Title: Optimal L_p estimates for the solutions of elliptic equations in bounded domains

Author: Adrian T. Hill

Postal address: School of Mathematical Sciences, University of Bath, Claverton Down, Bath BA2 7AY, U.K. Phone: +44 1225 826185 Fax: +44 1225 826492 e-mail: ath@maths.bath.ac.uk

Abbreviated title: Optimal elliptic estimates.

Abstract: Linear second-order elliptic Dirichlet problems are considered in a bounded domain Ω ⊂ R^N. Isoperimetric inequalities are used to obtain sharp estimates of the solution operator from L_p(Ω) to L_q(Ω), p, q ∈ [1, ∞] and 1/p < 2/N + 1/q. The methodology used is an extension of techniques developed by Talenti. The main result removes an exponential weighting factor present in previous estimates due to Alvino, Trombetti and Lions.

Keywords and phrases: Schwarz symmetrization, second-order elliptic estimates

AMS(MOS) Subject classification: 35J15, 35A08, 35B45, 34B30

1 Introduction

For Ω, a bounded open subset of R^N, we consider the boundary value problem L[u] ≡ − N∑ i, j=1 (a_{ij} (x)u_{xi} )_{xj} − N∑ i=1 (b_i(x)u)_{xi} + c(x)u = f(x), x ∈ Ω, (1.1)

for u zero on ∂Ω. It is assumed that a_{ij} ∈ L_∞(Ω) and that, for some ν > 0, N∑ ij=1 a_{ij} (x)ξ_iξ_j ≥ ν|ξ|^2, ξ ∈ R^N, x ∈ Ω. (1.2)

Additionally, it is assumed that b, c ∈ L_∞(Ω) and that

ess.sup. N∑ i=1 b^2_i (x) ≤ M^2. (1.3)

The norm ‖u‖_{Lq (Ω)} = ‖u^♯‖_{Lq (BR)}, where u^♯ is a spherically symmetric decreasing rearrangement of u over a ball B_R ≡ B(0, R) with the same measure as Ω. Using isperimetric inequalities, u^♯(r) may be compared with v(r), the solution of a symmetrized problem over B_R. Since v(r) is the solution of a one-dimensional ODE, it may calculated or numerically computed with relative ease to yield upper bounds for ‖u‖_{Lq (Ω)}.

The Schwarz symmetrization of a function ϕ ∈ L_1(Ω) is defined as follows. Let E(k) = {x ∈ Ω : |ϕ(x)| > k} , μ(k) = |E(k)|, k ≥ 0, (1.4) where |E| means Meas(E). The decreasing rearrangement of u as a function of measure, is given by

ϕ^⋆(s) = sup {k ≥ 0 : μ(k) ≥ s} , s ∈ [0, |Ω|]. (1.5)

The Schwarz rearrangement of ϕ is now defined by

ϕ^♯(x) = ϕ^⋆(C_N |x|^N ), x ∈ B_R ≡ B_R, (1.6)

where C_N = 2π^{N/2}/Γ(N/2) is the spherical constant and R = (|Ω|/C_N )^{1/N} . The corresponding increasing rearrangements are given by ϕ_⋆(s) = ϕ^⋆(|Ω| − s), s ∈ [0, |Ω|]; ϕ_♯(x) = ϕ_⋆(C_N |x|^N ), x ∈ B_R.

We consider the following symmetrized comparison equation for (1.1): L^♯[v] ≡ −νΔv − ∇. ( Mxv |x| ) + c̃(x)v = f^♯(x), (1.7)

for x ∈ B_R, subject to v(x) = 0, |x| = R. Here, for x ∈ Ω,

c̃(x) = [(c^+)_♯ − (c^−)^♯](x), c^+(x) = max(c(x), 0), c^−(x) = max(−c(x), 0). (1.8)

Provided that the solution of (1.7) is unique, it must also be spherically symmetric, so that L[v] ≡ −ν d^2v dr^2 − ( ν(N − 1) r + M ) dv dr − ( M(N − 1) r − c ) v = f , (1.9)

where v(r) = v(x), c(r) = c̃(x) and f(r) = f^♯(x) for |x| = r, r ∈ [0, R].

The main result of this paper is to show that if (1.7) possesses a positive solution then ∫_s 0 u^⋆(η) dη ≤ ∫_s 0 v^⋆(η) dη, s ∈ [0, |Ω|]. (1.10) If Φ is any non-negative, non-decreasing, weakly convex function, then, according to [13], (1.10) implies that ∫ E(u^⋆(s)) Φ(|u(x)|) dx = ∫_s 0 Φ(u^⋆(η)) dη ≤ ∫_s 0 Φ(v^⋆(η)) dη = ∫ B_r Φ(v^♯(x)) dx, (1.11)

for s ∈ [0, |Ω|] and r = (s/C_N )^{1/N} . Consequently the L_p(Ω) and, more generally, Orlicz norms of u are bounded in terms of those of v^♯.

The history of isoperimetric inequalities is discussed in the book of Kawohl [16]. Work directly relevant to this paper was initiated by Bandle [6] and Talenti [17], who considered the Schwarz symmetrization of Poisson’s equation. Extensions by Talenti [18] and Alvino and Trombetti [2, 3] for (1.1) in the case c ≡ 0 established that u^⋆(s) ≤ v^⋆(s), s ∈ (0, |Ω|]. (1.12) However, when L = −Δ + λ, (1.12) can fail when λ is a sufficiently large positive constant. Nevertheless, Alvino, Trombetti and Lions [4] proved that the weaker condition (1.10) holds in this case. It was also shown in [4] that even (1.10) fails in general when u satisfies the problem L^∗[u] ≡ − N∑ i, j=1 (a_{ij}(x)u_{xj} )_{xi} + N∑ i=1 b_i(x)u_{xi} + c(x)u = f(x), x ∈ Ω, (1.13) with zero Dirichlet boundary conditions, and v satisfies its symmetrization (L^♯)^∗[v] ≡ −νΔv + M x |x| .∇v + c̃(x)v = f^♯. (1.14)

(Here ∗ denotes the formal adjoint.) Despite this, bounds in the case of (1.1), combined with a duality argument, yield sharp estimates of the norm of the mapping (L^∗)^{−1} : L_p(Ω) → L_q (Ω). However, for (1.13), as distinct from (1.1), a sharp bound on ‖u‖_q for each f ∈ L_p(Ω) is not available using this method.

