Harmonic tori in spheres and complex projective spaces

F. E. Burstall

Introduction

A map ϕ : M → N of Riemannian manifolds is harmonic if it extremises the energy functional: ∫ |dϕ|^2 dvol on every compact subdomain of M. Harmonic maps arise in many different contexts in Geometry and Physics (for an overview, see [15,16]) but the setting of concern to us is the following: take M to be 2-dimensional and N to be a Riemannian symmetric space of compact type. In this case, the energy is conformally invariant so that we may take the domain to be a Riemann surface and the methods of complex analysis may be brought to bear. Moreover, the symmetric nature of the target allows us to reformulate the harmonic map equations in a gauge-theoretic way so that harmonic maps may be viewed as simple analogues of Yang–Mills fields.

This paper treats harmonic maps of a 2-torus into a sphere S^n or a complex projective space

C P^n and makes use of the ideas and methods of two separate developments in the theory

of harmonic maps. The first, and more recent, of these is the soliton-theoretic approach which has its roots in the Pinkall–Sterling classification [23] of constant mean curvature 2-tori in R^3 (which are equivalent, via the Gauss map, to non-conformal harmonic 2-tori in S^2). Pinkall–Sterling showed that all such maps could be constructed from solutions to a family of finite-dimensional completely integrable Hamiltonian ordinary differential equations. There followed a rapid development and extension of these ideas [5,19] which culminated in a rather general theory of harmonic maps into symmetric spaces due to Burstall–Ferus–Pedit–Pinkall [9]. This theory distinguishes special harmonic maps of R^2 into a symmetric space called harmonic maps of finite type which are constructed from commuting Hamiltonian flows on finite-dimensional subspaces of a loop algebra. Viewing maps of 2-tori as doubly periodic maps of R^2, these authors prove:

Theorem A non-conformal harmonic map of a 2-torus into a rank one symmetric space is of finite type.

In particular, this result accounts for all non-conformal harmonic 2-tori in S^n and C P^n but excludes the conformal harmonic (i.e., branched, minimal) tori.

The second development of importance to us is the well-established twistor theory of harmonic maps which goes back to Calabi’s study [11,12] of minimal surfaces and, especially, minimal 2-spheres in S^n. Recall [11,17] that a harmonic map of a Riemann surface into

Research partially supported by EEC contract SC1-0105-C

a sphere or complex projective space has a sequence of invariants which are differentials measuring the lack of orthogonality of iterated derivatives of the map. These invariants have the following properties:

1. The first invariant is the obstruction to conformality.

2. The first non-zero invariant is a holomorphic differential.

3. There is a number N (depending on the target) such that, if the first N invariants vanish, then all the invariants vanish.

If all these invariants vanish, the map is variously called pseudo-holomorphic [12], superminimal [7], or isotropic [17]. In this case, the harmonic map is covered by a horizontal holomorphic map into an auxiliary complex manifold, a twistor space, and the study of isotropic harmonic maps is therefore reduced to a problem in Algebraic Geometry.

In particular, since the Riemann sphere admits no non-vanishing holomorphic differentials, any harmonic 2-sphere in S^n or C P^n is isotropic. This is the basis of Calabi’s classification of minimal 2-spheres in S^n [11,12] and the classification theorem for harmonic 2-spheres

in C P^n [8,14,17,20].

We see from these results that, as far as harmonic 2-tori are concerned, we can treat two extremes of behaviour: on the one hand, when the first invariant is non-zero, we obtain the harmonic map from soliton-theoretic ODE; on the other hand, when all invariants vanish, we obtain the harmonic map from a holomorphic curve in a twistor space. It is the purpose of this article to treat all the intermediate cases and thus account for all harmonic 2-tori in spheres and projective spaces. One can briefly describe our results as follows: a conformal non-isotropic map is covered by a map into a twistor space and this map, instead of being holomorphic, is constructed from soliton-theoretic ODE.

That such a picture obtains is already indicated by the analysis by Ferus–Pedit–Pinkall– Sterling of minimal, non-superminimal tori in S^4 [19] which was generalised to S^n and C P^n by Bolton–Pedit–Woodward [6]. In these papers, the harmonic maps under consideration are characterised by the vanishing of all invariants except the last. In this case, the harmonic map is covered by a map into a flag manifold which can be shown to arise from commuting Hamiltonian ODE. One may view the flag manifold as a twistor space and the covering map, while no longer horizontal holomorphic, satisfies a first order condition.

The situation is similar for all non-isotropic 2-tori in spheres and complex projective spaces: any such map is covered by a “twistor lift” which is a map into a homogeneous space. Moreover, this lift can be constructed from commuting ODE and so is, in an appropriate sense, of finite type. The lift is constructed from iterated derivatives of the harmonic map by the usual method of twistor theory. The only novelty here is the nature of our twistor space and the map into it so obtained. Our twistor spaces are k-symmetric spaces which are analogues of the familiar Riemannian symmetric spaces where where the involutive isometries are replaced by isometries of finite order k [22]. The k-symmetric spaces form a class of reductive homogeneous spaces that includes both Riemannian symmetric spaces (k = 2) and flag manifolds. The use of the latter as twistor spaces for Riemannian symmetric spaces is well-known [10] but our use of other k-symmetric spaces in this way seems to be new.

As for the twistor lifts, these are examples of what we have called primitive maps: a map into a k-symmetric space, k > 2, is primitive if it satisfies a first-order equation of Cauchy– Riemann type which arises from the geometry of the k-symmetric space. Primitive maps are maps which are “f-holomorphic with respect to a horizontal f-structure” in the sense of Black [4] and, as such, enjoy a number of interesting properties: they are harmonic maps and their harmonicity is preserved under homogeneous projection. Thus primitive maps project onto harmonic maps. In our case, the converse is true: we show that any conformal harmonic map of a Riemann surface into S^n or C P^n is covered by a primitive map into a suitable k-symmetric space.

To construct such maps from commuting ODE, we make use of the results of [9]: recall that a harmonic map ϕ : R^2 → G into a Lie group is essentially the same as a loop of flat connections d + A_λ with A_λ of the form

A_λ = (λ − 1)α^′ + (λ^{−1} − 1)α^{′′},

λ ∈ S^1, where α^′ is a gC -valued (1, 0)-form on R^2 with complex conjugate α^{′′}. In [9], a method is given for constructing such loops of flat connections by solving commuting ODE on finite-dimensional subspaces of the based loop algebra. To treat harmonic maps into a Riemannian symmetric space G/K, one uses the totally geodesic Cartan embedding G/K → G. The composition of a harmonic map into G/K with the Cartan embedding is also harmonic and so gives rise to a loop of flat connections. Moreover, if appropriate initial conditions are chosen for the commuting ODE, one constructs from the flows a harmonic maps which factors through the Cartan embedding in this way.

It transpires that we are able to treat primitive maps ψ : R^2 → G/H into a k-symmetric space in a similar fashion. Firstly, there is an obvious analogue of the Cartan embedding G/H → G of any k-symmetric space into its group of isometries. For k > 2, this map is no longer totally geodesic so that its composition with a primitive map need not be harmonic. However, the structure equations for a primitive map are identical to those for a harmonic map into a Riemannian symmetric space and this enables us to construct a loop of flat connections. Moreover, a simple extension of the arguments of [9] suffices to show that commuting flows with the right initial conditions give rise to primitive maps.

We therefore arrive at the notion of a primitive map of finite type. The main result of [9] gives a simple criterion for a loop of flat connections on a torus to arise from commuting ODE from which we can deduce sufficient conditions for a primitive map to be of finite type. In our applications to twistor lifts, these conditions amount to the non-vanishing of one of the invariants of the underlying harmonic torus.

We have developed the theory of primitive maps of finite type in rather more generality than is necessary for our applications to harmonic tori in spheres and complex projective spaces. We have done this for two reasons: firstly, this theory provides the natural framework for our results and, secondly, because we hope it will find applications elsewhere. In this latter regard, it is already known that primitive maps into a full flag manifold are closely related to affine Toda fields [6].

Acknowledgements I wish to thank J. Bolton, F. Pedit and L. Woodward for informing me of their work [6] and J.-P. Bourguignon for suggesting the term “primitive” for the maps with which we shall be concerned below.

Notation Throughout this work, when a Lie group is denoted by an upper case letter, its Lie algebra will be denoted by the corresponding lower case gothic letter. Thus G is a Lie group with Lie algebra g.

1 k-symmetric spaces and harmonic maps

1.1 Preliminaries

In this paper we shall have much to do with the geometry of maps into reductive homogeneous spaces. We therefore begin by collecting some facts about these spaces. For more details, see [10, Chapter 1].

Let N be a manifold on which a Lie group G acts transitively and pick a base point o ∈ N with stabiliser H so that N ∼= G/H. N is a reductive homogeneous space if there is an Ad H-invariant splitting g = h ⊕ m.

Such a splitting equips N with two kinds of extra structure. Firstly, left translation of m around G gives a connection on the principal H-bundle G → G/H. We call this connection the canonical connection and denote it by D.

