ASYMPTOTIC SELF-SIMILAR GLOBAL BLOW-UP FOR A QUASILINEAR HEAT EQUATION

by Victor A. Galaktionov School of Mathematics, University of Bath Bath BA2 7AY, UK E-mail: vag@ maths.bath.ac.uk

Abstract We study the asymptotic behaviour near finite blow-up time t = T of the solutions to the one-dimensional degenerate quasilinear parabolic equation u_t = (u^σu_x)_x + u^β in R × (0, T ); σ > 0, 1 < β < σ + 1, with bounded, nonnegative, compactly supported initial data. This parameter range corresponds to global blow-up where u(x, t) → ∞ as t → T^− for any x ∈ R. We prove that the rescaled function f(ξ, t) = (T − t)^{1/(β−1)}u(ξ(T − t)^m, t), m = β − (σ + 1) 2(β − 1) < 0, converges uniformly as t → T to the unique compactly supported, symmetric self-similar profile θ(ξ) ≥ 0 satisfying a nonlinear ODE. The proof is based on the intersections comparison (the Sturmian argument) with a two-parametric family of self-similar solutions.

Key words. Quasilinear heat equation, global blow-up, asymptotic behaviour, self-similar solution, intersection comparison.

AMS (MOS) subject classification. 35K55, 35K65

Typeset by AMS-TEX

1. Introduction. Main result

1.1. Preliminary properties of global blow-up. We consider the Cauchy problem for the quasilinear parabolic equation describing a combustion process in a onedimensional medium where both the heat conduction coefficient and the heat source depend on the temperature:

u_t = (u^σu_x)_x + u^β for x ∈ R, t > 0,

(1.1) u(x, 0) = u_0(x) ≥ 0 in R, u_0 ≢ 0, sup u_0 < ∞,

(1.2)

where σ > 0 and 1 < β < σ + 1 are fixed constants. This equation was introduced almost 20 years ago in [SZK] where it was studied in detail via formal and numerical methods. Nevertheless, the asymptotic behaviour of blow-up solutions remained an open problem.

We assume that initial data are compactly supported, the support (an open set) supp u_0 = {x ∈ R : u_0(x) > 0} is bounded, and u^σ_0 (x) is Lipschitz continuous. Then there exists the unique local in time nonnegative weak solution u(x, t) which is continuous and smooth in the positivity domain. See the survey paper [K] and the list of references in the book [SGK]. Since u_0 ≢ 0, the solution blows up in a finite time T depending on u_0 and σ, β [GKM].

We study the asymptotic behaviour of blow-up as t → T^− in the parameter range

(1.3) 1 < β < σ + 1 (σ > 0),

which corresponds to global blow-up, see [G1], [G2] and [SGK, Chapter 4] for extensive references. Observe that the global blow-up range (1.3) does not exist for the semilinear heat equation with σ = 0: u_t = u_{xx} + u^β, β > 1. Its single point blow-up properties were studied in detail last years. See a full list of references in [SGK, Chapter 4]. Global blow-up for quasilinear heat equations was less considered in the mathematical literature.

Let us state some already known properties of blowing up solutions in the range (1.3). Let (1.4) h_+(t) = sup supp u(·, t) and h_−(t) = inf supp u(·, t)

be the right and left interface of the solution which are continuous functions on [0, T ). The fact that for β ∈ (1, σ + 1) supp u(·, t) grows without bound as t → T was proved in [GKM]. More precise analysis shows that as t → T

(1.5) h_±(t) = ± ξ_∗(T − t)^m(1 + o(1)) → ±∞, m = β − (σ + 1) 2(β − 1) < 0, where ξ_∗(σ, β) > 0 is a constant, see [G2] and [SGK, p. 266]. Moreover, for an arbitrary compactly supported u_0 (cf. [GP2])

(1.6) u(x, t) → ∞ as t → T for all x ∈ R.

1.2. Main stability result. In the present paper we complete the study of global blow-up of compactly supported solutions. Our main result says that the asymptotic behaviour of u(x, t) as t → T is described by a self-similar solution of equation (1.1) of the form (1.7) u_∗(x, t) = (T − t)^{−1/(β−1)}θ(ξ), ξ = x/(T − t)^m, where θ ≥ 0 solves the nonlinear ordinary differential equation (1.8) A(θ) ≡ (θ^σ θ^′)^′ − mθ^′ξ − θ β − 1 + θ^β = 0 for ξ ∈ R.

