BLOW-UP AND GLOBAL ASYMPTOTICS OF THE UNSTABLE CAHN-HILLIARD EQUATION WITH A HOMOGENEOUS NONLINEARITY

J.D. EVANS, V.A. GALAKTIONOV AND J.F. WILLIAMS

Abstract. We study the asymptotic behaviour of classes of global and blow-up solutions to the semilinear parabolic equation of Cahn-Hilliard type

u_t = −Δ(Δu + |u|^{p−1}u) in R^N × R_+, p > 1, with bounded integrable initial data. We show that in some {p, N}-parameter ranges it admits a countable subset of blow-up similarity patterns. The most interesting selfsimilar blow-up patterns are constructed at the first critical exponent p = p_0 = 1 + 2/N. Unlike the blow-up case, we show that for p = p_0, the subset of global decaying similarity solutions is continuous and determine the stable mass-branch. We prove that in general there exists a countable spectrum of critical exponents {p = p_l = 1 + 2/(N + l), l = 0, 1, 2, ...} generating bifurcation branches which play a key role in general description of solutions globally decaying as t → ∞.

1. Introduction

1.1. The model and discussion. In this paper we study the blow-up and the long-time asymptotic behaviour of solutions of the fourth-order semilinear parabolic equation (1.1) u_t = −Δ(Δu + u^p) in R^N × R_+, p > 1, where u^p := |u|^{p−1}u. We consider the Cauchy problem for (1.1) with initial data

(1.2) u(x, 0) = u_0(x) in R^N , u_0 ∈ L^1(R^N ) ∩ L^∞(R^N ), assuming in most cases that u_0(x) has exponential decay as x → ∞.

Equation (1.1) is a model connected with various applications. For instance, it arises as the limit case of the phenomenological, “unstable” Cahn-Hilliard equation for N = 1, 2 and p = 3, see the references in [31] and [10],

u_t = −(γu_{xx} − u^3 + γ_1u)_{xx} − γ_2u.

It is also a reduced model from solidification theory with N = 1 or 2 and p = 2, [29, 2]. Equations of this form arise in the theory of thermo-capillary flows in thin layers of

Date: April 28, 2004.

1991 Mathematics Subject Classification. 35K55, 35K65.

Key words and phrases. Semilinear parabolic equation, similarity solutions, blow-up, asymptotic behaviour.

Research supported by TMR networks ERB FMRX CT98-0201 and RTN network HPRN-CT-2002- 00274. 1

viscous fluids with free boundaries, with the anomalous dependence of the surface tension coefficient on temperature, [12, 1].

Another important class of fourth-order models related to (1.1) admitting both blow-up and decaying solutions comes from the theory of thin films and general long-wave unstable equations (see the references in [3]), where a typical quasilinear equation takes the form

(1.3) u_t = −(uu_{xxx} + u^3u_x)_x.

Equations of this form are known to admit non-negative solutions constructed by special parabolic approximations of the nonlinear coefficients; see [35] and the references therein. Because there is no mechanism to preserve finite support in (1.1) (unlike in (1.3)), there are no compactly supported or steady-state solutions in the subcritical Sobolev range p < p_S = (N +2)/(N −2)_+. Thus we will concentrate on solutions defined in R^N ×(0, T ).

From the mathematical point of view, writing (1.1) in the form

(1.4) P u_t = Δu + u^p

with the positive operator P = (−Δ)^{−1} on the right-hand side defines a pseudo-parabolic second-order equation. Many aspects of such equations are well understood with both the existence and uniqueness of local and global classical solutions and the blow-up of solutions known from the 1970’s; see the first results on blow-up in [26] and the references in the surveys [13, 25].

We are mainly interested in the study of blow-up behaviour of the solutions to (1.1), (1.2). In this sense (1.1) is an exceptional model and (1.4) clearly indicates that, at least formally, we can expect some similarities of blow-up singularity formation phenomena to the classical semilinear heat equation from Combustion Theory (the solid-fuel model)

(1.5) u_t = Δu + u^p in R^N × R_+ (p > 1).

There is a huge mathematical literature, developed in the last twenty years, devoted to the study of blow-up solutions of (1.5), where in some ranges of the parameters p and N a complete description of all possible patterns has been achieved; see the references in Chapter 4 in [32] and the survey [13]. On the other hand, the unstable nonlinear operator in (1.1) forms the classical porous medium equation but backward in time

(1.6) u_t = −Δu^p.

It is not well-posed and leads to blow-up of u or its derivatives in arbitrarily small times; see the concavity techniques in [27].

In standard form, (1.1) (rather than (1.4)) is a fourth-order semilinear parabolic equation. It is well known that any kind of detailed asymptotic analysis for higher-order equations is much more difficult in comparison with the second-order counterparts in view of the lack of the Maximum Principle, comparison, order-preserving semigroups and potential properties of the operators involved, etc. In this sense, we are going to show that (1.1) can be treated as an “intermediate” model between second and fourth-order parabolic equations, where some questions of blow-up and global asymptotics, at least, partially can be studied by reasonably standard mathematical methods. Note that a 2

completely rigorous analysis of blow-up asymptotics, comparable to that for second-order problems, is not yet available for higher-order semilinear equations such as

(1.7) u_t = −(−Δ)^mu + u^p, m ≥ 2,

see [5], nor for the generalized Frank-Kamenetskii equation

u_t = −Δ^2u + e^u

with similar evolutionary blow-up properties, nor for the model equation from the Semenov- Rayleigh-Benard problem with principle operators of the form

u_t = −u_{xxxx} + β[(u_x)^3]_x + e^u, β ≥ 0,

see [14]. The mathematical difficulties of the ODE and PDE patterns increase dramatically with the order of differential operators in the equations.

1.2. The main conclusions and plan of the paper. The primary goal of this paper is to present some general principles of formation of stable generic blow-up and global asymptotics for the Cahn-Hilliard equation (1.1). To this end, we construct various subsets of self-similar solutions of (1.1) in different ranges of the parameters p and N. We establish that in the most interesting conservative critical case p = 1 + 2/N,

(i) (1.1) admits a countable discrete subset of blow-up similarity solutions, and (ii) there exists an unbounded continuous family of global similarity solutions decaying as t → ∞. We also study the stability of some crucial branches of similarity solutions and discuss the similarity subsets for arbitrary p > 1.

In the remainder of this section we discuss some basic auxiliary properties of (1.1). In Section 2 we introduce the blow-up and global similarity solutions and perform a local asymptotic analysis of the corresponding ODEs. The spectral properties of the key non self-adjoint linearized operators are posed in Section 3. In Section 4 we present an existence analysis of blow-up similarity solutions and show that the minimal profile is an attractor for a wide set of initial data. A countable subset of solutions in the critical case p = p_0 = 1 + 2/N is then constructed via a singular perturbation expansion. In Section 5 we study classes of global solutions of (1.1) decaying as t → ∞ and prove that, unlike the blow-up case, the family of similarity solutions at p = p_0 is continuous and we determine the stable branch. We also detect a sequence of critical exponents

(1.8) p_l = 1 +^2_{N+l} , l = 0, 1, 2, ... ,

corresponding to a transition phenomenon between the two main classes of asymptotic patterns for the PDE (1.1). Under certain assumptions, we prove that at each p = p_l a bifurcation of similarity solutions occurs, and show that, actually, for p ≠ p_0, p_1, the subset of exponentially decaying similarity profiles is expected to be countable. Concerning possible non self-similar asymptotic behaviour, we show that at the same critical exponents p = p_l unusual centre manifold patterns occur for the complementary stable Cahn-Hilliard equation

(1.9) u_t = −Δ(Δu − u^p), 3

where the operator is monotone and coercive in H^{−1}(R^N ), so that blow-up cannot occur and the Cauchy problem has a unique classical solution decaying in time. Nevertheless, (1.9) admits an interesting discrete subset of global self-similar very singular solutions (VSS) with definite similarities to equations u_t = −Δ^2u − u^p studied in [15].

1.3. A potential operator and gradient system. Equation (1.1) is uniformly parabolic with all spatial differential operators appearing in divergence form. It admits a unique, classical, local in time solution and the standard parabolic theory applies, [11]. The operator on the right-hand side of (1.1), −Δ(Δu + u^p), is potential in H^{−1}(R^N ), and the dynamical system admits the Lyapunov function (potential)

(1.10) E[u](t) =^1_2 ‖∇u‖^2 −^1_{p+1} ‖u‖^{p+1}_{p+1}, u ∈ H^2(R^N ) ∩ L^{p+1}(R^N ),

which is monotone on bounded orbits,^d_{dt} E[u] = −‖u_t‖^2_{H−1} ≤ 0. For such smooth gradient systems, the ω-limit set of any uniformly bounded orbit,

ω(u_0) = {f ∈ C(R^N ) : ∃ {t_k} → ∞ such that u(·, t_k) → f uniformly}

is known to consist of classical stationary solutions: −Δ(Δf + f^p) = 0 in R^N for any f ∈ ω(u_0). If the subset of stationary solutions consists of isolated equilibria, the asymptotic behaviour does not essentially differ from the classical second-order theory and any bounded orbit approaches a stationary profile as t → ∞. However, one can see from (1.4) that for this problem with p < p_S = (N + 2)/(N − 2)_+ (the critical Sobolev exponent for the elliptic operator in (1.4)), the only admissible stationary solution is u ≡ 0, so that the large-time (and of course blow-up) behaviour is essentially non-stationary.

1.4. The fundamental solution and local existence. We first need the fundamental solution of the linear fourth-order parabolic equation

(1.11) u_t = −Δ^2u in R^N × R_+

having the similarity form (1.12) b(x, t) = t^{−N/4}F (y), y = x/t^{1/4}, where the rescaled kernel F is the unique radial solution of the elliptic equation

(1.13) BF ≡ −Δ^2F +^1_4 y · ∇F +^N_4 F = 0 in R^N , with ∫ F = 1. The kernel F = F (|y|) has exponential decay, oscillates as |y| → ∞ and satisfies the following estimate [9]: for some positive constants D and d, (1.14) |F (y)| < De^{−d|y|4/3} in R^N . A sharp estimate d < 3/2^{5/2} is obtained from the exponential asymptotics of solutions to the ODE (1.13) as |y| → ∞; see the next section.

Local existence of the unique classical solution of the Cauchy problem (1.1), (1.2) follows from the equivalent integral equation

(1.15) u(t) = M(u) ≡ b(t) ∗ u_0 − ∫_t 0 Δb(t − s) ∗ u^p(s)ds, t > 0, 4

where M is a contraction in the metric space of continuous functions in R^N × [0, δ], δ > 0 small, with the sup-norm. Using (1.12), one can see from (1.15) that any uniformly bounded solution u(x, t) admits a local-in-time classical extension. Therefore, as is usual in the classical parabolic theory, if blow-up of any form occurs it must do so in the L^∞-norm.

1.5. Finite-time blow-up. Despite the gradient structure, from known results on blowup for such pseudo-parabolic equations (1.4) [26] it follows that classical solutions whose initial data satisfy an energy inequality, (1.16) E(u_0) =^1_2 ‖∇u_0‖^2 −^1_{p+1} ‖u_0‖^{p+1}_{p+1} < 0 cannot be extended beyond a finite blow-up time T < ∞. In the particular case of p = 3, N = 1 this can be interpreted as a condition on the initial mass of positive solutions, [35], m_0 ≡ ∫ u_0 > m_c =^4_3 √ 2π. Finite-time blow-up is a well known phenomenon in long-wave unstable thin-film equations of the form (1.3), [31, 29, 2, 3, 4]. Because not all initial data will satisfy this condition and because of the gradient structure, we will also look for decaying in time solutions. In the case of both decaying and blowing up solutions the role of similarity variables is key.

