Low-Gain Control of Uncertain Regular Linear Systems^�

Hartmut LOGEMANN^† School of Mathematical Sciences, University of Bath, Claverton Down, Bath BA2 7AY, United Kingdom

Stuart TOWNLEY^‡ Department of Mathematics, University of Exeter, North Park Road, Exeter EX4 4QE, United Kingdom

October 1994

Abstract: It is well-known that closing the loop around an exponentially stable, finite-dimen-sional, linear, time-invariant plant with square transfer-function matrix G(s) compensated by a controller of the form (k/s)Γ_0, where k 2 R and Γ_0 2 R^{m×m}, will result in an exponentially stable closed-loop system which achieves tracking of arbitrary constant reference signals, provided that (i) all the eigenvalues of G(0)Γ_0 have positive real parts and (ii) the gain parameter k is positive and sufficiently small.

In this paper we consider a rather general class of infinite-dimensional linear systems, called regular systems, for which convenient representations are known to exist, both in time and in frequency domain. The purpose of the paper is twofold: (i) we extend the above result to the class of exponentially stable regular systems and (ii) we show how the parameters k and Γ_0 can be tuned adaptively. The resulting adaptive tracking controllers are not based on system identification or plant parameter algorithms, nor is the injection of probing signals required.

Keywords: Regular infinite-dimensional systems; integral controllability; robust tracking; adaptive tracking; state-space methods; frequency-domain methods.

AMS subject classifications: 93C20, 93C25, 93C40, 93D09, 93D15, 93D21, 93D25.

∗ This work was supported by the Human Capital and Mobility programme (Project number CHRX-CT93-0402) and by the British Council/Daad (ARC project 464).

† Email: hl@maths.bath.ac.uk
‡ Email: townley@maths.ex.ac.uk

1. Introduction

The synthesis of low-gain I and PI-controllers for uncertain stable plants has received considerable attention in the last 20 years. Let G be a proper rational transfer function matrix. The main existence result on robust low-gain I-control says that for any matrix Γ_0 satisfying spectrum(G(0)Γ_0) ⊂ {s ∈ C | Re s > 0} , (1.1)

there exists k^∗ > 0 such that for all k ∈ (0, k^∗) the controller (1/s)kΓ_0 stabilizes G and the resulting closed-loop system asymptotically tracks arbitrary constant reference signals. This result has been proved by Davison [4] and Lunze [18] using state-space methods and by Grosdidier et al. [5] and Morari [25] using frequency-domain methods (see also the book by Lunze [20], chapter 10, and the textbook by Morari and Zafiriou [26], pp. 362). There are consequently two parts to the design of low-gain tracking controllers: Choosing Γ_0 and tuning k. Such a controller design approach, called “tuning regulator theory” [4], has been successfully applied to industrial control problems, see Coppus et al. [2] and Lunze [19].

In the case that G is square, G^{−1}(0) would be a natural choice for Γ_0 but in the presence of uncertainty, G(0) might not be known exactly. However, an estimate Ĝ(0) of G(0) can be obtained, in principle, by performing step response experiments on the plant. In this case the matrix Γ_0 is then choosen such that (1.1) holds with G(0) replaced by Ĝ(0). Although Mustafa [28] has recently derived a formula for the maximal k^∗ in terms of a minimal realization (A, B, C, D) of G, in the presence of uncertainty there are only crude methods available for determining a number k^∗ > 0 such that all gain parameters k ∈ (0, k^∗) will lead to a stable closed-loop system, see e.g. Lunze [18] and Owens and Chotai [29]. Methods for tuning Γ_0 and k by means of experiments and simulation have been developed and discussed in many places, we only mention [4], [18, 20], [29] and the paper by Penttinen and Koivo [31].

The above mentioned tuning regulator result has been extended by Pohjolainen [32, 33], Pohjolainen and Lätti [34], Logemann and Owens [15] and Logemann et al. [11] to various classes of (abstract) infinite-dimensional systems, and by Koivo and Pohjolainen [9] and Jussila and Koivo [8] to differential delay systems.

If the plant uncertainty is large and/or if reliable plant step data is not available then the parameters k and Γ_0 need to be tuned adaptively. It turns out that, once the tuning problem for k is solved, the tuning of Γ_0 can be achieved by applying the spectrum unmixing techniques used in multivariable high-gain adaptive stabilization, Mårtensson [21, 22]. Low-gain universal adaptive controllers which achieve asymptotic tracking of constant reference signals for finite-dimensional linear stable plants have been presented by Cook [1] and by Miller and Davison [23, 24].^† By “universal” we mean that the controllers are not based on system identification or plant parameter estimation algorithms. The

† Surprisingly, the low-gain adaptive tracking problem has received less attention than its high-gain counterpart, see Ilchmann [7], Logemann and Ilchmann [12], Ryan [38] and the references therein.

controller given in [1] is smooth, while the control laws derived in [23, 24] are “piecewise constant”. Cook’s paper [1] is restricted to the single-input single-output case. The controller given in [24] satisfies a control input constraint.

In this paper we consider the problem of low-gain I-control for the class of exponentially stable, linear, regular infinite-dimensional systems introduced and studied by Weiss, see [44]–[49]. This class is rather general and it includes all distributed parameter systems and all time-delay systems (retarded and neutral) which are of interest in applications. In particular, it includes the classes of infinite-dimensional systems considered in the references [8], [9], [15], [11], [32, 33], [34] mentioned earlier, and the well-known class of Pritchard-Salamon systems, see Pritchard-Salamon [35, 36] and Curtain et al. [3]. Although there exist well-posed infinite-dimensional systems which are not regular, the authors believe that any physically motivated well-posed linear time-invariant control system is regular.

In Section 2 we provide the necessary background on regular systems which will be needed in Sections 3–5. With one exception, all the results in Section 2 are due to Weiss [44]–[49], the exception being a nonlinear existence result which is required for adaptive low-gain control. The proof of this result is relegated to an Appendix.

Section 3 is devoted to non-adaptive low-gain control of regular systems. We first prove a frequency-domain result on the existence of low-gain tuning regulators of the form (1/s)kΓ_0 for all square transfer function matrices G which are holomorphic and bounded on some right-half plane Re s > α for some α = α(G) < 0 and satisfy det G(0) ≠ 0. This result is then applied to regular state-space systems and it is shown that for all sufficiently small k the closed-loop system will achieve asymptotic tracking of constant reference signals provided the inital state of the open-loop system is sufficiently “smooth”.

In Sections 4 and 5 we consider the adaptive low-gain tracking problem for regular infinite-dimensional systems. While the problem of universal adaptive stabilization for infinite-dimensional systems has received some attention in recent years, see Logemann [10], Logemann and Mårtensson [13], Logemann and Owens [14], Logemann and Zwart [17] and Townley [41], very little work has been done on adaptive tracking (see however the paper by Logemann and Ilchmann [12] on a high-gain adaptive servomechanism for a class of infinite-dimensional systems). In particular, it seems that so far no research has been carried out on the adaptive low-gain control problem in an infinite-dimensional setting. We mention that the main result in Cook [1] (at least as we understand it) relies on the Kalman-Yakubovich lemma. A straightforward extension of the approach in [1] to regular infinite-dimensional systems is not possible, since the existence of an appropriate infinite-dimensional version of the Kalman-Yakubovich lemma is a difficult open problem. Moreover, it does not generalize to multivariable systems, because the return difference matrix I + (1/s)kG(s)Γ_0 is positive real for all sufficiently small k only if G(0)Γ_0 is symmetric. The (discontinuous) piecewise constant controllers presented in Miller and Davison [23, 24] seem unnecessarily complicated and would not generalize to the infinitedimensional case either. Section 4 is restricted to the single-input single-output case. We first give an alternative proof of the finite-dimensional result obtained by Cook [1].

Our proof illustrates certain special system theoretic properties of the low-gain problem, properties which can even be exploited in the infinite-dimensional case. The basic idea in [1] is to set the integrator gain k equal to K(γ), where K is a function, the so-called tuning function, and γ is a parameter which is adjusted by a suitable adaptation law. The class of tuning functions K given in [1] exploits the low-gain nature of the problem in the sense that K(γ) → 0 as γ → ∞. We then prove the main result in Section 4, a low-gain adaptive tuning regulator result for infinite-dimensional regular systems. The choice of tuning functions is more constrained than in the finite-dimensional case, although we can still work with functions K satisfying that K(γ) → 0 as γ → ∞. In the multivariable case, which is treated in Section 5, we have to resort to tuning functions which oscillate smoothly between 0 and an arbitary positive number.

We illustrate our results by a number of examples and simulations in Section 6.

Notation:

• For α ∈ R set C_α := {s ∈ C | Re s > α} .

• For α ∈ R and H a Hilbert space we define the exponentially weighted L^2-space L^2_α(R_+, H) := {f ∈ L^2_{loc}(R_+, H) | f(·) exp(−α ·) ∈ L^2(R_+, H)}.

• If A is a linear operator, then the domain, spectrum and resovlent set of A are denoted by D(A), σ(A) and ϱ(A), respectively.

• The Laplace transform is denoted by L.

2. Preliminaries on abstract linear systems

In this section we give some background on abstract linear systems. Apart from Proposition 2.4 almost all the the results are due to G. Weiss. For proofs and more details we refer the reader to [44]–[49].

First we introduce some notation. For any Hilbert space H and any τ ≥ 0, R_τ and L_τ will denote the right-shift by τ and the left-shift by τ on L^2_{loc}(R_+, H), respectively. The truncation operator P_τ : L^2_{loc}(R_+, H) → L^2(R_+, H) is given by

(P_τ u)(t) = { u(t) if t ∈ [0, τ ] 0 if t > τ . For u, v ∈ L^2_{loc}(R_+, H) and τ ≥ 0, the τ -concatenation u^τ˝ v is defined by

u^τ˝ v = P_τ u + R_τ v .

The following concept was introduced by Weiss [46]. An equivalent definition can be found in Salamon [39].

Definition 2.1 Let U, X and Y be real Hilbert spaces. An abstract linear system with state-space X, input-space U and output-space Y is quadruple Σ = (T, Φ, Ψ, F), where (i) T = (T_t)_{t≥0} is a C_0-semigroup of bounded linear operators on X, (ii) Φ = (Φ_t)_{t≥0} is a family of bounded linear operators from L^2(R_+, U) to X such that

Φ_{τ +t}(u^τ˝ v) = T_tΦ_τ u + Φ_tv , for all u, v ∈ L^2(R_+, U) and all τ, t ≥ 0,

(iii) Ψ = (Ψ_t)_{t≥0} is a family of bounded linear operators from X to L^2(R_+, Y ) such that Ψ_{τ +t}x_0 = Ψ_τ x_0^τ˝ Ψ_tT_τ x_0 , for all x_0 ∈ X and all τ, t ≥ 0, and Ψ_0 = 0,

(iv) F = (F_t)_{t≥0} is a family of bounded linear operators from L^2(R_+, U) to L^2(R_+, Y ) such that F_{τ +t}(u^τ˝ v) = F_τ u^τ˝ (Ψ_tΦ_τ u + F_tv) , u, v ∈ L^2(R_+, U) and all τ, t ≥ 0, and F_0 = 0. 3

It follows easily from the definition that Φ_0 = 0 and that for any τ ≥ 0, x_0 ∈ X and u ∈ L^2_{loc}(R_+, U) (Ψ_τ x_0)(t) = (F_τ u)(t) = 0 for a. e. t ≥ τ .

Let an input u ∈ L^2_{loc}(R_+, U) and an initial state x_0 ∈ X be given. The state x(t) = x(t; x_0, u) of Σ at time t ≥ 0 and the output y(·) = y(· ; x_0, u) of Σ are defined by x(t) = T_tx_0 + Φ_tP_tu , (2.1a) P_ty = Ψ_tx_0 + F_tP_tu . (2.1b) The state trajectory x(·) is continuous from R_+ → X and the output y(·) is in L^2_{loc}(R_+, Y ). Furthermore, if t ≥ τ ≥ 0, then the functions x(·) and y(·) defined by (2.1) satisfy x(t) = T_{t−τ} x(τ ) + Φ_{t−τ} L_τ P_tu , (2.2a) L_τ P_ty = Ψ_{t−τ} x(τ ) + F_{t−τ} L_τ P_tu . (2.2b) The equations (2.2) express the time-invariance of Σ. They follow in a straightforward way from Definition 2.1. We say that Σ is exponentially stable if the semigroup T is exponentially stable, i.e. ω(T) := lim_{t→∞} 1 t log ‖T_t‖ < 0 .

It is clear that there exist unique operators Ψ_∞ : X → L^2_{loc}(R_+, Y ) and F_∞ : L^2_{loc}(R_+, U) → L^2_{loc}(R_+, Y ) such that for all τ ≥ 0 Ψ_τ = P_τ Ψ_∞ , F_τ = P_τ F_∞ .

The generator of T is denoted by A. Let X_1 be the space D(A) endowed with the graph norm, and let X_{−1} be the completion of X with respect to the norm ‖x‖_{−1} = ‖(λI − A)^{−1})x‖, where λ ∈ ϱ(A) is fixed. We have X_1 ⊂ X ⊂ X_{−1} and the canonical injections are bounded and dense. The semigroup T can be restricted to a C_0-semigroup on X_1 and extended to a C_0-semigroup on X_{−1}. The exponential growth constant is the same on all three spaces. The generator on X_1 is the restriction of A to D(A^2) and the generator on X_{−1} is an extension of A to X (which is bounded as an operator from X to X_{−1}). We shall use the same symbols for the original semigroup and its generator and the corresponding restrictions and extensions.

By a representation theorem due to Salamon [39] (see also Weiss [44, 45]) there exist unique operators B ∈ L(U, X_{−1}) and C ∈ L(X_1, Y ) (the control operator and the observation operator of Σ, respectively) such that for all t ≥ 0, all u ∈ L^2_{loc}(R_+, U) and all x_0 ∈ X_1 Φ_tP_tu = ∫_t 0 T_{t−ξ}Bu(ξ) dξ and (Ψ_∞x_0)(t) = CT_tx_0 .

B is called bounded if B ∈ L(U, X) (and unbounded otherwise), whereas C is called bounded if it can be extended continuously to X (and unbounded otherwise).