Equation (1.8) is known to admit a unique non-constant, nonnegative solution which is a symmetric compactly supported monotone function θ_∗ = θ_∗(|ξ|) ≥ 0, see [G2] and [SGK, p. 187]. The constant ξ_∗ in (1.5) is exactly ξ_∗ = 0.5 meas (supp θ_∗). Observe that the uniqueness of such a nontrivial solution θ_∗ to the ODE (1.8) is a straightforward consequence of the evolution estimate (1.4), see [SGK, p. 265] and Section 2 below.

We now state the main result of the paper.

Theorem 1. Let (1.3) hold and let T be the blow-up time of the compactly supported solution u(x, t). Then the rescaled function (1.9) f(ξ, t) = (T − t)^{1/(β−1)}u(ξ(T − t)^m, t) satisfies (1.10) f(ξ, t) → θ_∗(ξ) as t → T^− uniformly in R.

The self-similar rescaled function f = f(ξ, τ ), where τ = − log(T − t) → ∞ as t → T is the new time, satisfies the quasilinear parabolic equation (1.11) f_τ = A(f) in Q_0 = R × (τ_0, ∞), τ_0 = − log T , f(ξ, τ_0) = f_0(ξ) ≡ T^{1/(β−1)}u_0(ξT^m) in R, where A is the stationary operator in (1.8). Introducing the ω-limit set (1.12) ω(f_0) = {g ≥ 0, g ∈ C(R) : ∃ {τ_j} → ∞ f(·, τ_j ) → g(·) uniformly in R}, que to uniqueness of θ_∗, one can state (1.10) in the following form (1.13) ω(f_0) = {θ ∈ C_0(R) : θ solves (1.8), θ ≢ 0}.

It follows from the structure of operator (1.8) that all the nontrivial stationary solutions to equation (1.11) (including the flat one f̄ ≡ (β − 1)^{−1/(β−1)}) must be unstable in the Lyapunov sense, that is a natural conclusion for blow-up problems. Nevertheless, due to the finite-time scaling (1.9) the rescaled solution is proved to lie on the stable (the most probably, center) manifold corresponding to the stationary profile θ_∗.

In order to prove Theorem 1, we derive estimates of the rescaled solution f(ξ, τ ) (Sections 2 and 3). Our geometric stability analysis (Section 4) is essentially based on of the intersection comparison (via the Sturmian argument) of the solution u(x, t) with a twoparametric family of self-similar solutions of the form (1.7) shifted in space and time. We establish that a clear geometric structure of the family concentrated around the unique self-similar profile θ_∗ implies its high atractivity property on the stable manifold.

1.3. Few comments on comparison with other types of blow-up. The properties of the blowing up solutions to (1.1) in other parameters ranges are quite different.

(i) If β > σ + 1, then under certain hypotheses on u_0 there exists single point blow-up of the solution to (1.1), (1.2), see different approaches in [G3], [GP1] and [SGK, p. 370]. The asymptotic self-similar behaviour was proved in [G5] to be self-similar via the construction of a standard Lyapunov function. (Let us mention that a similar construction also works for the range (1.3) [G6], but an extra intersection hypothesis on initial data appears which does not seem to be natural; the present geometric proof is general and simpler than that in [G6]).

(ii) The case β = σ +1 (m = 0 in (1.7) and (1.9)) corresponds to regional blow-up in the localization domain of the length L_s = 2π(σ + 1)^{1/2}/σ [G1], see also [G4]. The asymptotic behaviour as t → T of symmetric nonincreasing compactly supported solutions is shown in [G2] to be of self-similar separable form. Then (1.10) is valid with ξ ≡ x and

(1.14) θ_∗(x) = [ 2(σ + 1) σ(σ + 2) cos^2 ( πx L_s )]_{1/σ} for |x| ≤ L_s/2, and θ_∗(x) = 0 for x > L_s/2. See also [SGK, p. 260]. A complete classification of compactlly supported blow-up patterns for (1.1), β = σ + 1, is given in [BG].