2. Preliminaries: similarity variables for global and blow-up asymptotics Equation (1.1) is invariant under the group of scaling transformations t → λt, x → λ^{1/4}x, u → λ^{−1/2(p−1)}u, λ > 0. This symmetry suggests the introduction of the following rescaled variables: (2.1) u(x, t) = [σ(T − t)]^{−1/2(p−1)}θ(y, τ), y = x/[σ(T − t)]^{1/4}, τ = − ln[σ(T − t)], where σ = 1 corresponds to blow-up at the unknown blow-up time t = T , and σ = −1 to infinite time decay as t → ∞ with a reference time T (generically, we will take T = 0 in this case). Without loss of generality, we suppose that the solution u(x, t) blowing up at the finite time t = T in the L^∞-norm (2.2) sup_x |u(x, t)| → ∞ as t → T^−, is such that the corresponding blow-up set contains the origin,

0 ∈ B(u_0) = {x ∈ R^N : ∃ {x_n} → x, {t_n} → T^− such that u(x_n, t_n) → ∞}. The rescaled solution θ(y, τ) defined as in (2.1) satisfies the semilinear equation (2.3) θ_τ = A(θ) ≡ −Δ(Δθ + θ^p) −^σ_4 y · ∇θ −^σ_{2(p−1)} θ, and we are interested in the possible asymptotic dynamics of solutions for τ ≫ 1.

An exact similarity solution of (1.1) (2.4) u_S(x, t) = [σ(T − t)]^{−1/2(p−1)}f(y) 5

gives an independent of τ stationary solution f(y) of (2.3) giving a fourth-order elliptic equation for the similarity profile f,

(2.5) A(f) = 0 in R^N .

It is worth mentioning that classical variational approaches do not apply to equation (2.5) because A is not potential.

We restrict our attention to the one-dimensional or radial geometry, where (2.5) is a fourth-order ODE, and in most cases we impose symmetry conditions at the origin y = 0 and a suitable decay condition (possibly exponential) at infinity:

(2.6) f^′(0) = 0, f^{′′′}(0) = 0, and f(y) → 0 as y → ∞.

Existence of non-radial solutions to (2.5) is an interesting open problem.

2.1. Conservative similarity solutions and the first critical exponent. Under appropriate decay conditions at infinity (say, exponential), equation (1.1) is conservative:

(2.7) d dt ∫ R^N udx = − ∫ R^N

Δ(Δu + u^p)dx = 0.

Given an exact similarity solution (2.4), and assuming that f ∈ L^1(R^N ), we have that

(2.8) ∫ R^N u_S (x, t)dx = [σ(T − t)]^{−1/2(p−1)+N/4} ∫ R^N f(y)dy, which satisfies (2.7) only if p = p_0, where

(2.9) p_0 = 1 +^2_N

is the critical exponent in the problem. It is interesting that p_0 coincides with the Fujita exponent for the semilinear heat equation (1.5). In fact, it is the first critical exponent and in Section 5 we show that there exists a countable sequence of further critical exponents (1.8) corresponding to special cases of globally decaying solutions.

It follows from (2.9) that in the one-dimensional case, N = 1, we will need to concentrate on the crucial case p = p_0 = 3. However, we expect that similarity solutions will govern the dynamics for all p, regardless of the conservation property, see Section 4.6. Moreover, from (2.8) we have

(2.10) for any p ≠ p_0, f ∈ L^1 =⇒ ∫ f = 0, i.e., any L^1-similarity solution must have zero mass, if it is to play a part in the asymptotic blow-up behaviour for the PDE (1.1).

2.2. Local asymptotic properties of self-similar solutions. First, we need to describe the possible asymptotics of small solutions to (2.5) satisfying f(y) → 0 as y → ∞, see (2.6). Consider the linearization of (2.5) with operator (2.3) about f = 0,

(2.11) −f^{′′′′} −^{2(N−1)}_y f^{′′′} −^μ_{y2} f^{′′} +^μ_{y3} f^′ −^σ_4 yf^′ −^σ_{2(p−1)} f = 0, 6

where μ = (N − 1)(N − 3). To determine the balance between the leading terms f^{′′′′} and σ 4 yf^′, we set z = y^α with α = 4/3 reducing the ODE to (2.12) −f^{′′′′} − a_1f^′ − a_2z^{−1}f + D(z)f = 0. Here a_1 = σ/4α^3, a_2 = σ/2(p − 1)α^4 and D(z)f =

∑_3 j=1γ_jz^{j−4}f^{(j)} is a linear operator with bounded coefficients as z → ∞, where the first coefficient of the derivative f^′ is of order O(z^{−3}). By the perturbation theory of linear ODEs (see Chapters III - V in [7]), we have that the leading terms of exponentially decaying solutions are described by the operator in (2.12) with constant coefficients, (2.13) −f^{′′′′} − a_1f^′ = 0.

Setting f = e^{pz}, p ≠ 0, gives the characteristic equation p^4 + a_1p = 0, whence (2.14) p^3 = −a_1 = −σ/4α^3 ≡ ρ^3_0(−σ), where ρ_0 > 0. There exist three roots of the form (2.15) p_k = ρ_0e^{iπ(4k+σ+1)/6}, k = 0, 1, 2, where the number of roots with negative real part is two for σ = −1 and only one for σ = +1. Thus, as y → ∞, there exists a two-dimensional exponential bundle for the global case σ = −1, and

(2.16) a one-dimensional exponential bundle for the blow-up case σ = 1.

(2.17) On the other hand, equation (2.12) admits solutions with algebraic decay (rather than exponential) as z → ∞ described by the first-order operator −a_1f^′ − a_2z^{−1}f = 0 =⇒ f(z) = Az^{−2/α(p−1)}, A ≠ 0.

Existence of solutions with such decay for the perturbed equation (2.12) is established by a standard expansion analysis by calculating solutions via a Kummer-type series converging uniformly for z ≫ 1. For the linearized equation (2.11), the leading order behaviour is algebraic, (2.18) f(y) = A|y|^{−2/(p−1)}(1 + o(1)) as |y| → ∞, f ∈ L^1 iff p < p_0, with arbitrary constant A ≠ 0. For blow-up similarity solutions (2.4), the limit-time profile is then bounded for any x ≠ 0 and has the form u_S (x, T^−) = A|x|^{−2/(p−1)}, x ≠ 0. Clearly, for p ≥ p_0, this is not an admissible solution for the conservative case given finite initial mass, and thus in the critical case p = p_0 we must have A = 0 and exclusively exponential decay of any similarity profiles. 7

3. The spectral properties of the rescaled linear operators The structure of the rescaled equation (2.3) suggests the study of the spectral properties of the linearized operator with σ = −1 (global solutions), which is conveniently represented in a form associated with the operator in (1.13), (3.1) A^′(0) = −Δ^2 +^1_4 y · ∇ +^1_{2(p−1)} I ≡ B + c_∗I, c_∗ =^N_{4(p−1)} (p_0 − p). The spectral properties of B and the corresponding adjoint operator B^∗ occurring for σ = 1 will play an important role in the further asymptotic analysis of the nonlinear PDE. The operators are defined in weighted L^2-spaces with the weight functions induced by the exponential estimate of the rescaled kernel (1.14).

3.1. The point spectrum of the non self-adjoint operator B. Note that B is not symmetric and does not admit a self-adjoint extension. We consider B in the weighted space L^2_ρ = L^2_ρ(R^N ) with the exponentially growing weight function (3.2) ρ(y) = e^{a|y|α} > 0 in R^N , where α = 4/3, and a ∈ (0, 2d) is a sufficiently small constant. We ascribe to B the domain H^4_ρ being a weighted Hilbert space with the norm ‖v‖^2 = ∫ ρ(y) ∑_4 k=0|D^kv(y)|^2 dy, induced by the corresponding inner product. From [8] we have the following lemma. Lemma 3.1. B : H^4_ρ → L^2_ρ is a bounded linear operator with the real spectrum (3.3) σ(B) = {λ_l = −l/4, l = 0, 1, 2, ...}. The eigenvalues λ_l have finite multiplicity with eigenfunctions (3.4) ψ_β (y) =^{(−1)|β|√}_{β!} D^βF (y), with any |β| = l, and the subset of eigenfunctions Φ = {ψ_β, |β| = 0, 1, 2, ...} is complete in L^2_ρ.

Lemma 3.1 gives the centre and stable subspaces of B, E^c = Span{ψ_0 = F } and E^s = Span{ψ_β, |β| > 0}. 3.2. The polynomial eigenfunctions of the adjoint operator B^∗. Consider the operator adjoint to B, (3.5) B^∗ = −Δ^2 −^1_4 y · ∇ , which is related to A^′(0) in (2.3) for σ = 1 (the blow-up case). We consider B^∗ in L^2_ρ∗ with the exponentially decaying weight function ρ^∗(y) = 1/ρ(y) ≡ e^{−a|y|α} > 0. Lemma 3.2. B^∗ : H^4_ρ∗ → L^2_ρ∗ is a bounded linear operator with the same spectrum, (3.3). The eigenfunctions ψ^∗_β(y) with |β| = l are l-th order polynomials (3.6) ψ^∗_β (y) =^{1√}_{β!} [ y^β + ∑_{⌊|β|/4⌋} j=1 1 j! (−Δ)^{2j} y^β ] , and subset {ψ^∗_β} is complete in L^2_ρ∗ . 8

With this definition of the adjoint eigenfunctions, the orthonormality condition (3.7) ⟨ψ_β, ψ^∗_γ ⟩ = δ_{β,γ} holds. Here ⟨·, ·⟩ denotes the standard (dual) L^2 inner product.

4. Blow-up similarity profiles for p = 3 in one dimension

The dynamics simplify for the conservative case p = 1 + 2/N as equation (2.5) can be integrated once. The particular critical case p = 3 for N = 1 is of key importance in our analysis and highlights the typical techniques required to describe a countable subset of self-similar blow-up patterns.

4.1. Preliminaries. Thus, the ODE (2.5), (2.3) with σ = 1 for the similarity profile can be integrated once to give

(4.1) f^{′′′} +^1_4 yf + (f^3)^′ = 0 for y > 0, f^′(0) = 0,

where we have set the constant of integration to zero on the right-hand side. This removes the algebraically decaying mode (2.18), f(y) = Ay^{−1}(1+o(1)), by looking for L^1-solutions satisfying the conservation of mass condition (2.7). It follows from (2.17) that we are left with a one-parameter family of exponentially decaying functions satisfying

(4.2) f(y) = Cy^{−1/3}e^{−βy4/3} (1 + o(1)) as y → +∞, C ≥ 0, β = 3/4^{4/3}.

This asymptotic bundle is generated by the linear part of the operator in (4.1). In order to construct a solution to (4.1) we will use a shooting type argument from y = ∞. Thus, all admissible similarity profiles f(y) have the asymptotic behaviour (4.2) and also satisfy the symmetry condition at the origin.

Let us now study the behaviour of solutions on the manifold (4.2) parameterized by C. Denoting f(y; C) as the function which satisfies equation (4.1) with decay from the bundle (4.2), the goal is to find the set of C such that

(4.3) S(C) ≡ f^′(0; C) = 0.