2 Main Results

In order to guarantee a solution for (1.1) and (1.7) it is necessary to make further assumptions. A well-known sufficient condition is c(x) ≥ 0. We work under the following weaker assumption:

(P) There is a strictly positive H ∈ C^1[0, R] satisfying L^∗[H] ≡ −ν d^2H dr^2 − ( ν(N − 1) r − M ) dH dr + cH = 0, (2.1)

H(0) = 1, H^′(0) = 0.

In order to obtain estimates in all L_p(Ω) spaces, p ∈ [1, ∞], we consider the weakest one, p = 1. We define

D(A) = {u ∈ W^{1, 1}_0 (Ω) | L[u] ∈ L_1(Ω)}, A : D(A) −→ L_1(Ω), A[u] = L[u], u ∈ D(A). The main result of the paper is stated below.

Theorem 1 Suppose that, for a bounded domain Ω ⊂ R^N, L is of the form (1.1), that its coefficients satisfy the associated conditions, including (1.2) and (1.3), and that assumption (P) is satisfied. Then, A has a bounded inverse, and for all f ∈ L_1(Ω), ∫ E(u^⋆(s)) |u(x)| dx = ∫ B_r u^♯(x) dx ≤ ∫ B_r v(x) dx, s ∈ [0, |Ω|]. (2.2) Here, r = (s/C_N )^{1/n}, u = A^{−1}f and v(x) = v(|x|) for x ∈ B_R, where v(r) = e^{−M r/ν} H(r) ν ∫_R r e^{M y/ν} H^2(y)y^{N −1} ∫_y 0 H(z)z^{N −1}f (z) dz dy. (2.3)

Furthermore, v = v^♯, yielding the measure-coordinate form of (2.2), ∫_s 0 u^⋆(η) dη ≤ ∫_s 0 v^⋆(η) dη, s ∈ (0, |Ω|]. (2.4) Lemma 2.1 Suppose that the hypotheses of Theorem 1 hold and that for some f ∈ L_∞(Ω) there exists a weak solution u ∈ H^1_0 (Ω) ∩ L_∞(Ω) for (1.1). Then, −νr^{N −1} du dr − Mr^{N −1}u + ∫_r 0 y^{N −1}c(y)u(y) dy ≤ ∫_r 0 ρ^{N −1}f(ρ) dρ, (2.5) for r ∈ (0, R), where u(r) = u^♯(x) for |x| = r.

Proof: By definition, (L[u] − f, ψ) = 0, for all ψ ∈ H^1_0 (Ω). We note that f ∈ L_∞(Ω) implies u ∈ L_∞(Ω), see [11, Theorem 8.15]. Choosing

ψ(h, k) = sign[u], |u(x)| > k + h, sign[u](|u(x)| − k)/h, |u(x)| ∈ (k, k + h], 0, |u(x)| ≤ k, for h > 0 and k ≥ 0, cf. [18, 4], we obtain N∑ i, j=1 1 h ∫ E(k)\E(k+h) a_{ij}u_{xi} u_{xj} dx + N∑ i=1 1 h ∫ E(k)\E(k+h) b_iu_{xi} u dx (2.6) = ∫ E(k+h) (f − cu)sign[u] dx + ∫ E(k)\E(k+h) (f − cu)sign[u] (|u| − k) h dx, where E(k) is defined by (1.4).

It is shown in [17, 18] that, given u ∈ H^1_0 (Ω), the function μ(k) = Meas E(k) is always strictly decreasing for k ∈ [0, |Ω|] and that, for a.e. k ≥ 0, μ(k) is continuous and μ^′(k) exists. We assume below that k is one of these generic values. Applying the Cauchy-Schwarz inequality, (1.2) and (1.3), and letting h → 0+, we obtain −ν d dk ∫ E(k) |∇u|^2 dx ≤ −Mk d dk ∫ E(k) |∇u| dx + ∫ E(k) (f − cu)sign[u] dx. (2.7)

Here, we have used the fact that the second term on the right-hand side of (2.6) vanishes in the limit, and also the Cauchy-Schwarz estimate

lim_{h→0} ∫ E(k)\E(k+h) |∇u| dx ≤ ‖u‖_H 1_{(Ω)} lim_{h→0}(μ(k + h) − μ(k))^{1/2} = 0.

To rewrite the second term on the right-hand side of (2.7), we use the following properties of Schwarz symmetrizations, see [18], ∫ E(k) |u(x)| dx = ∫_{μ(k)} 0 u^⋆(η) dη, ∫ ω g(x) dx ≤ ∫_{|ω|} 0 g^⋆(η) dη, ∫_{|ω|} 0 g^⋆(σ)h_⋆(η) dη ≤ ∫ ω |g(x)h(x)| dx ≤ ∫_{|ω|} 0 g^⋆(η)h^⋆(η) dη. Here, ω is an open subset of Ω, g, h ∈ L_1(Ω) and the inequalities in the last line hold only when the integrals exist. We deduce that ∫ E(k) f · sign[u] dx ≤ ∫_{μ(k)} 0 f^⋆(η) dη, ∫ E(k) −cu · sign[u] dx ≤ ∫_{μ(k)} 0 ((c^+)_⋆ − (c^−)^⋆)(η)u^⋆(η) dη.