Secondly, we have an isomorphism of T N with the sub-bundle [m] of the trivial bundle g = N × g given by [m]_{g·o} = Ad g (m).

Indeed, for x ∈ N, the map g → T_xN given by ξ → d dt | | | t=0 exp tξ · x, restricts to give an isomorphism [m]_x → T_xN. The inverse map β_x : T_xN → [m]_x ⊂ g defines a g-valued 1-form β on N which we call the Maurer–Cartan form of N (c.f., [10]). In general, if V is a G-module with H-invariant subspace W , we may form the sub-bundle [W ] ⊂ V = N × V via [W ]_{g·o} = g · W . In particular, we have an invariant splitting g = [h] ⊕ [m], and [h]_x is the Lie algebra of the stabiliser of x ∈ N.

For future use, we recall from [10, Lemma 1.3] the structure equations of β: dβ = (1 −^1_2 P )[β ∧ β] (1) where P : g → [m] is projection along [h].

Finally, the canonical connection induces a connection on V ∼= G ×_H V which, from [10, Proposition 1.1], is related to flat differentiation in V by d = D + β. (2)

All G-invariant tensors are D-parallel and so, in particular, the sub-bundles [W ] are all stable under D-covariant differentiation.

We now turn to the class of reductive homogeneous spaces that will most occupy us in the sequel.

1.2 k-symmetric spaces

Let G be a compact Lie group and τ : G → G an automorphism of order k > 1. We let H ⊂ G be a subgroup satisfying

(G^τ )_0 ⊂ H ⊂ G^τ

and consider the homogeneous space N = G/H. Denote by o ∈ N the identity coset eH and let ^τ : N → N be given by ^τ(g · o) = τ(g) · o so that ^τ is a (well-defined!) diffeomorphism of order k which has o as an isolated fixed point. Moreover, for x = g · o ∈ N, we define ^τ_x : N → N by ^τ_x = g ∘ ^τ ∘ g^{−1} = gτ(g)^{−1} ∘ ^τ, to get a diffeomorphism of order k having x as an isolated fixed point. Finally equip N with a metric for which all the ^τ_x are isometries (such metrics certainly exist). N now has the structure of a regular k-symmetric space and it is known that all compact regular k-symmetric spaces arise in this way [22]. Of course, the 2-symmetric spaces are just the familiar Riemannian symmetric spaces.

Let us examine the infinitesimal structure on T N induced by the ^τ_x. The derivative of τ at e ∈ G, also denoted τ, is an order k automorphism of g and, setting ω = e^{2πi/k}, we have an eigenspace decomposition

gC_=^∑_{j∈} Zk^{gj}

where g_j is the ω^j -eigenspace of τ. Then g_j = g_{−j}, where the conjugation is with respect to the real form g and we have the relations

[g_i, g_j] ⊂ g_{i+j} ,

recalling throughout that i, j ∈ Z_k. Setting

h = g_0 ∩ g, m = ∑ j∈Zk\{0}^{gj} ∩ g, we see that h is the Lie algebra of H and that

g = h ⊕ m

is an Ad(H)-invariant splitting of g. Thus N is a reductive homogeneous space and the results of Section 1.1 apply.

In particular, we have an isomorphism

T NC^β∼_{= [m]}C_=^∑_{j∈} Zk\{0}^{[gj]} and a decomposition

gC_=^∑_{j∈} Zk^{[gj]}

where [g_j]_x is the ω^j-eigenspace of an automorphism τ_x—the automorphism of N at x— which is given by Ad g ∘ τ ∘ Ad g^{−1} when x = g · o.

1.3 Primitive maps

We start with a definition:

Definition Let ψ : M → N be a map of an almost complex manifold into a k-symmetric space, k > 2. ψ is primitive if ψ^∗β^{(1,0)} takes values in [g_1].

Such maps are examples of a class of f-holomorphic maps studied by Black [4] and have a number of interesting properties which ultimately stem from the relation

[g_1, g_{−1}] ⊂ hC (3)

For instance, Black proves

Proposition 1.1 [4] Let ψ : M → N be a primitive map of a Hermitian manifold with co-closed Kähler form. Then ψ is harmonic with respect to all invariant metrics on N for which [g_1] is isotropic.

Remark The condition on the invariant metrics of N is very mild. Indeed, if all the irreducible subrepresentations in the H-representation on m occur with multiplicity one (true, for example, if H contains a maximal torus of G) then [g_1] is isotropic for any choice of invariant metric. In this case, ψ is equiharmonic, that is, harmonic with respect to all invariant metrics.

In all our applications, we shall be concerned with the case where G is semisimple and the metrics on homogeneous G-spaces are induced from the Killing inner product on g. To simplify the exposition, we therefore restrict attention to this case for the rest of the paper.

An important property of primitive maps is that their harmonicity is preserved under homogeneous projection. For this, let M be an almost complex manifold and N a reductive G-space with Maurer–Cartan form β. Let ψ : M → N be a map and let b = ψ^∗β with type decomposition b = b^′ + b^{′′}. Further, let d = ∂ + ∂ be the type decomposition of the exterior derivative (we are not assuming that ∂^2 = 0!). We now have a criterion for the harmonicity of ψ:

Lemma 1.2 Let M be almost Hermitian with co-closed Kähler form. Then ϕ is harmonic if and only if, for any unitary frame Z_1, . . ., Z_n of T^{1,0}M, ∂b^′(Z_i, Z_i) = ∂b^{′′}(Z_i, Z_i).

Proof From [24], it is known that ψ is harmonic if and only if b is co-closed which is equivalent to demanding that

Z_ib(Z_i) − b(∇_{Zi} Z_i) + Z_ib(Z_i) − b(∇_{Zi} Z_i) = 0, (4)

where ∇ is the Levi–Civita connection on M. But the co-closure of the Kähler form means that ∇_{Zi} Z_i takes values in T^{1,0}M so that

b(∇_{Zi} Z_i) = b^′([Z_i, Z_i]).

It follows that (4) can be written as ∂b^{′′}(Z_i, Z_i) + ∂b^′(Z_i, Z_i) = 0 and the result follows. � Now suppose that N is a k-symmetric space and that ψ : M → N is primitive so that b^′ is a [g_1]-valued (1, 0)-form on M. The structure equation (1) pulls back to give db = (1 −^1_2 P )[b ∧ b]. (5) In view of (3) and the fact that ψ is primitive, we have P [b^′ ∧ b^{′′}] = 0 so that the (1, 1)-part of (5) reads ∂b^′ + ∂b^{′′} = 2[b^′ ∧ b^{′′}]. (6) Now let D = d − ad b be the pull-back of the canonical connection on N. In terms of D, (6) reads ∂^Db^′ + ∂^Db^{′′} = 0. (7) However, b^′ and hence ∂^Db^′ is [g_1]-valued since [g_1] is D-stable and, similarly, ∂^Db^{′′} is [g_{−1}]-valued so that both summands of (7) must vanish separately: ∂^Db^′ = ∂^Db^{′′} = 0. (8) Using this, we prove:

Proposition 1.3 Let H ⊂ K be closed subgroups of G with G/H k-symmetric and K τ-stable. Let π : G/H → G/K be the homogeneous projection. If ψ : M → G/H is a primitive map of an almost Hermitian manifold with co-closed Kähler form then ϕ = π ∘ ψ : M → G/K is harmonic.

Proof Set p = k^⊥. Then g = k ⊕ p is an Ad K- and τ-invariant splitting so that, in particular, G/K is reductive. Both kC and pC have decompositions into eigenspaces of τ so that there is an Ad H-invariant orthogonal splitting m = l ⊕ p, say, with k = h ⊕ l. We write g_{±1} = l_{±1} ⊕ p_{±1}, where l_1 = l^C ∩ g_1 and so on. Note that, from (3) and the fact that [k, p] ⊂ p we get [l_{±1}, p_{∓1}] ⊂ pC ∩ hC = {0} (9) As usual, let b be the pull-back by ψ of the Maurer–Cartan form of G/H and write b = b_l + b_p for its decomposition into [l] and [p] parts. Further, let β^K be the Maurer–Cartan form of G/K. From [10, lemma 1.8], we have ϕ^∗β^K = b_p so that, by (1.2), it suffices to prove that ∂b^′_p = ∂b^{′′}_p.

For this, observe that since p is Ad H-invariant, [p] is D-parallel so that the [p]-component of (8) reads:

∂^Db^′_p = ∂^Db^{′′}_p = 0. Otherwise said, 0 = ∂b^′_p − [b^{′′} ∧ b^′_p] = ∂b^′_p − [b^{′′}_l ∧ b^′_p] − [b^{′′}_p ∧ b^′_p].

However, in view of (9) and the primitivity of ψ, [b^{′′}_l ∧ b^′_p] vanishes identically so that ∂b^′_p = [b^{′′}_p ∧ b^′_p].

