Regularity of Stokes Waves in Hardy Spaces and in Spaces of Distributions

J.F. Toland University of Bath Department of Mathematical Sciences Claverton Down Bath BA2 7AY U.K.

jft@maths.bath.ac.uk

Abstract

This paper deals with some functional-analytic questions which arise when the Stokes-wave problem, for the free boundary of a steady irrotational water wave, is formulated as a quadratic equation for a 2πperiodic, real-valued function w on R which need not be differentiable, even in a weak sense.

It is shown that any solution w of bounded variation which lies in the fractional order Sobolev space H^12 must be real-analytic and describes the profile of a steady water wave.

The investigation involves elements of complex Hardy space theory and an examination of the behaviour of the Hilbert transform on spaces of 2π-periodic integrable functions in the context of the Stokes wave equation.

1 Introduction

By a Stokes wave is meant a steady periodic wave propagating horizontally without without change of form with constant speed c on the surface of an infinitely deep irrotational flow. It is assumed that gravity g acts vertically and the free surface is determined by a combination of Laplace’s equation, kinematic and periodic boundary conditions and by a dynamic boundary condition given by Bernoulli’s theorem. The present study, which requires no previous knowledge of hydrodynamics, focuses on the functional analysis of a nonlinear equation, the solutions of which give solutions of the Stokes wave problem. Here is the necessary mathematical background.

For a locally integrable 2π-periodic function f : R → R let Cf denote its periodic Hilbert transform (also known as its conjugate function; see [16] where Cf is written f̃. Notation is defined in the next section.) Suppose that w : R → R is a 2π-periodic locally square-integrable function with locally square-integrable weak derivative (w ∈ W^{1,2}_{2π} in the notation of §2). It was shown in [6] that if (λ, w) ∈ R × W^{1,2}_{2π} satisfies Cw^′ = λ{w + wCw^′ + C(ww^′)}, λ > 0, (1.1a) 1 − 2λw(t) ≥ σ for some σ > 0, (1.1b)

and t → (t + Cw(t), w(t)) is injective on R, (1.1c)

then w is real-analytic on R and corresponds to a classical Stokes wave with wavelength 2Λ, where the Froude number πc^2/gΛ is given by 1/λ. In dimensionless coordinates the profile of the corresponding Stokes wave is given by S = {(x + Cw(x), w(x)) : x ∈ R} (1.2) and the excess area of one period of the wave, relative to that of the corresponding uniform horizontal flow, is proportional to A = ∫_π −π w(1 + Cw^′)dx. (1.3)

In these variables, the dynamic boundary condition given by Bernoulli’s theorem is the requirement that

(1 − 2λw){(w^′)^2 + (1 + Cw^′)^2} = 1 almost everywhere on R. (1.4)

In [6, §2.4] (see also Theorem 4.2 below) it is shown that (1.4) is a consequence of (1.1a) and (1.1b) provided that w ∈ W^{1,2}_{2π} . It then follows from a bootstrap argument and (1.1b) that w lies in the Hölder space C^{1,α}(R), α ∈ (0, 1), from which, by a famous theorem of Lewy [8], w is real-analytic on R. Thus, when (1.1a) and (1.1b) hold, regularity follows from knowing that w ∈ W^{1,2}_{2π} .

However, when w is absolutely continuous, the individual terms in (1.1a) (although not necessarily integrable because the Hilbert transform of an integrable function may not be integrable) are functions which are well defined pointwise almost everywhere. In that case (1.2) defines a (generalised) curve in the plane which is rectifiable (meaning, as usual, that w and Cw, although not necessarily continuous, have bounded variation) if and only if both w and Cw are absolutely continuous [16, Vol. I, (8.2), page 285]. Also, A is finite if and only if w lies in the fractional order Sobolev space H^12 .

Our first regularity result, proved in §5, is that every absolutely continuous solution w of (1.1a) and (1.1b) belongs to W^{1,2}_{2π} and hence is real-analytic.