We now apply the inequalities NC^{1/N}_N μ(k)^{1−1/N} ≤ − d dk ∫ E(k) |∇u| dx ≤ √ −μ^′(k) ( − d dk ∫ E(k) |∇u|^2 dx )_{1/2} , (2.8)

which are derived from the classical isoperimetric inequality [12], the Fleming- Rishel co-area formula [13] and the Cauchy-Schwarz inequality. We obtain νNC^{1/N}_N μ^{1−1/N} ≤ −μ^′ { Mk + μ^{−(1−1/N )} ∫_μ 0 f^⋆ − ((c^+)_⋆ − (c^−)^⋆)u^⋆ dη } , (2.9)

where μ = μ(k).

The function u^⋆(s) is the inverse function of μ(k) for s ∈ [0, |Ω|], and the formula (u^⋆)^′(μ(k)) = 1/μ^′(k) is shown to be true for a.e. k ≥ 0 for u ∈ H^1_0 (Ω) in [18]. There, it is also shown that u^⋆ is absolutely continuous on compact subsets of (0, |Ω|], and thus that the inverse image of a null subset of the range is a null subset of (0, |Ω|]. Within appropriate ranges, therefore, we may replace ‘a.e. k’ by ‘a.e. s’ on transforming coordinates. We conclude from (2.9) that

− νN^2C^2_N s^{2−2/N} du^⋆ ds − NC_N Ms^{1−1/N} u^⋆(s) + ∫_s 0 [(c^+)_⋆ − (c^−)^⋆](η)u^∗(η) dη ≤ ∫_s 0 f^⋆(η) dη, a.e. s ∈ (0, |Ω|).

We obtain (2.5) on changing variables to r = (s/C_N )^{1/N} . □

Lemma 2.2 Suppose that the hypotheses of Theorem 1 hold and that f ∈ L_∞(Ω). Then, v(r), defined by (2.3), satisfies (1.9) for r ∈ (0, R), v ∈ H^1_0 (B_R) is a weak solution of (1.7) and, for all r ∈ (0, R), −νr^{N −1} dv dr − Mr^{N −1}v + ∫_r 0 y^{N −1}c(y)v(y) dy = ∫_r 0 y^{N −1}f(y) dy. (2.10) In addition, there exists a constant c_1 independent of f and v such that ‖v‖_{L1(BR)} = C_N ∫_R 0 r^{N −1}v(r) dr ≤ c_1C_N ∫_R 0 r^{N −1}f (r) dr = c_1‖f^♯‖_{L1 (BR)} (2.11)

Proof: As f ∈ L_∞(Ω) implies that f^♯ ∈ L_∞(B_R) and f ∈ L_∞(0, R), one may differentiate (2.3) directly to verify, using the properties of H(r), that the righthand side satisfies (1.9). Simple calculation also implies that v ∈ H^1_0 (Ω) and is thus a weak solution of (1.7). Inequality (2.10) follows from integrating (1.7), coupled with a verification that

lim_{r→0+} r^{N −1} ( ν dv dr (r) + Mv(r) ) = 0.

Finally, (2.11) is also the result of a straightforward calculation. □ As a result of Lemmas 2.1 and 2.2, we see that, if w = u − v, −νr^{N −1} dw dr − Mr^{N −1}w + ∫_r 0 y^{N −1}c(y)w(y) dy ≤ 0, r ∈ (0, R). (2.12) As remarked in the Introduction, it is known, even in the case M = 0, that this does not, in general, lead to the conclusion that w(r) ≤ 0. Instead, we aim for ∫_r 0 y^{N −1}w(y) dy ≤ 0, r ∈ (0, R), (2.13) which, if we already knew that v = v^♯, would be equivalent to (1.10).

Heuristically motivating the next two lemmas, we suppose that G(r, ρ) satisfies the Green’s function equation L_r[G(r, ρ)] = r^{N −1}δ(r − ρ), G(R, ρ) = 0, and that L[w] = g(r), where ∫_r 0 ρ^{N −1}g(ρ) dρ ≤ 0 for r ∈ [0, R]. Then w(r) = ∫_R 0 ρ^{N −1}G(r, ρ)g(ρ) dρ, which, after some manipulation, yields ∫_r 0 ρ^{N −1}w(ρ) dρ = − ∫_R 0 ∂J ∂ρ (r, ρ) ∫_ρ 0 y^{N −1}g(y) dy dρ. (2.14)

where J(r, ρ) ≡ ∫_r 0 y^{N −1}G(y, ρ) dy. From the adjoint Green’s function equation, we see that J satisfies L^∗_ρ[J](r, ρ) = χ_{[0, r]}(ρ), ρ ∈ (0, R), ∂J ∂ρ (r, 0) = J(r, R) = 0, (2.15)

where L^∗ is as in (2.1) and χ denotes the usual characteristic function. Since (2.12) implies that the inner integral in (2.14) is non-positive, the desired conclusion (2.13) will follow provided that ∂J/∂ρ is always non-positive. These results are rigorously established below in slightly different terms.

Lemma 2.3 Suppose that the hypotheses of Theorem 1 hold. Then, for all r ∈ (0, R), θ_r(ρ) ≡ H(ρ) ν ∫_R ρ e^{M y/ν} H^2(y)y^{N −1} ∫_y 0 H(z)e^{−M z/ν} z^{N −1}χ_{[0, r]}(z) dz dy (2.16) satisfies θ^′_r(ρ) ≤ 0 for all ρ ∈ [0, R].