Taking complex conjugates gives ∂b^{′′}_p = [b^′_p ∧ b^{′′}_p] = [b^{′′}_p ∧ b^′_p] and we are done. � Remark Under the conditions described in the previous remark, Proposition 1.3 can be considerably improved: in fact, Black [4] proves that any homogeneous projection of an equiharmonic map is also equiharmonic.

In our applications of Proposition 1.3, G/K will be a Riemannian symmetric space and we will view G/H as a kind of twistor space for G/K. We will show that, under auspicious circumstances, a converse to the proposition is available so that certain harmonic maps into G/K are covered by primitive maps into some G/H. It is this possibility that motivates our study of primitive maps.

1.4 A Cartan embedding A popular device for studying harmonic maps into symmetric spaces G/K is to use the totally geodesic Cartan embedding of G/K into G (c.f., [9,10,26]). We now describe a mild generalisation of this embedding to the case of k-symmetric spaces which will be useful in the sequel.

Henceforth, we shall always take G to be compact, connected and semisimple. Definition Let G/H be a k-symmetric space with automorphism τ. The Cartan embedding of G/H is the map ι : G/H → G given by ι(g · o) = τ(g)g^{−1}.

Remarks (i) The alert reader will have noted an abuse of terminology here: ι is in general only a finite-to-one immersion. It is an embedding precisely when H = G^τ . (ii) Of course, when k > 2, ι will not be totally geodesic so that post-composition by ι will not preserve harmonicity of maps. However, we shall see below that primitive maps are quite well-behaved with respect to ι.

(iii) When G = SU(n) and G/H is a flag manifold, the map ι has been independently studied by Ferreira [18] who investigated its harmonicity.

Let θ be the (left) Maurer–Cartan form of G and β the Maurer–Cartan form of G/H. We compute ι^∗θ.

Lemma 1.4 For x ∈ G/H, ι^∗θ_x = τ_xβ_x − β_x, where τ_x is the automorphism at x. Proof Let X ∈ T_xG/H. Then X = d dt | | |_{t=0} exp tβ(X) · x so that

ι_∗(X) = d dt | | | t=0 τ(exp tβ(X))ι(x) exp −tβ(X) = L_{ι(x)∗}(Ad ι(x)^{−1}τβ(X) − β(X)). Thus ι^∗θ(X) = Ad ι(x)^{−1}τβ(X) − β(X). However, if x = g · o, then Ad ι(x)^{−1}τ = Ad gτ(g)^{−1}τ = Ad g ∘ τ ∘ Ad g^{−1} = τ_x and we are done. �

Let us now determine the image of ι.

Proposition 1.5 ι(G/H) is the connected component of F = {h ∈ G: (τ^{−1} Ad h)^k = 1} containing the identity.

Proof For convenience, set I = ι(G/H) ⊂ G. If h = τ(g)g^{−1} ∈ I, then τ^{−1} Ad h = τ^{−1} Ad τ(g)g^{−1} = Ad g ∘ τ^{−1} ∘ Ad g^{−1}.

From this it is clear that (τ^{−1} Ad h)^k = 1 so that I ⊂ F and also that Ad(I) ⊂ Aut(g) is the left translate by τ of the Ad(G)-conjugacy class of τ^{−1} in Aut(g). On the other hand,

Ad(F ) = {σ ∈ Inn(g): (τ^{−1}σ)^k = 1} = τ {ρ ∈ Aut(g): ρ^k = 1} ∩ Inn(g). However, {ρ ∈ Aut(g): ρ^k = 1} consists of a finite number of Ad(G)-conjugacy classes, each of which is therefore a connected component. Thus Ad(I) is the connected component of Ad(F ) containing 1.

Thus, letting Z denote the centre of G, we see that Ad^{−1}(Ad(I)) = IZ is open and closed in Ad^{−1}(Ad(F )) = F . It therefore suffices to show that I is open and closed in IZ. For this, let z_1, z_2 ∈ Z and suppose Iz_1 ∩ Iz_2 ≠ ∅. Then there are g_1, g_2 ∈ G such that

τ(g_1)g^{−1}_1 z_1 = τ(g_2)g^{−1}_2 z_2,

so that τ(g^{−1}_2 g_1)(g^{−1}_2 g_1)^{−1} = z_2z^{−1}_1

Now set h = g^{−1}_2 g_1 and observe that

τ(g)g^{−1}z_2 = τ(g)z_2z^{−1}_1 g^{−1}z_1 = τ(gh)(gh)^{−1}z_1.

From this it follows that Iz_1 = Iz_2 so that IZ is a finite disjoint union of translates of I. However, each Iz is closed (since compact) and so open in IZ also. In particular, I is open and closed in IZ and the proof is complete. �

We use this to provide a simple criterion for when a map into G has image in ι(G/H).

Proposition 1.6 Let ψ : M → G be a map of a manifold M such that ψ(m) = e for some m ∈ M. Then ψ has image in ι(G/H) if and only if

(1 + (Ad ψ^{−1}τ) + · · · + (Ad ψ^{−1}τ)^{k−1})ψ^∗θ ≡ 0.

Proof By Proposition 1.5, it suffices to show that (τ^{−1} Ad ψ)^k is constant. However,

d(τ^{−1} Ad ψ)^k = k∑ i=1 (τ^{−1} Ad ψ)^i ∘ ad ψ^∗θ ∘ (τ^{−1} Ad ψ)^{k−i}

= k∑ i=1 (τ^{−1} Ad ψ)^k ∘ ad(τ^{−1} Ad ψ)^{i−k}ψ^∗θ

= (τ^{−1} Ad ψ)^k ∘ ad (_k ∑ i=1 (Ad ψ^{−1}τ)^{k−i}ψ^∗θ ) . Since g is semisimple, ad is an isomorphism and the result follows. �

2 Commuting flows

In [9], harmonic maps of a Riemann surface into a Lie group where produced by solving a pair of commuting ordinary differential equations. Harmonic maps into symmetric spaces were viewed as harmonic maps into Lie groups via the Cartan embedding and were obtained from the commuting flows by choosing an appropriate initial condition. It was also shown that a large class of harmonic 2-tori in symmetric spaces arose from this procedure. In this section, we adapt these methods to deal with primitive maps into k-symmetric spaces.

2.1 Zero-curvature representation Let G/H be a k-symmetric space, k > 2, with Maurer–Cartan form β. Let M be a Riemann surface and ψ : M → G/H a primitive map. As usual, set b = ψ^∗β with type decomposition b = b^′ + b^{′′}.

Recall that the structure equation for b gave (8): ∂^Db^′ = ∂^Db^{′′} = 0 which, on our Riemann surface, read db^′ − [b^′ ∧ b^{′′}] = db^{′′} − [b^′ ∧ b^{′′}] = 0. (10)

Following [26,29,30], we introduce a spectral parameter λ ∈ S^1 and, for each λ, we define a g-valued 1-form on M by A_λ = (λ − 1)b^′ + (λ^{−1} − 1)b^{′′} (11) It turns out that the corresponding connections d + A_λ are all flat: indeed, dA_λ +^1_2 [A_λ ∧ A_λ] = (λ − 1)db^′ + (λ^{−1} − 1)db^{′′} + (λ − 1)(λ^{−1} − 1)[b^′ ∧ b^{′′}] = (λ − 1)(db^′ − [b^′ ∧ b^{′′}]) + (λ^{−1} − 1)(db^{′′} − [b^′ ∧ b^{′′}]) which vanishes by (10).

Observe that Lemma 1.4 allows us to relate the A_λ to the composition ι ∘ ψ : M → G. In fact, A_ω = (ω − 1)b^′ + (ω^{−1} − 1)b^{′′} = (ι ∘ ψ)^∗θ, (12) where, as usual, ω = e^{2πi/k}. In the next section, we shall see how to obtain a converse to this construction and, from certain loops of flat connections d + A_λ on R^2, produce primitive maps ψ : R^2 → G/H with (ι ∘ ψ)^∗θ = A_ω.

Meanwhile, we may deduce from (10) that ι ∘ ψ, while not harmonic, satisfies a related equation. Indeed, it is easy to see that α = (ι ∘ ψ)^∗θ satisfies

d^∗α + μ(ω) 2 ∗ [α ∧ α] = 0, where μ(e^{ix}) = cotan(x/2), which is the harmonic map equation with Wess–Zumino terms for maps M → G. This is the Euler–Lagrange equation for the functional obtained by coupling the Wess–Zumino action to the energy functional with coupling constant μ. In general, as Uhlenbeck [27] observes, whenever d + A_λ is a loop of flat connections of the form (11) and ψ : M → G satisfies ψ^∗θ = A_{λ0} , then ψ solves the harmonic map equation with Wess–Zumino terms with coupling constant μ(λ_0), (see also [25]).

2.2 Commuting ordinary differential equations In [9], it was shown how to obtain loops of flat connections d + A_λ of the form (11) by integrating a pair of commuting ordinary differential equations. Let us briefly recall this development.

For d ∈ N, define a finite-dimensional space of gC -valued Laurent polynomials by Ω_d = {ξ(λ) = ∑ 0<|n|≤d λ^nξ_n : ξ_n ∈ gC , ξ_n = ξ_{−n}}.