(iii) For a class of the semilinear heat equations u_t = u_{xx} +f(u) in R, the global blow-up behaviour is known to exist in the case u_t = u_{xx} + u log^β(1 + u) in the parameter range 1 < β < 2. The asymptotic behaviour as t → T is described by a unique self-similar solution to a nonlinear evolution equation of the Hamilton-Jacobi type. See [SGK, p. 292] and [GV].

(iv) Finally, we expect that a similar to Theorem 1 global stability of blow-up selfsimilarity is true for the quasilinear equation with gradient-type diffusivity u_t = (|u_x|^σu_x)_x +u^β, where σ > 0 and 1 < β < 1 + σ.

2. Eventual connectedness of the support

We begin with the property of eventual (in time) connectedness of the support. This analysis illustrates the basic ideas of intersections comparison of u(x, t) with a family of self-similar solutions (1.7).

Lemma 2.1. Let supp u_0 be bounded. Then there exists t_c ∈ [0, T ) such that

(2.1) supp u(·, t) is connected for all t ∈ [t_c, T ).

Proof. First of all, it is well-known that if u(x_0, t_0) > 0 for some (x_0, t_0) ∈ Q = R × (0, T ), then u(x_0, t) > 0 for all t ∈ (t_0, T ) [K].

We argue by contradiction. Assuming that (2.1) does not hold, without loss of generality, we may choose, say, a component κ̃ of the support supp u_0 such that, for instance, the right interface h̃_+(0) of the function

(2.2) ũ_0(x) = {u_0(x) on κ̃, 0 on R \ κ̃}

satisfies h̃_+(0) < h_+(0), and moreover h̃_+(t) < h_+(t) for all t ∈ (0, T ). Here h̃_+(t) is the right interface of ũ(x, t) being the solutions to (1.1) with the initial function (2.2). We suppose also that the solutions ũ and u have the same blow-up time T . In fact, we are assuming that for all t ∈ (0, T ) supp u(·, t) consists of at least two connected components, and x = h̃_+(t) < h_+(t) is the right interface of the solution ũ. Then the solutions to the left and to the right of the curve x = h̃_+(t) are independent (for all times there is a {u ≡ 0}- gap in between). We assume that the left one has the same blow-up time T = T (u_0) (this plays no role in the analysis below).

For convenience, we omit tildes and denote ũ by u(x, t) with initial data u_0. Without loss of generality, we prove estimates of the right interface h_+(t) of u(x, t). We compare u(x, t) with the self-similar solutions (1.7) shifted in space. Namely, given T and a we denote by v(x, t) ≡ v(x, t; T, a) the function u_∗(x − a, t) which blows up at t = T , and x = a is the maxima of the spatial profile for all t ∈ (0, T ).

Consider the solution v(x, t; T, a_−) with a_− = h_−(0) − ξ_∗T^m. Then the corresponding initial functions satisfy

(2.3) supp u_0 ∩ supp v(x, 0) = ∅,

and moreover the supports touch each other at the end point x = h_−(0). Therefore, the number of intersections J(0) of the profiles u_0(x) and v(x, 0) in R or, which is the same, the number of sign changes of the difference w(x, 0) = u_0(x) − v(x, 0), satisfies

(2.4) J(0) = 1.

Then the Sturmian (intersection comparison) argument says that the number of intersections does not increase in time, so that

(2.5) J(t) ≤ 1 for all t ∈ (0, T ).

See applications for the quasilinear degenerate parabolic equations in [SGK, p. 240] and a full list of references therein.

On the other hand, since both the solutions u(x, t) and v(x, t) have the same blow-up time, (2.5) provides us with the lower bound on the interface

(2.6) h_+(t) ≥ a_− + ξ_∗(T − t)^m for all t ∈ (0, T ),

where the function on the right-hand side is the right interface of the solution v(x, t). Indeed, if (2.6) is false at some t_1 ∈ (0, T ) then the unique intersection must disappear at the interface x = h_+(t) at a time t_2 < t_1, so that J(t_1) = 0 by (2.5), and hence

(2.7) u(x, t_1) ≤ v(x, t_1) in R and supp u(·, t_1) ⊂ supp v(·, t_1)

