Fourth-order Blow-up 1

We describe a countable subset of blow-up patterns for the fourth-order one-dimensional semilinear parabolic equation ut = −uxxxx + β[(ux)^3]x + e^u with a parameter β ≥ 0, which is a model equation from explosion-convection theory. We show that, unlike the classical Frank-Kamenetskii equation ut = uxx + e^u (a solid fuel model), the generic blow-up in this fourth-order problem is described by a nontrivial similarity solution u∗(x, t) = − ln(T −t)+f1(x/(T −t)^{1/4}) (T > 0 is the blow-up time), with a non-trivial profile f1 ≢ 0. The existence of the stable primary, f1 and unstable secondary, f2, non-trivial self-similar solutions are explained through the analysis of an associated linearized operator. Numerical solution of the PDE shows convergence to an exactly selfsimilar solution from a wide variety of initial data. A further countable subset of nonsimilarity blow-up patterns is constructed by linearization and matching with similarity solutions of a first-order Hamilton-Jacobi equation.

Under consideration for publication in Euro. Jnl of Applied Mathematics 2

Blow-up in a fourth-order semilinear parabolic equation from explosion-convection theory

V. A. Galaktionov^1 and J. F. Williams^2

1 Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK and Keldysh Institute of Applied Mathematics, Miusskaya Sq. 4, 125047 Moscow, RUSSIA email: vag@maths.bath.ac.uk 2 Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK email: mapjfw@maths.bath.ac.uk

(Received June, 2002)

1 Introduction

The role of self-similar solutions is well known in second-order reaction-diffusion equations which exhibit finite time blow-up. Because of their importance to applications many canonical equations such as the semilinear one-dimensional Frank-Kamenetskii equation [11] (the solid fuel model [34]) u_t = u_{xx} + e^u (1.1) and its counterpart with a power nonlinearity u_t = u_{xx} + u^p, p > 1, have been well studied for for the past thirty years. While exact self-similar solutions are known to exist for second-order reaction-diffusion quasilinear problems [27], [3]

u_t = (|u_x|^σ u_x)_x + e^u or u_t = (u^σ u_x)_x + u^p with σ > 0,

it has been shown that none exist for the above semilinear problems, where the asymptotic blow-up behaviour is described by approximate similarity solutions satisfying first-order Hamilton-Jacobi equations. Therefore, it is important to discover if semilinear fourthorder parabolic equations exhibit similar behaviour to their second-order counterparts and not possess exact self-similar solutions due to the semilinear structure of both problems.

In this paper we show that this is not the case for a model from explosion-convection theory [22] u_t = −u_{xxxx} − [(2 − (u_x)^2)u_x]_x − αu + qe^{su}, (1.2) where α, q and s are positive constants obtained from physical parameters. This structure is understood by examining a rescaled operator associated with a large solution reduction of this equation, u_t = −u_{xxxx} − β[(u_x)^3]_x + e^u of which the fourth-order extension of the

Frank-Kamenetskii equation, u_t = −u_{xxxx} + e^u, (1.3) is a limit case.

In the remainder of this Section we describe some of the structure of our model equation and introduce the relevant mathematical definitions and rescaled equations. In particular we show in what sense our reduction is reasonable. In Section 2 we present the properties of the underlying linearized operator which governs the dynamics of both equations.

In Section 3 we present formal analytical and numerical evidence which indicates that there are two non-trivial self-similar solutions to the reduced equation for different values of the parameter β ≥ 0. Moreover, numerical simulations of both equations show that the “ground state”, which is monotone decreasing in |x|, is asymptotically stable in the rescaled sense. The solution to the reduced equation captures the blow-up dynamics of the full model equation.

These results are in striking contrast with properties of blow-up for the second-order semilinear equations, where the generic singularity behaviour is only approximately selfsimilar, and is instead described by similarity solutions of the first-order Hamilton-Jacobi equations and is obtained by a matched asymptotic analysis, see references below.

In Section 4 we construct the rest of the countable subset of different blow-up patterns by using matched asymptotic expansions and spectral properties of non self-adjoint ordinary differential operators to be described in Section 2. Also in Section 4 we present numerical evidence of the existence of two self-similar solutions, and convergence of the PDE onto the ground-state solution.

1.1 The Semenov-Rayleigh-Benard problem

The fourth-order one-dimensional semilinear parabolic equation (1.2) occurs in the Semenov- Rayleigh-Benard problem [22], where the equation is derived in studying the interaction between natural convection and the explosion of an exothermically-reacting fluid confined between two isothermal horizontal plates. This is an evolution equation for the temperature fluctuations in the presence of natural convection, wall losses and chemistry. It can be considered as a formal combination of the equation derived in [18] (see also [5]) for the Rayleigh-Benard problem and of the Semenov-like energy balance [28], [12] showing that natural convection and the explosion mechanism may reinforce each other. In this statement, solutions u = u(x, t) are 2π-periodic in x with bounded periodic initial data u(x, 0) = u_0(x) for x ∈ I_0 = [0, 2π]. Equation (1.2) can be treated as a higher-order generalization of the Frank-Kamenetskii equation (1.1).