The Lebesgue extension of C was introduced in [45] and is defined by

C_Lx_0 = lim_{t→0} C 1 t ∫_t 0 T_ξx_0 dξ ,

where D(C_L) is equal to the set of all those x_0 ∈ X for which the above limit exists. Clearly X_1 ⊂ D(C_L) ⊂ X, and for any x_0 ∈ X we have that T_tx_0 ∈ D(C_L) for almost every t ≥ 0. Furthermore,

(Ψ_∞x_0)(t) = C_LT_tx_0 for a. e. t ≥ 0 .

Let Ω be a subset of C . A function H : Ω → L(U, Y ) is called well-posed if there exists α ∈ R such that C_α ⊂ Ω and H is holomorphic and bounded on C_α . It can be shown (see Weiss [47]) that if α > ω(T) and if u ∈ L^2_α(R_+, U), then F_∞u ∈ L^2_α(R_+, Y ) and there exists a unique well-posed function G : C_{ω(T)} → L(U, Y ) such that

G(s)(Lu)(s) = [L(F_∞u)](s) ∀ s ∈ C_α .

In particular, G is holomorphic on C_{ω(T)} and bounded on C_α for all α > ω(T). The function G is called the transfer function of Σ. Conversely, due to a result by Salamon [39], any well-posed function can be realized by an abstract linear system in the sense of Definition 2.1.

The following lemma will be needed in Section 3. Certainly, it should be well known. However, since we could not find it in the literature, we include the proof.

Lemma 2.2 Suppose that Σ = (T, Φ, Ψ, F) is exponentially stable. For any x_0 ∈ X and any u ∈ L^2(R_+, U), the functions x(·) and y(·) defined by (2.1) satisfy

x ∈ L^2(R_+, X) , y ∈ L^2(R_+, Y ) .

Proof: Since x(t) = T_tx_0 + ∫_t 0 T_{t−ξ}Bu(ξ) dξ, it follows from the exponential stability of T that x ∈ L^2(R_+, X) if and only if the function x̄ : t → ∫_t 0 T_{t−ξ} Bu(ξ) dξ is in L^2(R_+, X).

Let H^2(C_0 , X) denote the usual Hardy space of holomorphic functions defined on C_0 with values in X. Appealing to the Paley-Wiener theorem, it follows that x̄ ∈ L^2(R_+, X) if we can show that Lx̄ ∈ H^2(C_0 , X). To this end set ω_0 := ω(T) and recall from [48] that for any ω > ω_0 there exists M_ω > 0 such that ‖(sI − A)^{−1}B‖L_{(U,X)} ≤ M_ω √ Re s − ω ∀ s ∈ C_ω . (2.3)

(In particular, (sI − A)^{−1}B ∈ L(U, X) for all s ∈ C_ω ). Moreover, it is routine to show that the function C ω0 → L(U, Y ) , s → (sI − A) −1B is holomorphic. Finally, the Laplace transform of x̄ is given by

(Lx̄)(s) = (sI − A)^{−1}B(Lu)(s) ∀ s ∈ C_{ω0} , (2.4)

and by hypothesis, ω_0 < 0 and Lu ∈ H^2(C_0 , X). Therefore, combining (2.3) and (2.4) we obtain that Lx̄ ∈ H^2(C_0 , X).

In order to prove that y ∈ L^2(R_+, Y ), write y in the form

y = Ψ_∞x_0 + F_∞u

Using the remarks preceding the lemma, it follows from the hypothesis that F_∞u ∈ L^2(R_+, Y ). It remains to show that Ψ_∞x_0 ∈ L^2(R_+, Y ). By the exponential stability of T it follows in a straightforward way from condition (iii) in Definition 2.1 that there exists a constant γ > 0 such that

‖Ψ_τ x_0‖_L2_{(R+,Y )} ≤ γ‖x_0‖ ∀ τ ≥ 0 , ∀ x_0 ∈ X .

Hence

‖P_τ Ψ_∞x_0‖_L2_{(R+,Y )} = ‖Ψ_τ x_0‖_L2_{(R+,Y )} ≤ γ‖x_0‖ ∀ τ ≥ 0 , ∀ x_0 ∈ X , which implies that Ψ_∞x_0 ∈ L^2(R_+, Y ). 2 Σ and its transfer function G are called regular if for any u ∈ U the limit lim s→∞, s∈RG(s)u = Du exists. It follows from the principle of uniform boundedness that D ∈ L(U, Y ). The operator D is called the feedthrough operator of Σ. If Σ is regular, then for any x_0 ∈ X and u ∈ L^2_{loc}(R_+, U), the functions x(·) and y(·), defined by (2.1), satisfy the equations

ẋ(t) = Ax(t) + Bu(t) , (2.5a) y(t) = C_Lx(t) + Du(t) (2.5b) for a. e. t ≥ 0 (in particular x(t) ∈ D(C_L) for a. e. t ≥ 0). The derivative on the left-hand side of (2.5a) has of course to be understood in X_{−1}. Moreover, as has been shown in [47], if Σ is regular, then (sI − A)^{−1}BU ⊂ D(C_L) for all s ∈ ϱ(A) and the transfer function G can be expressed in the following way

G(s) = C_L(sI − A)^{−1}B + D ∀ s ∈ C_{ω(T)} ,

which is familiar from finite-dimensional systems theory. The operators A, B, C and D are called the generating operators of Σ.

Finally, we review some of the results on static output feedback for abstract linear systems which have been recently obtained by Weiss [49]. Consider the feedback system shown in Figure 2.1.

 6_–^j

-_+ -_Σ -

s

K œ Figure 2.1: Static output feedback

An operator K ∈ L(Y, U) is called an admissible feedback operator for Σ if I + KG has a well-posed inverse, i.e. if there exists a well-posed transfer function J such that

J(s)(I + KG(s)) = (I + KG(s))J(s) = I ∀ s ∈ C_α

for some α ∈ R. It is easy to see that I + KG has a well-posed inverse if and only if I + GK has. If Σ is regular and if K ∈ L(Y, U) is an admissible feedback operator for Σ, then I + DK (and hence also I + KD) is left invertible. In particular, if U or Y is finite-dimensional, then I + DK (and hence also I + KD) is invertible.

The next result shows that if K is an admissible feedback operator for Σ, then there exists a unique abstract linear system Σ^K representing the feedback system shown in Figure 2.1.

Theorem 2.3 Let Σ = (T, Φ, Ψ, F) be an abstract linear system, let G denote its transfer function and let K ∈ L(Y, U) be an admissible feedback operator for Σ. Then the following statements are true:

(i) There exists a unique abstract linear system Σ^K = (T^K , Φ^K , Ψ^K , F^K ) such that, denoting

Σ_τ = ( T_τ Φ_τ Ψ_τ F_τ ) , Σ^K_τ = ( T^K_τ Φ^K_τ Ψ^K_τ F^K_τ ) ,

(τ ≥ 0) we have

Σ^K_τ = Σ_τ − Σ_τ ( 0 0 0 K ) Σ^K_τ and Σ_τ = Σ^K_τ + Σ^K_τ ( 0 0 0 K ) Σ_τ ∀ τ ≥ 0 . (2.6)

The transfer function G^K of Σ^K is given by G^K = G(I +KG)^{−1}. Moreover, L ∈ L(Y, U) is an admissible feedback operator for Σ^K if and only if K + L is an admissible feedback operator for Σ. If this is the case, then (Σ^K )^L = Σ^{K+L} . (2.7) (ii) Under the extra assumptions that Σ is regular and that I + DK is invertible it follows that Σ^K is regular, and the generating operators A^K , B^K , C^K and D^K of Σ^K are given by A^K = A − BK(I + DK)^{−1}C_L , C^K = (I + DK)^{−1}C_L , B^K = B(I + KD)^{−1} , and D^K = (I + DK)^{−1}D , where D(A^K ) = {x ∈ D(C_L) | (A − BK(I + DK)^{−1}C_L)x ∈ X}. For x_0 ∈ X and u ∈ L^2_{loc}(R_+, U) define the functions x(·) and y(·) by (2.1). The second equation in (2.6) then implies for t ≥ 0 x(t) = T^K_t x_0 + Φ^K_t P_t(Ky + u) (2.8a) P_ty = Ψ^K_t x_0 + F^K_t P_t(Ky + u) . (2.8b) Moreover, for t ≥ τ ≥ 0 we have that x(t) = T^K_{t−τ} x(τ ) + Φ^K_{t−τ} L_τ P_t(Ky + u) (2.9a) L_τ P_ty = Ψ^K_{t−τ} x(τ ) + F^K_{t−τ} L_τ P_t(Ky + u) . (2.9b) The above formulas (2.8) and (2.9) will turn out to be very useful in Sections 4 and 5.

Finally, consider the nonlinear system given by γ̇(t) = ‖v(t)‖^2 , k(0) = k_0 ∈ R (2.10a) w(t) = K(γ(t))v(t) , t ≥ 0 , (2.10b) where v ∈ L^2_{loc}(R_+, R^m) is the input and w denotes the output. The function K : R → R is assumed to be locally Lipschitz.

For Sections 4 and 5 we need a well-posedness result for the feedback interconnection of Σ and (2.10). More precisely, consider the feedback system given by (2.1), (2.10) and the interconnection equations v = y , u = −w ,

(where, of course, we assume that U = Y = R^m). The closed-loop equations for y and γ then take the following form

y(t) = (Ψ_∞x_0)(t) − (F_∞K(γ)y)(t) (2.11a)

γ(t) = γ_0 + ∫_t 0 ‖y(ξ)‖^2 dξ (2.11b)

Let τ ∈ (0, ∞]. A function (y, γ) : [0, τ ) → R^m × R is called a solution of (2.11) on [0, τ ) if (i) (y, γ) ∈ L^2([0, τ^′], R^m) × AC([0, τ^′], R) for all τ^′ ∈ [0, τ ). (ii) (y, γ) satisfies (2.11) almost everywhere on [0, τ ).

If (2.11) has a solution (y, γ) on [0, τ ), then the corresponding state trajectory of Σ is given by x(t) = T_tx_0 − Φ_t(P_tK(γ)y) ∀t ∈ [0, τ ) .

Proposition 2.4 Suppose that U = Y = R^m and that L^{−1}G ∈ L^1_{loc}(R_+, R^{m×m}). Then for any (x_0, γ_0) ∈ X × R there exists a maximal solution of (2.11). Precisely: There exists τ_{max} ∈ (0, ∞] such that (2.11) has a unique solution (y_{max}, γ_{max}) on [0, τ_{max}), and moreover τ_{max} < ∞ =⇒ ∫_{τmax} 0 ‖y_{max}(t)‖^2 dt = ∞ . The proof of Proposition 2.4 is given in the Appendix.

3. Non-adaptive low-gain control

For α ∈ R let M_α denote the field of all meromorphic functions defined on C_α . The algebra of all bounded holomorphic functions defined on C_α will be denoted by H^∞_α . The symbol H^2_α stands for the vector space of all holomorphic functions f : C_α → C such that sup_{ξ>α} ∫_∞ −∞ |f(ξ + ıω)|^2 dω < ∞. Moreover, we define

M− :=^⋃_{α<0} Mα , H^∞_− :=^⋃_{α<0} H^∞_α , H^2_− :=^⋃_{α<0} H^2_α .

Let G ∈ M^{m×m}_− and K ∈ M^{m×m}_− be square transfer function matrices and consider the following feedback system shown in Figure 3.1 which will be denoted by F(G, K). We shall call the feedback system F(G, K) input-output stable if every transfer function u_i → y_j that occurs around the loop has all its entries in H^∞_− . More precisely, we define:

Definition 3.1 Let G ∈ M^{m×m}_− and K ∈ M^{m×m}_− . The feedback system F(G, K) is called input-output stable if det(I + G(s)K(s)) ≢ 0 and

F (G, K) := ( K(I + GK)^{−1} −KG(I + KG)^{−1} GK(I + GK)^{−1} G(I + KG)^{−1} ) ∈ H^∞_−^{2m×2m} . We say that K stabilizes G if F(G, K) is input-output stable. 3

 6_–^j

-^{u1}_+ -^{e1}_K -^{y1}_+ j

u_2

?+ -^e2_G -^y2_s

Figure 3.1: Closed-loop system F(G, K)

Notice that the above concept of input-output stability is stronger than L^2-stability which is equivalent to F (G, K) ∈ H^∞_0^{2m×2m}. However, Definition 3.1 has the advantage that it guarantees the analyticity of the closed-loop transfer function on C_α for some α < 0, a property which will be needed in the following.

Remark 3.2 (i) It is trivial that K stabilizes G if and only if G stabilizes K.

(ii) Let Q(H^∞_− ) denote the quotient field of H^∞_− , i.e. Q(H^∞_− ) = {n/d | n, d ∈ H^∞_− , d(s) ≢ 0}. If F(G, K) is input-output stable, then G ∈ Q(H^∞_− )^{m×m} and K ∈ Q(H^∞_− )^{m×m}.

(iii) If G ∈ H^∞_−^{m×m}, then F(G, K) is input-output stable if and only if det(I + G(s)K(s)) ≢ 0 and K(I + GK)^{−1} is in H^∞_−^{m×m}.

(iv) A left coprime factorization of G over H^∞_− is a pair (D, N) ∈ H^∞_−^{m×m} × H^∞_−^{m×m} such that det D ≢ 0, G = D^{−1}N and there exist X, Y ∈ H^∞_−^{m×m} satisfying DX + NY = I. Right coprime factorizations over H^∞_− are defined in an analogous way. It follows from Smith [40] that G and K admit left and right coprime factorizations over H^∞_− if F(G, K) is input-output stable. 3

Proposition 3.3 Let G ∈ M^{m×m}_− and K ∈ M^{m×m}_− . If K stabilizes G and if lim Re s→∞ K(s) = 0 ,

then G is well-posed.

Proof: By Remark 3.2 (ii) we have that G, K ∈ Q(H^∞_− )^{m×m} , and hence, by Remark 3.2 (iv), there exists a right coprime factorization (N_G, D_G) of G over H^∞_− and a left coprime factorization (D_K, N_K) of K over H^∞_− . By a standard result in fractional representation theory (cf. Vidyasagar et al. [42]) the input-output stability of the closed-loop system is equivalent to inf_{s∈C cl0} | det[N_K(s)N_G(s) + D_K(s)D_G(s)]| > 0 . (3.1)

Seeking a contradiction, suppose that G is not well-posed. Then there exists a sequence (s_n)_{n∈N} ⊂ C^{cl}_0 with lim_{n→∞} Re s_n = ∞ and such that lim_{n→∞} ‖G(s_n)‖ = ∞. As a consequence lim_{n→∞} det D_G(s_n) = 0 . (3.2) On the other hand lim_{n→∞} K(s_n) = 0, and hence lim_{n→∞} N_K(s_n) = 0 . (3.3)

Combining (3.2) and (3.3) shows that lim_{n→∞} det[N_K(s_n)N_G(s_n) + D_K(s_n)D_G(s_n)] = 0 ,

contradicting (3.1). 2 Since in this paper we will be mainly concerned with controllers of the form K(s) = (1/s)Γ, where Γ ∈ R^{m×m}, the following definition will turn out to be useful.