Because the function S(C) in (4.3) is analytic in C (see below), equation (4.3) has at most a countable subset of roots which can accumulate at C = ∞ only and this actually happens. We begin with the global existence for the family {f(y; C)}.

Lemma 4.1. For any C > 0, the solution f(y; C) to (4.1), (4.2) is well defined for all y ∈ R. Proof. This follows from the local properties of the operator in (4.1) which are close to those for the second-order case f^{′′} + f^3 = 0. Obviously, it does not admit blow-up of solutions at finite y. Integrating (4.1), f^{′′} = −f^3 +^1_4 ∫ fydy, multiplying by f^′ and integrating again over a sufficiently small interval near any fixed point y yields

(4.4)^1_2 f^{′2} = −^1_4 f^4 +^1_4 ∫ f^′ ∫ fy + const ≤^1_4 ∫ |f^′| ∫ |fy| + const, 9

where by Lagrange’s formula of finite increments, the right-hand side is not more than quadratic in f^′ (this recovers the famous Bernstein condition of local solvability). Therefore, f(y) cannot blow-up at a finite point y_∗ along a sequence since (4.4) guarantees that f^′(y_∗) is finite. Obviously, this analysis applies for all p > 1. □

4.2. Existence of the first monotone blow-up similarity pattern. The proof that there exists a first C_1 > 0 such that (4.3) holds involves three steps. First, we show that in the limit as C → 0^+ solutions f(y; C) are strictly monotone decreasing on [0, ∞) and, second, that in the other limit C → +∞ all solutions cannot be monotone. Then, by a standard continuity argument, we have that there must exist an intermediate C = C_1 > 0 corresponding to an admissible monotone solution.

Proposition 4.2. For all 0 < C ≪ 1, solutions f(y; C) are strictly monotone decreasing in y ≥ 0 and f^′(0; C) < 0.

Proof. Rescaling f = Cg, we have

(4.5) g^{′′′} +^1_4 yg + C^2(g^3)^′ = 0 in R_+.

In view of the behaviour at infinity (4.2), by standard results on continuous dependence for ODEs [7], it follows that as C → 0^+,

(4.6) f(y; C) = C(ϕ_0(y) + o(1)) uniformly in R_+,

where ϕ_0 solves the linear ODE ϕ^{′′′} +^1_4 ϕ^′y = 0 and satisfies (4.2) with C = 1. All the derivatives of f converge similarly. Let us now show that ϕ_0(y) is strictly monotone decreasing. Assume that y_i is the first (from y = ∞) local maximum point of ϕ_0, ϕ^′_0(y_i) = 0 and ϕ^′_0(y) < 0 on (y_i, ∞). Integrating over (y_i, ∞), we obtain the contradiction, ϕ^{′′}_0(y_i) = ∫_∞ y_i sϕ0(s)ds > 0, thus observing an elementary feature of the Maximum Principle for

such third-order equations. □

Proposition 4.3. There exists a C_∗ > 0 such that f(y; C_∗) has a local maximum point at some y_∗ ≥ 0 and f(y; C_∗) > 0 on [y_∗, ∞).

Proof. Assume for contradiction that f(y; C) is strictly monotone decreasing in R_+ for all C > 0, and then f(0; C) > 0. One can see from the rescaled ODE (4.5) that the solutions f(y; C) cannot be bounded for y ∈ R_+ uniformly in C > 0. Therefore, there exists a sequence {C_k} → ∞ such that a_k = f(0; C_k) → ∞. Performing the scaling

(4.7) f(y) = a_kg_k(z), y = z/a_k,

we arrive at a perturbed ODE for the sequence {g_k(z)}

(4.8) g^{′′′}_k + (g^3_k)^′ = −^1_{4a4k} zg_k for z > 0, g_k(0) = 1,

where 0 < g_k(z) ≤ 1 and g_k(z) is monotone decreasing in z. Since {g_k} is a uniformly bounded sequence of solutions of the asymptotically perturbed ODE (4.8) with regular coefficients, by the Ascoli-Arzelá theorem and standard ODE estimates [7], we have that 10

along a subsequence, g_k → ḡ uniformly on compact subsets in z, where ḡ, 0 ≤ ḡ ≤ 1, must be a monotone decreasing solution of the unperturbed ODE

(4.9) (ḡ^{′′} + ḡ^3)^′ = 0, ḡ(0) = 1.

Since all the solutions of (4.9) are oscillatory, which is easily checked by integrating twice, this leads to a contradiction. Therefore, there exists a sufficiently large C_∗ > 0 such that f(y; C_∗) is not strictly monotone in R_+ and has a local maximum point. □

Theorem 4.4. There exists a constant C_1 ∈ (0, C_∗] such that (4.3) holds for C = C_1 and f_1(y) = f(y; C_1) is a strictly monotone decreasing symmetric positive similarity profile.

Proof. Introducing the subset

W_1 = {μ > 0 : f(y; C) is strictly monotone decreasing in R_+ for all C ∈ (0, μ)},

we have that W_1 ≠ ∅ by Proposition 4.2 and W_1 is bounded above by Proposition 4.3. Hence, there exists

(4.10) C_1 = sup W_1 ≤ C_∗,

where by construction f_1(y) = f(y; C_1) is monotone decreasing for y ≥ 0. One can see that f^′_1(y) must vanish at the origin, i.e., (4.3) holds. □

We now briefly describe a countable subset of the similarity profiles satisfying (4.1) and (4.2) with some C > C_1. This construction is similar to that for the second-order ODEs from blow-up reaction-diffusion theory; see pp. 190-195 in [32] and related references therein. Similar to Proposition 4.3 we show that as C increases, the function f(y; C) becomes more and more oscillatory for y > 0. Indeed, performing the scaling (4.7) and passing to the limit C = C_k → ∞, we obtain a bounded solution ḡ satisfying (4.9) admitting oscillatory solutions only. Hence, f(y; C) can have an arbitrarily large number of oscillations for y > 0 with C ≫ 1. As in the proof of Theorem 4.4, for any k = 2, 3, ..., we define the subsets

W_k = {μ > C_{k−1} : f(y; C) has at most k local extrema for y ≥ 0 for all C ∈ [C_{k−1}, μ)}.

Then, once C_{k−1} is known, starting with k = 2, we have that W_k ≠ ∅ and by the oscillatory behaviour for C ≫ 1, W_k is bounded from above. Hence, we define

(4.11) C_k = sup W_k > C_{k−1}, k = 2, 3, ... ,

and by construction, f_k(y) = f(y; C_k) satisfies the symmetry condition at the origin (otherwise, it is not the supremum in (4.11)).

Such a construction, while giving an infinite sequence of similarity profiles, does not describe the important properties of the functions f_k(y), such as positivity (or at least “positivity dominance”) and the actual distribution of local extrema and inflection points of the profiles. This will be done by a more delicate and partially formal asymptotic matching procedure. 11

4.3. Asymptotic construction of a countable subset of similarity profiles. As is common in matched asymptotics expansions, we will consider three regions as described in Figure 1. The two primary regions are the outer region localized near the origin, where the mass of the solution is concentrated with oscillations around a parabolic profile (see (4.19) below), and a far-field region as described by the asymptotic bundle (4.2). Joining the two is a narrow inner region. The expansion scaling parameters denoted by ε^p, ε^q, etc. are to be determined by matching. Because the characteristics of the family are determined by the far-field behaviour, we will begin by considering refined asymptotics as y → ∞.

Figure 1. Sketch of the regions for construction of asymptotic profiles.

The far-field behaviour. To determine the asymptotic behaviour as y → ∞ in greater detail, we produce an asymptotic description of solutions from the exponential bundle (4.2). Specifically, the solution is given by the formal power series

(4.12) f(y; C) = ∑_∞ n=0C^{2n+1}ϕ_n(y),

where ϕ_0 is given in (4.6) and the rest of the terms are obtained from the relation

(4.13) B^∗ϕ_n ≡ ϕ^{′′′}_n +^1_4 yϕ_n = − ∑ 1≤i,j,k≤n i+j+k=n+1 (ϕ_iϕ_jϕ_k)^′, n = 2, 3, ... ,

with the condition ϕ_n(y) = o(ϕ_0(y)) as y → ∞. Using the expansion (4.2), it can be shown by direct calculation that for y ≫ 1,

(4.14) ϕ_n(y) = [ γ_n + o(y^{−1}) ] y^{−(4n+1)/3}e^{−(2n+1)βy4/3} , 12

with suitable constants |γ_n| ≤ 1. Moreover, the right-hand side of (4.14) with a sufficiently large constant γ_n gives uniform estimates of ϕ_n in R_+, which establish the uniform convergence of (4.12) on subsets {y ≥ y_0} with y_0 ≫ 1. By the Weierstrass theorem, the solution f(y; C) in (4.12) obtained as a uniformly converging series of analytic functions is analytic in C for y ≥ y_0. Therefore, on extension to y ∈ [0, y_0), as a solution of an ODE with analytic coefficients and analytic dependence on C in the Dirichlet boundary condition at y = y_0, it is analytic in C for any y ≥ 0 (cf. typical analyticity results in the classical ODE theory, [7], Section 8, Chapter I). Hence, (4.3) is an analytic function having isolated zeros only and we arrive at the following conclusion.

Proposition 4.5. The problem (4.1), (4.2) has at most a countable subset of solutions.

The discrete nature of the function S(C) will be made evident by close examination of the inner and transition regions.

A singular perturbation problem. We begin by looking for possible solutions localized in a neighbourhood of the origin y = 0. We rescale the ODE (4.1) as (cf. (4.7))

(4.15) f(y) = ag(z), y = az, where a = f(0; C),

with a an as yet unspecified function of C to be determined for the similarity profiles f_k(y). Under the assumption that a(C) → ∞ as C → ∞, possibly along a subsequence, we define ε = a^{−4} ≪ 1 for C ≫ 1.

Under the rescaling (4.15), equation (4.1) leads to a singularly perturbed ODE

(4.16) εg^{′′′} +^1_4 zg + (g^3)^′ = 0.

We need to describe a two-parameter family of solutions of (4.16) defined in a suitable neighbourhood of the origin z = 0, which can be asymptotically matched with the exponential bundle (4.2). In order to describe such a family, we use the method of matched asymptotic expansions and supplement the ODE (4.16) with two standard conditions

(4.17) g(0) = 1, g^′(0) = 0.

In addition, we have

(4.18) g^{′′}(0) = bε^{−m}(1 + o(1)),

where the constant b and parameter m are as yet unspecified. The third condition (4.18) is introduced for convenience only and we show below that both b and m are determined by the matching procedure. However, their inclusion here is to emphasize that in the outer region, a faster scale is necessary in order to resolve the additional oscillatory structure as described in the proof of Proposition 4.3 by the perturbed problem (4.8).

We will how that the solution to (4.16) has a three layer structure comprising (i) an outer region 0 ≤ z < √ 12 in which g = O(1), (ii) an inner region z = √ 12 + O(ε^{1/3}) in which g = O(ε^{1/6}), and finally 13

(iii) a third region z > √ 12, where g is exponentially small (and belongs to the exponential bundle described in Section 2).