Note that the elements of Ω_d are based, ξ(1) = 0, and satisfy the reality condition that ξ(λ) ∈ g for λ ∈ S^1.

Consider now vector fields X_1, X_2 on Ω_d defined by 1 2 (X_1 − iX_2)(ξ) = [ξ, 2i(1 − λ)ξ_d], where the bracket is to be interpreted point-wise. It is shown in [9] that the X_i are complete commuting vector fields on Ω_d so that, fixing an initial condition ξ_0 ∈ Ω_d, we may integrate the corresponding flows to obtain a map ξ : R^2 → Ω_d. Thus ξ is the unique solution of dξ = [ξ, 2i(1 − λ^{−1})ξ_d dz − 2i(1 − λ^{−1})ξ_{−d} dz] (13) with ξ(0) = ξ_0, where z is the complex co-ordinate on R^2 = C . Moreover, for such a ξ, if we define g-valued 1-forms A_λ on R^2 by A_λ = 2i(1 − λ)ξ_d dz − 2i(1 − λ^{−1})ξ_{−d} dz, then the connections d + A_λ are flat. Thus, for each λ ∈ S^1, we integrate to get a map ψ_λ : R^2 → G, unique up to left translation by a constant, with ψ^∗_λθ = A_λ. We now show how to obtain primitive maps from such ξ. First we have a straightforward extension of [9, Proposition 4.3] to the k-symmetric setting:

Proposition 2.1 Let d ∈ N satisfy d ≡ 1 mod k. Let ξ : R^2 → Ω_d be a solution of (13) and ψ : R^2 → G satisfy ψ^∗θ = 2i(1 − ω)ξ_d dz − 2i(1 − ω^{−1})ξ_{−d} dz. Define ~ξ by ~ξ(λ) = τ^{−1} Ad ψ(ωλ). Then ~ξ also satisfies (13) i.e., d ~ξ = [ ~ξ, 2i(1 − λ) ~ξ_d dz − 2i(1 − λ^{−1}) ~ξ_{−d} dz]. Here, since ~ξ need not be based, we interpret ~ξ_{±d} as the coefficient of −λ^{±d} in ~ξ. Proof The proof is essentially the same as that of [9, Proposition 4.3] but we give it here for completeness. We compute:

d ~ξ(λ) = τ^{−1}d(Ad ψ)ξ(ωλ) + τ^{−1} Ad ψ dξ(ωλ) = τ^{−1} Ad ψ [ψ^∗θ, ξ(ωλ)] + τ^{−1} Ad ψ dξ(ωλ) = τ^{−1} Ad ψ [2i(1 − ω)ξ_d dz − 2i(1 − ω^{−1})ξ_{−d} dz, ξ(ωλ)] + τ^{−1} Ad ψ [ξ(ωλ), 2i(1 − ωλ)ξ_d dz − 2i(1 − (ωλ)^{−1})ξ_{−d} dz] = τ^{−1} Ad ψ[ξ(ωλ), 2iω(1 − λ)ξ_d dz − 2iω^{−1}(1 − λ^{−1})ξ_{−d} dz].

Moreover, since d ≡ 1 mod k, ~ξ_{±d} = τ^{−1} Ad ψ ω^{±1}ξ_{±d} and the proposition follows. �

Now let Λ(g, τ) = {ξ : S^1 → g: ξ(ωλ) = τξ(λ) for all λ ∈ S^1}. Thus ξ = ∑ λ^nξ_n lies in Λ(g, τ) precisely when, for each n, ξ_n ∈ g_{nmodk}. With this understood, we have Theorem 2.2 Let d ∈ N satisfy d ≡ 1 mod k. Let ξ : R^2 → Ω_d be a solution of (13) with ξ(0) = ξ_0 ∈ Ω_d ∩ Λ(g, τ). Let ψ : R^2 → G satisfy ψ(0) = e and ψ^∗θ = 2i(1 − ω)ξ_d dz − 2i(1 − ω^{−1})ξ_{−d} dz. Then, ψ has image in ι(G/H) and, viewed as a map into G/H, ψ is primitive. Proof Set ~ξ(λ) = τ^{−1} Ad ψ ξ(ωλ) so that, by (2.1), ~ξ also solves (13). Moreover, since ξ_0 ∈ Λ(g, τ), we have ~ξ(λ)(0) = τ^{−1}ξ(ωλ)(0) = ξ_0(λ).

Thus ξ and ~ξ solve the same ordinary differential equations and have the same initial condition and so must coincide. Thus ξ(ωλ) = Ad ψ^{−1}τξ(λ). Comparing coefficients of λ^{±d} in this gives ω^{±1}ξ_{±d} = Ad ψ^{−1}τξ_{±d} (14) so that

(1 + Ad ψ^{−1}τ + · · · + (Ad ψ^{−1}τ)^{k−1})ψ^∗θ = 2i(1 − ω)(1 + ω + · · · + ω^{k−1})ξ_d dz − 2i(1 − ω^{−1})(1 + ω^{−1} + · · · + ω^{−(k−1)})ξ_{−d} dz = 2i(1 − ω^k)ξ_d dz − 2i(1 − ω^{−k})ξ_{−d} dz = 0.

We may therefore conclude from Proposition 1.6 that ψ has image in ι(G/H) and write ψ = ι ∘ ^ψ with ^ψ : R^2 → G/H.

Concerning ^ψ, it is easy to see that, for x ∈ R^2, Ad ψ^{−1}τ = τ^_{ψ(x)}, the automorphism at ^ψ(x) ∈ G/H, so that (14) gives τ^_ψξ_d = ωξ_d. On the other hand, Lemma 1.4 gives (τ^_ψ − 1) ^ψ^∗β^′ = 2i(1 − ω)ξ_d dz

whence ^ψ^∗β^′ = −2iξ_d dz and so is [g_1]-valued. Thus ^ψ is primitive as required. �

The upshot of all this is that, by choosing appropriate initial conditions, we may produce primitive maps R^2 → G/H by integrating commuting flows. Following [9], we baptise the primitive maps so obtained, primitive maps of finite type.

Thus a primitive map ψ is of finite type if the loop of flat connections d + A_λ constructed from b = ψ^∗β as in (11) is obtained by the analysis of Section 2.2 from a solution ξ of (13). In case that a primitive map is doubly periodic, there is a simple criterion for detecting when it is of finite type. Indeed, Theorem 7.2 of [9] applies in our situation to give:

Theorem 2.3 A doubly periodic primitive map ψ : R^2 → G/H is of finite type if ψ^∗β(∂/∂z) takes values in a single Ad(GC )-orbit of semisimple elements of gC .

This condition can be further simplified by recourse to a familiar argument about holomorphic differentials.

Lemma 2.4 Let P : gC → C be a homogeneous Ad G^C -invariant polynomial of degree l and let ψ : M → G/H be a primitive map of a Riemann surface. Then P (ψ^∗β)^{(l,0)} is a holomorphic section of ⊗^lT^∗_{1,0}M.

Proof First observe that P ∘ β : T G/H → C is G-invariant and therefore parallel with respect to the canonical connection of G/H. Moreover, from (10), we have

d^D ψ^∗β^′ = 0

so that D^{(0,1)}ψ^∗β(∂/∂z) = 0, whence the conclusion. �

In particular, when M is a 2-torus, T^{1,0}M is canonically trivial so that each P (ψ^∗β(∂/∂z)) is constant. Thus, in this case, ψ^∗β(∂/∂z) takes values in the common level set of all the invariant polynomials. The structure of such level sets was elucidated by Kostant [21] who showed that each level set contains a single orbit of semisimple elements which is, in addition, the unique closed orbit in the level set. We may therefore conclude:

Proposition 2.5 A doubly periodic primitive map ψ : R^2 → G/H is of finite type if ψ^∗β(∂/∂z) is semisimple on a dense subset of R^2.

3 Harmonic surfaces in Sn

We now turn to our applications of the preceding general theory. In this section, we shall show how any conformal harmonic map of a Riemann surface into a sphere S^n is either superminimal or covered by a primitive map into an appropriate k-symmetric space. Moreover, in the latter case, we show that this primitive map has semisimple derivative in the sense of Proposition 2.5 so that, when the domain is a 2-torus, the primitive map is of finite type. Superminimal harmonic maps have already been classified by Calabi [11, 12] while non-conformal harmonic 2-tori in S^n have been dealt with by Burstall–Ferus– Pedit–Pinkall [9] so that these results account for all harmonic 2-tori in S^n.

In the next section, a similar programme will be carried out for harmonic maps of a Riemann surface into C P^n .

