ORDINARY DIFFERENTIAL OPERATORS POSSESSING INVARIANT SUBSPACES OF THE POWER TYPE

S.R. Svirshchevskii Keldysh Institute of Applied Mathematics, Russian Acad. Sci, 4 Miusskaya Sq., Moscow 125047, Russia.

E-mail: svr@spp.keldysh.ru

Abstract

Ordinary differential operators possessing invariant subspaces spanned by the functions x^i, i = 0, 1, . . . , n − 1, are considered. A complete description of operators of the submaximal order n − 2 is obtained. The dimension C^n_{2n−1} of the linear space of such operators is conjectured to be the upper bound for the operators possessing arbitrary n-dimensional invariant subspace. A general representation for translation-invariant operators is found.

AMS (MOS) Subject Classification: 35K55, 35K65

Key words: ordinary differential operators, invariant subspaces, Lie- Bäcklund symmetries.

1. Introduction

There are numerous examples [3, 10, 16] of evolution equations ∂u ∂t = F ( x, u, ∂u ∂x , . . . , ∂^pu ∂x^p ) , u = u(x, t), x, t ∈ R, (1) possessing special solutions in the form of ”finite sums” u(x, t) = n∑ i=1 φ_i(t)f_i(x), (2)

where {f_i(x)} and {φ_i(t)} (i = 1, . . . , n) are some linearly independent sets of functions.

It was observed in [2] that the majority of such examples have a common algebraic nature: they are constructed on finite-dimensional linear subspaces W_n = L{f_1(x), . . . , f_n(x)} ≡ {^n∑ i=1 C_if_i(x) | C_i ∈ R } (3) (linear spans of functions f_1(x), . . . , f_n(x)), invariant with respect to the operator F : F [W_n] ⊆ W_n (see also [15]).

This observation allowed V.A. Galaktionov [2] to considerably increase the number of such examples and obtain a description of different classes of differential operators (evolution equations) possessing invariant subspaces of some special (exponential, trigonometric and power) types.

Some general results concerning this approach can be found in [12, 13]. Following [12], suppose that the subspace (3) is defined as the space of solutions of a linear ordinary differential equation

L[y] ≡ a_0(x)y^{(n)} + a_1(x)y^{(n−1)} + · · · + a_n(x)y = 0, y = y(x), (4)

with the fundamental system of solutions {f_i(x)}.

Let F_{n−1}(W_n) (or simply F_{n−1}) denote the whole set of differential operators F [y] = F (x, y, y^′, . . . , y^{(n−1)}) (5) of the order not greater than n − 1, leaving the subspace (3), i.e. equation (4), invariant. We assume that the higher-order derivatives are excluded by means of equation (4).

The complete description of F_{n−1} was obtained in [14] and is given by

Theorem 1. The set F_{n−1}(W_n) consists of all operators (5) of the form F = n∑ i=1 A^i(I_1, . . . , I_n)f_i(x), (6) where A^i(I_1, . . . , I_n), i = 1, . . . , n, are arbitrary functions of the complete set of first integrals of equation (4).

One can use the following set of first integrals, I_i = α_{i,1}(x)y^{(n−1)} + · · · + α_{i,n−1}(x)y^′ + α_{i,n}(x)y, i = 1, . . . , n, where the coefficients α_{i,1}, . . . , α_{i,n} are defined recursively as α_{i,1} = a_0z_i, α_{i,2} = a_1z_i − (α_{i,1})^′′, . . . , α_{i,n} = a_{n−1}z_i − (α_{i,n−1})^′ via a fundamental system of solutions {z_i(x)} of the equation conjugate to the equation (4) ({z_i(x)} are constructed in terms of {f_i(x)} without any integration) [11].