Equation (1.2) is uniformly parabolic with all spatial differential operators appearing in divergence form. It admits a unique classical local in time solution, see the classical parabolic theory in [9], [13] and [30]. The operator on the right-hand side of (1.2) N(u) ≡ −u_{xxxx} − [(2 − (u_x)^2)u_x]_x − αu + qe^{su} is potential and the equation admits the Lyapunov function L[u](t) = ∫ I_0 [ 1 2 (u_{xx})^2 − (u_x)^2 + 1 4 (u_x)^4 + α 2 u^2 − q s e^{su} ] dx, which is monotone on bounded orbits, d dt L[u](t) = − ∫ I_0

(u_t)^2dx ≤ 0.

For such smooth gradient systems, the ω-limit set of any bounded orbit {u(·, t), t > 0},

ω(u_0) = {f ∈ C(I_0) : ∃ {t_k} → ∞ such that u(·, t_k) → f uniformly},

is known to consist of stationary solutions: N(f) = 0 in I_0 for any f ∈ ω(u_0). Some results on bifurcation of stationary solutions were obtained in [22]. If the subset of stationary solutions consists of isolated equilibria, the asymptotic behaviour of uniformly bounded orbits does not essentially differ from that for the second-order parabolic equation (1.1) where any bounded orbits are known to approach a stationary profile as t → ∞.

1.2 Finite time blow-up solutions and similarity variables

One of the central concepts to reaction-diffusion equations is finite time blow-up (meaning explosion in combustion theory [34]), where the solution becomes unbounded at some time, T > 0 in the sense that u(x, t) exists and is classical on any time-interval [0, T^′] with T^′ ∈ (0, T ) and sup_x |u(x, t)| → ∞ as t → T^−. (1.4)

The fact that solutions of higher-order parabolic equations may blow-up is well known, see the surveys [24], [17] and more recent results in [8], [6] for equations u_t = −(−Δ)^mu+ f(u), where the critical Fujita exponent and estimates on blow-up rates were established for any m > 1. The proof of blow-up for the periodic initial value problem for (1.2) is straightforward.

Proposition 1.1 Let u(x, t) be a solution of (1.2) in I_0 × R_+ with periodic boundary conditions and bounded continuous initial data u_0(x). (i) If α < sqe^{1/2π} (1.5) then the solution blows up in finite time. (ii) If (1.5) does not hold then the solution blows up if initial data is sufficiently large in the mean sense.

Proof Denoting by ū(t) = ∫ u(x, t)dx the mean of the solution on I_0 and integrating equation (1.2) over I_0, we obtain

ū^′ = q ∫ e^{su}dx − αū. By Jensen’s inequality for convex functions ∫ e^{su}dx = 2π ∫ e^{su} 1 2π dx ≥ 2πe^{sū/2π} , and we arrive at an ordinary differential inequality ū^′ ≥ F (ū) ≡ 2πqe^{sū/2π} − αū. (1.6)

If (1.5) holds, then F > 0 in R. Hence, ū^′ > 0, ū(t) > ū_0 for t > 0 and (1.6) implies that ū(t) (and u(x, t)) blows up at

T ≤ T_0 = ∫_∞ ū_0 ds/F (s). (ii) If α ≥ sqe^{1/2π}, then similarly we have that blow-up occurs if ū_0 > s_+, where s_+ is the maximal root of equation F (s) = 0.

Blow-up is an essential feature of explosion-convection problems and the corresponding parabolic equations under consideration. As for the solid fuel model (1.1), the structure of such a blow-up singularity formation is of importance in the present higher-order model. For the Frank-Kamenetskii equation (1.1), as well as for its counterpart with a power nonlinearity, the single point formation of blow-up singularities was known from the 1970’s [21] and was rigorously established in the 1990’s; see [2], [10], [20], [26], [31], [32] and references in [17].

Finite time blow-up involves a delicate balance between the spatial and temporal derivatives and the reaction terms driving the blow-up. This balance is made naturally apparent by considering the scaling invariance of the underlying PDE. This scaling structure is also important for the numerical methods employed in integrating the full PDE, see Section 4.

For convenience, we rescale su → u, (qs)^{1/4}x → x and qst → t to obtain the equation u_t = A(u) − γu_{xx} − δu, γ = 2/ √ qs, δ = α/qs, (1.7) where A is the operator

A(u) = −u_{xxxx} + β[(u_x)^3]_x + e^u, β = 1/s^2.

Here β is an essential parameter which cannot be removed by scaling. The physically admissible range of the parameter is β ∈ (0, ∞), but we also include the limit case β = 0 which formally corresponds to s = ∞ and leads to the fourth-order extended Frank-Kamenetskii equation (1.3).