(the second condition is true after, if necessary, a small shifting to the left of the profile v(x, t_1)). See [SGK, p. 242]. A similar estimate from above is derived for the left interface (2.8) h_−(t) ≤ a_+ − ξ_∗(T − t)^m, with a_+ = h_+(0) + ξ_∗T^m. Moreover, comparing u(x, t) with v(x, t; T, a_+) one can derive a lower bound on h_+(t) of the form (cf. (2.6)) (2.9) h_+(t) ≤ a_+ + ξ_∗(T − t)^m, and a similar one for h_−:

(2.10) h_−(t) ≥ a_− − ξ_∗(T − t)^m.

Finally, since (2.11) supp u_0 ⊂ [h_−(0), h_+(0)], one can see from (2.3) that the supp u(·, t_c) becomes connected if (2.12) |h_±(t_c) − h_±(0)| ≥ S_0 = h_+(0) − h_−(0). It then follows from (2.6) and (2.9) that (2.12) is true if (2.13) ξ_∗[(T − t_c)^m − T^m] ≥ S_0, whence an upper bound on t_c < T . �

Remark. Comparing in a similar way the solution u(x, t) to the problem (1.1), (1.2) with the self-similar ones v(x, t; T, a_± ), from (2.6), (2.8) - (2.10) we easily derive estimate (1.5) with o(1) = O((T − t)^{−m}) → 0 as t → T .

3. Bounds on the rescaled solution Bounds on the rescaled orbit and our stability analysis are based on the properties of the self-similar ODE (1.8).

3.1. Properties of self-similar profiles. Fix an arbitrary μ > 0 and denote by θ(ξ; μ) the solutions to (1.8) for ξ > 0 with the conditions (3.1) θ(0; μ) = μ, θ^′_ξ (0; μ) = 0.

In the nonnegativity domain we set θ(−ξ; μ) = θ(ξ; μ). Let us recall some peoperties of the family {θ(ξ; μ)}, which follow from the construction of the unique solutions θ_∗. See [G1] and [SGK, p. 187]. Denote k = (β − 1)^{−1/(β−1)}, μ̄ = [ β + σ + 1 (β − 1)(σ + 2) ] .

Lemma 3.1. There exists μ_∗ ∈ (k, μ̄) such that

(i) θ(ξ; μ) > 0 for all ξ ∈ R if 0 < μ < μ_∗.

(ii) θ(ξ; μ) > 0 on the finite interval (−ξ_μ, ξ_μ) and θ(±ξ_μ; μ) = 0 if μ ≥ μ_∗. Moreover, the flux (θ^{σ+1})^′_ξ(ξ^−_μ ; μ) < 0 if μ > μ_∗ and = 0 if μ = μ_∗. There holds (3.2) ξ_μ → ∞ and θ(ξ; μ) → ∞ as μ → ∞ uniformly on compact subsets.

The value μ_∗ corresponds to the unique global nontrivial solution θ_∗(ξ) ≡ θ(ξ; μ_∗), θ_∗ ≡ 0 for |ξ| ≥ ξ_∗, which is given by (3.3) μ_∗ = sup{ν > 0 : θ(ξ; μ) > 0 in R for all μ ∈ (0, ν)} = inf{ν > k : θ(ξ; μ) vanishes for all μ ≥ ν}.

3.2. Bounds. Denote by ξ_+(τ ) and ξ_−(τ ) the right and the left interface of the rescaled solution f(ξ, τ ). It follows from (1.5) that (3.4) ξ_±(τ ) = ± ξ_∗(1 + o(1)) as τ → ∞.

Therefore, the Cauchy problem is equivalent to the initial boundary value problem in a bounded domain with zero Dirichlet boundary condition. Moreover, due to Lemma 2.1 we have that (3.5) meas [supp f(·, τ ) \ (−ξ_∗, ξ_∗)] → 0 as τ → ∞. Proposition 3.2. There exists a constant C_∗ > μ_∗ such that (3.6) k < ‖f(·, τ )‖_∞ ≤ C_∗ for all τ > τ_0.