The outer region. Let g_0(z) be the solution of the unperturbed problem (4.16), namely

(4.19)^1_4 zg_0 + (g^3_0 )^′ = 0 with g_0(0) = 1 =⇒ g_0(z) = ( 1 −^1_{12} z^2 )_{1/2} . Close to z = 0, we perform the linearization

(4.20) g(z) = g_0(z) + G(Z), with the fast variable Z = z/ε^{1/2}.

Then G satisfies the equation

(4.21) G^{′′′} + (3g^2_0 G)^′ +^1_4 εZG + (3g_0G^2 + G^3)^′ + ε^{3/2}g^{′′′}_0 = 0, where g^2_0(Z) = 1 −^ε_{12} Z^2.

It follows that on compact subsets 0 ≤ Z ≤ c, the principal part of equation (4.21) has constant coefficients,

(4.22) G^{′′′} + 3G^′ + N_1 = 0, G(0) = G^′(0) = 0,

where N_1 = O(εG + G^2 + ε^2) on bounded smooth solutions. Therefore, by standard perturbation ODE theory [7], recalling the third condition in (4.17), the solution satisfies the following expansion as ε → 0 uniformly on subsets Z ∈ [0, c]:

(4.23) G(Z) = θ[1 − cos( √ 3 Z)] + o(θ), where θ =^1_3 bε^{1−m}.

This rigorously determines the asymptotic behaviour in the region {z = O(ε^{1/2})}. For matching reasons, we need to extend expansion (4.23) to larger subsets. This is done by introducing the new independent variable

(4.24) t = ∫_Z 0 ( 1 − ε^{u2}_{12} )_{1/2} du =^1_{ε1/2} [ z 2 ( 1 −^{z2}_{12} )_{1/2} + √ 3 sin^{−1} (_z 2 √ 3 )] , and setting G(Z) = P (t)/g_0(Z). This gives, similar to (4.22), an equation with constant coefficients in the principle part

(4.25) P^{′′′} + 3P^′ + N_2 = 0, P (0) = P^′(0) = 0,

where the perturbation N_2, in addition to the same small terms as above from (4.22), now contains differential operators with coefficients depending on the derivatives of g_0 = g_0(z(t)) satisfying dg_0 dt =^{g′0}_{t′} = O(ε^{1/2}),^{d2g0}_{dt2} = O(ε),^{d3g0}_{dt3} = O(ε^{3/2})

uniformly on compact subsets in z ∈ [0, c] for any c < √ 12. Therefore, upon returning to the original variables {z, g}, the outer expansion takes the form

(4.26) g(z) = g_0(z) + θ^1_{g0(z)} (1 − cos √ 3t) + ... ≡ g_0 + θg_1 + ..., θ =^1_3 bε^{1−m}.

Note that we cannot guarantee that it is valid uniformly on subsets z ∈ [0, c] since though the principle part in (4.25) is exactly the same as in (4.22), equation (4.25) is then considered on expanding subsets in t ∈ [0, cε^{−1/2}] becoming unbounded as ε → 0. For first-order matching, it suffices to prescribe only the rate of deviation O(g^{−1}_0 ) of g(z) from the unperturbed profile g_0(z) as correctly described by the second term in (4.26). 14

Figure 2. Convergence of numerical solutions to g_1(z, t).

The inner region. The outer expansion (4.26) does not reflect the far-field behaviour (4.2). Thus, in order to specify the behaviour for z ≈ √ 12, we introduce the inner variables z̄ and R(z̄) by z = √ 12 + ε^{1/3}z̄, g = ε^{1/6}R, where R solves

(4.27)

R^{′′′} +^1_4 (√ 12 + ε^{1/3}z̄ ) R + (R^3)^′ = 0.

(4.28)

The unperturbed equation (4.29) R^{′′′}_0 +^1_2 √ 3R_0 + (R^3_0)^′ = 0 admits a one-parameter family of suitable exponentially decaying solutions (4.30) R_0(z̄) ≃ A_0e^{−31/6z̄/21/3} as z̄ → +∞, for some constant A_0, and a three-parameter family of slowly growing solutions as z̄ → −∞. Solutions from the bundle (4.30) satisfy

(4.31) R_0(z̄) ≃ R_0 ≃ ( −z̄ 3^{1/2} )_{1/2} + ā_1 (−z̄)^{1/2} { 1 − ā_2 cos[c(−z̄)^{3/2}] − ā_3 sin[c(−z̄)^{3/2}] } , where c = 2/3^{3/4} and ā_1, ā_2, ā_3 are suitable constants. This expansion is determined in the standard way by setting R_0 = R̃_0 +R̃_1, where R̃_0 = (−z̄)^{1/2}/3^{1/4} under the assumption that |R̃_1| ≪ |R̃_0|. Then the leading linear equation for R̃_1 is (4.32) R̃^{′′′}_1 +^{√3}_2 R̃_1 −^{1√}_3 (z̄R̃_1)^′ = 0, 15

which has an exact solution in terms of the Airy functions Ai and Bi, (4.33) R̃_1 = c_1Ai^2(z̄) + c_2Ai(z̄)Bi(z̄) + c_3Bi^2(z̄), c_i ∈ R. This fact is important for the reliable numerical integration of (4.29). Matching. To determine the sequence {C_k, k ≫ 1} and the corresponding values f(0; C_k) = a(C_k), we now match the inner and outer solutions. Expanding the components of the outer solution (4.26) near the transition point z = √ 12, we have

g_0 ≃ ε^{1/6} ( − z̄ 3^{1/2}

)_{1/2} ( 1 + ε^{1/3} z̄ 8 · 3^{1/2} ) , (4.34)

g_1 ≃ ε^{−1/6} b 3 ( − 3^{1/2} z̄ )_{1/2} {1 − cos √ 3t_0 ε^{1/2} cos[c(−z̄)^{3/2}] − sin √ 3t_0 ε^{1/2} sin[c(−z̄)^{3/2}]},

(4.35)

where t_0 =

∫^√_{12} 0 √ 1 − v^2/12 dv = √ 3π/2. Comparing the outer expansion (4.26), using (4.34) and (4.35) with the inner expansion g = ε^{1/6}R_0 + ..., where R_0 is given by (4.31), yields the matching condition 1 − m − 1/6 = 1/6, if full balance is to be obtained, i.e., (4.36) m =^2_3 , together with the coefficients

(4.37) ā_1 = b 3^{−3/4}, ā_2 = cos

3^{1/2}t_0 ε^{1/2} and ā_3 = sin

3^{1/2}t_0 ε^{1/2} (t_0 = 3 √ π/2). It follows that (4.36) and the first equality in (4.37) are established rigorously since we have used the “envelope” characteristic in expansion (4.26) without specifying the highly oscillatory component. In particular, (4.37) demands (4.38) ā^2 + ā^2_3 = 1.

To determine these values, we observe that equation (4.29) is translation invariant, as is the asymptotic behaviour for z̄ → ∞, but not (to leading order) as z̄ → −∞. To see this, we consider the solution to (4.29) as a shooting problem in the single parameter A_0.

However,

R_0(z̄; Â_0) = R_0(z̄ − z̄_0; A_0), where Â_0 = A_0e^{31/6 2−1/3z̄0} .

Clearly this translation does not change the ODE although it will affect the coefficients in the far-field behaviour (4.31). Denoting the new coefficients by â_i, i = 1, 2, 3, we have to leading order that â_1 = ā_1 + z̄_0/2 · 3^{1/4}, â_2 = ā_2, â_3 = ā_3, i.e., the translation only affects the coefficient ā_1 in (4.31). Thus,

(4.39) Â_0 = A_0e^{35/12 22/3(â1 −ā1)}.

We now seek A_0 such that the form (4.31) satisfies the constraint (4.38). From the translation argument we have that ā_1 is monotone decreasing in A_0 and, it follows from 16

Figure 3. Comparison of numerical and asymptotic solutions.

(4.32), (4.31) that there are precisely two possible solutions which are the negatives of each other, i.e., ā_1 and −ā_1. Taking â_1 = −ā_1, (4.39) gives (4.40) Â_0 = A_0e^{−25/335/12ā1} . Numerical computation gives A_0 ≈ .448... , ā_1 = .341... and from (4.40) we deduce the other set of values A_0 ≈ .081... , ā_1 = −.341... . Finally, (4.37) may be used to determine the two values of b. Using the value ā_1 ≈ .341...

in the asymptotic expression (4.26) gives very good agreement to full numerical solutions near z = 0, as seen in Figure 3. In particular, the amplitude of the fast-scale oscillation is excellent.

The third region. It follows from (4.2) and (4.15) that (4.41) g(z) ≃ Cε^{1/3}z^{−1/3}e^{−βz4/3/ε1/3} is the appropriate behaviour satisfying (4.16) for z > √ 12. Writing (4.41) in terms of the inner variable z̄ from (4.27) gives the leading order expression g(z) ≃ Cε^{1/3}12^{−1/6}e^{−β122/3/ε1/3} e^{−31/6z̄/21/3} after using ε^{1/3}z̄ = O(1). Comparing to the inner behaviour (4.30) and using (4.27) gives 17

the matching condition

(4.42) A_0 ≃ C12^{−1/6}ε^{1/6}e^{−β122/3 /ε1/3} ,

Since both values of A_0 are of order O(1), then ε ∼ 3^5 2^4 1 (ln C)^3 + 3^6 2^5 ln ln C (ln C)^4 + 3^6 2^4 ln(3^{−2/3}2A_0) (ln C)^4 as C → ∞. Recall that all the estimates obtained without using the highly oscillatory tails in the singular layer given by (4.26) are rigorous and asymptotically sharp. The fact that there are two values of A_0 and thus two relationships between C and ε corresponds to the two families of solutions, those with g^{′′}(0) > 0 or g^{′′}(0) < 0. Most importantly, given that asymptotically ā_2 = cos(3π/2ε^{1/2}) and ā_3 = sin(3π/2ε^{1/2}) in (4.37) are unique (up to a change in sign in both coefficients), we have that

(4.43) 3π/2ε^{1/2} = kπ ± ϕπ(1 + o(1)),

for an unknown phase shift ϕ (this is a formal conclusion). Using this in the definition of ε = a^{−4} gives a_k = √ 2k/3(1 + o(1)) as k → ∞.

Also, from (4.42) this fixes the corresponding values of the expansion coefficients C = C_k in (4.2) in the outer region

C_k ∼ k^{1/3}e^{3k2/3/22/3} for k ≫ 1.

Using the computed values of the coefficients and expansions, we present a comparison of the numerical and asymptotic solutions in Figure 3. Notice the phase lag in the t-variable. This can be corrected by further terms in the expansion but, even to this order, captures the correct number of fast scale oscillations. The Z variable over-predicts this number by about one half for the value of ε ≃ .00083... as shown in Figure (3).

4.4. Numerical methods. Solution of the full ODEs. In (4.3) we introduced the shooting function S whose zeroes correspond to admissible blow-up profiles. By numerically integrating the ODE (4.1) with the far-field behaviour (4.2), we have been able to approximate this function, as seen in Figure 4. An asymptotic form of the function S(C) for C ≫ 1 can be constructed by a similar matching argument by putting an extra term b̃ sin(√3t)/g_0(z) into (4.26) (b̃ = 0 iff S(C) = 0). This leads to a harder multi-parameter matching procedure and will not be considered any further. Labeling, as above, the solutions to (4.1) corresponding to the n−th zero of S(C) as f_n, we find that f_n(y) has precisely n maxima on R. In Figure 5 we present the first profile f_1 given in Theorem 4.4, which has the simplest bell-shaped form. It is evolutionary stable for a broad range of initial data (see the next section). For visual clarity we separately present the profiles {f_{1+4n}} and {f_{2+4n}} for n = 0, ..., 15.