Definition 3.4 A transfer function matrix G ∈ M^{m×m}_− is called integral stabilizable if there exists Γ ∈ R^{m×m} such that the controller K(s) = (1/s)Γ stabilizes G. If the extra condition [GK(I + GK)^{−1}](0) = I (3.4) is satisfied, then G is called integral controllable. 3

A controller of the form (1/s)Γ is called an integrator. It is a trivial consequence of Proposition 3.3 that if a transfer-function matrix in M^{m×m}_− is integral stabilizable, then necessarily it is well-posed.

In the following let θ(·) denote the Heaviside step function, i.e. θ(t) = { 1 if t > 0 0 if t ≤ 0 .

The next result shows that condition (3.4) is closely related to the asymptotic tracking of constant reference signals.

Proposition 3.5 Suppose that G ∈ M^{m×m}_− is integral stabilizable and let K(s) = (1/s)Γ, where Γ ∈ R^{m×m}, be a stabilizing integrator. Then lim_{t→∞}[L^{−1}(GK(I + GK)^{−1}) ⋆ θr](t) = r .

for all r ∈ R^m if and only if (3.4) holds.

For the proof of the above proposition we need the following lemma which is a special case of the main result in Mossaheb [27].

Lemma 3.6 Suppose that h is a holomorphic function defined on C_α such that the function s → sh(s) is in H^∞_α . Then there exists a measurable function f : R_+ → C with f(·) exp(−β ·) ∈ L^1(R_+, C ) for all β > α and such that (Lf)(s) = h(s) ∀ s ∈ C_α . Proof of Proposition 3.5: By assumption we have that H := (I + GK)^{−1}G = G(I + KG)^{−1} ∈ H^∞_−^{m×m} , and hence

s[GK(I + GK)^{−1}](s) = s[(I + GK)^{−1}GK](s) = H(s)Γ ∈ H^∞_−^{m×m} . Thus, by Lemma 3.6 L −1[GK(I + GK)^{−1}] ∈ L^1(R_+, C^{m×m} ) .

Therefore

lim_{t→∞}[L^{−1}(GK(I + GK)^{−1}) ⋆ θr](t) = lim_{t→∞}( ∫_t 0 [L^{−1}(GK(I + GK)^{−1})](τ ) dτ )r = [GK(I + GK)^{−1}](0)r , which yields the claim. 2 The next result gives a necessary condition for integral controllability. It shows that an integral controllable transfer functon does not have any transmission zeros at 0. Proposition 3.7 Suppose that G ∈ M^{m×m}_− is integral controllable. Then there exists a left coprime factorization (D, N) of G over H^∞_− and the numerator N in any such factorization satisfies det N(0) ≠ 0 .

Proof: It follows from Remark 3.2 (iv) that there exists a left coprime factorization (D, N) of G over H^∞_− . Let Γ ∈ R^{m×m} be such that K(s) = (1/s)Γ stabilizes G and (3.4) is satisfied. Define H := GK(I + GK)^{−1} , Δ := lim_{s→0}[K(I + GK)^{−1}](s) .

Then DH = NK(I + GK)^{−1}. Moreover, letting s → 0 and using (3.4), yields D(0) = N(0)Δ. Since D and N are left coprime over H^∞_− , it follows that rank N(0)(Δ, I) = rank [D(0), N(0)] = m .

Therefore rank N(0) = m, and hence det N(0) ≠ 0. 2 The following theorem is the main input-output result of this section.

Theorem 3.8 Suppose that G ∈ H^∞_−^{m×m} and that G(0) is real. Then G is integral controllable if and only if det G(0) ≠ 0 . (3.5)

If (3.5) holds, then there exists Γ_0 ∈ R^{m×m}, such that

σ(G(0)Γ_0) ⊂ C_0 , (3.6)

and for any Γ_0 ∈ R^{m×m} satisfying (3.6), there exists k^∗ > 0 such that for all k ∈ (0, k^∗)

F (G, K_k) ∈ H^∞_−^{2m×2m} and [GK_k(I + GK_k )^{−1}](0) = I , (3.7)

where K_k(s) := (1/s)kΓ_0. Moreover, setting E_k (s) = (1/s)(I + GK_k)^{−1}(s), we have that E_k ∈ H^2_−^{m×m} for all k ∈ (0, k^∗).

The result shows in particular that there exist low-gain integral controllers which achieve stability and asymptotic tracking of constant reference signals. Since for constant reference signals rθ(t), the error signal e(t) of the feedback system is given by (Le)(s) = E_k(s)r, it follows from the last statement of Theorem 3.8 via the Paley-Wiener therorem that e ∈ L^2(R_+, R^m) for all k ∈ (0, k^∗). In order to apply Theorem 3.8, we only have to know that the plant is stable and that (3.5) holds. Estimates of G_0 of G(0) can be obtained from step response data. An obvious choice for the gain matrix Γ_0 is Γ_0 = G^{−1}_0 . Once a Γ_0 satisfying (3.6) has been found, the solution of the tracking problem reduces to the tuning of the gain parameter k.

Proof of Theorem 3.8: The necessity of (3.5) for integral controllability follows from Proposition 3.7 and from the hypothesis that G ∈ H^∞_−^{m×m}. In order to prove sufficiency, define Γ_0 := G^{−1}(0). Then, trivially, (3.6) is satisfied. Moreover, as in Logemann and Owens [15], p. 17/18, it can be shown that there exists a number k^∗ > 0 such that for all k ∈ (0, k^∗) the controller K_k stabilizes G, i.e.

F (G, K_k) ∈ H^∞_−^{2m×2m} .

Next observe that by the invertibility of kG(0)Γ_0

lim_{s→0}[GK_k(I + GK_k)^{−1}](s) = lim_{s→0} G(s)kΓ_0(sI + kG(s)Γ_0)^{−1} = I ,

which yields the second equation in (3.7). Finally, E_k = k^{−1}Γ^{−1}_0 K_k(I + GK_k)^{−1}, and thererfore E_k ∈ H^∞_−^{m×m} for all k ∈ (0, k^∗). Since for all such k the transfer function matrix (I + GK_k )^{−1} is in H^∞_−^{m×m} as well, we see that E_k ∈ H^2_−^{m×m} for all k ∈ (0, k^∗). 2 The following Proposition deals with single-input single-output systems. It will be needed in Section 4, although it is interesting in its own right.

Proposition 3.9 Let G ∈ H^∞_− and set G̃(s) := (1/s)G(s). For k ∈ R define

G̃^k(s) := G̃(s)(1 + kG̃(s))^{−1} = 1 s G(s)(1 + k s G(s))^{−1} .

If G(0) is real and if G(0) ≠ 0, then there exists k^∗ > 0 such that ‖G̃^k‖_∞ = 1/|k| for all k ∈ R satisfying |k| ∈ (0, k^∗) and kG(0) > 0.

Proof: We shall proceed in several steps.

Step 1: By Theorem 3.8 there exists k^{∗∗} > 0 such that for all k ∈ R with kG(0) > 0 and |k| ∈ (0, k^{∗∗}) we have that G̃^k ∈ H^∞_− . Moreover, since G̃^k(0) = 1/k, it follows that for all k as above ‖G̃^k‖_∞ ≥ 1 |k| . Step 2: Let (k_n) be a sequence such that |k_n| ∈ (0, k^{∗∗}), k_nG(0) > 0 for all n ∈ N and lim_{n→∞} k_n = 0. Moreover, let (ω_n) be a sequence of real numbers with lim_{n→∞} ω_n = 0. We claim that there exists N ∈ N such that |G̃^{kn} (ıω_n)| < 1 |k_n| ∀ n > N . (3.8) To this end define H = 1/G, and realize that (3.8) is equivalent to |ıω_nH(ıω_n) + k_n| > |k_n| ∀ n > N . (3.9) Since G(0) ≠ 0, the function H is holomorphic in a neighbourhood of 0, and therefore lim ω→0, ω∈R H(ıω) − H(0) ıω = H^′(0)

exists. The variable ω is real and so is H(0) (by hypothesis). This implies that Re H(ıω) − H(0) ıω = Im H(ıω) ω . As a consequence lim ω→0, ω∈R Im H(ıω) ω = Re H^′(0) , and we see that there exists ω^∗ > 0 and a continuous function f : [−ω^∗, ω^∗] → R such that Im H(ıω) = ωf(ω) ∀ ω ∈ [−ω^∗, ω^∗] . Therefore

|ıω_nH(ıω_n) + k_n|^2 = (k_n − ω^2_nf(ω_n))^2 + (ω_nRe H(ıω_n))^2 = k^2_n + ω^4_nf^2(ω_n) + ω^2_n[(Re H(ıω_n))^2 − 2k_n f(ω_n)] .

Since (Re H(ıω_n))^2 − 2k_n f(ω_n) > 0 for all sufficiently large n, it follows that there exists N ∈ N such that (3.9), and hence also (3.8), are satisfied.

Step 3: Finally, seeking a contradiction, assume that there does not exist a number k^∗ > 0 with the required property. Then, using Step 1, we see that there exists a sequence (k_n) with lim_{n→∞} k_n = 0, k_nG(0) > 0 and such that ‖G̃^{kn} ‖_∞ > 1 |k_n| ∀ n ∈ N . Therefore there exist numbers ω_n ∈ R such that |G̃^{kn} (ıω_n)| > 1 |k_n| ∀ n ∈ N . (3.9) It follows from (3.9) and Step 2 that the sequence (ω_n) does not converge to 0, and so there exists ε > 0 and a subsequence (ω_{nj} ) such that |ω_{nj} | ≥ ε for all j ∈ N. It follows that for all j with k_{nj} ‖G‖_∞ ∈ (−ε/2, ε/2) |G̃^{knj} (ıω_{nj} )| ≤ ‖G‖_∞ |ıω_{nj} | − |k_{nj} G(ıω_{nj} )| ≤ 2‖G‖_∞ ε , which is in contradiction to (3.9). 2 In the following we will apply Theorem 3.8 to regular linear state-space systems. Since this additional assumption of regularity does not exclude any physically motivated wellposed system, the following results are as general as can be expected. For the rest of the section let Σ_{plant} = (T, Φ, Ψ, F) be an exponentially stable abstract linear regular system with generating operators (A, B, C, D), state-space X, input-space U = R^m, outputspace Y = R^m and transfer function G. Clearly, by exponential stability, G ∈ H^∞_−^{m×m}. If u ∈ L^2_{loc}(R_+, R^m) denotes the input and x_0 ∈ X denotes the initial state, then the state x(·) and the output y(·) are given by (2.1). Moreover, let Σ_{int} denote the integrator described by z(t) = z_0 + ∫_t 0 v(τ ) dτ , z_0 ∈ R^m , where v ∈ L^2_{loc}(R_+, R^m) is the integrator input.

We will consider the series connection Σ̃ of Σ_{int} followed by Σ_{plant} with input v and output y (cf. Figure 3.2).

-

v Σ_{int} - z = u Σ_{plant} - y

Figure 3.2: Cascade Σ̃ with input v and output y

In order to show that Σ̃ is again an abstract linear regular system, we introduce an extra external input w ∈ L^2_{loc}(R_+, R^m) and consider the cascade interconnection Σ̂ with input (w, v) and output (y, z) obtained by setting u = z + w (cf. Figure 3.3).

-

v Σ_{int}^r

                -^z

-^z_+ j^+

w ? -u_{Σplant} -y

Figure 3.3: Cascade Σ̂ with input (w, v) and output (y, z)

We claim that Σ̂ is an abstract linear regular system. To this end consider the parallel interconnection Σ_{par} of Σ_{int} and Σ_{plant} shown in Figure 3.4. u - v -^z - y - Σ_{plant}

Σ_{int}

Figure 3.4: Parallel interconnection Σ_{par}

Clearly, Σ_{par} is an abstract linear regular system and the matrix J given by J = ( 0 −I 0 0 )

an admissible feedback operator for Σ_{par}. Using the notation of Section 2, we have that Σ̂ = (Σ_{par})J , and hence it follows from Theorem 2.3 that Σ̂ is an abstract linear regular system. Writing Σ̂ = (T̂, Φ̂, Ψ̂, F̂), we see that Σ̃ = (T̃, Φ̃, Ψ̃, F̃), where

T̃ = T̂ , Φ̃ = Φ̂ ( 0 I ) , Ψ̃ = (I, 0)Ψ̂ , F̃ = (I, 0)F̂ ( 0 I ) . Therefore Σ̃ is an abstract linear regular system whose state, input and output spaces of are given by X × R^m, U = R^m and Y = R^m, respectively. Denoting the generating operators of Σ̃ by Ã, B̃, C̃ and D̃ it follows from Theorem 2.3 (ii) that

Ã = ( A B 0 0 ) , B̃ = ( 0 I ) , C̃ = (C_L, D) , D̃ = 0 , (3.10) where the domain D(Ã) of Ã is given by D(Ã) = {(x, u) ∈ D(C_L) × R^m | Ax + Bu ∈ X} . If B is bounded, then it follows easily that D(Ã) = D(A) × R^m. Note that any unboundedness of B is absorbed into the unboundedness of Ã and that hence the control operator B̃ of Σ̃ is bounded. Trivially, the function G̃(s) := (1/s)G(s) is the transfer function of Σ̃. Lemma 3.10 Every Γ ∈ R^{m×m} is an admissible feedback operator for Σ̃ and (using the notation of Section 2) we have that for all Γ ∈ R^{m×m} D(Ã^Γ) = D(Ã) = {(x, u) ∈ X × R^m | Ax + Bu ∈ X} . (3.11) Proof: Since G̃(s) = (1/s)G(s) and G ∈ H^∞_α for some α < 0, it follows from Section 2 that any Γ ∈ R^{m×m} is an admissible feedback operator for Σ̃.