3.1 k-symmetric spaces over Sn

The k-symmetric spaces of interest to us here are bundles of isotropic flags over a sphere S^n. We therefore begin by describing the homogeneous geometry of S^n using the formalism of Section 1.1. So let G = SO(n + 1). Then S^n is a symmetric G-space with stabilisers conjugate to SO(n). Fix a base-point m ∈ S^n with stabiliser K. We then have a symmetric decomposition g = k ⊕ p with p ∼= T_mS^n via the Maurer–Cartan form of S^n. To describe this decomposition, we use the familiar isomorphism g ∼=

⋀_2 R_{n+1} given by (a ∧ b)(x) = (a, x)b − (b, x)a. (15) Let ℓ_0 = spanR{m} and let V be its perpendicular complement in R^{n+1}. We then have p = ℓ_0V, k =

⋀_2 V, where, here and below, juxtaposition denotes tensor product. The associated bundles [ℓ_0] and [V ] are simply the normal and tangent bundles of S^n viewed as a submanifold of R^{n+1} and the Maurer–Cartan form β^{Sn} of S^n provides an isomorphism T S^n ∼= [ℓ_0] ⊗ [V ] = [p] ⊂ g. Finally, since S^n is symmetric, its canonical connection D^{Sn} is torsion-free and so coincides with the Levi–Civita connection.

Now fix r ∈ N with 2r < n and let π : F^r (S^n) → S^n be the bundle of isotropic flags over S^n with fibre

F^r_x (S^n) = {w_1 ⊂ · · · ⊂ w_r ⊂ (T_xS^n)C : each w_j is an isotropic j-plane}. Here, isotropy is with respect to the complexified metric on (T S^n)C . It is easy to see that G acts transitively on F^r (S^n) with stabilisers conjugate to r times SO(2) × · · · × SO(2) ×SO(n − 2r).

Fix a base-point (w_1 ⊂ · · · ⊂ w_r) ∈ F^r_m(S^n) with stabiliser H and orthogonalise to obtain isotropic lines ℓ_1, . . ., ℓ_r and a real subspace ℓ_{r+1} in V C so that V C_=^{r∑}_{i=1 (ℓi ⊕ ℓi) ⊕ ℓr+1} is an orthogonal decomposition and

w_j = ℓC_0 ⊗ ( j∑ i=1 ℓ_i), for 1 ≤ j ≤ r.

Take k = 2r + 2, let ω be the usual k-th root of unity and define Q ∈ O(n + 1) by Q = ω^j on ℓ_j.

Let τ be the order k automorphism of G given by conjugation by Q. The identity component of the fixed set of τ is H so that F^r (S^n) is a k-symmetric space. The associated reductive decomposition g = h ⊕ m is given by

hC_=^{r∑}_{i=1 ℓiℓi ⊕}^⋀2_{ℓr+1,} mC_=^∑_{0≤i<j≤r+1 ℓiℓj ⊕}^∑_{0≤i≠j≤r+1 ℓiℓj ⊕}^∑_{0≤i<j≤r+1 ℓiℓj.} Moreover, it is easy to see that g_1 = ℓC_0 ℓ_1 ⊕ r∑ i=1 ℓ_iℓ_{i+1}.

Finally, we have an Ad H-invariant decomposition m = l ⊕ p where lC_=^∑_{1≤i<j≤r+1 ℓiℓj ⊕}^∑_{1≤i≠j≤r+1 ℓiℓj ⊕}^∑_{1≤i<j≤r+1 ℓiℓj .} This gives rise to a global splitting of T F^r (S^n) into vertical and horizontal subspaces. Indeed, the Maurer–Cartan form β^F of F^r (S^n) provides an isomorphism T F^r(S^n) ∼= [m] = [l] ⊕ [p].

Let β^F_l and β^F_p be the corresponding components of the Maurer–Cartan form. Then we have β^F_p = π^∗β^{Sn} (16) so that [l] ∼= ker dπ and [p] ∼= π^{−1}T S^n. We use this last to compute the vertical part β^F_l of the Maurer–Cartan form. Observe that ad : [l] → o([p]) is an injection while, denoting the canonical connection of F^r (S^n) by D^F , we have from (2) and (16) π^{−1}D^{Sn} = D^F + ad β^F_l (17) on [p].

Finally we note the existence of tautological isotropic sub-bundles W_1 ⊂ · · · ⊂ W_r ⊂ π^{−1}(T S^n)C where the fibre of W_j at (w_1 ⊂ · · · ⊂ w_r) is just w_j. If we set L_j = [ℓ_j], then these are given by W_j = LC_0 ⊗ j∑ i=1 L_i. We recall for later use that both the L_j and the W_j are G-invariant and so D^F -stable.

3.2 Primitive maps to F r(Sn) Let M be a Riemann surface with local holomorphic co-ordinate z and ψ : M → F^r (S^n) a map with π ∘ ψ = ϕ : M → S^n. Set T = ϕ^{−1}T S^n. Then ψ determines (and is determined by) a flag of isotropic sub-bundles ψ^{(1)} ⊂ · · · ⊂ ψ^{(r)} ⊂ T C , where ψ^{(j)} = ψ^{−1}W_j.

Let ∇ = ϕ^{−1}D^{Sn} , D = ψ^{−1}D^F and set b = ψ^∗β^F . Then (16) and (17) pull back to give b_p = ϕ^∗β^{Sn} (18) and ∇ = D + ad b_p. (19) Put ∇^′ = ∇_{∂/∂z}, ∇^{′′} = ∇_{∂/∂z}. We now have a criterion for ψ to be primitive: Proposition 3.1 ψ : M → F^r (S^n) is primitive if and only if

(i) ϕ_∗(∂/∂z) is a (local) section of ψ^{(1)}; (ii) each ψ^{(j)} is stable under ∇^{′′};

(iii) if σ is a local section of ψ^{(j)}, 1 ≤ j < r, then ∇^′σ is a local section of ψ^{(j+1)}.

Proof Pull back the L_j to get bundles, also called L_j , over M. We know that ψ is primitive if and only if b(∂/∂z) takes values in ψ^{−1}[g_1] = LC_0 L_1 + r∑ i=1 L_iL_{i+1}. In particular, the horizontal part of ψ^{−1}[g_1] is LC_0 L_1 = ψ^{(1)} so that, by (18), b_p(∂/∂z) takes values in ψ^{−1}[g_1] if and only if ϕ_∗(∂/∂z) takes values in ψ^{(1)}.

As for b_l(∂/∂z), since each ψ^{(j)} is D-stable, we see from (19) that the second and third conditions of the theorem amount to demanding that ad b_l(∂/∂z)ψ^{(j)} ⊂ ψ^{(j)} for 1 ≤ j ≤ r; (20) ad b_l(∂/∂z)ψ^{(j)} ⊂ ψ^{(j+1)} for 1 ≤ j < r. (21) Now (20) holds precisely when b_l(∂/∂z)L_j ⊂ L_1 + · · · + L_{j−1}, for 1 ≤ j ≤ r, which means that b_l(∂/∂z) takes values in r∑ j=1 L_{j+1}(L_1 + · · · + L_j)

or, equivalently, that b_l(∂/∂z) = b_l(∂/∂z) takes values in r∑ j=1 L_j (L_{j+1} + · · · + L_{r+1} ).

On the other hand, (21) holds when b_l(∂/∂z)L_j ⊂ L_1 + · · · + L_{j+1}, for 1 ≤ j < r, so that (20) and (21) hold simultaneously precisely when b_l(∂/∂z) takes values in r∑ i=1 L_iL_{i=1} which is the vertical part of ψ^{−1}[g_1]. �

Of course, if ψ is primitive, then, by Proposition 1.3, ϕ is harmonic and is, moreover, conformal since ϕ_∗(∂/∂z) takes values in the isotropic bundle ψ^{(1)}. Let us now turn to a converse of these constructions.

3.3 Twistor lifts Let ϕ : M → S^n be a harmonic map. We begin by recalling some results from the welldeveloped twistor theory of such maps. As before, let T = ϕ^{−1}T S^n with connection ∇ and inductively define local sections ∇^j ϕ of T C by ∇^1ϕ = ϕ_∗∂/∂z, ∇^{j+1} = ∇^′∇^j ϕ. From this we obtain (globally defined) differentials η^j = (∇^jϕ, ∇^jϕ) dz^{2j} with the following properties [11,12]:

1. η^1 is a holomorphic differential which vanishes if and only if ϕ is (weakly) conformal; 2. If η^1, . . ., η^{j−1} all vanish, then η^j is a holomorphic differential.

If all the η^j vanish, ϕ is said to be superminimal (or real isotropic or pseudo-holomorphic). In this case, we have (∇^iϕ, ∇^jϕ) ≡ 0, (22) for all i, j ∈ N. Superminimal maps were classified by Calabi [12] (see Section 3.4 below). For x ∈ M, define W^j_x ⊂ T C_x by W^j_x = spanC {∇^i_xϕ : 1 ≤ i ≤ j}.

Clearly, each W^j_x is defined independently of the choice of holomorphic co-ordinate z. If ϕ is non-constant then W^1_x is 1-dimensional off a discrete set of points in M and ϕ is weakly conformal if and only if each W^1_x is isotropic. With this in mind, we make the following definition.

Definition The isotropy dimension r of a conformal harmonic map ϕ : M → S^n is given by r = max{j : max_x dimC W^j_x = j and W^j_x is isotropic for all x}.