Proof. The lower bound follows by comparison of u(x, t) with the flat solution to (1.1) (3.7) v_T (t) = k(T − t)^{−1/(β−1)}, having the same blow-up time T = T (u_0). Indeed, given arbitrary t ∈ (0, T ) the profile u(x, t) must intersect v_T (t), whence the estimate.

In order to prove the upper bound in (3.6), we choose μ ≫ 1 such that due to (3.2) f_0(ξ) ≤ θ(ξ; μ) in (−ξ_μ, ξ_μ), and also |ξ_±(τ )| ≤ ξ_μ for all τ > τ_0 by (3.4). Then f(ξ, τ ) ≤ θ(ξ; μ) in (−ξ_μ, ξ_μ) × (τ_0, ∞) by comparison, whence the estimate with C_∗ = μ. � From (3.4) and the uniform upper bound (3.7) using the Bernstein estimate [K] we derive the gradient bound (3.8) |(f^σ )_ξ| ≤ C in Q, and hence the ω-limit set (1.12) is well defined.

4. Proof of Theorem 1 Fix an arbitrary monotone sequence {τ_j} → ∞ such that f(·, τ_j ) → g(·) ∈ ω(f_0) uniformly. It follows from (3.4), (3.5) that supp g is connected and (4.1) supp g ⊆ (−ξ_∗, ξ_∗).

4.1. Two-parametric family of rescaled solutions. For a fixed a ∈ R and a blow-up time T̃ > 0 (in general, T̃ ≠ T ), consider the self-similar solution u_∗(x − a, t) of the form (1.7) with the blow-up time T̃ . The corresponding rescaled solution defined as in (1.9) with fixed T = T (u_0) has the form (4.2) f_∗(ξ, τ ; a, λ) = (1 + λe^τ )^{−1/(β−1)}θ_∗((ξ − ae^{mτ} )(1 + λe^τ )^{−m}), where λ = T̃ − T . Observe that all the functions from the two-parametric family W = {f_∗(·; a, λ)} are weak solutions to the rescaled equation (1.11). One can see that if λ = 0 (i.e. T̃ = T ) then solution (4.2) is globally defined and as τ → ∞ (4.3) f_∗(ξ, τ ; a, 0) = θ_∗(ξ − ae^{mτ} ) → θ_∗(ξ) uniformly on R. On the other hand, if λ < 0 then f_∗(ξ, τ ) blows up in the finite time τ = − log |λ|. If λ > 0 then as τ → ∞ (4.4) f_∗(ξ, τ ) → 0 uniformly on R.

By J(τ ; a, λ), with λe^τ > −1, we denote the number of intersections (in ξ) of the profiles f_∗(ξ, τ ; a, λ) and f(ξ, τ ). Let us now introduce the family of perturbations of the self-similar profile θ_∗(ξ):

(4.5) θ_∗(ξ; b, ρ) = (1 + ρ)^{−1/(β−1)}θ_∗((ξ − b)(1 + ρ)^{−m}), where b ∈ R and ρ > −1 are parameters. We have that θ_∗(ξ; 0, 0) ≡ θ_∗(ξ) and (4.6) θ_∗(ξ; b, ρ) → θ_∗(ξ) as b, ρ → 0 uniformly on R.

By the definitions of the families (4.2) and (4.5) we have (4.7) θ_∗(ξ; ae^{mτ} , λe^τ ) ≡ f_∗(ξ, τ ; a, λ). 4.2. Proof of Theorem 1. We begin with the main intersection property of the family (4.2).

Proposition 4.1. For any |a| ≫ 1 there holds (4.8) J(τ ; a, λ) ≤ 1 provided that 1 + λe^τ > 0.

Proof. One can see that (4.9) supp u_0(x) ∩ supp u_∗(x − a, 0; T + λ) = ∅ provided that (4.10) a ≥ h_+(0) + ξ_∗(T + λ)^m or a ≤ h_−(0) − ξ_∗(T + λ)^m. This means that J(τ_0; a, λ) = 1 whence (4.8) by the Sturmian argument. �

As a straigntforward consequence, we obtain the first intersection property of the ω-limit set.

Corollary 4.2. Any g ∈ ω(f_0) intersects θ_∗(ξ) at most once.