We show first that the second equality in (3.11) holds. It is clear that D(Ã) ⊂ {(x, u) ∈ X × R^m | Ax + Bu ∈ X} =: D , and it only remains to prove that D ⊂ D(Ã). To this end define W := D(A) + (λI − A)^{−1}BR^m , where λ ∈ ϱ(A). Since D(A) ⊂ D(C_L) and, by regularity, (λI − A)^{−1}BR^m ⊂ D(C_L), it follows that W ⊂ D(C_L).

Let (x, u) ∈ D. Then ξ := (λI − A)x − Bu ∈ X, and hence x = (λI − A)^{−1}ξ + (λI − A)^{−1}Bu ∈ W . It follows that x ∈ D(C_L) and therefore (x, u) ∈ D(Ã).

In order to show that the first equality in (3.11) is true, recall from Section 2 that Ã^Γ(x, u) = (Ã − B̃ΓC̃_L)(x, u) for all (x, u) ∈ D(Ã^Γ), where D(Ã^Γ) is given by D(Ã^Γ) = {(x, u) ∈ D(C̃_L) | (Ã − B̃ΓC̃_L)(x, u) ∈ X × R^m} . Moreover, using (3.10), we see that for all (x, u) ∈ D(Ã^Γ) Ã^Γ(x, u) = (Ax + Bu, −ΓC̃_L(x, u)) . This shows that D(Ã^Γ) = {(x, u) ∈ D(C̃_L) | Ax + Bu ∈ X} . (3.12) Since D(C̃_L) ⊂ X × R^m, it follows from (3.12) that D(Ã^Γ) ⊂ D = D(Ã).

To prove that D(Ã) ⊂ D(Ã^Γ), let (x, u) ∈ D(Ã). Then (x, u) ∈ D(C̃_L) and Ax + Bu ∈ X, and hence, by (3.12), (x, u) ∈ D(Ã^Γ). 2 In the following we endow D(Ã^Γ) with its graph norm. The resulting complete space will be denoted by X̃^Γ_1 .

Proposition 3.11 Let Γ ∈ R^{m×m} and suppose that det Γ ≠ 0. If the integrator K(s) = (1/s)Γ stabilizes G (in the sense of Definition 3.1), then the following statements hold:

(i) The closed-loop semigroup T̃^Γ is exponentially stable.

(ii) C̃^Γ = C̃ and there exist M > 0 and ω > 0 such that for all (x_0, u_0) ∈ D(Ã) ‖C̃T̃^Γ_t (x_0, u_0)‖ ≤ Me^{−ωt}‖(x_0, u_0)‖~_XΓ_1 ∀ t ≥ 0 .

If the observation operator C is bounded, then for any (x_0, u_0) ∈ X × R^m ‖C̃T̃^Γ_t (x_0, u_0)‖ ≤ Me^{−ωt}‖(x_0, u_0)‖_{X×R}m ∀ t ≥ 0 .

Proof: (i) The semigroup T̃^Γ describes the dynamics of the feedback system shown in Figure 3.5. Note that the state of Σ_{int} and the input of Σ_{plant} are identical. Therefore we denote both by the same symbol u(·).

6_–^j

   -_{Σint} -^{u(t)} Σ_{plant}

             œ

Γ

u(t) x(t)

Figure 3.5: Internal dynamics of the closed loop

The state (x(t), u(t)) ∈ X × R^m at time t ≥ 0 is given by (x(t), u(t)) = T̃^Γ_t (x_0, u_0) , where (x_0, u_0) := (x(0), u(0)) ∈ X × R^m. Defining y_0(t) := C_LT_tx_0 , t ≥ 0 , it follows from the exponential stability of T that y_0 ∈ L^2(R_+, R^m). The Laplace transform of u(·) is then given by (Lu)(s) = 1 s u_0 − K(s)[(Ly_0)(s) + G(s)(Lu)(s)] , cf. Figure 3.5. It follows that Lu = (I + KG)^{−1}KΓ^{−1}u_0 − (I + KG)^{−1}KLy_0 . (3.13)

By assumption the closed-loop system is input-output stable, and so (I + KG)^{−1}K, (I + KG)^{−1} ∈ H^∞_−^{m×m}. Using the fact that K(s) = (1/s)Γ we see that

(I + KG)^{−1}K ∈ H^2_−^{m×m} ,

and thus, since Ly_0 ∈ H^2_0^m, we obtain from (3.13) that Lu ∈ H^2_0^m. Hence, by the Paley-Wiener theorem, u ∈ L^2(R_+, R^m). Moreover, Σ_{plant} is exponentially stable and driven by u, and therefore by Lemma 2.2, x ∈ L^2(R_+, X). Thus, we see that for all (x_0, u_0) ∈ X × R^m t → T̃^Γ_t (x_0, u_0) ∈ L^2(R_+, X × R^m) .

By a well-known result on the stability of C_0-semigroups (cf. Pazy [30], p. 116) it follows that the semigroup T̃^Γ is exponentially stable.

(ii) Since D̃ = 0, it follows from Theorem 2.3 (ii) that

C̃^Γ(x, u) = C̃_L(x, u) ∀ (x, u) ∈ D(Ã^Γ) .

An application of Lemma 3.10 shows that C̃^Γ = C̃.

Let (x_0, u_0) ∈ D(Ã). Then, by Lemma 3.10, (x_0, u_0) ∈ X̃^Γ_1 . By part (i) the semigroup T̃^Γ is exponentially stable on X̃ = X ×_R^m, and hence it is also exponentially stable on X̃^Γ_1 . Since C̃^Γ ∈ L(X̃^Γ_1 ,_R^m), it follows from the above that C̃ ∈ L(X̃^Γ_1 ,_R^m) as well. As a consequence there exist M, ω > 0 such that

‖C̃T̃^Γ_t (x_0, u_0)‖ ≤ Me^{−ωt}‖(x_0, u_0)‖~_XΓ_1 ∀ t ≥ 0 .

The last statement of part (ii) follows from the fact that the boundedness of the observation operator C implies the boundedness of the observation operator C̃. 2

Remark 3.12 Part (i) of Proposition 3.11 shows that in our special situation (i.e. the plant is exponentially stable and the controller is an integrator) input-output stability implies exponential stability. Using a result by Rebarber [37], it can be shown (Weiss [50]) that under suitable stabilizability and detectability assumptions the feedback interconnection of any two linear regular systems is exponentially stable if it is input-output stable. Since this result is not yet available in the literature (not even in form of a preprint), we have included a proof of Proposition 3.11 (i). 3

We are now in the position to prove the main result of this section, an internal version of Theorem 3.8 which applies to abstract linear regular state-space systems. Consider the feedback system in Figure 3.6, where r ∈ R^m, Γ_0 ∈ R^{m×m}, k > 0 and (x_0, u_0) ∈ X × R^m. The output y(· ; (x_0, u_0)) can be written in the form

y(t; (x_0, u_0)) = C̃^{kΓ0}_L T̃^{kΓ0}_t (x_0, u_0) + y(t; (0, 0)) . (3.14)

Moreover, we define the corresponding error by

e(t; (x_0, u_0)) = rθ(t) − y(t; (x_0, u_0)) .

 6_–^j

-

rθ(t) + -^k_{s Γ0} -^{u(t)} Σ_{plant} r -^{y(t; (x0, u0))}

u_0 x_0

Figure 3.6: Low-gain control system

Theorem 3.13 Let r ∈ R^m. Suppose that det G(0) ≠ 0 and let Γ_0 ∈ R^{m×m} be such that σ(G(0)Γ) ⊂ C_0 . Then there exists k^∗ > 0 such that for any k ∈ (0, k^∗) the closed-loop semigroup T̃^{kΓ0} is exponentially stable and e(· ; (x_0, u_0)) ∈ L^2(R_+, R^m) for all (x_0, u_0) ∈ X × R^m. Furthermore,

lim_{t→∞} e(t; (x_0, u_0)) = 0 ∀ (x_0, u_0) ∈ D(Ã) .

If the observation operator C is bounded, then the above equation holds for all (x_0, u_0) ∈ X × R^m. Remark 3.14 If (x_0, u_0) ∉ D(Ã), then in general e(t) := e(t; (x_0, u_0)) will not converge to 0 as t → ∞ (in fact e(·) does not even make sense pointwise). However, by Theorem 3.13, we still have that e ∈ L^2(R_+, R^m), which implies that e(t) converges to 0 in measure as t → ∞ in the sense that for any ε > 0 and any δ > 0 there exists T = T (ε, δ) > 0 such that ˘({t ∈ [τ, ∞) | |e(t)| > δ} < ε ∀ τ ≥ T , where ˘ denotes the Lebesgue measure. 3

Proof of Theorem 3.13: As in Theorem 3.8 we set E_k(s) = (1/s)(I + GK_k)^{−1}(s). By Theorem 3.8 there exists a k^∗ > 0 such that for all k ∈ (0, k^∗) the compensator K_k(s) = (1/s)kΓ_0 stabilizes G, and furthermore

E_k ∈ H^2_−^{m×m} and [GK_k(I + GK_k)^{−1}](0) = I ∀ k ∈ (0, k^∗) . (3.15)

In particular it follows from Proposition 3.11(i) that the semigroup T̃^{kΓ0} is exponentially stable for all k ∈ (0, k^∗). Moreover, we have that

e(· ; (0, 0)) = L^{−1}(E_kr) , y(· ; (0, 0)) = L^{−1}[GK_k(I + GK_k)^{−1} ⋆ θr] ,

and therefore we obtain using (3.15) and Proposition 3.5

e(· ; (0, 0)) ∈ L^2(R_+, R^m) and lim_{t→∞} e(t; (0, 0)) = 0 , (3.16) provided that k ∈ (0, k^∗). Since the function y_0(t; (x_0, u_0)) := C̃^{kΓ0}_L T̃^{kΓ0}_t (x_0, u_0) is the output of an exponentially stable regular system, it follows from Lemma 2.2 that y_0(· ; (x_0, u_0)) ∈ L^2(R, R^m) for all (x_0, u_0) ∈ X × R^m and all k ∈ (0, k^∗). Now, by (3.14), e(t; (x_0, u_0)) = e(t; (0, 0)) − y_0(t; (x_0, u_0)) , and thus, using (3.16), we obtain e(· ; (x_0, u_0)) ∈ L^2(R_+, R^m) ∀ (x_0, u_0) ∈ X × R^m , provided that k ∈ (0, k^∗). Finally, let (x_0, u_0) ∈ D(Ã). Then, by Proposition 3.11(ii), we may conclude that

lim_{t→∞} y_0(t; (x_0, u_0)) = lim_{t→∞} C̃^{kΓ0}_L T̃^{kΓ0}_t (x_0, u_0) = lim_{t→∞} C̃T̃^{kΓ0}_t (x_0, u_0) = 0 . (3.17) Using (3.14), (3.16) and (3.17) we obtain that lim_{t→∞} e(t; (x_0, u_0)) = 0 . (3.18) It follows from Proposition 3.11 (ii) that (3.18) holds for all (x_0, u_0) ∈ X × R^m if the observation operator C is bounded. 2 We close this section with a lemma which will be needed in Section 4 in order to reformulate adaptive tracking problems as adaptive stabilization problems Lemma 3.15 For any r ∈ R^m there exists (x_r, u_r) ∈ D(Ã) such that C̃T̃_t(x_r, u_r) = r ∀ t ≥ 0 .

Proof: For given r ∈ R^m define x_r := −A^{−1}BG^{−1}(0)r , u_r := G^{−1}(0)r .

Then (x_r, u_r) ∈ X × R^m, and moreover Ax_r + Bu_r = 0. It follows that (x_r, u_r) ∈ {(x, u) ∈ X × R^m | Ax + Bu ∈ X} = D(Ã), and by (3.10), Ã(x_r, u_r) = 0. We therefore easily conclude that T̃_t(x_r, u_r) = (x_r, u_r) for all t ≥ 0. Finally, since G(0) = D − C_LA^{−1}B, we see that for all t ≥ 0

C̃T̃_t(x_r, u_r) = C_Lx_r + Du_r = (G(0) − D)G^{−1}(0)r + DG^{−1} (0)r = r . 2

4. Adaptive low-gain control of single-input singleoutput systems

The finite-dimensional case

Consider the control law given by

u̇(t) = K(γ(t))e(t) , u(0) = u_0 , (4.1a) γ̇(t) = e^2(t) , γ(0) = γ_0 > a ≥ −∞ , (4.1b)

where K : (a, ∞) → R is locally Lipschitz. In the following K will be called a tuning function. Choosing a = 0 and

K(γ) = sin(γ^q)/γ^p , 0 < q < p < 1 − q , (4.2)

Cook [1] has shown that (4.1) is a universal adaptive, low-gain tracking controller for the class of single-input single-output, exponentially stable, finite-dimensional, linear systems with transfer function G, input function u(·), output function y(·) and constant reference signal rθ(t), r ∈ R, in the sense that (i) e(t) = (r − y(t)) → 0 as t → ∞ and (ii) state and input functions remain bounded, independently of initial data, provided that G(0) ≠ 0. It is also shown in [1] that if G(0) > 0, then K in (4.2) can be replaced by K(γ) = γ^{−p}, 0 < p < 1.

In this section we prove that with different, suitably chosen tuning functions K, these results extend to the case when the system is infinite-dimensional, regular and exponentially stable. However, first we give alternative proofs of the finite-dimensional results in [1]. Our approach is based on the special systems theoretic properties of the “low gain” problem established in Proposition 3.9, special properties which can even be used in the infinite-dimensional case. While the approach in [1] is based on the positive realness of the return-difference function 1 + (k/s)G(s), for all small enough k, and the associated Lur’e equations, the key tools in our approach are Proposition 3.9 and the characterization of the complex stability radius via a parametrized algebraic Riccati equation given in Hinrichsen and Pritchard [6].

Lemma 4.1 There exists k^∗ > 0 such that for any k with |k| < k^∗ and kG(0) > 0 the Riccati equation

(Ã − kB̃C̃)^T Z + Z(Ã − kB̃C̃) − k^2C̃^T C̃ − ZB̃B̃^T Z = 0, (4.3)

where Ã, B̃, C̃ are given by (3.10), has a unique solution P̃_k = P̃^T_k ≤ 0.

Proof: An application of Theorem 3.8 and Proposition 3.9 shows the existence of a constant k^∗ > 0 such that for any k with |k| < k^∗ and kG(0) > 0 the matrix Ã − kB̃C̃ is exponentially stable and ‖G̃^k‖_∞ = 1/|k|. Therefore the existence of a unique P̃_k = P̃^T_k ≤ 0 satisfying (4.3) is guaranteed by Hinrichsen and Pritchard [6], p. 107/109. 2 The above lemma can now be used to give an alternative proof of the main result in [1].