We begin our similarity analysis with the following unperturbed equation:

u_t = A(u) ≡ −u_{xxxx} + β[(u_x)^3]_x + e^u, (1.8)

which is a reasonable simplification of (1.7) for large solutions as only the lowest order terms have been neglected. Equation (1.8) is invariant under the group of transformations t → λt, x → λ^{1/4}x, u → u − ln λ, λ > 0. Without loss of generality, we assume that the solution u(x, t) blows up at finite time t = T in the sense of (1.4) and the blow-up set

B[u_0] = {x ∈ I : there exist {x_k} → x, {t_k} → T^− such that u(x_k, t_k) → ∞}

contains the origin, 0 ∈ B[u_0]. Motivated by this assumption, the scaling invariance of the problem and the notion of finite-time blow-up we introduce the following self-similar variables: y = x/(T − t)^{1/4} : I_0 → R is the new spatial variable and t = − ln(T − t) :

(0, T ) → (τ_0, ∞) with τ_0 = − ln T is the new time variable and rescale (1.8) by setting u(x, t) = −τ + θ(y, τ), (1.9) giving θ_τ = −θ_{yyyy} + β[(θ_y )^3]_y − 1 4 yθ_y + e^θ − 1 ≡ A_1(θ). (1.10) Using these new variables for the full equation (1.2) gives that the rescaled function θ satisfies the following perturbed parabolic equation: θ_τ = A_1(θ) + C(θ, τ), (1.11) where A_1 is the autonomous operator above and C is a non-autonomous perturbation, C(θ, τ) = −γe^{−τ /2}θ_{yy} − δe^{−τ} (τ + θ), which is exponentially small as τ → ∞ (i.e., as t → T^−) on bounded orbits. It follows from the scaling variable y in (1.9) that for arbitrarily small fixed |x| > 0, the corresponding |y| → ∞ as τ → ∞ which, in general, corresponds to formation of a single point singularity. Therefore, it is natural to consider the Cauchy problem for equation (1.11) with initial data at τ = τ_0 θ_0(y) = u_0(T^{1/4}y) − τ_0 in R, which are assumed to be bounded.

The perturbed equation (1.11) suggests that we consider first the unperturbed rescaled equation g_τ = A_1(g) in Q_0 = R × (τ_0, ∞), g(y, τ_0) = g_0(y) in R. (1.12) According to (1.9), g(y, τ) is simply the rescaled solution of the following semilinear parabolic equation:

u_t = A(u) ≡ −u_{xxxx} + β[(u_x)^3]_x + e^u.

This is a reasonable simplification of (1.7) for large solutions as only the lowest order terms have been neglected.

Any solution to (1.8) may be written as a solution to (1.10). However for only exactly (rather than asymptotically) self-similar solutions have θ independent of τ. Hence we begin with construction of blow-up self-similar solutions of (1.8) of the form u_∗(x, t) = − ln(T − t) + f(y), y = x/(T − t)^{1/4}, (1.13) where f satisfies the following ODE:

A_1(f) = 0 in R_+ (1.14) supplemented with the symmetry conditions f^′(0) = 0, f^{′′′}(0) = 0 at the origin. The far field behaviour is determined from the PDE by requiring that the limit profile u_∗(x, T^−) is bounded in a deleted neighbourhood of the origin 0 ∈ B[u_0]. Specifically we have that for any x > 0 there exists a finite limit lim_{t→T} u(x, t) = lim_{t→T} [ − ln(T − t) + f ( x (T − t)^{1/4} )] .

Clearly this demands f(y) = −4 ln |y| + O(1) as y → ∞. As is typical for blow-up problems, the symmetry condition for stable (generic) blowup profiles is connected with the idea of infinite time symmetrization (as τ → ∞) in parabolic equations like (1.10) and (1.11).

2 On spectral properties of the linearized operator Consider the linearization of operator (1.10) A^′_1(0) = B^∗ + I, where B^∗ = − d^4 dy^4 − 1 4 y d dy , (2.1) I denotes the identity operator and^′ is the Frechet derivative. In this section we will describe necessary spectral properties of the linear operator B^∗ and its formal adjoint differential expression B = − d^4 dy^4 + 1 4 y d dy + 1 4 I. (2.2) Note that both operators are not symmetric and do not admit a self-adjoint extension. We present some results from [8] and [14].

2.1 Fundamental solution We begin with the fundamental solution of the corresponding linear fourth-order parabolic operator. Consider the linear equation u_t = −u_{xxxx}. (2.3) The fundamental solution has the standard self-similar form b(x, t) = t^{−1/4}F (η), η = x/t^{1/4}. Substituting b(x, t) into (2.3) and taking the Fourier transform yields that the radially symmetric profile F (η) is the unique even solution of the linear ODE BF = 0 in R.

Hence, F (η) = α ∫_∞ 0 e^{−s4} cos(sη)ds, (2.4) where α is chosen to normalize ∫ F = 1, α = (∫_∞ 0 ∫_∞ 0 e^{−s4} cos(sη) ds dη )_{−1} . The rescaled kernel F (η) satisfies a standard pointwise estimate [9] |F (η)| ≤ De^{−d|η|4/3} in R, where D and d are positive constants.