Proof: By substitution, noting (2.1), we see that θ_r satisfies L^∗[θ_r] = χ_{[0, r]}. For h ∈ (0, R), let ϕ_h(ρ) = (θ_r(ρ + h) − θ_r(ρ))/h, ρ ∈ [0, R − h]. Calculations show that θ^′_r(R) < 0 = θ^′_r(0). Hence, the continuity of θ^′_r implies that, if it is somewhere positive, there are ρ_2 < ρ_3 ∈ [0, R) such that θ^′_r(ρ_2) = θ^′_r(ρ_3) = 0 and θ^′_r(ρ) > 0 for ρ ∈ (ρ_2, ρ_3). Now, for ρ ∈ (ρ_2, ρ_3 − h), h < ρ_3 − ρ_2, L^∗[ϕ_h] = F_h, where

F_h(ρ) = − ν(N − 1) ρ(ρ + h) θ^′_r(ρ + h) + ( c(ρ) − c(ρ + h) h ) θ_r(ρ + h) + χ_{[0, r]}(ρ + h) − χ_{[0, r]}(ρ) h . (2.17)

Since c is non-decreasing and χ_{[0, r]} is non-increasing, F_h(ρ) < 0 for ρ ∈ (ρ_2, ρ_3 − h). Setting ζ_h(ρ) ≡ ϕ_h(ρ)/H(ρ), we find that ( −νζ^{′′}_h − ( ν(N − 1) ρ − M ) ζ^′_h ) H − 2νH^′ζ^′_h = F_h(ρ). Multiplying by ρ^{N −1}H^2(ρ)e^{−M ρ/ν} and integrating, we obtain [ −νy^{N −1}H^2e^{−M y/ν} ζ^′_h ]_ρ ρ_2 = ∫_ρ ρ_2 y^{N −1}e^{−M y/ν} H(y)F_h(y) dy, ρ ∈ (ρ_2, ρ_3 − h). Hence, for ρ ∈ (ρ_2, ρ_3 − h), [−νζ_h]^{ρ3−h}_ρ = − ∫_{ρ3} ρ (ρ_2/y)^{N −1}e^{M (y−ρ2 )/ν} H^2(ρ_2)ζ^′_h(ρ_2) H^2(y) dy + ∫_{ρ3} ρ e^{M y/ν} H^2(y)y^{N −1} ∫_y ρ_2 z^{N −1}e^{−M z/ν} H(z)F_h(z) dz dy. (2.18) Now, lim_{h→0+} ζ_h(ρ_3 − h) = θ^′(ρ_3)/H(ρ_3) = 0 and, since θ^′(ρ_2) = 0,

lim inf h→0+ ζ^′_h(ρ_2) = lim inf_{h→0+} ( ϕ^′_h H − ϕ_hH^′ H^2 ) (ρ_2)

= lim inf h→0+ ( θ^′_r(ρ_2 + h) − θ^′_r(ρ_2)

hH(ρ_2) ) − θ^′_r(ρ_2)

H^′(ρ_2) H^2(ρ_2) ≥ 0. We therefore deduce, on letting h → 0+ in (2.18), that θ^′_r(ρ) ≤ 0 for ρ ∈ (ρ_2, ρ_3). This contradiction proves the lemma. □

Lemma 2.4 Let the hypotheses of Lemmas 2.1 and 2.2 hold. Then, (2.2) is true.

Proof: Multiplying (2.12), expressed in the ρ variable, by θ^′_r(ρ), integrating over (0, R) and using integrating by parts, we obtain, 0 ≥ ∫_R 0 w(ρ) [ −ν d dρ ( ρ^{N −1} dθ_r dρ ) + ρ^{N −1}M dθ_r dρ + ρ^{N −1}c(ρ)θ_r ] dρ = ∫_R 0 ρ^{N −1}w(ρ)L^∗[θ_r](ρ) dρ = ∫_R 0 ρ^{N −1}w(ρ)χ_{[0, r]}(ρ) dρ = ∫_r 0 ρ^{N −1}w(ρ) dρ, where we have used θ^′_r(0) = θ_r(R) = 0 and θ_r(ρ) ≥ 0 ≥ θ^′_r(ρ), ρ ∈ (0, R). □

Proof of Theorem 1: Suppose that u ∈ D(A), f ∈ L_1(Ω) and Au = f. From the definition of a weak solution in W^{1, 1}_0 (Ω) of the equation L[u] = f, there exists a sequence {u_n} in C^∞_0 (Ω) such that f_n ≡ L[u_n] → f and u_n → u in L_1(Ω). If v_n is defined for f^♯_n via (2.3), Lemma 2.2 implies that there is a constant c_1, independent of f_n and v_n such that

c_1‖L[u_n]‖_{L1(Ω)} = c_1‖f_n‖_{L1(Ω)} = c_1‖f^♯_n‖_{L1(BR)} ≥ ‖v_n‖_{L1(BR)}.

On the other hand, Lemma 2.4 implies that ‖v_n‖_{L1(BR)} = C_N ∫_R 0 r^{N −1}v_n(r) dr ≥ C_N ∫_R 0 r^{N −1}u_n(r) dr = ‖u^♯_n‖_{L1(BR)} = ‖u_n‖_{L1(Ω)}.

Hence, c_1‖L[u_n]‖_{L1(Ω)} ≥ ‖u_n‖_{L1(Ω)}, which on taking the limit in n yields

c_1‖L[u]‖_{L1(Ω)} ≥ ‖u‖_{L1(Ω)}. (2.19)

This bound implies the injectivity of A : D(A) → L_1(Ω).

Now, D(A) ⊃ D(A_2) ≡ {u ∈ H^1_0 (Ω) | L[u] ∈ L_2(Ω)},

and so A_2 : D(A_2) → L_2(Ω) must also be injective. The existence of a weak solution in D(A_2) for each f ∈ L_2(Ω) now follows from the Fredholm alternative, see [11, Section 8.2]. But L_2(Ω) is dense in L_1(Ω), and so, by the closedness of A implied by (2.19), the range of A is L_1(Ω). Inequality (2.19) now implies that A posseses a bounded inverse A^{−1} such that ‖A^{−1}‖_{L1(Ω)} ≤ c_1.

It is known, see [8] and [16, p. 23], that for all f, g ∈ L_1(Ω),

‖f^♯ − g^♯‖_{L1(BR)} ≤ ‖f − g‖_{L1(Ω)}. (2.20)

Thus, f_n → f implies f^♯_n → f^♯, and we deduce from Lemma 2.2 that v_n → v in L_1(B_R), where v is defined via (2.3). Since (2.2) holds for u_n and v_n, by Lemma 2.4, we deduce that (2.2) holds also for u and v.