The next section, §6, is concerned with a more general formulation of the Stokes wave problem in which the function w is not required to be differentiable, even in a weak sense. This formulation arises from the observation that (1.1a) is the Euler-Lagrange of a continuously differentiable functional J defined by (6.1) when w ∈ H^{1,1}_R . This formula has a natural extension as a continuously differentiable functional J defined by (6.2) on Y = L^∞_{2π} ∩H^12 . We show that any critical point w of J in Y satisfies (6.6) and, if w has bounded variation and satisfies (1.1b), that w is real-analytic. (A variational theory of the equation J^′(w) = 0 is under investigation and will appear elsewhere.)

The regularity theory presented here and in [6] makes no use of the boundary condition (1.1c), the rôle of which is to define the region occupied by the wave as the conformal image of a fixed region in the complex plane. On the other hand the constraint (1.1b), which may at first appear artificial, is essential. In §7, the Stokes wave of extreme form [12] is used as an example to show the existence of a solution w ∈ W^{1,2}_{2π} of (1.1a), which satisfies 1 − 2λw < 0 except at a discrete set of points, but which is not Lipschitz continuous (although it is in W^{1,3−ϵ}_{2π} for all ϵ ∈ (0, 1)).

It should be remarked from §7 that this extreme-wave solution has the property that (1−2λw)^{−1} is integrable on [−π, π]. Note also that if w satisfies (1.4), then w ∈ W^{1,2}_{2π} if and only if (1 − 2λw)^{−1} is positive almost everywhere and integrable on [−π, π]. This motivates the study in §8, where regularity theory in the case when (1.1b) is replaced with

1 − 2λw(t) > 0 for almost all t ∈ R and ∫_π −π dt 1 − 2λw(t) < ∞ (1.5)

is developed. The result is that a generalised solution w of the Stokes wave problem which satisfies (1.5) is in W^{1,2}_{2π} and is real-analytic on the (open) set where it is non-zero. This, Theorem 8.1, is the most general result in the paper.

The discussion involves the Hilbert transform in real function spaces, in particular the Lebesgue space L^1_{2π}, the Hardy space H^1_R and the fractional order Sobolev space H^12 . This theory is recorded in §2.

The mapping Q, from the definition [15] of the fractional order Slobodecki space W^12 , arises naturally in the Stokes wave problem and has crucial properties which are discussed in §3.

At the centre of our treatment of regularity questions is a simple application of the Riesz Representation theorem combined with an outer-function construction given in §4. (These are the outer functions which arise in the factorisation theory of functions which, holomorphic in the unit disc, are in one of the complex Hardy spaces H^p_C .)

The remaining sections discuss the regularity of solutions of the Stokes wave problem at various levels of generality.

2 Real Functions and the Hilbert Transform

Here we recall the classical real-function spaces and how the Hilbert transform acts on them. Let L^p_{2π}, 0 < p ≤ ∞, denote the linear space of 2πperiodic, real-valued, measurable functions on R with ‖u‖_L^p_{2π} = {∫_π −π |u|^pdx }_{1/p} < ∞ if p < ∞, and essentially bounded if p = ∞. Of course, L^p_{2π} is a Banach space if p ≥ 1.

The periodic Hilbert transform of an L^1_{2π}-function u is defined for almost all x ∈ R by the Cauchy principle value integral Cu(x) = 1 2π ∫_π −π u(y) cot (^1_2 (x − y)) dy. (2.1)

It is well known [16, Vol. I, (2.4), page 253] that C : L^p_{2π} → L^p_{2π} is a bounded linear operator if 1 < p < ∞ (this a theorem of M. Riesz) and that C does not map L^p_{2π} into itself when p = 1 and ∞. However [16, Vol. I, (2.6), page 254],

Cu ∈ L^p_{2π}, for all p ∈ (0, 1) when u ∈ L^1_{2π}. (2.2)

The Hilbert transform of an infinitely differentiable function is infinitely differentiable.