We make the convention that a non-conformal map has isotropy dimension zero. The following facts are well known (c.f. [28]): if ϕ has isotropy dimension r > 0 then 1. For 1 ≤ j ≤ r + 1, there is a bundle W^j of T C whose fibre at x coincides with W^j_x except at a discrete set of points;

2. Each W^j is stable under ∇^{′′};

3. For 1 ≤ j ≤ r, rank W^j = j and rank W^{r+1} ≤ r + 1.

We therefore have two possibilities: either W^r = W^{r+1} or W^r has codimension 1 in W^{r+1} and W^{r+1} is not isotropic.

The first case occurs precisely when ϕ is superminimal: here W^r is isotropic and ∇^′-stable so that (22) holds.

Remark It is clear that the isotropy dimension r of a map ϕ : M → S^n must satisfy 2r ≤ n. In case that 2r = n, it follows from the easily verified fact (∇^{r+1}ϕ, ∇^jϕ) ≡ 0, for 1 ≤ j ≤ r, that W^r = W^{r+1} so that ϕ is superminimal.

Remark When ϕ is not superminimal, we have the following alternative characterisation of the isotropy dimension r: r = max{j : η^j ≡ 0}. Now let us take ϕ to be a non-superminimal harmonic map of isotropy dimension r (so that 2r < n). Thus W^r ≠ W^{r+1} or, equivalently, (∇^{r+1}ϕ, ∇^{r+1}ϕ) ≢ 0. In this case, η^{r+1} is a non-zero holomorphic differential so that (∇^{r+1}ϕ, ∇^{r+1}ϕ) is non-zero off a discrete set of points. Consider the flag of bundles W^1 ⊂ · · · ⊂ W^r ⊂ T C . This defines a map ψ : M → F^r (S^n) with π ∘ ψ = ϕ and it is clear from Proposition 3.1 that ψ so defined is primitive. We have therefore almost proved:

Theorem 3.2 A non-superminimal weakly conformal harmonic map of isotropy dimension r > 0 is covered by a unique primitive map ψ : M → F^r (S^n).

Proof It only remains to prove the uniqueness assertion. However, it is clear from Proposition 3.1 that if ψ : M → F^r (S^n) is any primitive map covering ϕ then, for all x ∈ M, spanC {∇^i_xϕ : 1 ≤ i ≤ j} ⊂ ψ^j_x, for 1 ≤ j ≤ r. However, for all but a discrete set of x ∈ M, both sides of this are j-dimensional so that W^j = ψ^j for 1 ≤ j ≤ r. �

The key point now is that the primitive map we have constructed satisfies the hypotheses of Proposition 2.5:

Theorem 3.3 ψ^∗β^F (∂/∂z) is semisimple off a discrete set of points. Proof For all x ∈ M off a discrete set, we have

1. ∇^1_xϕ ≠ 0;

2. ∇^j_xϕ has non-zero projection onto W^j/W^{j−1}, for 1 < j ≤ r + 1; 3. ∇^{r+1}_x ϕ is not isotropic.

By virtue of (19), these are equivalent to the following properties of b_x(∂/∂z) ∈ LC_0 L_1 + ∑_r i=1 L_iL_{i+1}:

1. b_x(∂/∂z)LC_0 ⊂ L_1 is non-zero;

2. b_x(∂/∂z)L_j ⊂ L_{j+1} is non-zero for 1 ≤ j ≤ r; 3. b_x(∂/∂z)L_r ⊂ L_{r+1} is not isotropic.

Set L = b_x(∂/∂z)L_r ⊂ L_{r+1}. Then the component of b_x(∂/∂z) in L_rL_{r+1} can be written as l_r ⊗ l, l_r ∈ L_r, l ∈ L with (l, l) non-zero. It then follows from (15) that b_x(∂/∂z)l = −(l, l)l_r so that b_x(∂/∂z)L is non-zero also. Set K = ker b_x(∂/∂z). Then K ⊂ L_{r+1} and L_{r+1} = L ⊕ K. Moreover, the k-dimensional complement

S = LC_0 ⊕ r∑ i=1 (L_i ⊕ L_i) ⊕ L is b_x(∂/∂z)-invariant. Let A be the restriction of b_x(∂/∂z) to S. Clearly it suffices to prove that A is semisimple. However, we see from the above that if l_0 ∈ L_0 is non-zero then A^j l_0 is non-zero for all j ∈ N. Moreover, {A^jl_0 : 0 ≤ j ≤ k − 1} is a basis for S so that A^k = c id_S where c is non-zero. From this, it is easy to deduce that A has all eigenvalues distinct and so is semisimple. �

We now get the main result of this section as an immediate corollary to the above and Proposition 2.5:

Theorem 3.4 Let ϕ : T^2 → S^n be a weakly conformal non-superminimal harmonic map of a 2-torus with isotropy dimension r. Then ϕ is covered by a unique primitive map of finite type ψ : T^2 → F^r (S^n).

In conclusion, we see that any non-superminimal harmonic 2-torus in S^n is either of finite type or becomes so after prolongation.

Remark Special cases of these results have already appeared in the literature [6,19]. To put these cases into our context, recall that a non-superminimal harmonic map into S^n must have isotropy dimension r with 2r < n. Suppose n = 2m and consider such maps of maximal isotropy dimension m − 1. These maps may be alternatively characterised by the condition that η^1, . . ., η^{m−1} vanish while η^m does not (if, in fact, η^m also vanishes then the map is superminimal). Again, if n = 2m − 1, the maximal isotropy dimension is m − 1 and this case reduces to the previous one by viewing S^n as an equator of S^{2m}.

In this setting, our main results are due to Ferus–Pedit–Pinkall–Sterling [19] when n = 4 and Bolton–Pedit–Woodward [6] in general. In both these papers, advantage is taken of the fact that, in this case, the primitive maps under discussion have a framing which arises from a solution to the affine Toda field equations.

Remark What can Theorem 3.2 tell us about non-superminimal harmonic maps from surfaces of higher genus? The problem here is that, on such surfaces, the holomorphic differential η^{r+1} must necessarily vanish on a non-empty discrete set and it is clear from the argument of Theorem 3.3 that, at these points, b_x(∂/∂z) is nilpotent. As a consequence, b(∂/∂z) can never lie in a single Ad G-orbit and so cannot arise from the constructions of this paper.

The problem of finding a systematic approach to harmonic maps of higher genus surfaces remains one of the most tantalising in the area.

3.4 Superminimal maps

For completeness of exposition and to show how the results compare with those we have obtained above, we briefly sketch the analysis of superminimal harmonic maps into S^n due to Calabi, Chern and others [3,11,12,13].

So let ϕ : M → S^n be a superminimal harmonic map of isotropy dimension r. Thus W^r = W^{r+1} so that W^r is ∇^′-stable. Since W^r is automatically ∇^{′′}-stable, it is parallel and then (W^r ⊕ W^r ) ∩ T

is a parallel sub-bundle of T with (real) rank 2r. It follows that ϕ factors through an equatorial 2r-sphere in S^n so that, without loss of generality, we may take 2r = n.

Consider now the bundle of flags F^r (S^{2r}) defined as before with fibre

F^r_m(S^{2r}) = {w_1 ⊂ · · · ⊂ w_r ⊂ (T_mS^{2r})C : each w_j is an isotropic j-plane}.

Since w_r is a maximal isotropic subspace of (T_mS^{2r})C , it determines an almost complex structure on T_mS^{2r} and so an orientation. As a consequence, F^r (S^{2r}) has two connected components and SO(2r + 1) acts transitively on each of these with stabilisers conjugate to the maximal torus of SO(2r + 1):

r times SO(2) × · · · × SO(2) .

Each component is therefore a realisation of the full flag manifold of SO(2r + 1) and, as such, is a homogeneous Kähler manifold. In fact, under the usual isomorphisms, the (1, 0) tangent spaces for this Kähler structure are given by LC_{0 ⊗ (}^{r∑}_{i=1 Li) ⊕}^∑_{1≤i<j≤r LiLj ⊕}^∑_{1≤i<j≤r LiLj.}

In the same way as before, we can equip each component with a canonical k-symmetric structure but this time k = 2r + 1 (as L_{r+1} = {0}) and

[g_1] = LC_0 L_1 ⊕ r−1∑ i=1 L_iL_{i+1}. We now see how this situation differs from that for non-superminimal maps. Observe that [g_1] contains no semisimple elements at all: in fact it consists entirely of nilpotents. Indeed, [g_1] ⊂ T^{1,0}F^r (S^{2r}) and is the superhorizontal distribution in the sense of Burstall– Rawnsley [10].

However, the analysis of the preceding sections goes through to show that W_1 ⊂ · · · ⊂ W_r defines a primitive map ψ into a component of F^r (S^{2r}) which, in this setting, amounts to saying that ψ is a superhorizontal holomorphic map.