Theorem 4.2 Let ẋ(t) = Ax(t) + Bu(t) , x(0) = x_0 ∈ R^n , (4.4a) y(t) = Cx(t) + Du(t) (4.4b) be any finite-dimensional, single-input single-output, exponentially stable system with G(0) ≠ 0, i.e. CA^{−1}B ≠ D. Moreover, let K : (a, ∞) → R, where a ≥ −∞, be locally Lipschitz and bounded with K ∈ L^2(b, ∞; R) for some b > a and such that

lim inf γ→∞ ∫_γ b K(ξ) dξ = −∞ , lim sup_{γ→∞}^{∫ γ}_b K(ξ) dξ = +∞ . (4.5)

If rθ(t), r ∈ R, is any constant reference signal and u(t) is defined by (4.1a) and (4.1b), with e(t) = r − y(t), then for each γ_0 > a, x_0 ∈ R^n and u_0 ∈ R the following statements hold

(i) lim_{t→∞} γ(t) = γ_∞ < ∞, (ii) x(t) and u(t) remain bounded as t → ∞, (iii) lim_{t→∞} y(t) = r.

Proof: The first step is to realize the reference signal rθ as an unforced motion of the series connection of the integrator 1/s followed by (4.4). By Lemma 3.15, applied in this simple finite-dimensional context, there exists (x_r, u_r) ∈ R^n×R such that r = C̃e^{Ãt}(x_r, u_r) for all t ≥ 0. It follows that e(t) = r − y(t) = C̃x̃(t) , (4.6) where x̃(t) is given by x̃(t) = e^{Ãt}(x_r, u_r) − (x(t), u(t)) . (4.7) Clearly, x̃(·) satisfies ˙x̃(t) = Ãx̃(t) − K(γ(t))B̃C̃x̃(t) (4.8) = (Ã − kB̃C̃)x̃(t) − (K(γ(t) − k)B̃e(t) , (4.9) where k ∈ R is arbitrary. Now the right-hand sides of (4.1b) and (4.8) are locally Lipschitz in x̃ and γ, so that x̃(t) and γ(t) are uniquely determined on a maximal interval of existence, [0, τ ) say. We now invoke Lemma 4.1 and define V (t) = −⟨x̃(t), P̃_kx̃(t)⟩, where P̃_k = P̃^T_k ≤ 0 is the unique solution of (4.3), with |k| small enough and kG(0) > 0. Differentiating V along solutions of (4.1b) and (4.8) gives V̇ = −k^2‖C̃x̃‖^2 − ‖B̃^T P̃_kx̃‖^2 − 2(K(γ) − k)⟨C̃x̃, B̃^T P̃_kx̃⟩ = −(k^2 − (K(γ) − k)^2)‖C̃x̃‖^2 − ‖(K(γ) − k)C̃x̃ + B̃^T P̃_kx̃‖^2

≤ K(γ)(K(γ) − 2k)‖^~Cx̃‖^2 .

Integrating this inequality, from t_0 to t, where 0 ≤ t_0 < t < τ , and using (4.1b) and (4.6) yields − ∞ < −V (t_0) ≤ V (t) − V (t_0) ≤ ∫_{γ(t)} γ(t0) K

(ξ)(K(ξ) − 2k) dξ . (4.10)

Seeking a contradiction, assume that lim_{t→τ} γ(t) = ∞. Then, using (4.5) and exploiting the assumption that K ∈ L^2(b, ∞; R) we obtain lim_{n→∞} ∫_{γ(tn)} γ(t0) K (ξ)(K(ξ) − 2k) dξ = −∞ for some sequence (t_n)_{n∈N} with γ(t_0) = b and lim_{n→∞} t_n = τ . Since this contradicts (4.10), it follows that γ(t) is bounded on [0, τ ) and consequently τ = ∞, which establishes (i).

In order to prove statements (ii) and (iii), choose k in (4.9) such that Ã − kB̃C̃ is exponentially stable (this is possible by Theorem 3.8). Trivially, by (i), e ∈ L^2(R_+, R), and so it follows from the boundedness of K that the forcing term on the right-hand side of (4.9) is in L^2(R_+, R). Therefore x̃(t) is the state of an exponentially stable system driven by an L^2-input, and consequently lim_{t→∞} x̃(t) = 0. Statements (ii) and (iii) follow now from (4.7) and (4.6), respectively. 2

It is not difficult to show that the function given in (4.2) satisfies the conditions imposed on K in Theorem 4.2. Notice that in general these conditions do not imply that lim_{γ→∞} K(γ) = 0.

Proposition 4.3 Suppose G(0) > 0. With the tuning function K(γ) = γ^{−p}, 0 < p < 1, and γ_0 > 0 statements (i) – (iii) of Theorem 4.2 hold.

Proof: The proof is the same as that of Theorem 4.2 up to (4.10). By the special choice

of K, (4.10) implies that γ(·) is bounded. The remainder of the proof is the same as that

of Theorem 4.2. 2

In Proposition 4.3 we may replace γ^{−p} by any function K which satisfies ∫_∞ γ0 K(ξ)(K(ξ) − 2k)dξ = −∞ for some stabilizing gain k > 0.

The infinite-dimensional case

For the rest of this paper let Σ_{plant} = (T, Φ, Ψ, F) be an exponentially stable regular system with transfer function G. Let A, B, C and D denote the generating operators of Σ_{plant}. As in Section 3 we denote the series connection of the integrator 1/s followed by Σ_{plant} by Σ̃ = (T̃, Φ̃, Ψ̃, F̃). It was shown in Section 3 that the system Σ̃ is regular. Let Ã, B̃ and C̃ denote the corresponding generating operators (trivially, D̃ = 0), and let G̃(s) = (1/s)G(s) denote the transfer function of Σ̃. For the rest of this section we assume that the input and output spaces U and Y of Σ_{plant} are one-dimensional.

We were not able to extend the proofs of Theorem 4.2 and Proposition 4.3 to the infinite-dimensional setting outlined in Section 2. The problem is caused by the fact that Lemma 4.1 does not hold in the infinite-dimensional case, unless very strong and unnatural controllability assumptions are imposed. As already mentioned in the Introduction, the approach in Cook [1] does not carry over to infinite-dimensional systems either. Nevertheless, it will turn out that in the infinite-dimensional situation we can still use tuning functions K satisfying K(γ) → 0 as γ → ∞.

Theorem 4.4 Let Σ_{plant} be a single-input single-ouput exponentially stable regular system given by (2.1). Suppose that the transfer function G of Σ_{plant} satisfies G(0) ≠ 0. Let r θ(t), r ∈ R, be an arbitrary constant reference signal and consider the control law

u(t) = u_0 + ∫_t 0 log^p γ(ξ) cos(log^q γ(ξ))e(ξ) dξ , (4.11)

γ̇(t) = e^2(t) , γ(0) = γ_0 , (4.12)

where e(t) = r − y(t) and p ≤ 0 < q and q − 2p < 1. Then for all (x_0, u_0) ∈ X × R and γ_0 > 1, where X denotes the state-space of Σ_{plant}, the following statements hold true (i) lim_{t→∞} γ(t) = γ_∞ < ∞, (ii) ‖x(t)‖ and u(t) remain bounded as t → ∞,

(iii) e(·) ∈ L^2(R_+, R).

Moreover, if (x_0, u_0) ∈ D(Ã), then

lim_{t→∞} y(t) = r . (4.13)

If the observation operator C of Σ_{plant} is bounded, then (4.13) is true for all (x_0, u_0) ∈ X × R. Proof: We assume throughout the proof that p < 0. The case p = 0 can be proved using the techniques in the proof of Theorem 5.1. The first step is to convert the tracking problem (r ≠ 0) into a stabilization problem (r = 0). By Lemma 3.15 there exists (x_r, u_r) ∈ D(Ã) so that r = C̃T̃_t(x_r, u_r) for all t ≥ 0. Therefore, setting K(γ) = log^p γ cos(log^q γ) and using (4.11), it follows that

e = rθ − y = Ψ̃_∞(x_r − x_0, u_r − u_0) − F̃_∞(K(γ)e) . (4.14)

The nonlinear closed-loop system given by (4.14) and (4.12) is in a form so that Proposition 2.4 is applicable. Let [0, τ ) be the maximal interval of existence for solutions (e, γ) of (4.14) and (4.12) as guaranteed by Proposition 2.4. We know that τ < ∞ only if lim_{t→τ} γ(t) = ∞. We will prove that γ(t) is bounded on [0, τ ).

Let (ρ_i)_{i∈N}, with ρ_0 ≥ γ_0, be a strictly increasing sequence converging to ∞ and satisfying

sign(G(0)) cos(log^q ρ_{2i}) = 1 and K(ρ_{2i+1}) = K(ρ_{2i})/2 , i = 0, 1, 2, . . . Choosing ρ_0 sufficiently large, it follows from Theorem 3.8 that the numbers k_i := K(ρ_i) are stabilizing gains for G̃(s) = (1/s)G(s), i.e. the integrators k_i/s stabilize G in the sense of Definition 3.1. Note that (ρ_i)_{i∈N} can be chosen so that |K(γ)| ∈ (|k2i|/2, |k2i|) and k2iK(γ) > 0 ∀ γ ∈ (ρ2i, ρ2i+1) and that |k_i| ↘ 0 as i → ∞.

Seeking a contradiction, suppose that γ(t) is unbounded on [0, τ ). Then we can find a sequence of times t_0 < t_1 < ... < τ with γ(t_i) = ρ_i.

We now use these observations combined with estimates we obtain from contractionmapping type arguments. Using (2.9b) on each interval [t_{2i}, t_{2i+1}] we can write the error e(·) as

L_{t2i} P_{t2i+1} e = Ψ̃^{ki}_{t2i+1−t2i} (x̃(t_{2i})) − F̃^{ki}_{t2i+1−t2i} (L_{t2i} P_{t2i+1} (K(γ) − k_i)e) , (4.15) where x̃(t) = T̃_t(x_r − x_0, u_r − u_0) − Φ̃_t(P_tK(γ)e) .

By using (2.8a) we can express x̃(t) as follows x̃(t) = T̃^{k0}_t (x_r − x_0, u_r − u_0) − Φ̃^{k0}_t (P_t(K(γ) − k_0)e) . (4.16) Using (2.7) and (2.8b), with u = 0 and K = k_0 − k_i, we obtain Ψ̃^ki_t z = Ψ̃^k0_t z − F̃^k0_t ((k_i − k_0)Ψ̃^ki_t z) ∀ t ≥ 0 , ∀ z ∈ X ×_R . (4.17) Now for all t ∈ [t_{2i}, t_{2i+1}] we have |K(γ(t)) − ki| ≤^{|ki|}_2 .

Moreover, ‖F̃^{ki}_∞‖ = ‖G̃^{ki} ‖_∞, and hence it follows from Proposition 3.9 that ‖F̃^{ki}_{t2i+1−t2i} ‖ ≤ ‖F̃^{ki}_∞‖ = 1 |k_i| , whilst ‖F̃^{k0}_t ‖ ≤ ‖F̃^{k0}_∞‖ = 1 |k_0| . Therefore integrating (4.15) from 0 to t_{2i+1} − t_{2i} and taking estimates we have ‖e‖_L2_{(t2i,t2i+1)} ≤ 1 1 − ‖F̃^{ki}_∞‖ ‖K(γ) − k_i‖_L1_{(t2i,t2i+1)} ‖Ψ̃^{ki}_{t2i+1−t2i} (x̃(t_{2i}))‖_L2_{(0,t2i+1−t2i)} ≤ 2‖Ψ̃^{ki}_{t2i+1−t2i} (x̃(t_{2i}))‖_L2_{(0,t2i+1−t2i)} . (4.18)

Since G̃^{ki} ∈ H^∞_− , an application of Theorem 3.13 yields that the closed-loop semigroup T̃^ki is exponentially stable. It follows that Ψ̃^ki_∞z ∈ L^2(_{R+},_R) for all z ∈ X ×_R. As a consequence, integrating in (4.17) from 0 to ∞ and taking estimates gives

‖Ψ̃^{ki}_∞(x̃(t_{2i}))‖_L2_{(0,∞)} ≤ 1 1 − ‖F̃^{k0}_∞‖|k_0 − k_i|

‖Ψ̃^{k0}_∞(x̃(t_{2i}))‖_L2_{(0,∞)} ≤ k_0 k_{2i} ‖Ψ̃^{k0}_∞(x̃(t_{2i}))‖_L2_{(0,∞)} . (4.19)

Combining (4.18) and (4.19) and using the definition of γ(t), we obtain √ ρ_{2i+1} − ρ_{2i} = ‖e‖_L2_{(t2i,t2i+1)} ≤ 2 k_0 k_{2i} ‖Ψ̃^{k0}_∞x̃(t_{2i})‖_L2_{(0,∞)} ≤ c_0 |k_{2i}| ‖x̃(t_{2i})‖ , (4.20)

where c_0 > 0 is a constant obtained from the exponential stability of the semigroup T̃^{k0} . Setting t = t_{2i} in (4.16) and taking estimates yields

‖x̃(t_{2i})‖ ≤ c_1 + c_2 √ ρ_{2i} − γ_0 , (4.21)

for suitable constants c_1 > 0 and c_2 > 0. Combining (4.20) and (4.21) and using the fact that k_{2i} = K(ρ_{2i}), we have √ ρ_{2i+1} − ρ_{2i} ≤ c_0

|K(ρ2i)|^{(c1 + c2√ρ2i − γ0) . (4.22)}

Now, by the mean value theorem, there exists ξ_{2i} ∈ (ρ_{2i}, ρ_{2i+1}) such that − 1 K^′(ξ2i)^{= ρ2i+1 − ρ2i}

K(ρ2i) − K(ρ2i+1)^{= 2 ρ2i+1 − ρ2i}K(ρ2i)^,

so that (4.22) becomes −K^3(ρ2i) 2K^′(ξ)^{≤ c0(c1 + c2√ρ2i − γ0) . (4.23)}

Using the specific form of K we have

K^′(ξ) =^{p cos(logq ξ) − q logq ξ sin(logq ξ)}

ξ log^{1−p} ξ , which on substituting in (4.23) and rearranging yields

1 ≤ 2 [ c_0(c_1 + c_2 √ ρ_{2i} − γ_0)

]_2 1

|K(ρ2i)|^{3 |p cos(log}

q ξ_{2i}) − q log^q ξ_{2i} sin(log^q ξ_{2i})| ξ_{2i} log^{1−p} ξ_{2i}

. (4.24)

Using the fact that K(ρ_{2i}) = | log^p ρ_{2i}|, and gathering dominant terms in (4.24) leads to

1 ≤ c_3 ( |p|(log ρ_{2i})^{−2p−1} + q(log ρ_{2i})^{−2p+q−1} ) (4.25)

for some constant c_3 > 0. But p < 0 < q and q − 2p < 1 so that the right-hand side of (4.25) approaches zero for ρ_{2i} → ∞, which is in contradiction to (4.25). Hence γ(·) is bounded which establishes statements (i) and (iii). Boundedness of x̃(t) and therefore part (ii) follows directly from (4.16), the exponential stability of T̃^{k0} and statements (i) and (iii).

