution of (1.11) in [−a, a] × R_+ and f_M → ∞ in [−a, a] as M → ∞. Then the result follows by applying the Maximum Principle. 12

3. Localization of the support. Consider θ(ξ, τ) ∈ L and denote by a(τ) and b(τ) ≡ −a(τ) its left-hand and right-hand interfaces. Let us show that there exists a constant c > 0 such that −c ≤ a(τ) < b(τ) ≤ c for every τ ≥ 0. Consider the function f^∗(ξ − A) with shifted argument, where A > 0 is large enough and such that

θ(A, τ) < f^∗(0) for every τ ≥ 0, and θ(ξ, 0) ≤ f^∗(ξ − A) for ξ ≥ A.

Since f^∗(ξ−A) is a supersolution of (1.11) in [A, ∞)×R_+, the result follows by comparison.

The previous estimates provide us with the convergence and stability result for any symmetric and decreasing initial data from L. We next extend the proof to arbitrary compactly supported initial data.

Step 2: end of the proof of Theorem 4.1. Consider arbitrary initial data θ_0 satisfying the previous hypotheses. Define a one-parametric family F̂^∗ = {f̂_λ(ξ) = θ_0(ξ + λ), λ ∈ R} belonging to the domain of stability of f^∗. Then, following the main lines of the stability analysis of unperturbed equations in [6], Section 4, we see that this family F̂^∗ satisfies the crucial hypotheses (H3)–(H4) relative to the perturbed equation (1.11), (4.1) and the sets L and U.

Therefore, the stability result [6] applies and proves the convergence of any rescaled solution from L (with T = 1) to the unique profile f^∗. Finally, we mention that in Theorem 3.1 we proved that for θ(ξ, τ) ∈ L_k there holds θ(ξ, τ) → f^∗ as τ → ∞. This implies that (1 − t)^αu(ξ(1 − t)^{−β}, t) → f^∗(ξ) as t → 1^− with uniform convergence on compact on ξ, whence u(x, t) blows up as t → 1^− and u_0 ∈ U. The proof is completed. □ The same stability analysis applies to more general perturbations under the assumptions that the associated semigroup admits translations in both x and t, as well as spatial symmetry and monotonicity properties.

4.1. On other applications. The abstract framework of the stability analysis admits other applications to nonlinear reaction-diffusion-absorption equations. We begin with one of them where the application is quite similar to the one presented above with an explicit family F^∗ associated to the unique profile f^∗ is provided.

Extinction for quasilinear heat equations. A similar singular asymptotic phenomenon occurs in the study of a perturbed similarity extinction behaviour for a simple one-dimensional model

u_t = (u^m)_{xx} − u^p + g(u) in R × (0, T ),

in the parameter range 0 < m < p < 1. The function g(u) again plays a role of a small perturbation of the scaling invariant PME with strong absorption, and one can see, by applying the stability theory above, that the asymptotic behaviour of finite-time extinction is described by the unique nontrivial similarity solution corresponding to the autonomous equation in the class of continuous solutions satisfying (2.2). The existence 13

and uniqueness of the profile f^∗ was study in [9], where the authors derived estimates which allow us to define the relation ≺ in the family F^∗ = {f_μ = f(ξ + μ), μ ∈ R} constructed in a similar way as in the previous example.

On the other hand, although some extra ingredients are required in the analysis, the theory also applies if the profile f^∗ is assumed to be unique but an explicit family F^∗ is not available. In these cases, if the asymptotic behaviour for the autonomous equations is known for a class of initial data with an appropriate topological structure, it is possible to construct an alternative family F̂^∗ and establish the corresponding stability result. Among other examples, we mention the blow-up problem studied as first application, with operator (1.4) but with parameter β > 0 (single point blow-up). A stability analysis for the unperturbed equation was done in [11] by constructing a Lyapunov function for a wide class U^∗ of symmetric initial data. We remark that for this problem, a geometrical approach to stability is not known and the uniqueness of the profile f^∗ remains an open problem. However, assuming that f^∗ is unique, it is possible to construct an alternative family F̂^∗ ⊂ U^∗ and the stability result in an appropriate class of solution can be obtained.

4.2. On further extensions of stability theory. A natural extension would be the development of an analogous stability analysis when the uniqueness of the profile f^∗ is not available and instead there occurs a continuous one-parametric family of stationary solutions S^∗. In this framework, some new ingredients have to be used in order to establish the stability results. However, key ”topology-metric” ideas of this paper remain the same. We mention two of the main applications arising in this context. The first one deals with the well-known focusing problem for the porous medium equation

(4.4) u_t = Δu^m in R^N × (0, T )

with m > 1 in dimensions N ≥ 2, where in the radial setting the second kind self-similar Graveleau solution [2] is known to be asymptotically stable [1]. The second one deals with the asymptotic analysis near the extinction time for the fast diffusion equation (4.4) with m ∈ (0, 1). The stability analysis of this unperturbed problem was performed in [13].