An invariant subspace of the power type, W_n = L{1, x, . . . , x^{n−1}}, (7) is defined by the simplest linear ODE y^{(n)} = 0 (8) with the conjugate equation z^{(n)} = 0. In this case z_i(x) = f_i(x) = x^{i−1}, i = 1, . . . , n, and hence the complete set of first integrals can be written down in the form I_i = i∑ j=1 (−1)^{j−1} (i − 1)! (i − j)! x^{i−j} y^{(n−j)}, i = 1, . . . , n, (9) so that the above theorem yields

Theorem 2. The set F_{n−1} for the power type subspace (7) (equation (8)) is generated by the operators F = n∑ i=1 A^i(I_1, . . . , I_n)x^{i−1}, (10) where A^i(I_1, . . . , I_n), i = 1, . . . , n, are arbitrary functions of the first integrals (9).

Notice that every operator (5) possessing the invariant subspace (3) defines a Lie-Bäcklund (or generalized) symmetry operator (see [1, 4, 8]) X = F [y] ∂ ∂y of the corresponding linear ODE (4), and the whole set F_{n−1} of such operators forms an infinite-dimensional Lie algebra completely described by Theorem 1. Theorem 2 provides then all Lie-Bäcklund symmetries (obtained in [1]) for the simplest equation (8).

Along with the algebra F_{n−1}, consider its linear subspaces F_k with k ≤ n − 2 consisting of the operators (5) of the order not greater than k. The operators of the order not greater than n − 2 form a linear subspace F_{n−2} ⊂ F_{n−1}. We call them operators or symmetries of submaximal order.

One of the purposes of the present paper is to obtain a general representation for the set F_{n−2} of the operators of submaximal order in the case of equation (8) (subspace (7)) and to prove that they form a finite-dimensional linear space whose dimension is equal to C^n_{2n−1} (Section 2).

For n = 3 this has been actually shown by S. Lie [7], who found that the maximal dimension of the algebra of contact symmetries on plane cannot exceed C^3_5 = 10, and that this maximal value is reached on the equation y^{′′′} = 0. Together with the Theorem 3 obtained in the next section it makes realistic the hypothesis:

for n-th order ODEs the maximal dimension of the linear space F_{n−2} of symmetries of submaximal order is equal to C^n_{2n−1}.

Keeping in mind applications to evolution equations, we also consider the subspace ^F_{n−1} ⊂ F_{n−1} of translation-invariant operators and give their complete description (Section 3).

In the last Section 4 we find all translation-invariant operators of submaximal order for n ≤ 4, belonging to the intersection of previously considered classes of operators.

2. Operators of submaximal order

For a given linear ODE (4) the symmetry operators (5) are found from the invariance test L[F [y]] | |_{(4)}≡ 0. (11)

Following S. Lie we will suppose that operators (5) are defined by analytic functions F . By virtue of the analyticity, the function F (x, y, y^′, . . . , y^{(n−1)}) can be expanded in a convergent power series in variables y, y^′, . . . , y^{(n−1)} with coefficients depending on x. Representing this series as an infinite sum of homogeneous polynomials in y, y^′, . . . , y^{(n−1)} and using the linearity of the equation under consideration we obtain from (11) that every such polynomial defines a symmetry as well. Hence we can suppose beforehand that operators (5) have the homogeneous form F = ∑ 0≤i0,...,in−1≤k i0+···+in−1=k β_{i0,...,in−1} (x)y^{i0} (y^′)^{i1} · . . . ·(y^{(n−1)})^{in−1} (12)

where k = 0, 1, 2, . . . . Using (9) we can express the derivatives y, y^′, . . . , y^{(n−1)} as linear homogeneous functions of I_1, . . . , I_n (the corresponding determinant is not zero). The substitution into (12) implies the following representation for F in terms of the first integrals, F = ∑ 0≤i1 ,...,in≤k i1+···+in=k γ_{i1,...,in} (x)(I_1)^{i1} · . . . ·(I_n)^{in} , (13)

where in accordance with Theorem 1 the coefficients γ_{i1,...,in} (x) are linear combinations of the fundamental system f_1(x), . . . , f_n(x).