Finally, applying (2.2) for Ω = B_R and L = L^♯, we obtain ∫ B_r v^♯_n dx ≤ ∫ B_r v_n dx ≤ ∫ B_r v^♯_n dx, r ∈ (0, R), where the second inequality is a standard result of Schwarz symmetrization. Since, v_n and v^♯_n are both spherically symmetric, and (2.3) and the proof of Lemma 2.1 imply that both are continuous, it follows that they are equal. Taking the limit, again appealing to (2.20), we deduce that v = v^♯. Inequality (2.4) now follows from (2.2). □

We define

D(A^∗) = {u ∈ W^{1, 1}_0 (Ω) : L^∗[u] ∈ L_1(Ω)},

A^∗ : D(A^∗) → L_1(Ω), A^∗u = L^∗[u], u ∈ D(A^∗).

and put A^♯ and (A^♯)^∗ be equal to A and A^∗, when L = L^♯ and L^∗ = (L^♯)^∗, respectively. We set S = {u ∈ L_1(B_R) : u(x) = u(|x|), some u : (0, R) → R}, D(A) = {u ∈ W^{1, 1}_0 (B_R) ∩ S : L^♯[u] ∈ S} A : D(A) → S, Au = L^♯[u], u ∈ D(A), D(A^∗) = {u ∈ W^{1, 1}_0 (B_R) ∩ S : (L^♯)^∗[u] ∈ S} A^∗ : D(A^∗) → S, A^∗u = (L^♯)^∗[u], u ∈ D(A^∗). Corollary 2 Let the hypotheses of Theorem 1 hold. Then, for p, q ∈ [1, ∞] such that 1/p − 1/q < 2/N, A^{−1}, (A^∗)^{−1} : L_p(Ω) −→ L_q(Ω), are bounded linear operators such that ‖A^{−1}‖_{Lp(Ω)→Lq (Ω)} ≤ ‖A^{−1}‖_{Lp(BR)→Lq (BR)}, (2.21) ‖(A^∗)^{−1}‖_{Lp(Ω)→Lq (Ω)} ≤ ‖(A^∗)^{−1}‖_{Lp(BR)→Lq (BR)}. (2.22) Proof: It is apparent from Lemma 2.2, representation (2.3) and some calculations that A^{−1} : L_p(B_R) −→ L_q(B_R) is a bounded linear operator, provided 1/p − 1/q < 2/N. Given f ∈ L_p(Ω), ‖f^♯‖_{Lp(BR)} = ‖f‖_{Lp(Ω)}, whilst (2.4) implies that ∫_s 0 u^⋆(η) dη ≤ ∫_s 0 v^⋆(η) dη, where u = A^{−1}f and v = (A^♯)^{−1}f^♯. As a consequence of the argument leading to (1.11), ‖u‖_{Lq (Ω)} ≤ ‖v‖_{Lq(BR)} for all q ∈ [1, ∞] such that 1/p − 1/q < 2/N. Hence, (2.21) follows.

Duality arguments show that if 1/p + 1/p^′ = 1, 1/q + 1/q^′ = 1, ‖A^{−1}‖_{Lp(Ω)→Lq (Ω)} = ‖(A^∗)^{−1}‖_{Lq′ (Ω)→Lp′ (Ω)} ‖A^{−1}‖_{Lp(BR)→Lq (BR)} = ‖A^{−1}‖_{Lq′ (BR)→Lp′ (BR)} (2.23)

Consequently, (2.22) follows. □ Remark: Theorem 1 gives finer information than (2.21), since a specific v is available for each u and f satisfying (1.1). In the case of L^∗, however, when the first-order term is in non-conservation form, an analogue of Theorem 1 is not known — see [4] for the best available result. The estimate (2.22) is therefore more important here.

Corollary 3 Suppose that the assumptions of Theorem 1 hold. Then, the same conclusions are valid for the operator L, with c replaced by d ∈ L_∞(Ω), such that d(x) > c(x) − λ_1, where λ_1 > 0 is an eigenvalue of A corresponding to a non-negative eigenfunction ϕ_1.

Proof: It is apparent from (2.3) that A^{−1} is a positive operator on the cone K = {u ∈ S : u ≥ 0}. The weak Krein-Rutman theorem, see e.g. [9, p. 191], implies that there is a ϕ_1 ∈ D(A^∗) ∩ K, such that (A^∗)^{−1}ϕ_1 = α_1ϕ_1 for some α_1 > 0. Putting λ_1 = 1/α_1, we obtain

A^∗ϕ_1 = λ_1ϕ_1.

Claim: d > c − λ_1.

If x is such that c(x) ≥ λ_1 > 0, then d(x) > 0 and

d^+(x) + λ_1 = d(x) + λ_1 > c(x) = c^+(x) d^−(x) = 0 < λ_1 = λ_1 + c^−(x).

If x is such that c(x) < λ_1,

d^+(x) + λ_1 = max{d(x) + λ_1, 0} ≥ max{c(x), 0} = c^+(x) d^−(x) = max{−d(x), 0} < λ_1 − c(x) ≤ λ_1 + c^−(x).

Thus, d^+(x) + λ_1 > c^+(x) and d^−(x) ≤ λ_1 + c^−(x). Using standard properties of Schwarz symmetrizations, see [16, Section II.2], we deduce that

(d^+)_♯(x) = (d^+ + λ_1)_♯(x) > (c^+)_♯(x) (d^−)^♯ < (c^− + λ_1)^♯ = (c^−(x))^♯ + λ_1,

from which the claim follows.