In both problems there exists a one-parametric family S^∗ of mutually intersecting rescaled stationary profile inducing a suitable S-relation of restricted partial ordering. The study of the analogous singularity formations for the same equations with perturbation can be placed in the context of this stability theory.

Acknowledgement. The first author thanks Department of Mathematical Sciences of the University of Bath for hospitality during her visits sponsored by the TMR network EBR FMRX CT98-0201.

References

[1] S. B. Angenent and D.G. Aronson, The focusing problem for the radially symmetric porous medium equation, Comm. Partial Differ. Equat., 20 (1995), 1217-1240.

[2] D.G. Aronson and J. Graveleau, A self-similar solution to the focusing problem for the porous medium equation, Euro. J. Appl. Math., 4 (1993), 65-81.

[3] G.I. Barenblatt, Scaling, Self-similarity, and Intermediate Asymptotics, Cambridge Univ. Press, Cambridge, 1996. 14

[4] J. Bebernes and D. Eberly, Mathematical Problems in Combustion Theory, Appl. Math. Sci., Vol.

83, Springer-Verlag, Berlin, 1989.

[5] F. Bernis, J. Hulshof, and J.L. Vazquez, A very singular solution for the dual porous medium equation and the asymptotic behaviour of general solutions, J. reine angew. Math., 435 (1993), 1-31.

[6] M. Chaves and V.A. Galaktionov, On uniqueness for ODEs arising in blow-up asymptotics for nonlinear heat equations, J. Evol. Equat., submitted.

[7] M. Chaves and V.A. Galaktionov, On uniqueness and stability of self-similar blow-up solutions of nonlinear heat equations: evolution approach, Comm. Contemp. Math., submitted.

[8] E. DiBenedetto, Degenerate Parabolic Equations, Series Universitext, Springer-Verlag, New York, 1993.

[9] R. Ferreira, V.A. Galaktionov, and J.L. Vazquez, Uniqueness of asymptotic profiles for an extinction problem, Adv. Differ. Equat., to appear.

[10] V.A. Galaktionov, Proof of the localization of unbounded solutions of the nonlinear parabolic equation u_t = (u^σu_x)_x + u^β , Differ. Equat., 21 (1985), 11-18.

[11] V.A. Galaktionov, On asymptotic self-similar behaviour for a quasilinear heat equation: single point blow up, SIAM J. Math. Anal., 26 (1995), 675-699.

[12] V.A. Galaktionov, Asymptotic self-similar global blow-up for a quasilinear heat equation, Differ.

Integr. Equat., 10 (1997), 487-497.

[13] V.A. Galaktionov and L.A. Peletier, Asymptotic behaviour near finite time extinction for the fast diffusion equation, Arch. Rat. Mech. Anal., 139 (1997), 83-98.

[14] V.A. Galaktionov and J.L. Vazquez, Asymptotic behaviour of nonlinear parabolic equations with critical exponents. A dynamical systems approach, J. Funct. Anal., 100 (1991), 435-462.

[15] V.A. Galaktionov and J.L. Vazquez, Continuation of blow-up solutions of nonlinear heat equations in several space dimensions, Comm. Pure Appl. Math., 50 (1997), 1-68.

[16] J.K. Hale, Asymptotic Behavior of Dissipative Systems, AMS, Providence, RI, 1988. [17] A.S. Kalashnikov, Some problems of the qualitative theory of non-linear degenerate second-order parabolic equations, Russian Math. Surveys, 42 (1987), 169-222.

[18] T. Ogiwara and H. Matano, Monotonicity and convergence results in order-preserving systems in the presence of symmetry, Discr. Cont. Dyn. Syst., 5 (1999), 1-34.

[19] T. Ogiwara and H. Matano, Stability analysis in order-preserving systems in the presence of symmetry, Proc. Roy. Soc. Edinburgh, 129A (1999), 395-438.

[20] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.

[21] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, and A.P. Mikhailov, Blow-up in Quasilinear Parabolic Equations, Nauka, Moscow, 1987; Walter de Gruyter, Berlin/New York, 1995.

[22] H.L. Smith, Monotone Dynamical Systems: an Introduction to the Theory of Competitive and Cooperative Systems, Math. Surv. Monographs, Vol. 41, AMS, Providence, RI, 1995.

[23] C. Sturm, Mémoire sur une classe d’équations à différences partielles, J. Math. Pures Appl., 1 (1836), 373-444.

[24] Ya.B. Zel’dovich, G.I. Barenblatt, V.B. Librovich, and G.M. Makhviladze, The Mathematical Theory of Combustion and Explosions, Consultants Bureau (Plenum), New York-London, 1985.

Department of Mathematics, Autonoma University of Madrid, 28049 Madrid, Spain E-mail address: Manuela.Chaves@uam.es

Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK and Keldysh Institute of Applied Mathematics, Miusskaya Sq. 4, 125047 Moscow, RUSSIA E-mail address: vag@maths.bath.ac.uk

15