The shooting function was approximated numerically for 0 < C ≤ 10^{12} by solving the ODE (4.1) subject to the Dirichlet condition f(L) = Cϕ_0(L) with L such that f(L) = 10^{−10}. The zeros of S(C) then were used as initial guesses for a boundary value solver 18

Figure 4. Numerical approximation to S(C).

Figure 5. Various numerical solutions to (4.1).

where now (4.1) was solved on y ∈ (0, 150) subject to f^′(0) = 0, f(150) = 0, f^′(150) = 0. The right-hand conditions are satisfied by exponentially decaying solutions within error tolerance. 19

Numerical solution in the inner region. Because of the fast oscillation in (4.31) and the slow convergence to this profile (the next terms are O(1/z̄)), the accurate numerical computation of the coefficients (4.42) is not straightforward, in many ways it is the most difficult numerical ODE problem in this paper. In fact, it is known that for second-order equations of the type

y^{′′}(t) + g(t)y(t) = 0, with g(t) → ∞ as t → ∞

(of which the Airy functions are particular solutions), standard Runge-Kutta or Linear Multi-step Methods are not only poorly suited, but are incapable of producing reliable solutions in double precision arithmetic for large t [21]. As such, the values were computed using a Modified Magnus Method employing Filon quadratures [20, 22].

Numerical solution of the PDE. The possibility of finite-time blow-up suggests that adaptive strategies in both time and space will be required for reliable numerical solution to (1.1). The geometric features of this problem are also key, both the scale invariance and the preservation of mass. As such we use a scale-invariant moving-mesh strategy which dynamically clusters the grid points where a solution indicator, in this case |u|^3, is large [18, 6, 19, 34]. This choice does not assume any particular solution structure, but instead follows the scaling structure of the full PDE. This allows the computational grid points to move along level sets of any (emerging) similarity variable. We have also used a conservative collocation discretization [18, 34] which preserves the mass of the solution even into blow-up while on a moving grid.

4.5. Exponential asymptotic stability of the first blow-up pattern with profile f_1: numerical evidence. Theorem 4.4 together with the above matching analysis for k ≫ 1 imply that there is a discrete family of solutions to the similarity ODE (4.1), and hence a discrete subset of admissible masses for the final time profiles

(4.44) M_k = ∫ f_k(y)dy, k = 1, 2, ... . We now justify that the first blow-up pattern with profile f_1 is the only stable one.

Returning to the rescaled PDE (2.3) which for N = 1 and p = 3 takes the form

(4.45) θ_τ = A(θ) ≡ −θ_{yyyy} −^1_4 (θy)_y − (θ^3)_y,

with initial data θ_0, we study the asymptotic behaviour of the global orbit {θ(τ)}. First we establish the following natural (but not straightforward) property of its ω-limit set ω(θ_0).

Proposition 4.6. With the definition (2.1) of the rescaled solution,

(4.46) 0 ∉ ω(θ_0).

Proof. We have from (4.45) that A^′(0) = B^∗ −^1_4 I with the known spectral and other properties described in Section 3. By Lemma 3.1, σ(A^′(0)) = {−(k + 1)/4, k ≥ 0}. The 20

principle of linearized stability [28, Chap. 9] implies that any sufficiently small solution θ(τ) decays as τ → ∞ exponentially fast and that for some constant C_0 > 0,

|θ(y, τ)| ≤ C_0e^{−τ /4} uniformly in R.

Then one can see from scaling (2.1) with p = 3 that there holds |u(x, t)| ≤ C_0 for all t ≈ T^−, i.e., u does not blow-up at t = T contradicting the choice of blow-up time T . □

The linear part of the operator A, B^∗ −^1_4 I, is not self-adjoint and we do not expect that A is a potential operator nor that (4.45) is a gradient system. Therefore, the stability properties of the first similarity profile f_1 are studied via the spectrum of the linearized operator

(4.47) A^′(f_1) = B^∗ −^1_4 I − 3^{d2}_{d2y} (f^2_1 I),

which is posed in a functional setting similar to that for B^∗ in Section 3.

Proposition 4.7. A^′(f_1) : H^4_ρ → L^2_ρ is a bounded linear operator with the discrete spectrum σ(A^′(f_1)) = {μ_l}.

Proof. We recall that by Theorem 4.4, f_1(y) has exponential decay as y → ∞, so that (4.47) is a lower-order perturbation with smooth, bounded and exponentially decaying coefficients of the operator (3.1) and hence A^′(f_1) is a bounded operator by Lemma 3.2; see [16]. In view of the known spectrum of B^∗ having compact resolvent (B^∗ − λI)^{−1} in L^2_ρ [8], and by taking (A^′(f_1) − cI)^{−1} with a large constant c, we have that the additional terms in (4.47) form a compact perturbation of the integral operator. Hence, the spectrum of A^′(f_1) is discrete. □

Note that the two first real positive eigenvalues of A^′(f_1) are easily calculated explicitly:

(4.48) μ_0 = 1, ϕ_0 = (yf_1(y))^′ and μ_1 =^1_4 , ϕ_1 = f^′_1(y),

corresponding to the invariance of the original PDE (1.1) under the group of translations in t and x respectively. As is usual in blow-up problems, since the blow-up scaling (2.1) does not admit such translations (the time T and the blow-up point x = 0 are fixed), these unstable modes are not available for the rescaled PDE (4.45).

A meaningful estimate of the real part of the remainder of the eigenvalues {μ_l, l ≥ 2} ⊂ C of A^′(f_1) is non-trivial. Instead, we present a numerical calculation, from directly simulating the PDE, in Figure 7a. We have chosen symmetric monotone decreasing initial data having a smaller mass than the similarity solution, ∫ u_0 < M_1 = ∫ f_1.

Figure 7b shows the time-evolution of the mass of this solution for τ ≫ 1 establishing convergence to M_1 (our numerical scheme was designed to preserve mass for problems of this form). From a variety of numerical experiments, we conjecture that the next eigenvalue satisfies Re μ_2 ≃ −.51... . We are not aware of a proof of inequality Re μ_2 < 0 for operator (4.47), and, as is often happens in the operator and stability theory, we rely on rather delicate numerical results. 21

This calculation is based on carefully measuring the rate of the L^∞-convergence in the rescaled coordinates over compact subsets in the similarity variable y. This is of crucial importance, since measurement over all of x shows another (wrong) estimate Re μ_2 ≃ −1/4 instead. This is understood analogously to Proposition 4.6. Indeed, solutions with mass different from the final time profile cannot, because of conservation, lose that mass, but, similarly, it cannot contribute to the final-time profile in the rescaled co-ordinates. This extra mass (positive or negative) is damped to zero in the rescaled co-ordinates as described in Proposition 4.6 and hence with exponential rate e^{−τ /4}. However, this is not a property of the linearized operator about the first similarity profile and such an incorrect estimate follows from the scaling (2.1), where 1/2(p − 1) = 1/4 for p = 3. This discrepancy is indicated in Figure 6. This type of estimate can of course be made by numerical approximation of the similarity ODE and numerical evaluation of the spectrum of the numerical linearization about such solutions. However, this gives no information about more general convergence behaviour.

Figure 6. Rate of convergence to the similarity profile.

Numerical simulation of the full PDE with stationary profiles other than f_1 shows them to be exponentially unstable and the linearized operator

(4.49) A^′(f_k) = B^∗ −^1_4 I − 3^{d2}_{dy2} (f^2_k I)

has eigenvalues with positive real parts. Ordering the sequence of eigenvalues {μ_l} such that their real parts are non-increasing means that

(4.50) Re μ_2 > 0 for all k ≥ 2. 22

This has been checked numerically in a number of PDE experiments. For instance, Figures 7c and 7d displays the unstable evolution given by the initial function θ_0 = f_5 with the larger mass ∫ θ_0 = ∫ f_5 > ∫ f_1.

Figure 7. Evolution of solutions to (1.1). (a) Convergence to f_1 in rescaled co-ordinates. (b) Motion of the mass for initial mass ∫ u_0 < ∫ f_1. (c) Instability of f_5. (d) Motion of the mass for initial mass ∫ u_0 = ∫ f_5 > ∫ f_1.

4.6. General p. The case of general p is more complicated than for the conservative case as without conservation the ODE (2.5) remains truly fourth-order. One seeming exception to this is the second critical exponent p_1 = 2 for which one can also derive a third-order ODE. These are the solutions which conserve momentum. For simplicity, we consider only N = 1. Multiplying by x in the PDE (1.1) and integrating by parts, we have

0 = − ∫ R (u_{xx} + u^p)_{xx}dx = d dt ∫ R ux dx = d dt [ (T − t)^{−1/2(p−1)+1/2} ∫ R θ(y, t)y dy ] . Thus, p = 2 defines the exponent for which momentum is conserved. Generically, in R^N this leads to the second critical exponent p_1 = 1 + 2/(N + 1) in the sequence (1.8) and 23

similar to (2.10), we conclude that

(4.51) for any p ≠ p_1, yf ∈ L^1 =⇒ ∫ yf = 0. Multiplying the ODE (2.5) in R with y and integrating once, we have

(4.52) f^{′′′}y − f^{′′} +^1_4 y^2f + (f^2)^′y − f^2 = −f^{′′}(0) − f^2(0) ≡^1_4 A,

where the constant A ∈ R determines the rate of algebraic decay at infinity. Recall that from (2.18) with p = 2 the asymptotic algebraic behaviour is

(4.53) f(y) = Ay^{−2}(1 + o(1)) as y → ∞.

For the case A = 0, the far-field behaviour is purely exponential with a 1D bundle there, see (2.17). In this case, equation (4.52) may be re-written as

f^{′′} + (f^2)^′ +^1_4 yF = 0 F = ∫_y 0 f(s)ds. We have got some numerical and analytical evidence that there is no exponentially decaying solutions for p = 2.

Figure 8. (a) Examples from the family of algebraically decaying solutions with f^{′′}(0) < 0. (b) Examples from the family of algebraically decaying solutions with f^{′′}(0) > 0. (All solutions are shown with f rescaled with (−A^{−1/2}).)

For A ≠ 0, solutions can again be constructed by continuation in A, but now the condition of zero mass must be enforced creating, once again, a fourth-order system. For all A ≠ 0, we solve the ODE (4.52), (4.53) imposing the condition ∫ R f = 0 by setting f(y) = F^′(y), where F is odd, F (0) = 0 and F (y) → 0 as y → ∞, finding A such that f^′(0; A) = 0. In Figure 8 we present example solutions with algebraic decay as well as the exponentially decaying profile. These solutions are presented with f rescaled with (−A)^{−1/2}. The main difference from the case p = 3 is that now the shooting from 24

y = ∞ is two-dimensional including the parameter A in (2.18) and an additional C ∈ R from the corresponding exponential bundle (2.17). This problem exhibits typical “multidimensional” features of higher-order ODEs.

The details of a matched asymptotic construction are given in Appendix, which are now more involved than the p = 3 case. Figure 8 illustrates that the inner solutions have oscillations whose amplitudes are not asymptotically small (cf. (4.26)). However, we expect that the existence result similar to that in Theorem 4.4 as well as the multiplicity analysis below can still be performed but become essentially more delicate.