Let the Fourier coefficients of u ∈ L^1_{2π} be denoted by

û(k) = 1 2π ∫_π −π u(x)ϕ_k(x)dx, where ϕ_k(x) = exp(ikx), k ∈ Z. (2.3) Then C is a Fourier multiplication operator on L^p_{2π}, p > 1, in the sense that ^Cu(0) = 0 and ^Cu(k) = −isgn(k)û(k), k ∈ Z \ {0} when u ∈ L^p_{2π}, p > 1. (2.4)

The real Hardy space H^1_R is the space of functions u ∈ L^1_{2π} for which Cu is also in L^1_{2π}. It is a Banach space when endowed with the norm

‖u‖_H1_R = ∫_π −π |u(x)| + |Cu(x)|dx. Note that (2.4) holds for functions u ∈ H^1_R. It will be important for us to note that u ∈ H^1_R if and only if u ∈ L^1_{2π} and the negative part of Cu is integrable. (See Theorem 5.4 and the Remark which follows its proof.)

Let L log^+ L denote the set of functions u with ∫_π −π |u| log^+ |u|dx < ∞, where log^+(t) = max{0, log t} for t > 0. Results of F. Riesz and Zygmund [16, Vol. I, (2.8) & (2.10), page 254] imply that that if u ∈ L^1_{2π} and u ≥ 0, then

u ∈ H^1_R if and only if u ∈ L log^+ L. (2.5)

The fractional order Sobolev space H^12 is the Hilbert space of functions u ∈ L^1_{2π} with norm given by

‖u‖^2_H 1_2 = ∑ k∈Z (1 + |k|)|û(k)|^2 < ∞. (2.6)

From this definition and (2.4) it is clear that C maps H^12 boundedly into itself. The periodic Slobodecki space W^12 [15] is the set of measurable functions u with Hilbert-space norm given by

‖u‖^2_W 1_2 = ∫_π −π ∫_π −π { u(x) − u(y) sin^1_2 (x − y)

}_2 dxdy + ∫_π −π |u(x)|^2dx < ∞. (2.7) It is well known (and we will see a proof in §3) that the spaces W^12 and H^12 are the same and that the infinitely differentiable 2π-periodic functions form a dense subspace of this space.

Lemma 2.1. Suppose u ∈ W^12 and a ∈ R. Then

lim inf x↘a u(x) ≤ lim sup_{y↗a} u(y) and lim inf_{y↗a} u(y) ≤ lim sup_{x↘a} u(x).

Proof. Suppose that lim inf x↘a u(x) > lim sup_{y↗a} u(y)

where u ∈ W^12 and a ∈ R. Then there exist ϵ, δ > 0 such that u(x) − u(y) ≥ δ if a − ϵ ≤ y < a < x ≤ a + ϵ. Therefore ∫_π −π ∫_π −π { u(x) − u(y) sin^1_2 (x − y)

}_2 dxdy ≥ ∫_a a−ϵ ∫_{a+ϵ} a { u(x) − u(y) sin^1_2 (x − y)

}_2 dxdy ≥ δ^2 ∫_a a−ϵ ∫_{a+ϵ} a { 1 sin^1_2 (x − y)

}_2 dxdy = ∞. This contradicts (2.7) and proves the first inequality. The proof of the second inequality is the same.

For 1 ≤ p ≤ ∞ the Sobolev space W^{1,p}_{2π} is the usual Banach space of functions which along with their weak derivative are in L^p_{2π}. Here the norm is given by ‖u‖^p_{W 1,p2π} = ‖u‖^p_Lp_{2π} + ‖u^′‖^p_Lp_{2π} . The Hardy space H^{1,1}_R is the subspace of H^1_R comprised of functions whose weak derivative is in H^1_R. It also is a Banach space with the norm

‖u‖_H1,1_R = ‖u‖_H1_R+ ‖u^′‖_H1_R.