Let us return to equation (8). Symmetries of the order n − 2 are singled out by the condition ∂F ∂y^{(n−1)} ≡ n∑ i=1 x^{i−1} ∂F ∂I_i = 0,

where we consider F as a function of x, I_1, . . . , I_n. The first integrals of the corresponding characteristic system have the form x, J_i = I_{i+1} − xI_i (i = 1, . . . , n − 1) and therefore the general expression for F is given by F = ~F (x, J_1, . . . , J_{n−1}), (14) where ~F is an arbitrary function. Let us pass in (13) from I_1, . . . , I_n to the new variables J_0 = I_1, J_i = I_{i+1} − xI_i (i = 1, . . . , n − 1). (15)

Resolving (15) with respect to I_1, . . . , I_n we obtain

I_1 = J_0, I_{i+1} = i∑ j=0 x^{i−j} J_j (i = 1, . . . , n − 1) (16) and therefore (13) takes the form F = ∑ 0≤i1,...,in−1≤k i1+···+in−1=k δ_{i1,...,in−1} (x)(J_1)^{i1} · . . . ·(J_{n−1})^{in−1} , (17)

where we took into account that F does not depend on J_0 (see (14)). Note that the coefficients δ_{i1,...,in−1} (x) in (17) are some polynomials in x of degrees s_{i1,...,in−1} . Let s = max s_{i1,...,in−1} . The expressions (J_1)^{i1} · . . . ·(J_{n−1})^{in−1} are also polynomials in x of degree k with coefficients depending on I_1, . . . , I_n and the leading term of x in (17) can be written down in the form x^{s+k} ∑ 0≤i1,...,in−1≤k i1+···+in−1=k C_{i1,...,in−1} (I_1)^{i1} · . . . ·(I_{n−1})^{in−1} ,

where C_{i1,...,in−1} are constants. It follows then from Theorem 2 that s + k ≤ n − 1. Hence we obtain that s_{i1,...,in−1} ≤ n − 1 − k, k ≤ n − 1.

But then every summand in (17) is a polynomial in x of degree not greater then n − 1 with coefficients of I_1, . . . , I_n and, therefore, by Theorem 2 defines a symmetry of equation (8).

Hence we find that F_{n−2} can be considered as a linear span of the monomials

x^{i0} (J_1)^{i1} · . . . ·(J_{n−1})^{in−1} , (18)

0 ≤ i_0, i_1, . . . , i_{n−1} ≤ n − 1, i_0 + i_1 + . . . + i_{n−1} ≤ n − 1.

Calculating the number of such monomials, we obtain the following result.

Theorem 3. The linear space F_{n−2} of symmetry operators of the submaximal order for equation (8), y^{(n)} = 0,

is spanned by the operators (18). The dimension of this space is given by

dim F_{n−2} = C^n_{2n−1}.

In the following examples we apply Theorems 2 and 3 to the cases n = 2, 3, 4.

Example 1. In the case n = 2 equation (8) takes the form

y^{′′} = 0, (19) and for the spaces F_1 and F_0 we obtain:

1) The whole Lie-Bäcklund algebra F_1 of the equation (19) is generated by the operators F = A^1(I_1, I_2) + A^2(I_1, I_2)x, (20) where A^1, A^2 are arbitrary functions of the first integrals I_1 = y^′, I_2 = xy^′ − y. (21) 2) The set F_0 is 3-dimensional (C^2_3 = 3) and is spanned by the operators x^{i0} (J_1)^{i1} , 0 ≤ i_0, i_1 ≤ 1, i_0 + i_1 ≤ 1, or, explicitly, J_1, x, 1, (22) where J_1 = I_2 − xI_1 = −y.

The operators obtained define a three-dimensional subalgebra of the algebra of Lie point symmetries of equation (19).