We therefore conclude that a superminimal map ϕ : M → S^{2r} of isotropy dimension r is covered by a superhorizontal holomorphic map ψ : M → F^r (S^{2r}). We apply this result in two ways. Firstly recall that the twistor space Z of S^{2r} may be viewed as the bundle of isotropic r-planes in (T S^{2r})C . Again Z has two components each of which can be realised as the generalised flag manifold SO(2r + 1)/U(r). There is a homogeneous projection F^r (S^{2r}) → Z given by (w_1 ⊂ · · · ⊂ w_r) → w_r and this map is holomorphic and preserves superhorizontal distributions. As a consequence, we see that W_r defines a horizontal holomorphic map into Z and we have proved the following theorem of Calabi [12]:

Theorem 3.5 A superminimal map M → S^{2r} is covered by a horizontal holomorphic map M → Z.

In fact we can say more: we also have a holomorphic projection from F^r (S^{2r}) to the quadric SO(2r + 1)/SO(2) × SO(2r − 1) under which ψ projects to the holomorphic map

M → C P^{2r} given by Lr. This map is the directrix curve defined by Chern [13] and is

totally isotropic in the sense that its Frenet frame L_r, L_{r−1}, . . ., L_1 consists of isotropic lines. Clearly, we may recover both ψ and our original harmonic map ϕ from this Frenet frame, the first as the span of the L_i and the second as the perpendicular complement of the L_i and L_i. We have therefore proved the following result of Chern [13] (see also [3]):

Theorem 3.6 To a superminimal map ϕ : M → S^{2r} is associated a totally isotropic holomorphic map M → C P^{2r} from whose Frenet frame ϕ may be reconstructed.

4 Harmonic surfaces in C Pn

We now show that the salient features of our analysis of non-superminimal harmonic surfaces in S^n also obtain when we take a complex projective space C P^n as target. In particular, any such harmonic map M → C P^n is covered by a primitive map which is of finite type when M is a 2-torus.

The ideas and methods here are very similar to those of Section 3 and consequently we shall adopt a brisker style of exposition.

4.1 Flag manifolds as k-symmetric spaces

Let G = SU(n + 1). The complex projective space C P^n is a Hermitian symmetric G-space with stabilisers conjugate to S(U(1) × U(n)). Fix a base-point ℓ_0 ∈ C P^n with stabiliser K and view ℓ_0 as a line in C^{n+1} . Then in the symmetric decomposition g = k ⊕ p we have

pC_{= Hom(ℓ0, ℓ}⊥_{0 ) ⊕ Hom(ℓ}⊥_{0 , ℓ0)}

and Hom(ℓ_0, ℓ^⊥_0 ) ∼= T^{1,0}_{ℓ0} C P^n via the Maurer–Cartan form. The associated bundles L_0 = [ℓ_0] and L^⊥_0 = [ℓ^⊥_0 ] are just the tautological bundle of C P^n and its perpendicular complement. The Maurer–Cartan form then gives the familiar isomorphism

T^{1,0}C P^n ∼= Hom(L_0, L^⊥_0 ).

Now fix r ∈ N with r < n and let π : F^r (C P^n ) → C P^n be the bundle of flags over C P^n with fibre

F^r_x (C P^n ) = {w_1 ⊂ · · · ⊂ w_r ⊂ T^{1,0}_x C P^n : each w_j is a j-plane}.

G acts transitively on F^r (C P^n ) with stabilisers conjugate to

S( r times U(1) × · · · × U(1) ×U(n − r))

so that F^r (C P^n ) is a flag manifold.

However, the important point for us is that F^r (C P^n ) admits a k-symmetric structure. For this, fix a base-point (w_1 ⊂ · · · ⊂ w_r) ∈ F^r (C P^n ) with stabiliser H and orthogonalise to get lines ℓ_1, . . ., ℓ_r and an (n − r)-plane ℓ_{r+1} so that r+1∑ i=0 ℓ_i = C^{n+1}

is an orthogonal decomposition and

w_j = Hom(ℓ_0, j∑ i=1 ℓ_i), for 1 ≤ j ≤ r. Take k = r +2, let ω be the usual k-th root of unity and define Q ∈ U(n+1) by Q = ω^j on ℓ_j.

Let τ be the order k automorphism of G given by conjugation by Q. The fixed set of τ is H so that F^r (C P^n ) is a k-symmetric space. In the corresponding reductive decomposition we have

mC_=^∑_{i≠j Hom(ℓi, ℓj)} and g_1 = r∑ i=0 Hom(ℓ_i, ℓ_{i+1}) ⊕ Hom(ℓ_{r+1}, ℓ_0).

Remark This is an example of a rather general construction: any generalised flag manifold GC /P , where P is a parabolic subgroup of the complexification of a compact semisimple group G, has a canonical k-symmetric structure [10, p. 52]. In case that G is simple and P is a Borel subgroup, the corresponding automorphism τ is the Coxeter–Killing automorphism.

Globalising matters, we have tautological bundles L_j = [ℓ_j] on F^r (C P^n ) and the Maurer– Cartan form β^F of F^r (C P^n ) gives an isomorphism T F^r (C P^n )C ∼= ∑ i≠j Hom(L_i, L_j).

Again we have a decomposition into horizontal and vertical bundles with π^{−1}T^{1,0}C P^n ∼= r+1∑ i=1 Hom(L_0, L_i)

and the vertical part β^F_l of β^F is determined by π^{−1}DC^{Pn} = D^F + ad β^F_l (23) on π^{−1}T^{1,0}C P^n .

Now let ψ : M → F^r (C P^n ) be a map of a Riemann surface with π ∘ ψ = ϕ : M → C P^n . Set T^{1,0} = ϕ^{−1}T^{1,0}C P^n . The ψ determines (and is determined by) a flag of sub-bundles ψ^{(1)} ⊂ · · · ⊂ ψ^{(r)} ⊂ T^{1,0} Let ∇ = ϕ^{−1}DC^{Pn} , the pull-back of the Levi–Civita connection on C P^n and, as usual, set

∇^′ = ∇_{∂/∂z}, ∇^{′′} = ∇_{∂/∂z}. Define local sections δ^′, δ^{′′} of T^{1,0} by ϕ_∗∂/∂z = δ^′ + δ^{′′}. We may then argue as in Proposition 3.1, using (23), to get: Proposition 4.1 ψ : M → F^r (C P^n ) is primitive if and only if

(i) δ^′ is a local section of ψ^{(1)} and δ^{′′} is perpendicular to ψ^{(r)}; (ii) each ψ^{(j)} is stable under ∇^{′′};

(iii) if σ is a local section of ψ^{(j)}, 1 ≤ j < r, then ∇^′σ is a local section of ψ^{(j+1)}.

The only new ingredient here is the condition on δ^{′′}: this arises since we must have ϕ_∗∂/∂z taking values in the horizontal part of ψ^{−1}[g_1] which is Hom(L_0, L_1) ⊕ Hom(L_{r+1}, L_0).

Thus δ^{′′} must be a local section of Hom(L_{r+1}, L_0) so that δ^{′′} takes values in Hom(L_0, L_{r+1}) = (ψ^{(r)})^⊥ (recall that complex conjugation in gC is given by ξ → −ξ^∗). With all this in place, we can now turn to the twistor theory of harmonic maps M → C P^n .

4.2 Twistor lifts over C Pn Let ϕ : M → C P^n be a harmonic map. As before, let T^{1,0} = ϕ^{−1}T^{1,0}C P^n with connection ∇ and define local sections ∇^jϕ of T^{1,0} by

∇^{−1}ϕ = δ^{′′}, ∇^1ϕ = δ^′, ∇^{j+1}ϕ = ∇^′∇^j ϕ, for j > 1.

Using the Hermitian inner product ⟨ , ⟩ on T^{1,0}, we obtain globally defined differentials γ^j = ⟨∇^jϕ, ∇^{−1}ϕ⟩ dz^{j+1}, j ≥ 1, with the now familiar properties [17]:

1. γ^1 is a holomorphic differential which vanishes if and only if ϕ is weakly conformal; 2. If γ^1, . . ., γ^{j−1} all vanish then γ^j is a holomorphic differential.

If all the γ^j vanish, ϕ is said to be (complex) isotropic [17]. The isotropic harmonic maps were independently classified by Eells–Wood and others [8,14,17,20]: they all arise as legs of the Frenet frame of a holomorphic map M → C P^n (equivalently, they are projections of superhorizontal, holomorphic maps into the full flag manifold of SU(n + 1)). For x ∈ M, j ∈ N, define W^j_x ⊂ T^{1,0}_x by W^j_x = spanC {∇^i_xϕ : 1 ≤ i ≤ j} and, in addition, define W^{−1}_x ⊂ T^{1,0}_x by W^{−1}_x = spanC {∇^{−1}_x ϕ}.

When ϕ is weakly conformal, W^1_x ⊥ W^{−1}_x , for all x ∈ M, and when, in addition, ϕ is not ±holomorphic both W^1_x and W^{−1}_x are 1-dimensional off a discrete set of points. Definition The isotropy dimension r of a non-±holomorphic, weakly conformal harmonic map ϕ : M → C P^n is given by r = max{j ∈ N : max_x dimC W^j_x = j and W^j_x ⊥ W^{−1}_x for all x}.