2.2 Discrete real spectrum and eigenfunctions of B We study the spectrum σ(B) in the weighted space L^2_ρ(R) with the exponential weight ρ(y) = e^{a|y|4/3} > 0 in R, where a ∈ (0, 2d) is a sufficiently small positive constant. We denote by (·, ·) and ‖ · ‖ the corresponding inner product and the induced norm respectively.

We next introduce a Hilbert space of functions H^4_ρ (R) with the inner product ⟨v, w⟩_ρ = ∫ R ρ(y) 4∑ k=0 D^kv(y) D^k w(y) dy, where D = d/dy, and the norm

‖v‖^2_ρ = ∫ R ρ(y) 4∑ k=0 |D^kv(y)|^2 dy. Then H^4_ρ (R) ⊂ L^2_ρ(R) ⊂ L^2(R) and B is a bounded linear operator from H^4_ρ (R) to L^2_ρ(R). Let us present its spectral properties.

Lemma 2.1 The spectrum of B consists of real simple eigenvalues only σ(B) = {λ_k = −k/4, k = 0, 1, 2, ...}. (2.5) The eigenfunctions ψ_k(y) =

(−1)^k √ k! D^kF (y) (2.6) form a complete subset in L^2(R) and in L^2_ρ(R). With F as defined in (2.4).

2.3 Polynomial eigenfunctions of the adjoint operator B^∗ We consider the formally adjoint operator (2.1) in the weighted space L^2_ρ∗ (R) ((·, ·)_∗ and ‖ · ‖_∗ are the inner product and the norm) with the exponentially decaying weight function ρ^∗(y) ≡ 1 ρ(y) = e^{−a|y|4/3} > 0, and ascribe to B^∗ the domain H^4_ρ∗ (R) dense in L^2_ρ∗ (R). Then B^∗ : H^4_ρ∗ (R) → L^2_ρ∗ (R) is a bounded linear operator and B^∗ is adjoint to B, ⟨Bv, w⟩ = ⟨v, B^∗w⟩ for any v ∈ H^4_ρ (R), w ∈ H^4_ρ∗ (R).

Therefore, σ(B) = σ(B^∗) [23].

Lemma 2.2 The eigenfunctions ψ^∗_k (y) of B^∗ are polynomials of order k,

ψ^∗_k (y) = 1 √ k! ⌊−λ_k ⌋∑

j=0 1 j! D^{4j} y^k, k = 0, 1, 2, ..., (2.7) and form a complete subset in L^2_ρ∗ (R). (Here ⌊·⌋ denotes the integer part.)

Integrating by parts, we have that the orthonormality condition holds ⟨ψ_k, ψ^∗_l ⟩ = δ_{k,l} for any k, l ≥ 0, (2.8) where ⟨·, ·⟩ is the duality product in L^2(R) and δ_{β,γ} is the Kronecker delta. Operators B and B^∗ have zero Morse index (no eigenvalues with positive real parts are available).

3 Self-similar profiles and generic blow-up Consider the unperturbed rescaled equation (1.12). We begin with the linearized stability analysis and describe invariant subspaces.

3.1 Invariant eigenspaces Let us write down equation (1.12) in terms of the linearized operator (2.1), g_τ = (B^∗ + I)g + D(g) (3.1) with the nonlinear operator D(g) = A_1(g) − (B^∗ + I)g ≡ β[(g_y)^3]_y + e^g − (1 + g).

On solutions g(·, τ) ∈ H^4_ρ∗ (R^N ) the perturbation is quadratic, D(g) = 1 2 g^2 + O(‖g‖^3_ρ∗ ) as ‖g‖_ρ∗ → 0. (3.2) In what follows we restrict our attention to symmetric in x solutions u = u(|x|, t) and hence to symmetric in y rescaled solutions θ = θ(|y|, τ) and g = g(|y|, τ). In the space L^2_{0,ρ}∗ (R) of symmetric functions, in view of (2.5), σ(B^∗ + I) = {λ̃_k = 1 − k/4, k = 0, 2, 4, ...}. (3.3) By completeness in Lemma 2.2, we have that L^2_{0,ρ}∗ (R) = E^u(0) ⊕ E^c(0) ⊕ E^s(0), where E^u(0), E^c(0) and E^s(0) are the unstable, centre and stable subspaces of B^∗ + I, E^u(0) = Span{ψ^∗_0 , ψ^∗_2 }, E^c(0) = Span{ψ^∗_4 }, E^s(0) = Span{ψ^∗_6 , ψ^∗_8 , ...}.

Consider two one-dimensional unstable subspaces corresponding to positive eigenvalues λ̃_0 = 1, ψ^∗_0 (y) = 1 and λ̃_2 = 1/2, ψ^∗_2 (y) = y^2/ √ 2. As usual in blow-up problems, the first unstable mode with k = 0 corresponds to the instability of blow-up behaviour with respect to perturbations of the blow-up time T . The second mode with k = 2 then describes an actual instability of the trivial solution g ≡ 0 in the space of rescaled solutions having the same fixed blow-up time T . We expect such orbits are uniformly bounded in Q_0, i.e., equation (1.12) does not admit symmetric global solutions which become unbounded as τ → ∞.