The hypotheses of Theorem 1 hold for the modified operator L, provided that the corresponding condition (P) is true; i.e., there exists a strictly positive

H ∈ C^1[0, R] satisfying (2.1), with d replacing c. The existence of a C^1 solution H is standard — it remains to check its positivity. As may be verified by differentiation, H satisfies d dr ( H ϕ_1 ) = ∫_r 0 (y/r)^{N −1}e^{M (r−y)/ν} ϕ_1(y) νϕ^2_1(r) ( d − (c − λ_1) ) H(y) dy, (2.24) for r ∈ (0, R). Because H(0) = 1 and H is continuous, the right-hand side is initially non-negative. A simple argument by contradiction shows that H/ϕ_1 is non-decreasing, and therefore strictly positive, for r ∈ [0, R]. Multiplying (2.24) by νϕ^2_1(r), and letting r → R−, we obtain −νϕ^′_1(R)H(R) = ∫_R 0 (y/R)^{N −1}e^{M (R−y)/ν} ϕ_1(y) ( (c − λ) − (c − λ_1) ) H(y) dy, using ϕ_1(R) = 0. Since (c − λ) > c − λ_1, the right-hand side is positive. Also, ϕ_1 decreasing at r = R implies ϕ^′_1(R) ≤ 0. We conclude that ϕ^′_1(R) < 0 and H(R) > 0. Hence, H(r) > 0 for r ∈ [0, R]. □

3 Calculations

Given a boundary value problem of the form (1.1), we seek answers to the questions,

(a) Is condition (P) satisfied?

(b) If (P) is satisfied, can one obtain numerical values for v(r), the comparison solution of Theorem 1?

(c) If (P) is satisfied, can one obtain numerical values for ‖A^{−1}‖_{Lp(BR)→Lq (BR)} and ‖(A^∗)^{−1}‖_{Lp(BR)→Lq (BR)}, the upper bounds of Corollary 2 for the solution operator of (1.1) and its adjoint problem?

There are two cases to consider:

(i) c(x) non-constant. In subsection 3.1, we describe a rigorous numerical procedure for answering (a). This could also be adapted to find estimates for (b) and (c).

(ii) c(x) = λ, a constant. In subsection 3.2, we show that the answer to (a) turns on whether λ > −λ_1, where λ_1 is as in Corollary 3 when c ≡ 0. We find estimates for λ_1(ν, M, R) and an explicit formula for H(r), the solution of (2.1), in terms of Kummer functions. We also obtain exact answers to question (c) for some special values of p and q.

3.1 Checking condition (P)

For second-order elliptic boundary value problems in general domains, the equivalence between the existence of a single positive u such that L[u] ≥ 0, a maximum principle and the positivity of the principal eigenvalue has been considered by Berestycki, Nirenberg and Varadhan [7]. Condition (P) is therefore equivalent to the existence of a strictly positive function g ∈ C^1[0, R] such that

L^∗[g] ≥ 0, r ∈ (0, R), g^′(0) = 0. (3.1)

Below, we describe how one might use a numerical procedure to rigorously verify the existence of such a g.

Let Ω be covered by a Cartesian grid of N-dimensional cubes of width h > 0. Let Ω_h be the union of all cubes with non-empty intersection with Ω. Let c_h be the piecewise constant function equal to the essential minimum of c in each cube and let c̃_h = (c^+_h )_♯ − (c^−_h )^♯ be the (simply constructed) rearrangement of c_h over B_{Rh} , where |B_{Rh} | = |Ω_h|. Define L^∗_h[u] ≡ −ν d^2u dr^2 − ( ν(N − 1) r − M ) du dr + c_h(r)u, r ∈ [0, R_h], (3.2)

where c_h(r) = c_h(x) for |x| = r.

One might now try using a numerical time-marching initial value solver for

L^∗_h[u] = 1, u(0) = 1, u^′(0) = 0,

followed by polynomial interpolation. Alternatively, one might use a boundary value problem (BVP) solver, e.g. finite element method with piecewise quadratic elements, or cubic spline collocation, to try to solve

L^∗_h[u] = 1, u^′(0) = 0, u(1) = 1.

(Note that one eventually needs a BVP solver to find numerical approximations to v.) In all cases, one needs to have nodes at the points where c_h(r) is discontinuous. Except in the finite element case, where a weak formulation is used, one needs to replace the term u^′(r)/r by u^{′′}(r) at r = 0. A suitable reference for the above schemes is [5].

Proposition 3.1 Suppose that there is a strictly positive g ∈ C^1[0, R] such that

L^∗_h[g] ≥ 0, r ∈ (0, R), g^′(0) = 0, (3.3)

then (P) is satisfied.

Proof: Let C_h(x) be the function c(x), extended by ess. max_Ω c in Ω_h \ Ω, and let C̃_h(x) denote the rearrangement corresponding to (1.8) of C_h(x) over B_{Rh} . Clearly, C̃_h(x) = c̃(x), x ∈ B_R. On the other hand, since C_h(x) ≥ c_h(x), x ∈ Ω_h, and Schwarz symmetrization is monotonic, see [16], C̃_h(x) ≥ c̃_h(x). We conclude that c̃(x) ≥ c̃_h(x), x ∈ B_R. Hence, L^∗[g] = L^∗_h[g] + (c − c_h)g ≥ 0, r ∈ [0, R]. Thus, g satisfies (3.1) and (P) is satisfied. □

Since any of the numerical procedures suggested above yields a C^1 piecewise polynomial of low order, it is easy to check if it is positive and satisfies (3.3). Should (3.3) not be satisfied, one may try again with smaller h. Rigorous upper bounds for v might also be found by a similar procedure, using a BVP solver. This would involve an approximate rearrangement of f similar to that described above for c. Note also that the left-hand boundary condition changes to v^′(0) = −Mv(0) in this case.

3.2 Calculations when c(x) is constant

Here, we suppose that c(x) = λ ∈ R for all x ∈ Ω. We make the scalings r̂ = r/R, M̂ = MR/ν, λ̂ = R^2λ/ν, f̂(r̂) = R^2f(r) and v̂(r̂) = v(r), where a hat ‘^’ denotes a new variable. We may rewrite (1.9) in the new variables, (omitting hats), as

(L_0 + λ)[v] ≡ − d^2v dr^2 − ( (N − 1) r + M ) dv dr − ( M(N − 1) r − λ ) v = f, (3.4)

for r ∈ (0, 1). Let the operator A for L_0 be denoted A_0, and in future let λ_1 specifically denote λ_1(A_0), where λ_1(A) is described in Corollary 3.