Example 2 [12]. Let n = 3, then equation (8) takes the form y^{′′′} = 0 (23) and for the spaces F_2 and F_1, Theorems 2 and 3 yield:

1) The whole Lie-Bäcklund algebra F_2 of the equation (23) is generated by the operators F = A^1(I_1, I_2, I_3) + A^2(I_1, I_2, I_3)x + A^3(I_1, I_2, I_3)x^2, (24) where A^1, A^2, A^3 are arbitrary functions of the first integrals I_1 = y^{′′}, I_2 = xy^{′′} − y^′, I_3 = x^2y^{′′} − 2xy^′ + 2y. (25) 2) The space F_1 (actually coinciding with the subalgebra of contact symmetries) is 10-dimensional (C^3_5 = 10), and is spanned by the operators x^{i0} (J_1)^{i1} (J_2)^{i2} , 0 ≤ i_0, i_1, i_2 ≤ 2, i_0 + i_1 + i_2 ≤ 2, or, explicitly, (J_1)^2, (J_2)^2, J_1J_2, xJ_1, xJ_2, x^2, , x, 1, (26) where J_1 = I_2 − xI_1 = −y^′, J_2 = I_3 − xI_2 = 2y − xy^′. (27) Substituting the last expressions into (26) yields a basis of the well-known 10- dimensional algebra of contact symmetries of the equation (19) (see [7]): F_1 = (2y − xy^′)^2, F_2 = (y^′)^2, F_3 = y^′(2y − xy^′), F_4 = x(2y − xy^′), F_5 = 2y − xy^′, F_6 = xy^′, F_7 = y^′, F_8 = x^2, F_9 = x, F_{10} = 1 (in Lie-Bäcklund canonical form).

Example 3. Let n = 4, then equation (8) takes the form y^{IV} = 0. (28) The space F_3 is described as above by Theorem 2 while Theorem 3 yields:

The space F_2 of the operators of submaximal order is 35-dimensional (C^4_7 = 35) and is spanned by the operators x^{i0} (J_1)^{i1} (J_2)^{i2} (J_3)^{i3} , (29) 0 ≤ i_0, i_1, i_2, i_3 ≤ 3, i_0 + i_1 + i_2 + i_3 ≤ 3, where J_1 = I_2 − xI_1, J_2 = I_3 − xI_2, J_3 = I_4 − xI_3 and I_1, I_2, I_3, I_4 are given by I_1 = y^{′′′}, I_2 = xy^{′′′} − y^{′′}, I_3 = x^2y^{′′′} − 2xy^{′′} + 2y^′, I_4 = x^3y^{′′′} − 3x^2y^{′′} + 6xy^′ − 6y. (30) Substituting (30) into the expressions for J_1, J_2, J_3, we obtain J_1 = −y^{′′}, J_2 = −xy^{′′} + 2y^′, J_3 = −x^2y^{′′} + 4xy^′ − 6y. (31)

3. Translation-invariant operators

In the context of application to evolution equations, it is interesting to obtain a description of symmetry operators for equation (8), which do not explicitly depend on x. Let us use the notation ^F for such operators and denote by ^F_k, k ≤ n − 1, the linear space of translation-invariant operators of the orders not greater than k. Using the general representation (10) for operators F ∈ F_{n−1} given in Theorem 2, we single out translation-invariant operators by the condition ∂F ∂x ≡ 0. (32)

Example 5. Let us start with the case n = 2, i.e. the equation y^{′′} = 0. Applying condition (32) to the operator (20), we obtain the identity I_1A^1_2 + A^2 + xI_1A^2 = 0, where we denote A^k_i = ∂A^k/∂I_i. Equating to zero coefficients at different powers of x yields the system I_1A^1_2 = −A^2, A^2 = 0, possessing the solution A^2 = I_1A(I_1), A^1 = −I_2A(I_1) + B(I_1), where A(I_1) and B(I_1) are arbitrary functions. Substituting these expressions into (20) we obtain ^F = A(I_1)(xI_1 − I_2) + B(I_1) or ^F = yA(y^′) + B(y^′). Example 6 [12]. Acting in a similar way in the case n = 3, y^{′′′} = 0, we obtain a general description of operators ^F belonging to ^F_2: ^F = (y^′)^2A(Î_1, Î_2) + y^′A(Î_1, Î_2) + C(Î_1, Î_2), where A, B, C are arbitrary functions of the expressions Î_1 = I_1, Î_2 = I_1I_3 − I^2_2 in terms of the first integrals (25). Using (25) we find that Î_1 = y^{′′}, Î_2 ∼ 2yy^{′′} − (y^′)^2.