To prove the last statement in the theorem let (x_0, u_0) ∈ D(Ã). Then x̃_0 := (x_r − x_0, u_r − u_0) ∈ D(Ã), and from (4.14) and (2.8b) we obtain

e(t) = C̃^{k0}T̃^{k0}_t x̃_0 − (F̃^{k0}_∞[(K(γ) − k_0)e])(t) ∀ t ≥ 0 . (4.26)

By Lemma 3.10, x̃_0 ∈ D(Ã^{k0} ), and hence it follows from the exponential stability of the semigroup T̃^{k0} that the first term on the right-hand side of (4.26) tends exponentially to 0 as t → ∞. In order to show that the second term converges to 0 as t → ∞ set v(t) = (K(γ(t)) − k_0)e(t), and realize that, by statements (i) and (iii), v ∈ L^2(R_+, R) . Clearly, (L(F̃^{k0}_∞v))(s) = G̃(s)(1 + k_0G̃(s))^{−1}(Lv)(s) = G̃^{k0} (s)(Lv)(s) .

Since |k_0| is sufficiently small, it follows from Theorem 3.8 that G̃^{k0} ∈ H^2_− (note that using the notation in Theorem 3.8 we have G̃^{k0} = GE_{k0} ). Therefore, by the Paley-Wiener theorem, F̃^{k0}_∞ is a convolution operator with L^2-kernel. Now it is well-known that the convolution of two functions belonging to L^2(R_+, R) converges to 0 as t → ∞, and hence lim_{t→∞}(F̃^{k0}_∞v)(t) = 0. Finally, if C is bounded, then C̃ is bounded, i.e. C̃ ∈ L(X × R, R). Furthermore, by Proposition 3.11, C̃^{k0} = C̃, and therefore the first term on the right-hand side of (4.26) converges (exponentially) to 0 as t → ∞ for all (x_0, u_0) ∈ X × R. 2

Notice that the condition (x_0, u_0) ∈ D(Ã) in statement (iv) of Theorem 4.4 required in proving that lim_{t→0} e(t) = 0, is system dependent. This is a little disturbing since, from the outset, we assume that the specific system to be controlled is unknown. However, in most cases, the initial states will be sufficiently smooth so that the condition (x_0, u_0) ∈ D(Ã) is satisfied. Notice that if (x_0, u_0) ∉ D(Ã), then e(·) will in general not make sense pointwise and cannot be expected to converge to 0 in the usual sense (see however Remark 3.14).

Note that in the infinite-dimensional case the tuning function K(γ) decays to 0 like a fractional power of log γ as γ → ∞, whereas in the finite-dimensional case it decays to 0 like a fractional power of γ. However, in the case when sign G(0) is known we can use tuning functions which decay to 0 like a fractional power, although more slowly than in the finite-dimensional case.

Proposition 4.5 Suppose that the conditions of Theorem 4.4 hold and that additionally G(0) > 0. If

u(t) = u_0 + ∫_t 0 γ^{−p}(ξ)e(ξ) dξ , (4.27) γ̇(t) = e^2(t) , γ(0) = γ_0 > 0 , (4.28)

and 0 < p < 1/2, then the conclusions of Theorem 4.4 hold.

Proof: It is sufficient to show that γ(·) is bounded. Let [0, τ ) be the maximal interval of existence. If γ(·) is unbounded on [0, τ ), then there exists t_1 ≥ 0 such that with γ_1 = γ(t_1), k_1 = γ^{−p}_1 is a stabilizing gain. For any t ∈ (t_1, τ ) we have, as in the proof of Theorem 4.4, that on [t_1, t] L_{t1} P_te = Ψ̃^{k1}_{t−t1}(x̃(t_1)) − F̃^{k1}_{t−t1} (L_{t1} P_t(K(γ) − k_1)e) . (4.29)

We can assume that k_1 is small enough so that, using Proposition 3.9 and estimating, we obtain √ γ(t) − γ_1 ≤ cγ^p(t) for some c > 0 and all t ∈ [t_1, τ ). This inequality clearly contradicts the unboundedness of γ(·) and the assumption that p < 1/2. 2

5. Adaptive low-gain control of multivariable systems

In this section we consider the adaptive low-gain tracking problem, for regular systems with square m × m transfer functions G(s). Whereas in Section 4 we could exploit Proposition 3.9, i.e. the fact that for all gains k having the “correct” sign and with |k| sufficiently small, ‖G̃^k‖_∞ = 1/|k|, in the multivariable case we no longer have this result. Indeed, in general ‖G̃^k‖_∞ > 1/|k|.^† To overcome this problem we do not use a tuning function K reflecting the low-gain nature of the problem in the sense that lim_{γ→∞} K(γ) = 0, but resort instead to a gain which oscillates smoothly between 0 and 2 (in fact, 2 could be replaced by any positive number δ).

As in the previous sections let u(·) and y(·) denote the plant input and plant output, respectively, and set e(·) = r − y(·), where r ∈ R^m is a demand vector. Modulo certain

† By slight abuse of notation we write G̃^k instead of G̃^{kI} , T̃^k instead of T̃^{kI} etc.

technicalities involving “spectrum unmixing” of G(0) (to be made precise) we show that

u(t) = u_0 + ∫_t 0 [1 + cos(log^q γ(ξ))]e(ξ) dξ , where 0 < q < 1 , (5.1) γ̇(t) = ‖e(t)‖^2 , γ(0) = γ_0 (5.2) is a universal adaptive tracking controller.

We assume throughout that Σ_{plant} is a m-input m-output, exponentially stable, regular system given by (2.1). We will consider two cases. In the first one we assume that the spectrum of G(0) is unmixed in the sense that σ(G(0)) ⊂ C_0 . In the second case the a priori knowledge about G(0) only guarantees that G(0) is invertible.

Theorem 5.1 Assume that σ(G(0)) ⊂ C_0 . Let r ∈ R^m be an arbitrary demand vector. If u(t) is given by (5.1), with gain adaptation (5.2), then for each (x_0, u_0) ∈ X × R^m and γ_0 > 1 we have

(i) lim_{t→∞} γ(t) = γ_∞ < ∞, (ii) ‖x(t)‖ and ‖u(t)‖ remain bounded as t → ∞, (iii) e(·) ∈ L^2(R_+, R^m).

Moreover, if (x_0, u_0) ∈ D(Ã), then lim_{t→∞} y(t) = r . (5.3)

If the observation operator C is bounded, then (5.3) holds for all (x_0, u_0) ∈ X × R^m.

In the proof of this result we do not have to be so careful with the estimates, since we only need to work in a neighbourhood of a stabilizing integral gain and do not need to account for the possibility of the feedback gain approaching 0.

Proof: The first step is to convert the tracking problem (r ≠ 0) into a stabilization problem (r = 0). Let r ∈ R^m, (x_0, u_0) ∈ X × R^m be given and set K(γ) := 1 + cos(log^q γ(t)). By Lemma 3.15 there exists x̃_0 ∈ X × R^m such that e = Ψ̃_∞x̃_0 − F̃_∞(K(γ)e) . (5.4) Moreover, if (x_0, u_0) ∈ D(Ã), then x̃_0 ∈ D(Ã). The closed-loop system given by (5.4) and (5.2) is in a form so that Proposition 2.4 is applicable.

By Theorem 3.8 there exists k ∈ (0, 1) for which G̃^k ∈ H^∞_−^{m×m}. Consequently, by Theorem 3.13, T̃^k is an exponentially stable semigroup on X × R^m. As in the singleinput single-output case, seeking a contradiction, suppose that γ(t) is unbounded on the maximal interval of existence [0, τ ). To this end choose ε ∈ (0, k) such that k + ε < 1 and let (ρ_i)_{i∈N} be a sequence with ρ_i ↗ ∞ , ρ_0 ≥ γ_0 , K(ρ_{2i}) = k − ε , K(ρ_{2i+1}) = k + ε , and such that K(γ) ∈ (k − ε, k + ε) ∀ γ ∈ (ρ2i, ρ2i+1) . Exploiting the unboundedness of γ(t) we can find a sequence of times t_0 < t_1 < . . . < τ so that γ(t_i) = ρ_i. Using (2.9b) we obtain

L_{t2i} P_{t2i+1} e = Ψ̃^k_{t2i+1−t2i}x̃(t_{2i}) − F̃^k_{t2i+1−t2i} (L_{t2i} P_{t2i+1} (K(γ) − k)e) , (5.5)

where x̃(t) = T̃_tx̃_0 − Φ̃_tP_tK(γ)e .

Integrating from 0 to t_{2i+1} − t_{2i} in (5.5) and taking estimates yields ‖e‖_L2_{(t2i,t2i+1)} ≤ 1 1 − ‖F̃^k_∞‖‖K(γ) − k‖_L1_{(t2i,t2i+1)} ‖Ψ̃^k_∞x̃(t_{2i})‖_L2_{(0,∞)}

≤ c_0‖x̃(t_{2i})‖ (5.6)

for some suitable c_0 > 0, provided that ε is small enough (for example ‖F̃^k_∞‖ε = 1/2).

Applying the input-state variation of parameters formula (2.8a) to Σ̃ with K = kI and

u = K(γ)e it follows from the exponential stability of^~T^k and (5.2) that

‖x̃(t_{2i})‖ ≤ c_1 + c_2 √ ρ_{2i} − γ_0 , (5.7)

for some constants c_1 > 0 and c_2 > 0. Combining (5.6) and (5.7) we have √ ρ_{2i+1} − ρ_{2i} ≤ c_0(c_1 + c_2 √ ρ_{2i} − γ_0) . (5.8)

Clearly, ρ_{2i+1} − ρ_{2i} = 2ε/K^′(ξ_{2i}) for some ξ_{2i} ∈ (ρ_{2i}, ρ_{2i+1}). Combining this with (5.8) leads to 1 ≤ 1 2ε [c_0(c_1 + c_2 √ ρ_{2i} − γ_0)]^2K^′(ξ_{2i}) . (5.9) Now K^′(ξ) = −q sin(log^q ξ)(log^{q−1} ξ)/ξ,

and 0 < q < 1, and we see that the right-hand side of (5.9) converges to 0 as i → ∞, which yields a contradiction. It follows that γ(·) is bounded, showing that (i) and (iii) hold true. The remaining claims follow readily using the same techniques as in the proof of Theorem 4.4. 2 Specialized to the single-input single-output case with G(0) > 0, it is natural to compare the control law in Theorem 5.1 to the one in Proposition 4.5. Intuitively it should have advantages to use the controller in Proposition 4.5, since in this case the gain passes rapidly into the “correct” parameter region once and remains there, whereas the gain in the controller in Theorem 5.1 oscillates slowly and may pass in and out of the “correct” region several times before converging Moreover, small output disturbances could lead to further cycles in the gain adaptation.

In Theorem 5.1 we assumed that σ(G(0)) ⊂ C_0 . We now consider the case when we know only that det G(0) ≠ 0. In the context of high-gain adaptive stabilization Mårtensson [21, 22] has shown that there exists a finite set {Γ_1, ..., Γ_ℓ} so that given any invertible m × m matrix M there exists ν ∈ {1, 2, . . . , ℓ} such that σ(MΓ_ν ) ⊂ C_0 . We now use this result in order to unmix the spectrum of G(0). Consider the feedback law

u(t) = u_0 + ∫_t 0 [1 + cos(log^q γ(ξ))]Γ_{S(γ(ξ))}e(ξ) dξ , (5.10)

where 0 < q < 1 and

S(γ) = j if (2π)^{−1} log^q γ ∈ [pℓ + j, pℓ + j + 1) for some p ∈ N.

Notice that the feedback gain matrix in (5.10) is piecewise smooth, but discontinuous whenever (2π)^{−1} log^q γ takes on integer values, so that Proposition 2.4 is no longer valid. However, these discontinuities in the gain are easily handled by a minor modification to the proof of Proposition 2.4.

Theorem 5.2 Assume that det G(0) ≠ 0. Let r ∈ R^m be an arbitrary demand vector. If u(t) is given by (5.10), with adaptation (5.2), then for each (x_0, u_0) ∈ X × R^m and γ_0 > exp(^q √ 2π) we have^†

(i) lim_{t→∞} γ(t) = γ_∞ < ∞,

(ii) ‖x(t)‖ and ‖u(t)‖ remain bounded as t → ∞,

(iii) e(·) ∈ L^2(R_+, R^m).

Moreover, if (x_0, u_0) ∈ D(Ã), then (5.3) holds. If the control operator C is bounded, then (5.3) holds for all (x_0, u_0) ∈ X × R^m.

Proof: Let ν ∈ {1, 2, . . . , ℓ} be such that σ(G(0)Γ_ν ) ∈ C_0 . By Theorem 3.8 there exists k ∈ (0, 1) such that the integrator (k/s)Γ_ν stabilizes G. Consequently, by Theorem 3.13, the semigroup T̃^{kΓν} is exponentially stable. As in the proof of Theorem 5.1 set

K(γ) = 1 + cos(log^q γ). By Lemma 3.15 there exists x̃0 ∈ X × R^m such that

e = Ψ̃_∞x̃_0 − F̃_∞(K(γ)Γ_{S(γ)}e) . (5.11)

Let [0, τ ) be the maximal interval of existence for the solution (e, γ) of the closed-loop system given by (5.11) and (5.2). Seeking a contradiction, suppose that lim_{t→τ} γ(t) = ∞. Choose ε ∈ (0, k) such that ε + k < 1. Then there exists a sequence 0 ≤ t_0 < t_1 < . . . < τ with

K(γ(t2i)) = k − ε , K(γ(t2i+1)) = k + ε ,

† Notice that S(γ) is only defined for γ ≥ exp(^q √ 2π).

and such that K(γ(t)) ∈ (k − ε, k + ε) and S(γ(t)) = ν ∀ t ∈ [t2i, t2i+1] . As in the proof of Theorem 5.1, we can use (2.9b) to obtain

L_{t2i} P_{t2i+1} e = Ψ̃^{kΓν}_{t2i+1−t2i}x̃(t_{2i}) − F̃^{kΓν}_{t2i+1−t2i} (L_{t2i} P_{t2i+1} (K(γ) − k)Γ_ν e) .