Proposition 3.2 Condition (P) is satisfied by L^∗ = L^∗_0 + λ if and only if λ > −λ_1.

Proof: When L^∗ = L^∗_0, H(r) ≡ 1 and so (P) is satisfied. We conclude from Corollary 3 that λ > −λ_1 implies (P) for L^∗ = L^∗_0 + λ. For λ = −λ_1, H(r) = ϕ_1(r), the positive eigenfunction of A^∗_0, implying H(R) = 0, so (P) is not satisfied.

If λ < −λ_1 and (P) were satisfied, then, by the proof of Corollary 3, (A^∗_0 + λI)^{−1} would be a positive operator. But (A^∗_0 + λI)^{−1}ϕ_1 = (λ_1 + λ)^{−1}ϕ_1 < 0, so this could not be true. □

From the classical theory of ODEs Erdélyi et al. [10, p. 250], we obtain the following representation for H(r).

Proposition 3.3 For L^∗ = L_0 + λ, H(r) the solution of (2.1), (not normalized to satisfy H(0) = 1), is given by the following formulae. When N = 1,

H(r) = σ(λ) (_{e(M/2−γ)r} M/2−γ − e^{(M/2+γ)r} M/2+γ ) , λ ≠ −M^2/4, λ ≠ 0, e^{M r/2}(1 − Mr/2), λ = −M^2/4 ≠ 0, 1, λ = 0, (3.5)

where γ = √ M^2/4 + λ and σ(λ) ∈ {±1, ±i} is chosen so that H(1) > 0. When N ≥ 2,

H(r) = e^{(M/2−γ)r}Φ((N − 1)δ, (N − 1), 2γr), λ ≠ −M^2/4, λ ≠ 0, r^{−(N −2)/2}J_{N −2}( √ 2(N − 1)Mr), λ = −M^2/4, M ≠ 0, 1, λ = 0, (3.6)

where δ = 1/2 − M/(4γ).

Here, J_n(x) is the Bessel function of the first kind and Φ(a, b, x) = ∞∑ n=0 Γ(a + n)Γ(b)x^n Γ(b + n)Γ(a)n!

(3.7)

is the Kummer confluent hypergeometric function of the first kind, see [1, 10]. We note that the Kummer transformation, Φ(a, b, x) = e^xΦ(b − a, b, −x), implies that the right-hand side of (3.6) is an even function of γ for N ≥ 2, and thus real even when γ is imaginary.

Proposition 3.2 begs the question as to the value of λ_1. In the next result, we consider λ_1 = λ_1(M) and partially answer this question.

Proposition 3.4 When N = 1, λ_1(0) = π^2/4, λ_1(2) = 1 and for large M,

λ_1(M) = M^2e^{−M} + 2M^2(M − 1)e^{−2M} + o(e^{−(3−ϵ)M} ), all ϵ > 0. (3.8)

When N ≥ 2, λ_1(0) = j^2_{μ, 1}, where μ = (N − 2)/2 and j_{μ, 1} is the first zero of J_μ, see [1, pp. 370, 467], λ_1 ( j^2_{N −2, 1} N − 1 ) = j^4_{N −2, 1} 16(N − 1)^2

, (3.9) and for large M,

λ_1(M) ∼ M^2 (_∞ ∑ n=1 (N − 1)!M^n (N + n − 2)!n )_{−1} . (3.10)

Proof: Since the results for N = 1 were established in [14], we consider N ≥ 2 here. When λ = −λ_1, r = 1 is the first zero of H(r) = ϕ_1(r). For M = 0, considering the identity [1, p. 504]

e^{−ir}Φ((N − 1)/2, (N − 1), 2ir) = Γ(1 + μ)(r/2)^{−μ} J_μ(r),

we deduce from (3.6) that √ λ_1 = j_{μ, 1}. Similarly, we obtain (3.9) by considering the case λ = −M^2/4.

Proposition 3.2 implies H(1) > 0 for λ > −λ_1. Hence, by (3.6), λ = −λ_1(M) is the least negative solution of

Φ((N − 1)δ, (N − 1), M(1 − 2δ)^{−1}) = 0, δ(λ) = 1 2 − M 4 √ M^2/4 + λ

. (3.11)

By (3.7), the left-hand side of (3.11) is equal to 1 + ∞∑ n=1 (N − 1)!(n − 1)! (N − 2 + n)!n! ( M 1 − 2δ )_n {_{n−1}∏ k=1 (1 + (N − 1)δ/k) } . For δ ∈ (−1/(N − 1), 0) ∩ (−1/2, 0), we find that

f_−(δ) < Φ((N − 1)δ, (N − 1), M(1 − 2δ)^{−1}) < f_+(δ),

where f_−(δ) = 1 + bδ, f_+(δ) = 1 + bδ + aδ^2, b = ∞∑ n=1 (N − 1)!M^n (N − 2 + n)!n , a = ∞∑ n=1 (N − 1)!M^n (N − 2 + n)!n { 2n + (N − 1) n−1∑ k=1 1 k } . Clearly, δ_+ < δ(−λ_1) < δ_−, where δ_± are the respective least negative zeros of f_±. Some straightforward estimates yield

C_1(N)M^{−(N −1)}e^M < a, b < C_2(N)M^{−(N −1)}e^M ,

and thus b^2 ≫ a for large M. We deduce that −2 b + √ b^2 − 4a

= δ_+ < δ(−λ_1) < δ_− = − 1 b , and so δ(−λ_1) ∼ −1/b. Since λ_1 = −M^2δ(−λ_1) + O(δ^2), we obtain (3.10). □ Corollary 2 gives upper bounds for the norms of the solution operator for (1.1) and its adjoint in terms of those for a symmetrized problem. Here, still under the assumption that c(x) = λ for all x ∈ Ω, we calculate values for the latter in some special cases. Below, L_p denotes L_p(B_1) and q^′ = q/(q − 1). Example 1: ‖(A_0+λI)^{−1}‖_{L1 →Lq} = ‖(A_0+λI)^{−1}‖_{Lq′ →L∞} , λ > −λ_1, 1/q > 1−2/N. Consider v, the solution of

r^{N −1}(L_0 + λ)[v] = δ(r)/C_N , v(1) = 0.