Consider now the centre subspace E^c(0) corresponding to

λ̃_4 = 0 with ψ^∗_4 (y) = 1√ 24 (y^4 + 24). (3.4)

Let us present a simple calculation showing that the behaviour on the centre manifold is semistable. In view of known spectral and sectorial properties of operators B, B^∗ [8], [14], we expect that the centre (and stable, see the next section) manifold behaviour can be justified by the stable invariant manifold theory in interpolation spaces; see [25], Chapter 9.

Proposition 3.1 Let g(·, τ) ∈ H^4_{0,ρ}∗ (R) exhibit the centre subspace dominance,

g(·, τ) = a_4(τ)ψ^∗_4 (·) + w(·, τ) for τ ≫ 1, (3.5)

where w(·, τ) = o(‖g(·, τ)‖_ρ∗ ) = o(|a_4(τ)|) as τ → ∞. Then

a_4(τ) = 1 γ_0τ

(1 + o(1)) > 0 as τ → ∞, where γ_0 = − 1 2 ⟨(ψ^∗_4 )^2, ψ_4⟩ = 68 √ 6. (3.6)

It follows from (3.6) that a_4(τ) cannot be negative in any neighbourhood of τ = ∞ meaning a one-sided (from below) instability of the centre manifold behaviour.

Proof Looking for a solution of (3.1) in the form of eigenfunction expansion g(·, τ) = ∑ a_k(τ)ψ^∗_k (·), substituting it into equation (3.1) and multiplying by ψ_k in L^2(R), we arrive at the dynamical system on the coefficients ȧ_k = λ̃_ka_k + ⟨D(g), ψ_k⟩, k = 0, 2, ... . Consider the equation for the coefficient a_4 with λ̃_4 = 0. In view of assumption (3.5) and (3.2), assuming that |a_4| ≪ 1, we obtain that

ȧ_4 = −(γ_0 + o(1))a^2_4 for τ ≫ 1. (3.7)

We calculate γ_0 > 0 by using ψ_4 = 24^{−1/2}D^4F and the adjoint eigenfunction in (3.4). Integrating (3.7) as a standard ODE, we obtain that any small solution for τ ≫ 1 has the asymptotic behaviour (3.6).

It follows from the quadratic “ODE” (3.7) that the centre manifold behaviour exhibits a typical semistable “saddle-node” structure.

3.2 Two self-similar profiles

In Figures 1 and 2 we present the results of numerical solution of the ODE (1.14) for different values of the parameter β. They show that there exist exactly two different solutions f_1(y) and f_2(y) including the case β = 0, i.e., the fourth-order parabolic equation (1.3) admitting two non-trivial blow-up similarity solutions (1.13). Figure 1 shows the structure local to the origin while Figure 2 shows the expected far field behaviour. The solutions for were obtained using a collocation code which guarantees a residual tolerance [29]. Symmetry conditions were imposed at the origin and minimal growth was enforced at the far field.

Figure 1. Solutions to the ODE describing exact self-similar solutions

Figure 2. Far-field behaviour of solutions to the self-similar ODE

Existence of two similarity profiles is related to the above analysis of unstable and centre manifold behaviour. We expect that in the evolution equation (1.10) there exists an evolution equilibrium connection between the trivial stationary frofile f ≡ 0 and f_1 via the second unstable mode with k = 2 in (3.3), ψ_2(y) = y^2/ √ 2. Another equilibrium connection from f ≡ 0 and the second profile f_2 is expected to be governed by the unstable centre manifold behaviour (see Proposition 3.1) corresponding to k = 4 and the eigenfunction in (3.4).

Basic properties of connecting equilibria and transversality of intersections of the corresponding stable and unstable manifolds are known for the one-dimensional second-order parabolic equations

u_t = u_{xx} + f(x, u) in (0, 1) × R_+, u = 0 at x = 0, 1 for t > 0.

See [19], [1] and [7], where the results are obtained by using Sturm’s Theorem for the nonincrease of the number of zeros (intersection) of solutions to linear second-order parabolic equations. This Sturmian property is not true for the fourth and higher-order parabolic equations and in general the structure of connecting orbits remains an important open problem.

Let us state the following conjecture motivated by a number of numerical experiments. Conjecture 3.1. For any β ≥ 0, the problem (1.14), (1.10) has precisely two solutions f_1 and f_2.

It is worth mentioning that the fourth-order semilinear parabolic equation with a power nonlinearity u_t = −u_{xxxx} + |u|^{p−1}u, p > 1, also admits two nontrivial self-similar blow-up solutions [4].