Generalizing these examples we arrive at the following result. Theorem 4. The set ^F_{n−1} of translation-invariant symmetry operators of the equation (8), y^{(n)} = 0, is generated by the operators ^F =^{n−1} ∑ i=0 (y^{(n−2)})^iα_i(Î_1, . . . , Î_{n−1}), where α_i are arbitrary functions of the homogeneous polynomials Î_1 = I_1, Î_2 = I_1I_3 − I^2_2 , Î_k = I^{k−1}_1 I_{k+1} − I^k_2 − k−2∑ i=1 C^i_kÎ_{k−i}I^i_2, 3 ≤ k ≤ n − 1, in the first integrals I_1, . . . I_n (9).

Note that ^F_{n−1} is a subalgebra of the symmetry algebra F_{n−1}. Applying this Theorem to the case n = 4, we obtain

Example 7. For equation (28), y^{IV} = 0, the set ^F_3 consists of the operators ^F = 3∑ i=0 (y^{′′})^iα_i(Î_1, Î_2, Î_3), where α_i are arbitrary functions of the homogeneous polynomials Î_1 = I_1, Î_2 = I_1I_3 − I^2_2 ,

Î_3 = I^2_1 I_4 − I^3_2 − 3^I_2I_2 = I^2_1 I_4 − 3I_1I_2I_3 + 2I^3_2 . The substitution of expressions (30) for I_1, I_2, I_3 yields Î_1 = y^{′′′}, Î_2 = 2y^′y^{′′′} − (y^{′′})^2, Î_3 = −6y(y^{′′′})^2 + 6y^′y^{′′}y^{′′′} − 2(y^{′′})^3.

4. Translation-invariant operators of submaximal order

In the conclusion we consider the spaces ^F_{n−2} of translation-invariant operators of the submaximal order for equations (8) with n = 2, 3, 4. Actually such operators belong to the intersection of the classes considered above.

Using the previous Examples 1-3, where the sets F_{n−2} were found, and applying the condition (32) we obtain the following description of the sets ^F_{n−2}.

1) Case n = 2: y^{′′} = 0. The linear space ^F_0 is 2-dimensional, spanned by the operators ^F_1 = 1, and ^F_2 = y (it follows directly from (22)).

2) Case n = 3: y^{′′′} = 0. In this case the linear space ^F_1 is 4-dimensional and is spanned by the operators

^F_1 = 1, ^F_2 = xJ_1 − J_2 ∼ y, ^F_3 = J_1 ∼ y^′, ^F_4 = J^2_1 = y^{′2}

(where J_1, J_2 are given by (27)).

3) Case n = 4: y^{IV} = 0. The linear space ^F_2 is 9-dimensional and is spanned by the operators ^F_1 = 1, ^F_2 = x(xJ_1 − J_2) − (xJ_2 − J_3) ∼ y, ^F_3 = xJ_1 − J_2 ∼ y^′, ^F_4 = J_1 ∼ y^{′′}, ^F_5 = J^2_1 = y^{′′2}, ^F_6 = J_1(xJ_1 − J_2) ∼ y^′y^{′′}, ^F_7 = J^2_2 − J_1J_3 ∼ yy^{′′} − 2 3 y^{′2}, ^F_8 = J^3_1 ∼ y^{′′3}, ^F_9 = J_1(J^2_2 − J_1J_3) ∼ y^{′′}(yy^{′′} − 2 3 y^{′2}) (see (31)).

Notice that the operator ^F_7 from the Case 3 was first found in [6] where for the evolution equation u_t = uu_{xx} − 2 3 (u_x)^2

(connected via the transformation u = v^{−3/2} with the equation v_t = (v^{−3/2}v_x)_x)) the explicit solutions of the form

u = C_0(t) + C_1(t)x + C_2(t)x^2 + C_3(t)x^3

were constructed. A complete analysis of the translation-invariant quadratic operators of the second order possessing polynomial (and some other) invariant subspaces was done in [2].