The remainder of the proof follows closely that of Theorem 5.1 and is omitted. 2

The control law given by (5.10) and (5.2) depends cruically on the unmixing set {Γ_1, Γ_2, . . . , Γ_ℓ}. Clearly, if m = 1, then {1, −1} is an unmixing set. For the case m = 2 an unmixing set of cardinality 6 is given in Mårtensson [21, 22]. Zhu [51] has constructed an unmixing set having cardinality 32 for the case m = 3. Unfortunately, the cardinality of the unmixing sets given by the general construction in [22] is far too large than would be convenient for applications.

6. Examples and Simulations

The results of Sections 3–5 apply to the general class of regular linear systems. For the purpose of illustration we consider two simple examples – finite-dimensional systems with output delays and a damped wave equation in a single spatial variable with boundary control and observation. In all of the simulations we used Matlab. Also the reference signals to be tracked are always stepped with non-zero step time.

Example 6.1 Systems with output delays

We consider a class ẋ(t) = Ax(t) + Bu(t) , y(t) = Cx(t − h) (6.1) of systems with output delay, where A ∈ R^{n×n}, B ∈ R^{n×m}, C ∈ R^{m×n} and h > 0. The system (6.1) can be represented as a so-called Pritchard-Salamon system with state space Rn × L^2(−h, 0; R^n), see e.g. Pritchard and Salamon [35, 36]. Since Pritchard-Salamon systems are regular in the sense of Section 2, it follows that the results of Sections 3-5 can be applied to (6.1), provided that σ(A) ⊂ C_0 and det CA^{−1}B ≠ 0. We consider two particular cases.

(a) m = 1, n = 2 and A = ( 0 1 −2 −3 ) , B = ( 0 1 ) , C = (1, 0) .

Figure 6.1: Tolerable delay as a function of k

If h = 0, then u̇ = −ky stabilizes (6.1) for all k ∈ (0, 6). Using a stability window analysis, Walton and Marshall [43], we can compute for each k ∈ (0, 6) the range of h ∈ (0, h(k)) for which u̇ = −ky stabilizes (6.1).

Figure 6.2: Simulation with K(γ) = γ^{−0.4}

In Figure 6.1 h(k) is plotted against k for k in the range (0, 6). Figure 6.2 shows a plot of y(t), r(t) and K(γ(t)) against t for (4.27) with p = −0.4 when h = 4, x(0) = (−1 3)^T , u(0) = −1 and y(t) = −4 for t < 0. Note in this case that the integrator gain can take values in (0, 0.6) and that K(γ(∞)) = 0.07.

(b) m = 2, n = 3 and

A = 0 1 0 0 0 1 −6 −11 −6 , B = 0 0 1 0 0 1 , C = ( 1 0 0 0 1 0 ) .

In this case we have a two-input two-output system. Moreover,

G(0) = [ 3 0.1667 0 1 ] . so that σ(G(0)) ⊂ C_0 . We assume that this knowledge is available and use (5.1) with q = 0.95.

Figure 6.3 shows plots of y(t), r(t) and K(γ(t)) for the case h = 0.5 with y(·) = 0 on [−0.5, 0), x(0) = (0.4, 0.3, 0.25)^T and u(0) = (1.5, 1)^T . 3

Figure 6.3: Simulation with K(γ) = 1 + cos(log^{0.95} γ)

Example 6.2 A wave equation with boundary control and observation

We consider the damped wave equation

∂^2w ∂t^2 (z, t) = ∂^2w ∂z^2 (z, t) − 2a ∂w ∂t (z, t) − a^2w(z, t) , t > 0 , z ∈ (0, 1) , (6.2) with boundary conditions

w(0, t) = 0 , ∂w ∂z (1, t) = u(t) , and boundary observation y(t) = ∂w ∂t (1, t) + bw(1, t) , where a > 0 and b ≠ 0. This system has a regular, exponentially stable realization on the state space X = {x = [x_1, x_2]^T ∈ H^1[0, 1] ⊕ L^2[0, 1] | x_1(0) = 0}.

Moreover G(0) = b sinh(a) a cosh(a)

≠ 0. For purposes of illustration we assume that sign (G(0)) is unknown so that we use (4.11) with p = 0 and q = 0.9.

Figure 6.4 shows y(t), r(t) and K(γ(t)), whilst Figure 6.5 shows y(t), r(t) and K(γ(t)) when the sign of G(0) is switched (by replacing u(t) with −u(t)), with zero initial conditons. 3

Figure 6.4: Simulation with K(γ) = cos(log^{0.9} γ) and G(0) > 0 37

Figure 6.5: Simulation with K(γ) = cos(log^{0.9} γ) and G(0) < 0

7. Concluding Remarks

In this paper we have obtained results on non-adaptive and adaptive low-gain control of square regular systems for tracking step reference signals. It is possible to extend the results to non-square systems and sinusoidal reference signals. Finally, in [16] we have obtained discrete-time versions of the results in Sections 3 and 4, with applications to sampled-data control of Pritchard-Salamon systems and regular systems.

Appendix

Proof of Proposition 2.4

For a < b ≤ ∞ we define L(a, b) := L^2(a, b; R^m) × L^∞(a, b; R), and L_{loc}(a, ∞) := L^2_{loc}(a, ∞; R^m) × L^∞_{loc}(a, ∞; R). We define a norm on L(a, b) by setting ‖(f_1, f_2)‖_{(a,b)} := ‖f_1‖_L2_{(a,b)} + ‖f_2‖_L1_{(a,b)}. In order to prove Proposition 2.4 we shall first consider an initial value problem which contains (2.11) as a special case.

Let T ≥ 0, (y^0, γ^0) ∈ L_{loc}(T, ∞) and (f, g) ∈ L(0, T ) be given, and suppose that F ∈ L^1_{loc}(R_+, R^{m×m}) and K : R → R is a locally Lipschitz function. For τ > T define the operator N_τ : L(0, τ ) → L(0, τ ) by

N_τ ( y γ ) (t) = ( f(t) g(t) ) , t ∈ [0, T ] , (A.1a)

N_τ ( y γ ) (t) = ( y^0(t) γ^0(t) ) + ∫_t 0 ( F (t − ξ) 0 0 1 ) (K(γ(ξ))y(ξ) ‖y(ξ)‖^2 ) dξ , t ≥ T . (A.1b) For ρ > 0 and τ > T , let B_{ρ,τ} denote the closed ball in L(T, τ ) of radius ρ with center in (y^0|_{[T,τ ]}, γ^0|_{[T,τ ]} + ‖f‖^2_L2_{(0,T )}). Finally define Mρ,τ := {(y, γ) ∈ L(0, τ ) | (y, γ)|[T,τ ] ∈ Bρ,τ , (y, γ)|[0,T ] = (f, g)} . Endowed with the metric

d[(y_1, γ_1), (y_2, γ_2)] = ‖(y_1 − y_2, γ_1 − γ_2)‖_{(T,τ )} = ‖(y_1 − y_2, γ_1 − γ_2)‖_{(0,τ )} ,

Mρ,τ becomes a complete metric space.

The following lemma will be the key tool for the proof of Proposition 2.4. Lemma A.1 Let ρ ∈ (0, 1/2). Then there exists a T^∗ > T such that for all τ ∈ (T, T^∗) the operator N_τ is a contraction on M_{ρ,τ} , i.e. (i) N_τ M_{ρ,τ} ⊂ M_{ρ,τ} and (ii) there exists δ_τ ∈ (0, 1) such that for all (y_1, γ_1), (y_2, γ_2) ∈ M_{ρ,τ} ‖N_τ (y_1, γ_1) − N_τ (y_2, γ_2)‖_{(T,τ )} ≤ δ_τ ‖(y_1, γ_1) − (y_2, γ_2)‖_{(T,τ )} .

In particular, for all τ as above, N_τ has a unique fixed point in M_{ρ,τ} . Proof: Let Π_i, i = 1, 2, denote the operator on L(0, τ ) defined by Π_i(f_1, f_2) = f_i, and let τ^∗ > T be fixed.

(i) Setting η(t) := ∫_T 0 F (t − ξ)K(g(ξ))f(ξ) dξ, it is clear that η ∈ L^2_{loc}(R_+, R^m). For all τ ∈ (T, τ^∗) and all (y, γ) ∈ M_{ρ,τ} it follows that

‖Π_1N_τ (y, γ) − y^0‖^2_L2_{(T,τ )} = ∫_τ T ‖η(t) + ∫_t 0 (P_{τ −T} F )(t − ξ)[(I − P_T )K(γ)y](ξ) dξ‖^2 dt ≤ 2 ( ‖η‖^2_L2_{(T,τ )} + ( ∫_τ 0 ‖(P_{τ −T} F )(ξ)‖ dξ)^2 ∫_τ T ‖K(γ(ξ))y(ξ)‖^2 dξ^) ≤ 2 ( ‖η‖^2_L2_{(T,τ )} + K^2( ∫_{τ −T} 0 ‖F (ξ)‖ dξ)^2(ρ^2 + ∫_τ T ‖y^0(ξ)‖^2 dξ) ) , (A.2)

where K > 0 is such that |K(κ)| ≤ K for all κ ∈ R with |κ| ≤ ρ+‖γ^0‖_L1_{(T,τ} �_) +‖f‖^2_L2_{(0,T )}. It follows from (A.2) that there exists T_1 ∈ (T, τ^∗) such that for all (y, γ) ∈ M_{ρ,τ} and for all τ ∈ (T, T_1) ‖Π_1N_τ (y, γ) − y^0‖^2_L2_{(T,τ )} ≤ ρ^2 4 (A.3)

Moreover, we have that for (y, γ) ∈ M_{ρ,τ}

‖Π_2N_τ (y, γ) − γ^0(·) − ‖f‖^2_L2_{(0,T )}‖_L1_{(T,τ )} = ∫_τ T ‖y(ξ)‖^2 dξ ≤ ρ^2 + ‖y^0‖^2_L2_{(T,τ )} . (A.4) Since ρ < 1/2, it follows that ρ^2 < ρ/2, and hence we obtain using (A.4) that there exists T_2 > T such that for all (y, γ) ∈ M_{ρ,τ} and for all τ ∈ (T, T_2) ‖Π_2N_τ (y, γ) − γ^0(·) − ‖f‖^2_L2_{(0,T )}‖_L1_{(T,τ )} < ρ 2 . (A.5) Combining (A.3) and (A.5), we see that N_τ M_{ρ,τ} ⊂ M_{ρ,τ} ∀ τ ∈ (T, min(T_1, T_2)) . (A.6) (ii) For any τ ∈ (T, τ^∗) and any (y_1, γ_1), (y_2, γ_2) ∈ M_{ρ,τ} the following estimates hold ‖Π_1N_τ (y_1, γ_1) − Π_1N_τ (y_2, γ_2)‖^2_L2_{(T,τ )} = ∫_τ 0 (∫_t 0 (P_{T −τ} F )(t − ξ)(K(γ_1(ξ))y_1(ξ) − K(γ_2(ξ))y_2(ξ)) dξ

)_2 dt ≤ (∫_τ 0 ‖(P_{τ −T} F )(ξ)‖ dξ )_2 ∫_τ 0 ‖K(γ1(ξ))y1(ξ) − K(γ1(ξ))y2(ξ) + K(γ1(ξ))y2(ξ) − K(γ2(ξ))y2(ξ)‖^2 dξ ≤ 2 (∫_{τ −T} 0 ‖F (ξ)‖ dξ )_2 (

K^2 ∫_τ T ‖y_1(ξ) − y_2(ξ)‖^2 dξ + L^2( ∫_τ 0 ‖y_2(ξ)‖^2 dξ)‖γ_1 − γ_2‖^2_L1_{(T,τ )} ) , (A.7) where we have chosen K > 0 and L > 0 in such way that for all real numbers κ, κ_1 and κ_2 with |κ|, |κ_1|, |κ_2| ≤ max(‖g‖_L1_{(0,T )}, ρ + ‖γ^0‖_L1_{(T,τ} �_) + ‖f‖^2_L2_{(0,T )}) K(κ) ≤ K and |K(κ1) − K(κ2)| ≤ L|κ1 − κ2| . Realizing that ∫_τ 0 ‖y_2(ξ)‖^2 dξ ≤ ‖f‖^2_L2_{(0,T )} + ‖y^0‖^2_L2_{(T,τ )} + ρ^2 , it follows from (A.7) that there exists M > 0 such that for all τ ∈ (T, τ^∗) and all (y_1, γ_1), (y_2, γ_2) ∈ M_{ρ,τ}

‖Π_1N_τ (y_1, γ_1) − Π_1N_τ (y_2, γ_2)‖^2_L2_{(T,τ )} ≤ M (∫_{τ −T} 0 ‖F (ξ)‖ dξ)^2(‖y_1 − y_2‖^2_L2_{(T,τ )} + ‖γ_1 − γ_2‖^2_L1_{(T,τ )} ) . Defining δ^′_τ := √ M ∫_{τ −T} 0 ‖F (ξ)‖ dξ , (A.8) we obtain that for all τ ∈ (T, τ^∗) and all (y_1, γ_1), (y_2, γ_2) ∈ M_{ρ,τ}

‖Π_1N_τ (y_1, γ_1) − Π_1N_τ (y_2, γ_2)‖_L2_{(T,τ )} ≤ δ^′_τ (‖y_1 − y_2‖_L2_{(T,τ )} + ‖γ_1 − γ_2‖_L1_{(T,τ )}) . (A.9)

Furthermore, we have that for all (y_1, γ_1), (y_2, γ_2) ∈ M_{ρ,τ}

‖Π_2N_τ (y_1, γ_1) − Π_2N_τ (y_2, γ_2)‖_L1_{(T,τ )} = sup_{t∈[T,τ ]} | | | | ∫_t T ‖y_1(ξ)‖^2 dξ − ∫_t T ‖y_2(ξ)‖^2 dξ | | | | ≤ ∫_τ T (‖y_1(ξ)‖ + ‖y_2(ξ)‖)‖y_1(ξ) − y_2(ξ)‖ dξ

≤ (‖y_1‖_L2_{(T,τ )} + ‖y_2‖_L2_{(T,τ )})‖y_1 − y_2‖_L2_{(T,τ )} ≤ 2(ρ + ‖y^0‖_L2_{(T,τ )})‖y_1 − y_2‖_L2_{(T,τ )} . (A.10)

Setting δ^{′′}_τ := 2(ρ + ‖y^0‖_L2_{(T,τ )}) , (A.11)

it follows from (A.10) that for all (y_1, γ_1), (y_2, γ_2) ∈ M_{ρ,τ}

‖Π_2N_τ (y_1, γ_1) − Π_2N_τ (y_2, γ_2)‖_L1_{(T,τ )} ≤ δ^{′′}_τ ‖y_1 − y_2‖_L2_{(T,τ )} . (A.12)

Clearly, since ρ < 1/2 and by (A.8) and (A.11), there exists T_3 ∈ (T, τ^∗), such that δ_τ := max(δ^′_τ , δ^{′′}_τ ) < 1 for all τ ∈ (T, T_3). Setting T^∗ = min(T_1, T_2, T_3), we see that T^∗ > T , δ_τ < 1 for all τ ∈ (T, T^∗), and moreover, by (A.6), (A.9) and (A.12), we have that for all τ ∈ (T, T^∗) and all (y_1, γ_1), (y_2, γ_2) ∈ M_{ρ,τ}

N_τ M_{ρ,τ} ⊂ M_{ρ,τ} , ‖N_τ (y_1, γ_1) − N_τ (y_2, γ_2)‖_{(T,τ )} ≤ δ_τ ‖(y_1, γ_1) − (y_2, γ_2)‖_{(T,τ )} .