3.3 Generic blow-up

We conjecture that the first similarity profile f_1(y) describes the stable generic blowup for general solutions of unperturbed equation (1.8) and the perturbed original one (1.7). In Figure 3 we show typical profiles of the evolution, showing the convergence to profiles localized at the origin. Because the blow-up time T is not known a-priori we cannot immediately compare the solutions to the expected asymptotic profiles. To reconstruct the convergence onto the self-similar solution from time integrations of the PDEs (1.8) and (1.2) we rescale under (1.9) in the following way. At each time t we define λ = exp(u(0, t)) and set

θ(y, τ) = − ln λ + u(xλ^{1/4}, t) where τ = 1 λ . Figure 4 presents a typical example of convergence of the rescaled solution θ(y, τ) (shown with solid lines) to the first similarity profile f_1(y) (shown with a dashed line).

The numerical simulations of the PDEs were done using collocation on a moving grid, see [33] and the references therein. This method moves the grid points to track the solution so as to follow any scalings in the problem. This allows integration of problems whose scale changes dramatically over the time period of interest. In this problem, while the computed solution is never large, it is localized at the origin and care must be taken

Figure 3. Finite time blow-up

Figure 4. Convergence of rescaled profiles

to resolve this fine structure. In the final blow-up limit (u(0, T^−) = 32, e^u ∼ 10^{13}) the grid spacing varies over five orders of magnitude using only 20 grid points.

4 The countable spectrum of blow-up patterns

We continue our study of blow-up phenomena in equations (1.8) and (1.7) by constructing the rest of countable subset of blow-up patterns generated by the centre and stable subspaces of the linearized operator B^∗ + I in (3.1). This analysis is similar to that performed in [14] for the semilinear equation

u_t = (−1)^{m+1}D^{2m}_x u + |u|^{p−1}u in R × (0, T ), p > 1,

for arbitrary order 2m ≥ 4.

4.1 Centre manifold pattern: solutions taking infinite values on moving boundaries

By virtue of Proposition 3.1 and assuming the asymptotic behaviour (3.6), on any compact subset {|y| ≤ c}, c > 0, the rescaled solution has the form g(y, τ) = 1 γ_0τ 1 √ 24 (y^4 + 24) + o( 1 τ ) > 0 as τ → ∞. (4.1)

We then introduce the new rescaled variable

ζ = y/τ^{1/4} ≡ x/[(T − t)| ln(T − t)|]^{1/4}, (4.2)

so that (4.1) implies that as τ → ∞,

g = γ_1ζ^{2m}(1 + o(1)) > 0 for small ζ > 0, γ_1 = 1/ √ 24γ_0 = 1/816. (4.3)

This extra rescaling forms a remarkable spatial variable (4.2) with an additional logarithmic factor. For the second-order heat equations like (1.1) a similar variable occurs with the exponent 1/2 instead of 1/4. The idea of such non scaling invariant hot-spot variable goes back to the beginning of the 1970’s [21], where the equation u_t = u_{xx} + u^3 was studied.

Applying the scaling (4.2) in equation (1.12), we deduce that g = g(ζ, τ) satisfies the following perturbed equation:

g_τ = H_4(g) + 1 τ F(g) for τ > τ_0, (4.4)

with the first-order operator

H_4(g) = − 1 4 ζg_ζ + e^g − 1, and F(g) = −g_{ζζζζ} + β[(g_ζ )^3]_ζ − 1 4 ζg_ζ . As τ → ∞, (4.4) is an asymptotically small singular perturbation of order O(1/τ) (it is of crucial importance that the perturbation is not integrable, 1/τ ∉ L^1((1, ∞))) of the first-order Hamilton-Jacobi equation

h_τ = H_4(h). (4.5)

Such singularly perturbed dynamical systems occur in several reaction-diffusion equations, see [15], where a general stability theorem is available. The main hypothesis of this stability approach is the uniform Lyapunov stability of the ω-limit set of the unperturbed equation (4.5) established in [16], Sect. 3, for general equations like (4.5) in a

Banach space C_ρ(R_+) with a singular weight. For such higher-order parabolic problems compactness of rescaled orbits is a difficult problem and the analysis below is formal.

Assuming that we can pass to the limit in the singularly perturbed equation (4.4), we have that the orbit approaches the stationary profiles satisfying

H_4(f) = 0 for ζ > 0, f(0) = 0.

Integrating this ODE in the class of nonnegative functions f ≥ 0, which is one of the matching conditions due to the positivity of expansions (4.1) and (4.3), we obtain a one-parameter family of the limit profiles,

f(ζ) = − ln(1 − Aζ^4) with a parameter A ≥ 0. (4.6)

Since f(ζ) = Aζ^4 + O(ζ^8) as ζ → 0, comparing with (4.3) for the intermediate values of ζ yields the unique stable profile (4.6), f_∗(ζ), with the constant A = γ_1.

Thus, in terms of the new rescaled variable (4.2) with an extra logarithmic factor, the centre manifold behaviour is governed by a unique stationary solution of the Hamilton- Jacobi equation (4.5): f_∗(ζ) = − ln(1 − γ_1ζ^4).