Finally, by direct simulation of the full PDE with various values of p ≠ 3, we conjecture that stable solutions to (2.5) govern the blow-up dynamics for all p, not just in the conservative case. For instance, for p = 2 solutions converge exponentially fast in τ on compact subsets of y to the first fundamental algebraically decaying solution in Figure 8a. 5. Global similarity and approximate similarity patterns

We now turn our attention to the more mathematically tractable case of global solutions. Taking σ = −1 and T = 0 in (2.1) yields the rescaling of global in time solutions. We study the asymptotic behaviour as τ → ∞ of solutions satisfying the parabolic PDE

(5.1) θ_τ = A(θ) ≡ −Δ(Δθ + θ^p) +^1_4 y · ∇θ +^1_{2(p−1)} θ.

5.1. Similarity patterns for the one-dimensional equation with p = 3. As in the case of blow-up in Section 4, we begin with the analysis of global self-similar solutions u_S(x, t) = t^{−1/4}f(y), y = x/t^{1/4}, where f satisfies the ODE obtained from (2.5), (2.3) by integration

(5.2) f^{′′′} −^1_4 yf + (f^3)^′ = 0, f^′(0) = 0.

We are looking for profiles f with exponential decay at infinity, so that these are L^1- solutions satisfying the conservation law (2.7). Recall that unlike the blow-up case (4.1), the ODE (5.2) admits a two-dimensional exponential bundle as y → ∞, see (2.16). This essentially simplifies the existence analysis and implies a continuous subset of similarity profiles.

Theorem 5.1. The ODE (5.2) has an unbounded continuous family of exponentially decaying solutions.

Proof. Step 1: monotone solutions as y → ∞. By a standard local analysis, one can check that, in addition to the two-dimensional exponential bundle of solutions mentioned in (2.16) and those with the algebraic decay (2.18), (5.2) has a three-dimensional bundle of asymptotically monotone growing solutions as y → ∞

(5.3) f(y) = y √ 12 + 1 y [ C_1 cos ( y^{3/2} 3 ) + C_2 sin ( y^{3/2} 3 ) + C_3 ] + ..., where C_1, C_2, C_3 are arbitrary parameters. 25

Figure 9. Mass bifurcation diagram.

Step 2: shooting argument. For a fixed a constant a ≥ 0, denote by f(y; C) the solution of (5.2) with conditions f(0) = a, f^{′′}(0) = C.

As in Section 4, one can show that f(y; C) is globally defined. Using the stability of the three-dimensional bundle (5.3) concentrated around the stable explicit solution

(5.4) f_∗(y) = y/ √ 12 → ∞, y → ∞, we have that there exists a sufficiently large C_1 > 0 such that f(y; C) belongs to the bundle in (5.3) for all C ≥ C_1. On the other hand, via symmetry by reflection, for all −C ≫ 1, f(y) approaches as y → ∞ the bundle around the explicit profile −f_∗(y). Introducing the subset

W = {μ < C_1 : f(y; C) belongs to (5.3) for all C ∈ (μ, C_1)},

we have that there exists a finite C = inf W , and by construction, C = C(a) provides us with a profile f(y; C(a)) which belongs to the exponential bundle (2.16) as y → ∞. □

Note that this implies that there exists a solution with all f(0) = a ∈ R. On Figure 9 we present the bifurcation diagram with respect to mass of this continuous family of similarity profiles. As we already know, there exists another case p = 2, N = 1, where the fourth-order ODE (2.5) reduces to a simpler third-order one. The existence results here are quite similar and the family of solutions is continuous. However, continuous families for p = p_0 and p = p_1 (quite special conservative cases associated with the equation (1.1) 26

in divergence form) are exceptional and these are not the generic situation for arbitrary p; see Section 5.3, where discrete subsets will be detected (cf. the VSSs in [15]).

5.2. The minimal mass-branch is evolutionary stable. It follows from Figure 9 that for any fixed initial mass m_0 = ∫ u_0 ≠ 0, there exists a finite (or empty if | ∫ u_0| > m^∗ ≈ .9271...) subset of similarity solution with the given mass. Moreover, for m_0 = 0 besides f(y) ≡ 0, a countable family of such solutions is expected to exist. The crucial problem for such a case of multiple solutions is the stability of those solutions in the PDE sense. Let us show that the minimal branch in Figure 9 corresponding to the limit

(5.5) f → 0 as m_0 → 0

is stable at least for all small masses m_0 > 0 (or m_0 < 0 replacing f → −f). As a typical example, we perform such computations for the N-dimensional case bearing in mind that the first critical exponent is now p = p_0 = 1 + 2/N. Consider the corresponding elliptic equation

(5.6) A(f) ≡ −Δ^2f +^1_4 y · ∇f +^N_4 f − Δf^p = 0, ∫ f = m_0 > 0.

First, as an example, we establish a local result on the existence of such similarity patterns. For N = 2 local existence was established in [1].

Proposition 5.2. Let p = p_0. For any sufficiently small m_0 > 0, (5.6) admits a solution satisfying

(5.7) f = m_0F + O(m^p_0) (with F is as in (1.13)).

Proof. Setting f = m_0v and introducing operator C = B − I with the strictly negative point spectrum, σ(C) = {λ_l = −1 − l/4}, we consider the equivalent integral equation

(5.8) v = D(v) ≡ −C^{−1}v + |m_0|^{p−1}C^{−1}Δv^p, with condition ∫ v = 1. Since B has compact resolvent in L^2_ρ(R^N ) [8], we have that after a suitable smooth truncation of the nonlinearity v^p for |v| ≫ 1 (see further comments below), D is a compact Hammerstein operator [23]. Since D^′(0) = C^{−1} has the simple eigenvalue λ_0 = 1, bifurcation occurs at m_0 = 0 and by the Lyapunov-Schmidt method [23], the solution can be represented in the form v = F + w, where w ∈ L^⊥{F }. On substitution into (5.8) we obtain that w = O(|m_0|^{p−1}) ∈ L^2_ρ is small for |m_0| ≪ 1. Hence, w is small in H^{2m}_ρ and by the known asymptotic properties of the ODE under consideration, w is small uniformly. This means that the truncation of the unbounded nonlinearity v^p does not affect the solution bifurcating at m_0 = 0. Finally, we obtain the representation (5.7) in H^{2m}_ρ and uniformly in R^N . See more details in [15], Section 6. □

To study the stability of this branch, we consider the linearized operator (5.9) A^′(f)Y = BY − pΔ(|f|^{p−1}Y ) ≡ BY − |m_0|^{2/N} pΔ(|F |^{p−1}Y ) + ... . For small m_0, A^′(f) is a perturbation of B with the known spectrum as given in (3.3). In 1D and in the radial geometry all the eigenvalues are simple and we will denote the eigenfunctions by ψ_l instead of ψ_β with l = |β|. Similarly to Proposition 4.7, we have that 27

A^′(f) has a discrete spectrum which is a perturbation of that of B, [16]. Recall from the orthogonality condition (3.7) that ψ_0 = F is the only eigenfunction of B with non-zero mass, see (1.13)). Thus, requiring that the mass of profiles be preserved, we have to take into account perturbations of eigenvalues corresponding to perturbed eigenfunctions from L^⊥{F }, i.e., of eigenvalues of B for l = 1, 2, ... (l = 0 not included). By direct calculation from (5.9), one can estimate this point spectrum given, to leading order, by

σ(A^′(f)) = { −l/4 + |m_0|^{2/N} p ⟨ Δ(|F |^{p−1}ψ_l, ψ^∗_l ⟩ + ..., l = 1, 2, ... } . This guarantees that, for all small |m_0|, the real parts of the eigenvalues are bounded away from zero from above and that this branch is exponentially stable. Note that this expansion is not valid near the subsequent zeros of mass (other than 0) seen in Figure 9, as the L^∞ norm of such solutions is not zero for m_0 = 0 and hence expansion (5.7) does not hold. Therefore, other continuous monotone increasing or decreasing sub-branches are not stable.

Hence, for almost all initial data with | ∫ u_0| ≤ m^∗ there exists the stable branch of similarity solutions which can attract the solution t → ∞. If | ∫ u_0| > m^∗, then, as is seen from Figure 9, self-similar asymptotic behaviour is not available and the solution is expected to blow-up in finite time.

5.3. The p-bifurcation diagram for similarity profiles and asymptotic behaviour. In order to understand the global bifurcation diagram of similarity profiles, we first determine the spectrum of critical exponents as bifurcation points. Writing the elliptic equation (2.5) in the form

(5.10) Bf + c_∗f = Δf^p in R^N , f(y) → 0 exponentially fast as y → ∞,

with c_∗ = N(p_0 − p)/4(p − 1), we obtain the following result.

Proposition 5.3. Let, for an integer l ≥ 0, the eigenvalue λ_l = −l/4 of the operator (3.1) be of odd multiplicity. Then the critical exponent p_l given in (1.8) is a bifurcation point for the problem (5.10).

Proof. After performing, as above, a smooth truncation of the nonlinearity f^p, the proof follows analogously to that of Proposition 5.2 (cf. Proposition 6.1 in [15]). By using the explicit representation of the resolvent of B [8], this differential equation reduces to an integral one with compact Hammerstein operators to which the classical bifurcation techniques apply [23]. □ Using standard bifurcation theory, we briefly describe the results calculated directly from the differential equation. By Lemma 3.1, the linear operator in (5.10) has the spectrum σ(B + c_∗I) = {c_∗ − l/4, l ≥ 0}. Therefore, any p = p_l for which c_∗ − l/4 = 0 giving the critical exponents (1.8), determines a bifurcation point for problem (5.10) provided that λ_l = −l/4 is of odd multiplicity (e.g., this is always true for N = 1 or in the radial geometry where the eigenvalues are always simple). In order to describe the local behaviour of the bifurcation branches at p ≈ p_l, we fix an l and set

p = p_l + ε, with p_l = 1 +^2_{N+l} . 28

Since c_∗ =^l_4 − μ_lε + O(ε^2), with μ_l =^1_8 (N + l)^2, equation (5.10) takes the form

(5.11) ( B +^l_4 I ) f − μ_lεf + O(ε^2) = Δf^p.

Using the Lyapunov-Schmidt method ([23], Chapt. 8), setting f = Cψ_l + w, where w ∈ L^⊥{ψ_l}, one can find the algebraic equations on C and hence near the bifurcation point the solution takes the form

f = [ν_l(p − p_l)]^{1/(p−1)}ψ_l + ... as p → p^+_l , where ν_l = −(N + l)^2/8κ_l and

(5.12) κ_l = ⟨Δψ^{pl}_l , ψ^∗_l ⟩ = ⟨ψ^{pl}_l , Δψ^∗_l ⟩ < 0. (5.13)

The expansion (5.12) is written down under the crucial assumption that (5.13) holds. The strict inequality (5.13) has been checked numerically for various l ≥ 2. It is worth mentioning that an analytical proof of (5.13) is not straightforward even in the simplest case l = 2, N = 1, where ψ_2 = F^{′′}(y)/ √ 2, (ψ^∗_2 )^{′′} ≡ √ 2 and p_2 = 5/3, though the positivity dominance the rescaled kernel F in the sense that ∫ F = 1 directly suggests κ_2 < 0.

Figure 10. Bifurcation diagram of (5.10) for N = 1 with respect to p with even symmetry conditions at y = 0. There is a continuous branch of solutions from p = 3 and 2 but only a discrete set of solutions for all p ≠ 3, 2. Another vertical branch of solutions bifurcates from p = 2.