Proof. Let f(τ_j ) → g as τ_j → ∞ uniformly. Then the result follows from (4.8) (which means that J(τ_j ; a, 0) ≤ 1), by passing to the limit τ_j → ∞ and using (4.3). � Let g ∈ ω(f_0). Denote by I(b, ρ) the number of intersections of the profile g(ξ) and the function θ_∗(ξ; b, ρ) from the family (4.5). The main intersection stability property of the ω-limit set can be stated as follows.

Lemma 4.3. Given g ∈ ω(f_0), for any b and ρ > −1, (4.11) I(b, ρ) ≤ 1.

Proof. Let f(τ_j ) → g uniformly. Assume for contradiction that there exist b, ρ such that (4.12) I(b, ρ) ≥ 2.

We take the sequence of functions f_∗(ξ, τ_j ; a_j , λ_j ) with a_j e^{mτj} = b and λ_j e^{τj} = ρ so that (4.13) f_∗(ξ, τ_j ; a_j , λ_j ) ≡ θ_∗(ξ; b, ρ). Then (4.14) |a_j | = |b|e^{−mτj} → ∞ as j → ∞ ( m < 0). In view of (4.13) and (4.12) we conclude that (4.15) J(τ_j ; a_j , λ_j ) ≥ 2 for all τ_j ≫ 1. Since |a_j | ≫ 1 by (4.14), this contradicts Proposition 4.1. �

4.3. End of proof of Theorem 1. According to (4.1) we need to consider the following two cases.

Case 1: meas supp g < 2ξ_∗. Then there exists a small |b| such that (4.16) supp g ⊂ supp θ_∗(·; b, 0) = (−ξ_∗ + b, ξ_∗ + b).

Then g(ξ) must intersect θ_∗(ξ; b, 0), otherwise the corresponding solutions to equation (1.1) have different blow-up times. See Section 2. Then (4.16) implies that I(b, 0) ≥ 2 contradicting (4.11).

Case 2: meas supp g = 2ξ_∗. Then by continuity g(ξ) > 0 on (−ξ_∗, ξ_∗) and g = 0 for ξ = ±ξ_∗. If I(0, 0) = 1 then g(ξ) ≥ θ_∗(ξ) near one of the end point ξ = ±ξ_∗, say, at the right one ξ = ξ_∗. By the Strong Maximum Principle applied in the positivity domain, we have that g(ξ) > θ_∗(ξ) for all ξ_∗ − ξ > 0 small, and g(ξ) < θ_∗(ξ) for all ξ_∗ + ξ > 0 small. One can see that for all fixed b > 0 small, the function θ_∗(ξ; b, 0) intersects g(ξ) at least twice which contradicts (4.11).

Finally, in view of Corollary 4.2, we need to consider the last case when I(0, 0) = 0. Then either g(ξ) > θ_∗(ξ) or g(ξ) < θ_∗(ξ) on the interval (−ξ_∗, ξ_∗). (This is expected to be impossible for solutions having the same blow-up times, but we again use the main intersection property). Let e.g.

(4.17) g > θ_∗ on (−ξ_∗, ξ_∗).

Then for any fixed small b > 0 and

(4.18) ρ = ( 1 + 2b ξ_∗ )_{1/m} − 1 = 2b mξ_∗ (1 + o(1)) → 0 as b → 0,

we have that

(4.19) θ_∗(ξ; b, ρ) > 0 on [−ξ_∗, ξ_∗].

On the other hand, from (4.17), (4.19) and (4.6) one can conclude that I(b, ρ) ≥ 2 contradicting (4.11). This completes the proof of Theorem 1. �

References

[BG] J. Bebernes and V.A. Galaktionov, On classification of blow-up patterns for a quasilinear heat equation, Integr. and Differ. Equat. 9 (1996), to appear.

[G1] V.A. Galaktionov, Proof of the localization of unbounded solutions of the nonlinear parabolic equation u_t = (u^σu_x)_x + u^β, Differentsial’nye Uravneniya 21 (1985), 15-23. English translation: Differential Equations 21 (1985), 11-18.

[G2] V.A. Galaktionov, Asymptotic behaviour of unbounded solutions of the nonlinear parabolic equation u_t = (u^σu_x)_x + u^{σ+1}, Differentsial’nye Uravneniya 21 (1985), 1126-1134. English translation: Differential Equations 21 (1985), 751-758.