This means that in the original variables (x, t), the corresponding blow-up pattern takes the asymptotic form

u_4(x, t) = − ln(T − t) − ln(1 − 1 816 ζ^4) + ..., ζ = x/[(T − t)| ln(T − t)|]^{1/4}, i.e., it blows up as t → T in a shrinking domain {|x| ≤ 4 √ 3[(T − t)| ln(T − t)|]^{1/4}} and u_∗ = +∞ on its lateral boundary. Such an infinite Dirichlet condition on moving boundaries is a typical feature for fourth-order PDEs like (1.2), (1.7) or (1.3) (unlike the second-order heat equation (1.1) where such initial-boundary value problems are not locally solvable in general in natural functional classes). Note that the ODE (1.14) admits solutions f(y) blowing up as y → y_0 ± 0 for any finite y_0 with the singularity given in the first approximation by the equation f^{′′′′} = e^f .

4.2 Stable manifold patterns

Let us describe the rest of blow-up patterns associated with stable subspaces of the linearized operator. The patterns on the stable manifold tangent to E^s(0) are generated by the corresponding eigenfunctions with the following asymptotic behaviour of solutions of (3.1) for τ ≫ 1: on compact subsets

g(y, τ) = Ce^{(1−k/4)τ} ψ^∗_k(y) + ..., k = 6, 8, ... (hence λ̃_k = 1 − k/4 < 0), (4.7)

where C ≠ 0 depends on the initial data. The adjoint eigenfunctions ψ^∗_k given by (2.7), do not change sign. Therefore, as we will show, positive C in (4.7) correspond to blow-up patterns in shrinking domains as t → T , while negative values of C generate blow-up patterns which are well-defined in R × (0, T ).

We concentrate on negative C and set C → −C. Then (4.7) yields for large y as τ → ∞, g(y, τ) = −Be^{(1−k/4)τ} y^k(1 + o(1)) + ... ≡ −Bζ^k + ... , |ζ| ≪ 1, B = C/ √ k! > 0, (4.8) where ζ is the new spatial variable ζ = ye^{−τ (k−4)/4k} ≡ |x|/(T − t)^{1/k} , k = 6, 8, ... . Then g = g(ζ, τ) satisfies the exponentially perturbed equation g_τ = H_k(g) − e^{−(1−4/k)τ} { −g_{ζζζζ} + β[(g_ζ )^3]_ζ } , (4.9)

with the Hamilton-Jacobi operator

H_k(g) = − 1 k ζg_ζ + e^g − 1. Using the same stability arguments, similar to the above centre case k = 4, we conclude that, under necessary compactness hypotheses, the orbit {g(·, τ)} approaches the stationary subset of the unperturbed equation equation (4.9) corresponding to τ = ∞. Solving the ODE H_k(f) = 0 in the class of nonpositive solutions, we obtain the family

f(ζ) = − ln(1 + Aζ^k) with a parameter A ≥ 0.

Matching expansion f(ζ) = −Aζ^k + O(ζ^{2k} ) as ζ → 0 with (4.8), we obtain A = B = C/ √ k! . We thus obtain the following approximate representation of the stable manifold pattern on compact subsets in ζ: u_k(x, t) = − ln[(T − t)(1 + Aζ^k)] + ..., ζ = |x|/(T − t)^{1/k} . Passing to the limit t → T , we derive a countable subset of final-time profile created at t = T via such a blow-up evolution u_k(x, T^−) = −k ln |x| − ln A + ... as x → 0, k = 6, 8, ... .

5 Conclusions

In this paper we have described the complete spectrum of blow-up patterns in a model from convection-explosion theory. We have found that contrary to results for a number of similar second-order semilinear problems there exist two self-similar solutions to a reduced model. Moreover, the primary self-similar solution is stable in a rescaled sense in the full equation as well. The existence of these solutions is understood through close inspection of an associated linear operator. Lastly we note that this phenomenon is robust, occurring in many higher-order equations [4].

Acknowledgements

The authors would like to thank C. Budd, P. Gordon, G. Joulin and G.I. Sivashinsky for fruitful discussions. The research of both authors was supported by TMR networks ERB FMRX CT98-0201. The second author would also like to thank the University of Bath and the ORS Awards Scheme for their generous financial support.

Fourth-order Blow-up 17

References

[1] S.B. Angenent, The Morse-Smale property for a semi-linear parabolic equation, J. Differ.

Equat. 62 (1986), 427–442.

[2] A. Bressan, Stable blow-up patterns, J. Differ. Equat. 98 (1992), 57–75. [3] C.J. Budd and V.A. Galaktionov, Stability and spectra of blow-up in problems with quasilinear gradient diffusivity., Proc. R. Soc. Lond. A 454 (1998), 2371–2407.

[4] C.J. Budd, V.A. Galaktionov, and J.F. Williams, Self-similar blow-up in higher-order semilinear parabolic equations, in preparation.

[5] C.J. Chapman and M.R.E. Proctor, Nonlinear Rayleigh-Benard convection between poorly conducting boundaries, J. Fluid Mech. 101 (1980), 759–782.