Notice however, that κ_0 = κ_1 = 0 for all N ≥ 1, as ψ^∗_0 = 1 and ψ^∗_1 (y) is linear in y. Thus, the corresponding branches leave these bifurcation points vertically, suggesting a continuous family of solutions for these critical exponents described above. In Figure 10 we see that the remaining branches bifurcate 29

with increasing p which is guaranteed by (5.13). Then, bearing in mind the countability of bifurcation points (1.8), Figure 10 clearly suggests that for any p > 1, p ≠ p_0, p_1, there exists a countable, unbounded subset of solutions to (5.10). For non-coercive smooth operators, this is a typical result from Lusternik-Schnirel’man theory (see the classical formulation in [23], p. 381, and [24, 33] on variational methods in weighted Sobolev spaces like L^2_ρ for problems in R^N ), though problem (5.10) is not variational. The countability of solutions is not necessarily associated with the existence of a variational formulation.

It follows from (2.4) that for p ≠ p_0, any solution of (5.10) must have zero mass, see (2.10). The similarity profiles on all the bifurcation branches in Figure 10 satisfy (2.10). Lastly, recall from Figure 9 that there is a discrete subset of μ_k such that f(0) = μ_k and ∫ f_{μk} = 0. Clearly, on Figure 10 this countable subset of points corresponds to intersections of the bifurcation branches with the vertical one {p = 3}. To investigate problem (5.10) numerically, we have solved the fourth-order system

f^{′′′} =^1_4 fy + c_∗F − |f|^{p−1}f^′, F^′ = f,

coupled with the boundary conditions

f^′(0) = 0, F (0) = 0, lim_{y→∞} f(y) = 0, lim_{y→∞} F (y) = 0,

as a continuation problem in p < 3 and p > 3 starting from those already known profiles at the intersection points with {p = 3}.

Figure 10 shows branching of solutions of (5.10), i.e., similarity profiles with exponential decay at infinity. Concerning possible solutions with the algebraic decay (2.18), one can see that such f ∈ L^1(R^N ) for p < p_0, so that the blow-up rate (2.4) implies the zero mass condition (2.10). We expect that there exists a continuous family of such solutions with certain domain of attraction which do not play any role for exponentially decaying initial data.

On stability of the p_2-branch for p ∈ (p_2, p_0). Let us show that the first non-vertical branch, from p = p_2, is stable for p ≈ p_2. This is done by estimating the real parts of the eigenvalues of the linearized operator given in (5.10), which for l = 2 has the form

(5.14) A^′(f) = B +^1_2 I − εC + o(ε), C = μ_2I + p_2ν_2Δ(|ψ_2|^{p2−1}I),

where we substitute the expansion of f given by (5.12) with l = 2. By {λ̄_l = λ̄_l(ε)}, ε = p_2 − p, we denote the discrete spectrum of A^′(f).

For N = 1, due to the conservation of mass (for any p ≤ p_0 = 3) and of momentum (for any p ≤ p_1 = 2), the first modes with positive unperturbed eigenvalues of B +^1_2 I (ε = 0), λ̄_0(0) = 1/2 and λ̄_1(0) = 1/4 are not taken into account and we need to check the perturbed third eigenvalue λ̄_2(ε). The same holds for N > 1 in the radial setting deleting all eigenvalues corresponding to non-symmetric eigenfunctions and hence λ̄_1. Since this unperturbed eigenvalue vanishes, λ̄_2(0) = 0, by the perturbation theory [16], the eigenvalue expansion takes the form λ̄_2(ε) = ερ + o(ε) with the eigenfunction given by ψ̄_2(ε) = ψ_2 + εφ + o(ε). Substituting these approximations into the eigenvalue equation, we find A^′(f)ψ̄_2(ε) = λ̄_2(ε)ψ̄_2(ε), 30

and using (5.14), we obtain from the equation at O(ε) that the expansion coefficients ρ and φ satisfy (B +^1_2 I)φ = ρψ_2 + Cψ_2.

Hence, by the orthogonality condition,

ρ = −⟨Cψ_2, ψ^∗_2 ⟩ = −μ_2 −^1_8 p_2(N + 2) = −^1_8 (N + 2)(N + 3),

and, for small ε = p_2 − p > 0,

(5.15) λ̄_2(ε) = −^1_4 (p_2 − p)(N + 2)(N + 3) + o(p_2 − p), i.e., Re λ_2(ε) < 0.

This means the exponential asymptotic stability of the similarity patterns on the p_2- bifurcation branch for all p_2 − p > 0 sufficiently small. We expect that the whole branch remains stable for all p ∈ (p_2, p_0). Note that for p = p_0 it is not stable as Figure 9 suggests since this solution has ‖f‖_∞ ≈ 1.6 and the stable solutions have smaller L^∞-norm.

It follows from (5.10) that c_∗ < 0 for p > p_0, so that 0 becomes stable in equation (5.1). Therefore, we apply for (1.1) the scaling corresponding to the fundamental solution (1.12), (5.16) u(x, t) = t^{−N/4}g(y, τ), y = x/t^{1/4}, to get an exponentially perturbed equation

(5.17) g_τ = Bg − e^{γτ} Δg^p, where γ = N(p_0 − p)/4 < 0 if p > p_0.

Recall that by Lemma 3.1, B has a one-dimensional centre subspace with the eigenfunction F , see (1.13). Therefore, we arrive at a typical result in the supercritical range: for all sufficiently small initial data with m_0 = ∫ u_0 ≠ 0, the solution of (1.1) is global and has the asymptotic behaviour of the fundamental solution (1.12) with the same mass,

u(x, t) = m_0t^{−N/4}[F (x/t^{1/4}) + o(1)) as t → ∞.

See a rigorous proof in [8] for equation (1.7) in the range p > p_0 = 1 +^{2m}_N .

5.4. Transitional non-self-similar patterns at critical exponents for the stable Cahn-Hilliard equation. Our analysis shows that at the bifurcation points (1.8) there occurs a transition from the linearized patterns corresponding to the stable manifold of A with the linearization (3.1) to the essentially nonlinear similarity patterns described in Figure 10. This is quite a general phenomenon in nonlinear evolutionary parabolic equations observed in various higher-order models, [5, 8, 14, 15].

It remains to determine what happens at the critical values p = p_l for the original PDE (1.1). Here one can expect some non-trivial centre manifold patterns in the rescaled equation (5.1). It turns out that this centre manifold behaviour is unstable (possibly, with blow-up) for (1.1) but leads to non-similarity patterns for the stable equation (1.9). The construction of global self-similar solutions (2.4), σ = −1, is quite the same as that already considered in Section 5.3 but instead of (5.10) we arrive at the equation

(5.18) Bf + c_∗f = −Δf^p. 31

Therefore, in the bifurcation analysis similar to Proposition 5.3 we obtain expansions (5.12), where ν_l = (N + l)^2/8κ_l < 0, i.e., the branches bifurcate at p = p^−_l concentrating at p = 1^+, and hence p is expected to decrease along them (no rigorous proof of nonlocal properties of branches is still available). A similar p-diagram occurs for very singular similarity solutions for the semilinear parabolic equations with absorption, [15].

It is important to understand how such bifurcations can affect the orbits of the original PDE (1.9). Consider the corresponding rescaled equation (5.1), which at p = p_l takes the form (5.19) θ_τ = (B +^l_4 I)θ + Δθ^p for τ ≫ 1.

We fix l ≥ 1 so that, by orthogonality, ψ_l has zero mass. By (3.3), B +^l_4 I has a nontrivial kernel, and therefore, by the general invariant manifold theory (see e.g. [28]) one can expect that a centre manifold behaviour exists. This is expressed by looking for solutions in the form (5.20) θ(τ) = a_l(τ)ψ_l + w(τ), with w(τ) ∈ L^⊥{ψ_l}, where the centre manifold dominance in the asymptotic behaviour means that w(τ) = o(a_l(τ)) as τ → ∞. Substituting this expansion into (5.19) and multiplying by the adjoint eigenfunction ψ^∗_l in L^2(R^N ) yields ȧ_l = κ_la^p_l + o(a^p_l ), where κ_l is as given in (5.13). Since κ_l < 0, integrating this asymptotic ODE gives

(5.21) a_l(τ) = [(p − 1)|κ_l|τ]^{−1/(p−1)}(1 + o(1)).

In the original {x, t, u}-variables, this defines the following asymptotic patterns for the PDE (1.1) at p = p_l, l ≥ 2 as t → ∞:

u(x, t) = C_l(t ln t)^{−(N+l)/2}[ψ_l(y/t^{1/4}) + o(1)], where C_l = [2|κ_l|/(N + l)]^{−(N+l)/2}. Obviously, using (3.1) as the linearization in the rescaled equation (5.1), one can see that in the supercritical range p > p_l there exist stable manifold patterns with the behaviour

(5.22) θ(y, τ) = Ce^{−(N+l)(p−pl)τ /4(p−1)}[ψ_l(y) + o(1)] as τ → ∞ (C ≠ 0) (cf. (5.20), (5.21) for p = p_l). Therefore, the centre manifold patterns (5.20), (5.21) are exactly the transitional ones at p = p_l describing the exchange between the linearized stable manifold ones (5.22) and the nonlinear similarity patterns studied above.

Acknowledgements. The authors would like to thank K. Promislov for several useful discussions and A. Novick-Cohen for suggestions concerning the literature.

References

[1] O.V. Admaev and V.V. Pikhnachev, Self-similar solutions of the equation u_t + Δ^2u + Δ(u^2) = 0, Preprint No. 3, Comp. Centre, Krasnoyarsk, 1997.

[2] A. J. Bernoff and A. L. Bertozzi, Singularities in a modified Kuramoto-Sivashinsky equation describing interface motion for phase transition, Physica D 85 (1995), 375-404.

[3] A.L. Bertozzi and M.C. Pugh, Long-wave instabilities and saturation in thin film equations, Comm.

Pur. Appl. Math. LI (1998), 625-651.

[4] A.L. Bertozzi and M.C. Pugh, Finite-time blow-up of solutions of some long-wave unstable thin film equations, Indiana Univ. Math. J. 49 (2000), 1323-1366. 32

[5] C.J. Budd, V.A. Galaktionov, and J.F. Williams, Self-similar blow-up in higher-order semilinear parabolic equations, SIAM J. Appl. Math., to appear (http://www.maths.bath.ac.uk/MATHEMATICS/

preprints.html).

[6] C.J. Budd, W.Huang, and R.D. Russell, Moving mesh methods for problems with blow-up, SIAM J.

Sci. Comput. 17 (1996), no. 2, 305-327.

[7] E.A. Coddington and N. Levinson, Theory of Ordinary Differential Equations, McGraw-Hill Book Company, Inc., New York/London, 1955.

[8] Yu.V. Egorov, V.A. Galaktionov, V.A. Kondratiev, and S.I. Pohozaev, Asymptotic behaviour of global solutions to higher-order semilinear parabolic equations in the supercritical range, Comptes Rendus Acad. Sci. Paris, Série I 335 (2002), 805-810 (full text in http://www.maths.bath.ac.uk/

MATHEMATICS/preprints.html).