Final remarks. In the present paper we deal with the following problem concerning nonlinear differential operators and their invariant subspaces:

given a finite-dimensional functional subspace, construct all operators (satisfying some additional conditions) leaving the subspace invariant.

For subspaces spanned by functions of one variable, a general representation of the whole set of operators was found in [14] ([12]) and is given by Theorem 1 (Section 1). An important generalization of this problem to finite-dimensional invariant subspaces of analytic functions of several variables was considered in [5], where a complete description of the set of operators possessing a given invariant subspace was obtained. Theorem 1 is included in this approach as a special case.

A survey of some results connected with application of invariant subspaces to evolution equations can be found in [13]. Exhaustive surveys of this and other methods of reduction of differential equations are given in [5, 9]

Acknowledgements

The paper was started while the author visited UK, sponsored by the grant of the London Mathematical Society. The author is grateful to Professor V.A. Galaktionov and the Department of Mathematical Sciences, University of Bath, for the hospitality and support.

References

[1] R.L. Anderson and N.H. Ibragimov, Lie -Bäcklund Transformations in Applications, SIAM Studies in Appl. Math., Philadelphia, 1979.

[2] V.A. Galaktionov, Invariant subspaces and new explicit solutions to evolution equations with quadratic nonlinearities, Proc. Roy. Soc. Edinburgh 125A (1995), 225-246 (Report School of Math., Univ. of Bristol, No AM-91-11, 1991).

[3] V.A. Galaktionov, and S.A. Posashkov, On new explicit solutions of parabolic equations with quadratic nonlinearities, Zh. Vichisl. Matem. i Matem Fiz. 29 (1989), 497-506. English translation: USSR Comput. Math. and Math. Phys. 29 (1989), 112-119.

[4] N.H. Ibragimov, Transformation Groups in Mathematical Physics, Moscow, Nauka, 1983. English translation: D.Reidel, Dordrecht, 1985.

[5] N. Kamran, R. Milson, P.J. Olver, Invariant modules and the reduction of nonlinear partial differential equations to dynamical systems, Advances in Mathematics, 156 (2000), 286-319.

[6] J.R. King, Exact multidimensional solutions to some nonlinear diffusion equations, Quart. J. Mech. Appl. Math. 46 (1993), 419-436.

[7] S. Lie, Geometrie der Berührungstransformationen/ Dargestellt von Sophus Lie und Georg Scheffers, B.G.Teubner, Leipzig, 1896.

[8] P.J. Olver, Applications of Lie Groups to Differential Equations. Second Edition, Graduate Texts in Mathematics, vol. 107, Springer-Verlag, New York, 1993 (First Edition: 1986).

[9] P.J. Olver, Symmetry and explicit solutions of partial differential equations, Appl. Numerical Math., 10 (1992), 307-324.

[10] S.I. Pohozhaev, On the problem by L.V. Ovsiannikov, Zh. Prikl. Meh. i Tehn.

Fiz. 2 (1989), 5-10 (In Russian).

[11] V.V. Stepanov, A Course of Differential Equations, GIFML, Moscow, 1958.

[12] S.R. Svirshchevskii, Lie-Bäcklund symmetries of linear ODEs and generalized separation of variables in nonlinear equations, Phys. Lett. A 199 (1995), 344- 348.

[13] S.R. Svirshchevskii, Invariant linear spaces and exact solutions of nonlinear evolution equations, Nonlinear Math. Phys. 3 (1996), 164-169.

[14] S.R. Svirshchevskii, Higher order symmetries of linear ordinary differential equations and linear spaces invariant under nonlinear operators, preprint 14, Inst. Math. Model. Russian Acad. Sci., Moscow (1993) (In Russian).

[15] S.S. Titov, A method of finite-dimensional rings for solving nonlinear equations of mathematical physics, in: Aerodynamics, ed. T.P. Ivanova (Saratov University, Saratov, 1988) 104 (In Russian).

[16] S.S. Titov, On transonic gas flow around thin bodies, in: Analytical Methods in Continues Medium Mechanics, ed. A.F. Sidorov (Sverdlovsk, 1979) 65 (In Russian).