[6] M. Chaves and V.A. Galaktionov, Regional blow-up for a higher-order semilinear parabolic equation, Euro. J. Appl. Math. 12 (2001), 601–623.

[7] M. Chen, X.-Y. Chen, and J.K. Hale, Structural stability for time-periodic one-dimensional parabolic equations, J. Differ. Equat. 96 (1992), 355–418.

[8] Yu.V. Egorov, V.A. Galaktionov, V.A. Kondratiev, and S.I. Pohozaev, Asymptotic behaviour of global solutions to higher-order semilinear parabolic equations in the supercritical range, submitted to J. Math. Anal. Appl. (Report on web server:

http//mip.ups-tlse.fr), 2002.

[9] S.D. Eidelman, Parabolic Systems, North-Holland Publ. Comp., Amsterdam/London, 1969. [10] S. Filippas and R.V. Kohn, Refined asymptotics for the blow–up of ut − Δu = u^p, Comm.

Pure Appl. Math. 45 (1992), 821–869.

[11] D.A. Frank-Kamenetskii, Towards temperature distributions in a reaction vessel and the stationary theory of thermal explosion, Doklady Acad. Nauk SSSR 18 (1938), 411–412.

[12] , Diffusion and Heat Transfer in Chemical Kinetics, Plenum Press, New York, 1969. [13] A. Friedman, Partial Differential Equations, Robert E.Krieger Publ. Comp., Malabar, 1983. [14] V.A. Galaktionov, On a spectrum of blow-up patterns for a higher-order semilinear parabolic equations, Proc. Roy. Soc. London 457 (2001), 1623–1643.

[15] V.A. Galaktionov and J.L. Vazquez, Asymptotic behaviour of nonlinear parabolic equations with critical exponents. A dynamical systems approach, J. Funct. Anal. 100 (1991), 435– 462.

[16] , Extinction for a quasilinear heat equation with absorption II. A dynamical systems approach, Comm. Part. Differ. Equat. 19 (1994), 1107–1137.

[17] , The problem of blow-up in nonlinear parabolic equations, Discr. Cont. Dyn. Syst.

8 (2002), 399–433.

[18] V.L. Gertsberg and G.I. Sivashinsky, Large cells in nonlinear rayleigh-benard convection, Prog. Theor. Phys. 66 (1981), 1219–1229.

[19] D.B. Henry, Some infinite-dimensional Morse-Smale systems defined by parabolic partial differential equations, J. Differ. Equat. 59 (1985), 165–205.

[20] M.A. Herrero and J.J.L. Velázquez, Blow-up behaviour of one-dimensional semilinear parabolic equations, Inst. Henri Poincaré, Analyse non linéaire 10 (1993), 131–189.

[21] L.M. Hocking, K. Stewartson, and J.T. Stuart, A nonlinear instability burst in plane parallel flow, J. Fluid Mech. 51 (1972), 702–735.

[22] G. Joulin, A.B. Mikishev, and G.I. Sivashinsky, A Semenov-Rayleigh-Benard problem, Preprint.

[23] A.N. Kolmogorov and S.V. Fomin, Elements of the Theory of Functions and Functional Analysis, Vol. 2, Graylock Press, 1961.

[24] H.A. Levine, The role of critical exponents in blow-up problems, SIAM Review 32 (1990), 262–288.

[25] A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Birkhäuser, Basel/Berlin, 1995.

[26] F. Merle and H. Zaag, Stability of the blow-up profile for equations of the type ut = Δu + |u|^{p−1}u, Duke Math. J. 86 (1997), 143–195.

18 V.A. Galaktionov and J.F.Williams

[27] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, and A.P. Mikhailov, Blow-up in Quasilinear Parabolic Equations, Walter de Gruyter, 1995.

[28] N. Semenov, Chemical Kinetics and Chain Reaction, Clarendon Press, Oxford, 1935. [29] L.F. Shampine, M.W. Reichelt, and J. Kierzenka, Solving boundary value problems for ordinary differential equations in MATLAB with bvp4c, available at

ftp://ftp.mathworks.com/pub/doc/papers/bvp/, 2000.

[30] M.E. Taylor, Partial Differential Equations III. Nonlinear Equations, Springer, New York/Tokyo, 1996.

[31] J.J.L. Velazquez, Estimates on (N − 1)-dimensional Hausdorff measure of the blow-up set for a semilinear heat equation, Indiana Univ. Math. J. 42 (1993), 445–476.

[32] J.J.L. Velázquez, V.A. Galaktionov, and M.A. Herrero, The space structure near a blowup point for semilinear heat equations: a formal approach, USSR Comput. Math. Math. Phys. 31 (1991), 46–55.

[33] J.F. Williams, MovCol4: A moving collocation method for higher-order parabolic equations, in preparation.

[34] Ya.B. Zel’dovich, G.I. Barenblatt, V.B. Librovich, and G.M. Makhviladze, The Mathematical Theory of Combustion and Explosions, Consultants Bureau (Plenum), New York/London, 1985.