[9] S.D. Eidelman, Parabolic Systems, North-Holland Publ. Comp., Amsterdam/London, 1969. [10] C. Elliott and Z. Songmu, On the Cahn-Hilliard equation, Arch. Rat. Mech. Anal. 96 (1986), 339-357. [11] A. Friedman, Partial Differential Equations, Robert E. Krieger Publ. Comp., Malabar, 1983. [12] J. Funada, Nonlinear diffusion equation for interfacial waves generating by the Marangoni effect, Notes of Res. Inst. Math. Sci., Kyoto Univ. 510 (1984).

[13] V.A. Galaktionov and J.L. Vazquez, The problem of blow-up in nonlinear parabolic equations, Discr.

Cont. Dyn. Syst. 8 (2002), 399-433.

[14] V. A. Galaktionov and J. F. Williams, Blow-up in a fourth-order semilinear parabolc equation from explosion-convection theory, Euro. J. Appl. Math. 14 (2003), 745-764.

[15] , On very singular similarity solutions of a higher-order semilinear parabolic equation, Nonlinearity 17 (2004), 1075-1099.

[16] I.C. Gohkberg and M.G. Krein, Introduction to the Theory of Linear Nonselfadjoint Operators, Transl. Math. Monogr., Vol. 18, AMS, Providence, RI, 1969.

[17] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Math., Vol. 840, Springer-Verlag, New York, 1981.

[18] W. Huang and R.D. Russell, A moving collocation method for solving time dependent partial differential equations, Appl. Num. Math. 20 (1996), 101-116.

[19] W. Huang and R.D. Russell, Adaptive mesh movement—the mmpde approach and its applications.

numerical analysis, J. Comput. Appl. Math. 1-2 (2001), 383-398.

[20] A. Iserles, On the global error of discretization methods for highly-oscillatory ordinary differential equations, BIT 42 (2002), 561-599.

[21] A. Iserles, Think globally, act locally: solving highly-oscillatory ordinary differential equations, Appl.

Num. Anal. 43 (2002), 145-160.

[22] A. Iserles, On the numerical quadrature of highly-oscillating integrals I: Fourier transforms, DAMTP Tech. Rep. 2003/NA05, 2003.

[23] M.A. Krasnosel’skii and P.P. Zabreiko, Geometrical Methods of Nonlinear Analysis, Springer-Verlag, Berlin/Tokyo, 1984.

[24] J.C. Kurtz, Weighted Sobolev spaces with applications to singular nonlinear boundary value problems, J. Differ. Equat. 49 (1983), 105-123.

[25] H.A. Levine, The role of critical exponents in blow-up problems, SIAM Review 32 (1990), 262-288. [26] H.A. Levine, Some nonexistence and instability theorems for solutions of formally parabolic equations of the form P u_t = −Au + F(u), Arch. Rat. Mech. Anal. 51 (1973), 371-386.

[27] H.A. Levine and L.A. Payne, Nonexistence theorems for the heat equation with nonlinear boundary conditions and for the porous meduim equation backward in time, J. Differ. Equat. 16 (1974), 319-334.

[28] A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Birkhäuser, Basel/Berlin, 1995.

[29] A. Novick-Cohen, Blow-up and growth in the directional solidification of dilute binary alloys, Appl.

Anal. 47 (1992), 241-257.

[30] A. Novick-Cohen, The Cahn-Hilliard equation: mathematical and modeling perspectives, Adv. Math.

Sci. Appl. 8 (1998), 965-985.

[31] A. Novick-Cohen and L.A. Segel, Nonlinear aspects of the Cahn-Hilliard equation, Physica D 10 (1984), 277-298.

[32] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, and A.P. Mikhailov, Blow-up in Quasilinear Parabolic Equations, Walter de Gruyter, Belrin/New York, 1995.

[33] F.B. Weissler, Rapidly decaying solutions of an ordinary differential equation with application to semilinear elliptic and partial differential equations, Arch. Rat. Mech. Anal. 91 (1986), 247-266.

[34] J.F. Williams, X. Xu, and R.D. Russell, Movcol4: A high resolution moving collocation scheme for evolutionary equations, in preparation, 2004.

[35] T.P. Witelski, A.J. Bernoff, and A.L. Bertozzi, Blow-up and dissipation in a critical-case unstable thin film equation, In press, EJAM, 2003.

Appendix

The limit A → −∞ may be considered by recasting (4.52) with (4.53) as a singular perturbation problem in a manner similar to that developed above for p = 3. Introducing the small parameter ϵ > 0 by A = −ϵ^{−1/2}, the rescaling y = ϵ^{−1/4}ȳ gives the following problem for f(ȳ),

(A.1) ϵ (_{f ′′} ȳ )_′ + ϵ^{1/2}

(_{f 2} ȳ )_′ +^1_4 f = −^1_{4ȳ2} , with

(A.2) f^′(0) = 0, f^{′′}(0) +^{f(0)2}_{ϵ1/2} =^1_{4ϵ} , and

(A.3) f = −^1_{ȳ2} (1 + o(1)) as ȳ → +∞.

Here^′ denotes d/dȳ. In the limit ϵ → 0^+, we obtain a four layer structure illustrated schematically in Figure 11. We have an outer region ȳ = O(1) in which f takes the far-field behaviour (A.3) and an inner region ȳ = O(ϵ^{1/8}) in which f = O(ϵ^{−1/4}). This inner region is partitioned into two distinct regions, an inner 1 where ȳ > ϵ^{1/8}â and an inner 2 where ȳ < ϵ^{1/8}â. The partition is through an inner region located at ȳ = ϵ^{1/8}â, which is of width O(ϵ^{3/8}). The constant â will be shown below to be close to the location of the first singularity of a Painleve transcendent type equation.

The outer region ȳ = O(1). At leading order (A.1) gives

(A.4) f = −^1_{ȳ2} ,

which satisfies (A.3) but not (A.2). This gives rise to the consideration of the following inner region in which terms involving the first derivatives of f are retrieved.

The inner 1 region ȳ > ϵ^{1/8}â. Introducing the scalings

(A.5) ȳ = ϵ^{1/8}ŷ, f = ϵ^{−1/4}f̂,

(A.1) becomes

(A.6) ϵ^{1/2} (_{f̂ ′′} ŷ )_′ + (_{f̂ 2} ŷ )_′ +^1_4f̂ = −^1_{4ŷ2} , 34

where^′ now denotes d/dŷ. Posing f̂ ∼ f̂_0, gives the leading order problem, (A.7)

(_{f̂ 20} ŷ )_′ +^1_4f̂_0 = −^1_{4ŷ2} , with the matching condition, (A.8) f̂_0 ∼ −^1_{ŷ2} as ŷ → +∞. We next consider a region located at ŷ = â, so that (A.9) f̂_0 ∼ f̂_0(â) as ŷ → â^+.

The inner region ȳ = ϵ^{1/8}â + O(ϵ^{3/8}). Introducing the new variables, (A.10) ŷ = â + ϵ^{1/4}Ŷ , f̂ = F̂ , we have from (A.6) that

(A.11) ( F̂ ′′ (â + ϵ^{1/4}Ŷ ) )_′ + ( F̂ 2 â + ϵ^{1/4}Ŷ )_′ + ϵ^{1/4} 4 ( F̂ + 1 (â + ϵ^{1/4}Ŷ )^2 ) = 0,

where^′ is now d/dŶ . Posing F̂ ∼ F̂_0 gives at leading order, (A.12) F̂^{′′}_0 + F̂^2_0 = (f̂_0(â))^2, after matching to (A.9). This gives the constant solution F̂_0 = f̂_0(â) at leading order within this region.

The inner 2 region ȳ < ϵ^{1/8}â. We now consider the scalings, (A.13) ȳ = ϵ^{1/8}ŷ, f = ϵ^{−1/4}F, where F = F (ŷ, Y ) is also taken to be a function of the fast scale ŷ = ϵ^{1/4}Y . Defining the multiple scales operator L by L =^∂_{∂Y} + ϵ^{1/4 ∂}_{∂ŷ} , (A.1) becomes, (A.14) L

(_1

ŷ L^2F ) + L (_{F 2} ŷ ) +^1_4 ( F +^1_{ŷ2} ) = 0.

Posing F ∼ F_0 + ϵ^{1/4}F_1, we have at leading order, (A.15)^{∂2F0}_{∂Y 2} + F^2_0 = A_0(ŷ), for some function A_0(ŷ) and at the next order, (A.16)^∂_{∂Y} (_{∂2F1} ∂Y^2 + 2F0F1 ) − 2^{∂F 20}_{∂ŷ} +^ŷ_4 F_0 + 3ŷ^{1/3 ∂}_{∂ŷ} (_{A0} ŷ^{1/3} ) +^1_{4ŷ} = 0.

The secular terms involving Y in (A.16) are removed if 3ŷ^{1/3 d}_{dŷ} (_{A0} ŷ^{1/3} ) = −^1_{4ŷ} , which gives A_0(ŷ) =^1_4 − B_0ŷ^{1/3}, 35

for some constant B_0 (assumed positive). Thus F_0 satisfies,

(A.17) F^{′′}_0 + F^2_0 =^1_4 − B_0ϵ^{1/12}Y^{1/3}, where^′ ≡ d/dY and is subject to (A.2), which at leading order in the current variables becomes, (A.18) F^′_0(0) = 0, F^{′′}_0 (0) + F_0(0)^2 =^1_4 .

The second condition in (A.18) is satisfied by F_0 as seen from (A.17). The equation (A.17) is noted to have movable singularities that are second order poles. Denoting the first (i.e. smallest) positive pole location by â_0, we have the local behaviour,

(A.19) F_0 ∼^{−6ϵ1/2}_{(â0−ŷ)2} as ŷ → â^−_0 .

Matching F_0 with F̂_0 from the inner region requires F_0(â) = f̂_0(â), where â < â_0.

It is worth remarking that the leading order solution f̂_s(ŷ) in this inner 2 region on the slow scale ŷ satisfies (A.7). As ŷ → 0^+, the only bounded positive solution satisfying f̂ ′_s(0) = 0 has the behaviour,

f̂_s ∼^1_2 −^1_8 ŷ^2 as ŷ → 0+.

For the solution satisfying this behaviour, we have that f̂_s = 0 at ŷ ≈ 1.6 with f̂^′_s unbounded which gives a first approximation for â. We now have from the numerical solution of (A.7) and (A.8) the estimate f̂_0(â) ≈ −0.2 for â = 1.6. Further, imposing this condition on the two-scale approximation (A.17) suggests taking B_0 ≈ 1/4â^{1/3}.

Full numerical solution of (4.52) gives the values y ≈ 1.5ϵ^{−1/8}, f ≈ −0.21ϵ^{−1/4} for the location and value of the minimum of f when ϵ = 6.6 × 10^{−9}. This is in very good agreement with the values â = 1.6, f̂_0(â) = −0.2 from the asymptotics.

There are two sets of solutions to (A.17) satisfying (A.18), which are distinguished by the their values for F (0). Full numerical solution of (4.52), gives the estimates F_0(0) ≈ 0.5 ± 0.167.

Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK E-mail address: masjde@maths.bath.ac.uk

Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK and Keldysh Institute of Applied Mathematics, Miusskaya Sq. 4, 125047 Moscow, RUSSIA E-mail address: vag@maths.bath.ac.uk

Centrum voor Wiskunde en Informatica, Postbus 94079, 1090 GB, Amsterdam, NL E-mail address: williams@cwi.nl

Figure 11. Schematic illustration of the asymptotic regions for the singular perturbation problem (A.1)–(A.3) expressed on the y variable scale.