Finally, it follows from Banach’s contraction mapping theorem that for all τ as above N_τ has a unique fixed point in M_{ρ,τ} . 2

Proof of Proposition 2.4: We proceed in several steps.

Step 1 (Existence and uniqueness on a small interval) An application of Lemma A.1 to the case where T = 0, y^0 = Ψ_∞x_0, γ^0(t) ≡ γ_0 and F = −L^{−1}G shows that for all sufficiently small τ > 0 the operator N_τ has a unique fixed point in M_{ρ,τ} , and hence, that there exists τ^∗ > 0 such that (2.11) has a unique solution (y^∗, γ^∗) on [0, τ^∗).

Step 2 (Continuation of solutions) If ‖y^∗‖_L2_{(0,τ} �_) = ∞, then τ_{max} = τ^∗ and (y_{max}, γ_{max}) = (y^∗, γ^∗), and we are done. So, let us suppose that ‖y^∗‖_L2_{(0,τ} �_) < ∞. We claim that then the solution (y^∗, γ^∗) can be extended beyond τ^∗. To this end we apply Lemma A.1 to the case where T = τ^∗, (f, g) = (y^∗, γ^∗), y^0 = (Ψ_∞x_0)|_{[τ} �_{,∞)}, γ^0(t) ≡ γ_0 and F = −L^{−1}G. It follows that there exist τ^{∗∗} > τ^∗ and (y^{∗∗}, γ^{∗∗}) ∈ L_{(0,τ} �_) such that (y^{∗∗}, γ^{∗∗})|_{[0,τ} �_] = (y^∗, γ^∗), and moreover (y^{∗∗}, γ^{∗∗}) solves (2.11) on [0, τ^{∗∗}).

Step 3 (Extended uniqueness) Let (y_1, γ_1) and (y_2, γ_2) be two solutions of (2.11) on [0, τ_1) and [0, τ_2), respectively, where τ_2 ≥ τ_1 > 0. We claim that

(y_2(t), γ_2(t)) = (y_1(t), γ_1(t)) for a. e. t ∈ [0, τ_1) . (A.13)

For τ ∈ [0, τ_1) define

Ω_τ := {t ∈ [0, τ ] | (y_1(t), γ_1(t)) ≠ (y_2(t), γ_2(t))} ,

and set τ̂ := inf{τ ∈ [0, τ_1) | ˘(Ω_τ ) > 0} ,

where ˘ denotes the Lebesgue measure. It is clear that (A.13) is equivalent to τ̂ = τ_1. Seeking a contradiction, assume that τ̂ < τ_1. Let t_n ∈ (0, τ̂ ) with lim_{n→∞} t_n = τ̂ (recall that by Step 1, τ̂ > 0). Obviously,

Ω_{τ̂} \ {τ̂ } = ⋃ n∈N Ω_{tn} . Now ˘(Ωt_n ) = 0 for all n ∈ N, and thus ˘(Ωτ̂ ) = 0, which inturn implies that for a. e. t ∈ [0, τ̂ ] (y_1(t), γ_1(t)) = (y_2(t), γ_2(t)) =: (ŷ(t), γ̂(t)) .

An application of Lemma A.1 to the case where T = τ̂ , (f, g) = (ŷ, γ̂), y^0 = (Ψ_∞x_0)|_{[τ̂,∞)}, γ^0(t) ≡ γ_0 and F = −L^{−1}G shows that there exists t^∗ ∈ (τ̂ , τ_1) such that the operator N_t� has a unique fixed point in M_{ρ,t}�. Since the restrictions of (y_1, γ_1) and of (y_2, γ_2) to [0, t^∗] are both fixed points of N_t�, we see that (y_1, γ_1)|_{[0,t}�_] = (y_2, γ_2)|_{[0,t}�_], which is in contradiction to the definition of τ̂ .

Step 4 (Existence of a maximal solution) Define

T := {τ > 0 | (2.11) has a solution on [0, τ )} .

Set τ_{max} := sup T and let τ_n ∈ T such that τ_n ↗ τ_{max} as n → ∞. Let (y_n, γ_n) denote the unique (by Step 3) solution of (2.11) on [0, τ_n). Using again Step 3 it is clear that (y_n, γ_n)_{[0,τm]} = (y_m, γ_m) for all m, n ∈ N with n > m. Therefore, we obtain a well-defined function (y_{max}, γ_{max}) on [0, τ_{max}) by setting (y_{max}(t), γ_{max}(t)) = (y_n(t), γ_n(t)) if t ∈ [0, τ_n) . By construction (y_{max}, γ_{max}) is a solution of (2.11) on [0, τ_{max}), which, by Step 3, is unique. Finally, it follows from Step 2 and the definition of τ_{max} that τ_{max} < ∞ =⇒ ∫_{τmax} 0 ‖y_{max}(ξ)‖^2 dξ = ∞ . 2 References

[1] P.A. Cook. Controllers with universal tracking properties, Proc. of Int. IMA Conf. on Control: Modelling, Computation, Information, Manchester, 1992.

[2] G.W.M. Coppus, S.L. Sha and R.K. Wood. Robust multivariable control of a binary distillation column, IEE Proceedings, Pt. D 130 (1983), 201–208.

[3] R.F. Curtain, H. Logemann, S. Townley and H. Zwart. Well-posedness, stabilizability and admissibility for Pritchard-Salamon systems, Mathematical Systems, Estimation and Control, to appear.

[4] E.J. Davison. Multivariable tuning regulators: the feedforward and robust control of a general servomechanism problem, IEEE Tans. Auto. Control 21 (1976), 35–47

[5] P. Grosdidier, M. Morari and B.R. Holt. Closed-loop properties from steady-state gain information, Ind. Eng. Chem. Fundam. 24 (1985), 221–235.

[6] D. Hinrichsen and A.J. Pritchard. Stability radius for structured perturbations and the algebraic Riccati equation, Systems & Control Letters 8 (1986), 105–113.

[7] A. Ilchmann. Non-Identifier-Based High-Gain Adaptive Control, Springer-Verlag, London, 1993.

[8] T.T. Jussila and H.N. Koivo. Tuning of multivariable PI-controllers for unknown delaydifferential systems, IEEE Trans. Auto. Control 32 (1987), 364–368.

[9] H.N. Koivo and S. Pohjolainen. Tuning of multivariable PI-controllers for unknown systems with input delay, Automatica 21 (1985), 81–91.

[10] H. Logemann. Adaptive exponential stabilization for a class of nonlinear retarded processes, Mathematics of Control, Signals, and Systems 3 (1990), 255–269.

[11] H. Logemann, J. Bontsema and D.H. Owens. Low-gain control of distributed parameter systems with unbounded control and observation, Control–Theory and Advanced Technology 4 (1988), 429–446.

[12] H. Logemann and A. Ilchmann. An adaptive servomechanism for a class of infinitedimensional systems, SIAM J. Control & Opt. 32 (1994), 917–936.

[13] H. Logemann and B. Mårtensson. Adaptive stabilization of infinite-dimensional systems, IEEE Trans. Auto. Control 37 (1992), 1869–1883.

[14] H. Logemann and D.H. Owens. Input-output theory of high-gain adaptive stabilization of infinite-dimensional systems with nonlinearities, Int. J. Adaptive Control and Signal Processing 2 (1988), 193–216.

[15] H. Logemann and D.H. Owens. Low-gain control of unknown infinite-dimensional systems:

a frequency-domain approach, Dynamics and Stability of Systems 4 (1989), 13–29.

[16] H. Logemann and S. Townley. Discrete-time low-gain control of uncertain infinitedimensional systems, in preparation.

[17] H. Logemann and H. Zwart. Some remarks on adaptive stabilization of infinite-dimensional systems, Systems & Control Letters 16 (1991), 199–207.

[18] J. Lunze. Determination of robust multivariable I-controllers by means of experiments and simulation, Syst. Anal. Model. Simul. 2 (1985), 227–249.

[19] J. Lunze. Experimentelle Erprobung einer Einstellregel für PI-Mehrgrößenregler bei der Herstellung von Ammoniumnitrat-Harnstoff-Lösung, Messen Steuern Regeln 30 (1987), 2- 6. [20] J. Lunze. Robust Multivariable Feedback Control, Prentice Hall, London, 1988.

[21] B. Mårtensson. Adaptive Stabilization, PhD thesis, Lund Institute of Technology, Dept. of Automatic Control, 1986.

[22] B. Mårtensson. The unmixing problem, IMA J. Math. Control & Information 8 (1991), 367–377.

[23] D.E. Miller and E.J. Davison. The self-tuning robust servomechanism problem, IEEE Trans. Auto. Control 34 (1989), 511–523.

[24] D.E. Miller and E.J. Davison. An adaptive tracking problem with a control input constraint, Automatica 29 (1993), 877–887.

[25] M. Morari. Robust stability of systems with integral control, IEEE Trans. Auto. Control 30 (1985), 574-577.

[26] M. Morari and E. Zafiriou. Robust Process Control, Prentice Hall, Englewood Cliffs, NJ, 1989.

[27] S. Mossaheb. On the existence of right-coprime factorizations for functions meromorphic in a half-plane, IEEE Trans. Auto. Control 25 (1980), 550–551.

[28] D. Mustafa. How much integral action can a control system tolerate?, Linear Algebra and its Applications, to appear.

[29] D.H. Owens and A. Chotai. A simulation aid to gain estimates for robust tuning regulators, IEEE Trans. Auto. Control 30 (1985), 177–179.

[30] A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.

[31] J. Penttinen and H.N. Koivo. Multivariable tuning regulators for unknown systems, Automatica 16 (1980), 393–398

[32] S. Pohjolainen. Robust multivariable PI-controllers for infinite-dimensional systems, IEEE Trans. Auto. Control 27 (1982), 17–30.

[33] S. Pohjolainen. Robust controller for systems with exponentially stable strongly continuous semigroups, J. Math. Analysis and Applications 111 (1985), 622–636.

[34] S. Pohjolainen and I. Lätti. Robust controller for boundary control systems, Int. J. Control 38 (1983), 1189–1197.

[35] A.J. Pritchard and D. Salamon. The linear-quadratic control problem for retarded systems with delays in control and observation, IMA J. Math. Control & Information 2 (1985), 335–362.

[36] A.J. Pritchard and D. Salamon. The linear-quadratic control problem for infinitedimensional systems with unbounded input and output operators, SIAM J. Control & Opt. 25, 121–144.

[37] R. Rebarber. Conditions for the equivalence of internal and external stability for distributed parameter systems, IEEE Trans. Auto. Control 38 (1993), 994–998.

[38] E.P. Ryan. A nonlinear universal servomechanism, IEEE Trans. Auto. Control 39 (1994), 753–761.

[39] D. Salamon. Realization theory in Hilbert space, Math. Systems Theory 21 (1989), 147–164.

[40] M.C. Smith. On stabilization and the existence of coprime factorizations, IEEE Trans.

Auto. Control 34 (1989), 1005–1007.

[41] S. Townley. Simple adaptive stabilization of output feedback stabilizable distributed parameter systems, Dynamics and Control, to appear.

[42] M. Vidyasagar, H. Schneider and B.A. Francis. Algebraic and topological aspects of feedback stabilization, IEEE Trans. Auto. Control 27 (1982), 880–894.

[43] K. Walton and J.E. Marshall. Direct method for TDS stability analysis, IEE Proceedings, Pt. D 134 (1987), 101–107.

[44] G. Weiss. Admissibility of unbounded control operators, SIAM J. Control & Opt. 27 (1989), 527–545.

[45] G. Weiss. Admissible observation operators for linear semigroups, Israel J. Math. 65 (1989), 17–43.

[46] G. Weiss. The representation of regular linear systems on Hilbert Spaces, pp. 401–416 in Distributed Parameter System edited by F. Kappel, K. Kunisch and W. Schappacher, Birkhäuser Verlag, Basel, 1989.

[47] G. Weiss. Transfer functions of regular linear systems, part I: Characterization of regularity, Trans. Amer. Math. Soc. 342 (1994), 827–854.

[48] G. Weiss. Two conjectures on the admissibility of control operators, pp. 367–378 in Control and Estimation of Distributed Parameter Systems edited by F. Kappel, K. Kunisch and W. Schappacher, Birkhäuser Verlag, Basel, 1991.

[49] G. Weiss. Regular linear systems with feedback, Math. Control, Signals, and Systems, to appear.

[50] G. Weiss. Private communication, 1994.

[51] X.-J. Zhu. A finite spectrum unmixing set for GL(3, R), pp. 403–410 in Computation and Control edited by K. Bowers and J. Lund, Birkhäuser Verlag, Boston, 1989.