Theorem 1 and the arguments leading to (1.11) imply that if u = (A_0 + λI)^{−1}f, where ‖f‖_{L1} = 1, then ‖u‖_{Lq} ≤ ‖v‖_{Lq} for all q such that 1/q > 1 − 2/N. Thus, ‖(A_0 + λI)^{−1}‖_{Lq} = ‖v‖_{Lq} . As may be verified by substitution, v(r) = e^{−M r} ( G(r) − G(1) H(1) H(r) ) , (3.12)

where H(r) is as in (3.5, 3.6) and

G(r) = e^{−(γ−M/2)r} 2γ − M , N = 1, c_M e^{−(γ−M/2)r}Ψ((N − 1)δ, (N − 1), 2γr), N ≥ 2. (3.13)

Here, c_M =

(2γ)^{N −2}Γ((N − 1)δ) C_N (N − 2)!

, and Ψ(a, b, x), see [10], is the Kummer confluent hypergeometric function of the second kind, singular at x = 0. (In [1] Ψ(a, b, x) is denoted U(a, b, x).)

Example 2: ‖(A_0 + λI)^{−1}‖_{L∞ →Lq} = ‖(A_0 + λI)^{−1}‖_{Lq′ →L1} , λ > −λ_1, q ≥ 1. It is evident from (2.3) that if ‖f‖_{L∞} = 1, v(r) will be largest when f(r) ≡ 1. Hence, ‖(A_0 + λI)^{−1}‖_{L∞→Lq} = ‖v‖_{Lq} , where v satisfies

(L_0 + λ)[v] = 1, v(1) = 0.

The solution v maybe represented in terms of the double integral (2.3). Alternatively, one may construct the Green’s function from the linearly independent pair of solutions of (L_0 + λ)[u] = 0, e^{−M r}H(r) and the right-hand side of (3.12), which respectively satisfy u^′(0) = 0 and u(1) = 0. This yields a single integral representation of v.

Example 3: ‖(A^∗_0 + λI)^{−1}‖_{L∞ →Lq} = ‖(A_0 + λI)^{−1}‖_{Lq′ →L1} , λ > −λ_1, q ≥ 1. Corollary 3 implies that L^∗_0+λ satisfies a maximum principle for λ > −λ_1. Hence,

‖(A^∗_0 + λI)^{−1}‖_{L∞ →Lq} = ‖v‖_{Lq} , where

(L^∗_0 + λ)[v] = 1, v(1) = 0.

This problem has solution

v(r) = H(1) − H(r) λH(1) , λ ≠ 0, ∫_1 r ∫_s 0 (t/s)^{N −1}e^{M (s−t)} dt ds, λ = 0. (3.14)

References

[1] Handbook of Mathematical Functions, M. Abramowitz and I. A. Stegun eds., National Bureau of Standards, Washington D.C., 1964.

[2] A. Alvino and G. Trombetti, Equazioni ellitiche con termini di ordine infriore e riordinamenti, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur., (8) 66 (1979), 1-7.

[3] A. Alvino and G. Trombetti, Sulle migliori costanti di maggiorazione per una classe di equazioni ellitiche degeneri e non, Richerche Mat., 30 (1981), 15-33.

[4] A. Alvino, G. Trombetti and P.-L. Lions, Comparison results for elliptic and parabolic equations via Schwarz symmetrization, Ann. Inst. Henri Poincaré, 7 (1990), 37-65.

[5] U. Ascher, R. Mattheij and R. Russell, Numerical Solution of Boundary Value Problems for Ordinary Differential Equations, Prentice- Hall, Englewood Cliffs, New Jersey, 1988.

[6] C. Bandle, Bounds for the solutions of boundary value problems, J. Math.

Anal. 30 (1976), 706-716.

[7] H. Berestycki, L. Nirenberg and S. R. S. Varadhan, The principal eigenvalue and maximum principle for second-order elliptic operators in general domains, Comm. Pure Appl. Math. 47 (1994), 47-92.

[8] G. Chiti, Rearrangements of functions and convergence in Orlicz spaces, Appl. Anal. 9 (1979), 23-27.

[9] R. Dautray and J.-L. Lions, Mathematical Analysis and Numerical Methods for Science and Technology, vol. 3, (English translation), Springer- Verlag, Berlin, 1990.

[10] A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcendental Functions, Bateman Manuscript Project, v. I, McGraw-Hill, New York, 1953.

[11] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd Edn., Springer-Verlag, Berlin, 1983.

[12] E. De Giorgi, Su una teoria generale della misura (r − 1)-dimensionale in uno spazio ad r-dimensioni, Ann. Mat. Pura e Appl. 36 (1954), 191-213.

[13] G. H. Hardy, J. E. Littlewood and G. Pólya, Inequalities, Cambridge Univ. Press, 1964.

[14] A. T. Hill, L_∞ estimates on the solutions of non-selfadjoint elliptic and parabolic equations in bounded domains, SIAM J. Math. Anal., 29 (1998), 720-735.

[15] A. T. Hill, Estimates on the Green’s function of second-order elliptic operators in R^N, Proc. Roy. Soc. Edin. Section (A), to appear.

[16] B. Kawohl, Rearrangements and convexity of level sets in PDE, Lecture Notes in Mathematics vol. 1150, Springer-Verlag, Berlin, 1985.

[17] G. Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl.

IV . Ser., 3 (1976), 697-718.

[18] G. Talenti, Linear elliptic PDE’s; level sets, rearrangements and a priori estimates of solutions, Boll. Un. Mat. Ital. B (6) 4 (1985), 917-949.