If ϕ has isotropy dimension r > 0 then Wood proves [28]:

1. For 1 ≤ j ≤ r + 1, there is a bundle W^j of T^{1,0} whose fibre at x coincides with W^j_x except at a discrete set of points;

2. Each W^j is stable under ∇^{′′};

3. For 1 ≤ j ≤ r, rank W^j = j and rank W^{r+1} ≤ r + 1. Again we have two possibilities: either W^r = W^{r+1} or not.

The first case occurs precisely when ϕ is isotropic: here W^r is orthogonal to W^{−1} and stable under ∇^′ so that ⟨∇^jϕ, ∇^{−1}ϕ⟩ ≡ 0, for all j ∈ N.

Remark In [1], Bahy-El-Dien–Wood define the isotropy order of a non-isotropic harmonic map M → C P^n . One can easily show that such a map has isotropy dimension r if and only if it has isotropy order r + 1.

Let ϕ : M → C P^n be a non-isotropic conformal harmonic map of isotropy dimension r. Then W^r ≠ W^{r+1} and we have ⟨∇^{r+1}ϕ, ∇^{−1}ϕ⟩ ≢ 0. Now γ^{r+1} is a non-zero holomorphic differential so that ⟨∇^{r+1}ϕ, ∇^{−1}ϕ⟩ is non-zero off a discrete set of points.

The bundle of flags W^1 ⊂ · · · ⊂ W^r ⊂ T^{1,0}

defines a map ψ : M → F^r (C P^n ) with π ∘ ψ = ϕ and, by Proposition 4.1, we see that ψ is primitive. We now argue as in Theorem 3.2 to conclude:

Theorem 4.2 A non-isotropic weakly conformal harmonic map of isotropy dimension r > 0 is covered by a unique primitive map ψ : M → F^r (C P^n ).

As for the semisimplicity of ψ^∗β^F , let b_j denote the component of ψ^∗β^F in Hom(L_j, L_{j+1}), 1 ≤ j ≤ r, and let b_{r+1} be that in Hom(L_{r+1}, L_0). We use (23) to see that all the b_j are non-zero, off a discrete set of points. Moreover, whenever ⟨∇^{r+1}ϕ, ∇^{−1}ϕ⟩ is non-zero, we can see that b_{r+1} ∘ b_r is non-zero and then argue as in Theorem 3.3 to prove:

Theorem 4.3 ψ^∗β^F (∂/∂z) is semisimple off a discrete set of points.

This, together with Proposition 2.5, immediately yields the main result of the section:

Theorem 4.4 Let ϕ : T^2 → C P^n be a weakly conformal non-isotropic harmonic map of a 2-torus with isotropy dimension r. Then ϕ is covered by a unique primitive map of finite type ψ : T^2 → F^r (C P^n ).

Thus we conclude that any non-isotropic harmonic 2-torus in C P^n is either of finite type or becomes so after prolongation.

Remark It is clear that a non-isotropic harmonic map ϕ : M → C P^n can have isotropy dimension at most n − 1. Non-isotropic maps with this maximal isotropy dimension were called superconformal by Bolton–Pedit–Woodward [6] and, for such maps, the main result of this section is due to those authors.

Remark It is natural to ask whether the results of this paper can be extended to treat harmonic 2-tori in other rank one symmetric spaces. Certainly, non-conformal harmonic 2-tori in such a space are of finite type. What is lacking is a suitable prolongation of conformal harmonic maps in such spaces. This deficiency is present even in the twistor theory of harmonic 2-spheres which is not nearly so well-developed for quaternionic projective spaces, say, as it is for the cases we have been considering (see, however, [2]).

References

1. A. Bahy-El-Dien and J. C. Wood, The explicit construction of all harmonic twospheres in G_2(R^n), J. reine angew. Math. 398 (1989), 36–66.

2. , The explicit construction of all harmonic two-spheres in quaternionic projective spaces, Proc. London Math. soc. 62 (1991), 202–224.

3. J. Barbosa, On minimal immersions of S^2 into S^{2m}, Trans. Amer. Math. Soc. 210 (1975), 75–106.

4. M. Black, Harmonic maps into homogeneous spaces, Pitman Res. Notes in Math., vol. 255, Longman, Harlow, 1991.

5. A. I. Bobenko, All constant mean curvature tori in R^3, S^3, H^3 in terms of thetafunctions, Math. Ann. 290 (1991), 209–245.

6. J. Bolton, F. Pedit and L. M. Woodward, Minimal surfaces and the affine Toda field model, preprint, 1993.

7. R. L. Bryant, Conformal and minimal immersions of compact surfaces into the 4- sphere, J. Diff. Geom. 17 (1982), 455–473.

8. D. Burns, Harmonic maps from CP^1 to CP^n, in Proc. Tulane Conf., R. Knill, ed., Lect. Notes in Math., vol. 1263, Springer, Berlin, Heidelberg, New York, 1982, 48–56.

9. F. E. Burstall, D. Ferus, F. Pedit and U. Pinkall, Harmonic tori in symmetric spaces and commuting Hamiltonian systems on loop algebras, Ann. of Math. 138 (1993), 173–212.

10. F. E. Burstall and J. H. Rawnsley, Twistor theory for Riemannian symmetric spaces with applications to harmonic maps of Riemann surfaces, Lect. Notes in Math., vol. 1424, Springer, Berlin, Heidelberg, New York, 1990.

11. E. Calabi, Minimal immersions of surfaces in Euclidean spheres, J. Diff. Geom. 1 (1967), 111–125.

12. , Quelques applications de l’analyse complexe aux surfaces d’aire minima, in Topics in Complex Manifolds, Presses de Université de Montréal, Montréal, 1967, 59–81.

13. S. S. Chern, On the minimal immersions of the two-sphere in a space of constant curvature, in Problems in Analysis, Symposium in honor of Solomon Bochner, Princeton Univ. Press., Princeton, 1970, 27–40.

14. A. M. Din and W. J. Zakrzewski, General classical solutions in the CP^{n−1} model, Nucl. Phys. B. 174 (1980), 397–406.

15. J. Eells and L. Lemaire, A report on harmonic maps, Bull. Lond. Math. Soc. 10 (1978), 1–68.

16. , Another report on harmonic maps, Bull. London Math. Soc. 20 (1988), 385–524.

17. J. Eells and J. C. Wood, Harmonic maps from surfaces into projective spaces, Adv. in Math. 49 (1983), 217–263.

18. C. Ferreira, Embedding flag manifolds of a Hermitian space E into the unitary group U(E), Boll. U.M.I. 7-B (1993), 575–590.

19. D. Ferus, F. Pedit, U. Pinkall and I. Sterling, Minimal tori in S^4, J. reine angew. Math. 429 (1992), 1–47.

20. V. Glaser and R. Stora, Regular solutions of the CP^n model and further generalisations, CERN preprint, 1980.

21. B. Kostant, Lie group representations on polynomial rings, Amer. J. Math. 86 (1963), 327–402.

22. O. Kowalski, Generalized symmetric spaces, Lect. Notes in Math., vol. 805, Springer, Berlin, Heidelberg, New York, 1980.

23. U. Pinkall and I. Sterling, On the classification of constant mean curvature tori, Ann. of Math. 130 (1989), 407–451.

24. J. H. Rawnsley, Noether’s theorem for harmonic maps, in Diff. Geom. Methods in Math. Phys., S. Sternberg, ed., Reidel, Dortrecht, Boston, London, 1984, 197–202.

25. A. V. Tyrin, Harmonic spheres in compact Lie groups and extremals of a multivalued Novikov functional, Uspekhi Mat. Nauk 46 (1991), 197–198, Russian Math. Surveys 46 (1991), 235–236.

26. K. Uhlenbeck, Harmonic maps into Lie groups (classical solutions of the chiral model), J. Diff. Geom. 30 (1989), 1–50.

27. , On the connection between harmonic maps and the self-dual Yang-Mills and the sine-Gordon equations, J. Geom. Phys. 8 (1992), 283–316.

28. J. C. Wood, Holomorphic differentials and classification theorems for harmonic maps and minimal immersions, in Global Riemannian Geometry, T. J. Willmore and N. J. Hitchin, eds., E. Horwood Series in Math. and its Appl., E. Horwood, Chichester, 1984, 168–175.

29. V. E. Zakharov and A. V. Mikhaǐlov, Relativistically invariant two-dimensional models of field theory which are integrable by means of the inverse scattering problem method, Zh. Èksper. Teoret. Fiz. 74 (1978), 1953–1973, Sov. Phys. JETP 47 (1978), 1017– 1027.

30. V. E. Zakharov and A. B. Shabat, Integration of non-linear equations of mathematical physics by the method of inverse scattering, II, Funkts. Anal. i Prilozhen 13 (1978), 13–22, Funct. Anal. Appl. 13 (1979), 166–174.

School of Mathematical Sciences, University of Bath, Bath, BA2 7AY, UK E-mail address: f.e.burstall@maths.bath.ac.uk