[G3] V.A. Galaktionov, Asymptotics of unbounded solutions of the nonlinear equation u_t = (u^σu_x)_x + u^β in a neighbourhood of a ”singular” point, Dokl. Akad. Nauk SSSR 288 (1986), 1293-1297. English translation: Soviet Math. Dokl. 33 (1986), 840-844.

[G4] V.A. Galaktionov, On a blow-up set for the quasilinear heat equation u_t = (u^σu_x)_x+ u^{σ+1}, J. Differential Equations 101 (1993), 66-79.

[G5] V.A. Galaktionov, On asymptotic self-similar behaviour for quasilinear heat equation: single point blow-up, SIAM J. Math. Anal. 26 (1995), 675-693.

[G6] V.A. Galaktionov, On asymptotic self-similar behaviour for quasilinear heat equation: global blow-up, Report No. AM-91-10, School of Math., Univ. of Bristol, 1991.

[GKM] V.A. Galaktionov, S.P. Kurdyumov, A.P. Mikhailov, and A.A. Samarskii, Unbounded solutions of the Cauchy problem for the parabolic equation u_t = ∇(u^σ∇u)+ u^β, Dokl. Akad. Nauk SSSR, Ser. Math. Phys. 252 (1980), 1362-1364. English translation: Soviet Phys. Dokl. 25 (1980), 458-459.

[GP1] V.A. Galaktionov and S.A. Posashkov, Estimates of localized unbounded solutions of quasilinear parabolic equations, Differentsial’nye Uravneniya 23 (1987), 1133- 1143. English translation: Differential Equations 23 (1987), 750-759.

[GP2] V.A. Galaktionov and S.A. Posashkov, Monotonicity of a solution of a degenerate quasilinear parabolic equation, Differentsial’nye Uravneniya 26 (1990), 1127-1136. English translation: Differential Equations 26 (1990), 819-827.

[GV] V.A. Galaktionov and J.L. Vazquez, Blow-up for quasilinear heat equations decribed by means of nonlinear Hamilton-Jacobi equations, J. Differential Equations, 1995, to appear.

[K] A.S. Kalashnikov, Some problems of the qualitative theory of non-linear degenerate second-order parabolic equations, Uspekhi Matem. Nauk 42 (1987), 135-176 (in Russian). English translation: Russian Math. Surveys 42 (1987), 169-222.

[SGK] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, and A.P. Mikhailov, Blowup in Quasilinear Parabolic Equations, Nauka, Moscow, 1987. English translation: Walter de Gruyter, Berlin/New York, 1995.

[SZK] A.A. Samarskii, N.V. Zmitrenko, S.P. Kurdyumov, and A.P. Mikhailov, Thermal structures and fundamental length in a medium with non-linear heat conduction and volumetric heat sources, Dokl. Akad. Nauk SSSR, Ser. Math. Phys. 227 (1976), 321-324. English translation: Soviet Phys. Dokl. 21 (1976), 141-143.

Professor R. Aftabizadeh Manager Editor, Differ. and Integr. Equat. P.O. Box 429 Athens, Ohio 45701 USA

November 15, 1995

Dear Professor Aftabizadeh,

Enclosed, please find my paper: ”Asymptotic self-similar global blow-up for a quasilinear heat equation” by V.A. Galaktionov,

which I would like to submit to Differential and Integral Equations.

It is devoted to the study of the asymptotic behaviour of solutions to a quasilinear heat equation introduced 20 years ago, a problem which remained open during these years. The result proved in the present paper completes the research in this aerea.

I am looking forward to hearing from you soon.

With best regards.

Victor A. Galaktionov School of Mathematical Sciences, University of Bath Bath BA2 7AY, UK E-mail: vag@maths.bath.ac.uk

V.A. Galaktionov Asymptotic self-similar global blow-up for a quasilinear...

Abbreviated version of the title SELF-SIMILAR GLOBAL BLOW-UP

Address of the author to whom proofs should be sent V.A. Galaktionov, School of Mathematical Sciences, University of Bath Bath BA2 7AY, UK E-mail: vag@maths.bath.ac.uk