Thus

W^{1,p}_{2π} ⊂ H^{1,1}_R ⊂ L^∞_{2π}, 1 < p ≤ ∞, (2.8) but W^{1,1}_{2π} ⊄ H^{12} and H^{1,1}_R ⊂ H^{12} ⊄ W^{1,1}_{2π} . (2.9)

The first inclusion in (2.8) is immediate since C commutes with weak differentiation on W^{1,p}_{2π} , p > 1, and because C(L^p_{2π}) ⊂ L^p_{2π} ⊂ L^1_{2π}, 1 < p < ∞. The second is immediate because every element of H^{1,1}_R is absolutely continuous. To see (2.9), note first that f(x) = ∞∑ k=3 cos kx (log k)^12

defines an element of L^1_{2π} [16, Vol. I, (1.5), page 183]. Since the mean of f is zero its primitive F is 2π-periodic with Fourier series ∑ k≥3 sin kx k(log k)^12 . Therefore F ∈ W^{1,1}_{2π} \ H^12 , since ∑ k≥3[k log k]^{−1} = ∞. This gives the first non-inclusion in (2.9). Along the same elementary lines, ∞∑ k=3 cos kx k log k

is the Fourier series of an unbounded discontinuous function g ∈ L^1_{2π} [16, Vol. I, (2.3), page 253]. Hence g /∈ W^{1,1}_{2π} . But ∑ k≥3[k(log k)^2]^{−1} < ∞ means that g ∈ H^12 \ W^{1,1}_{2π} . (See (2.10) for a stronger statement.) That H^{1,1}_R ⊂ H^12 is immediate from (2.6) and a theorem of G. H. Hardy [16, Vol. 1, (8.7), page 286] which says that 2 ∞∑ k=0 |û(k)| k + 1

≤ ‖u‖_H1_R for all u ∈ H^1_R.

The following result , which is implicit in general theory, connects membership of w in H^{1,1}_R with the absolute continuity of w + iCw. Thus it says, in the water-wave context, that the Stokes wave free surface is rectifiable if and only if w ∈ H^{1,1}_R .

Lemma 2.2. A function w ∈ H^1_R belongs to H^{1,1}_R if and only if the weak derivative (w + iCw)^′ exists in L^1_{2π} + iL^1_{2π}. In particular, |w + iCw| ∈ L^∞_{2π} if w ∈ H^{1,1}_R .

Proof. First suppose that the weak derivative (w +iCw)^′ exists in L^1_{2π} +iL^1_{2π} . Then its Fourier series is ∑ k∈Z a_ke^{ikx} where a_k = 1 2π ∫_π −π (w + iCw)^′ϕ_kdx = ik 2π ∫_π −π (w + iCw)ϕ_kdx.

Therefore a_k = 0 if k ≤ 0 since w ∈ H^1_R. From this observation and an elementary calculation equating real and imaginary parts, there results that the Fourier series S for (Cw)^′ is the trigonometric series which is conjugate to the Fourier series for w^′. Now the fact that w^′ ∈ L^1_{2π} implies [16, Vol. I, (1.5), page 253] that S is Abel convergent almost everywhere to Cw^′. On the other hand S, being the Fourier series of (Cw)^′ ∈ L^1_{2π}, is Abel convergent almost everywhere to (Cw)^′ [16, Vol. I, (7.9)(i), page 101]. Therefore Cw^′ = (Cw)^′ ∈ L^1_{2π} when (w + iCw)^′ ∈ L^1_{2π}

Now suppose that w^′ ∈ H^1_R. Then there is a sequence {h_n} of smooth functions in H^{1,1}_R such that h_n + Ch_n → w^′ + iCw^′ in L^1_{2π} as n → ∞. (For example, let h_n = W_{1/n} where W^∗ = w^′ + iCw^′, as defined in (iii) of the discussion of complex Hardy spaces in §4.) Therefore, for any smooth ϕ ∈ L^1_{2π}, ∫_π −π ϕ^′Cwdx = − ∫_π −π wCϕ^′dx = − ∫_π −π w(Cϕ)^′wdx = ∫_π −π w^′Cϕ = lim_{n→∞} ∫_π −π h_nCϕdx, since C commutes with differentiation on smooth functions,

= lim_{n→∞} − ∫_π −π ϕCh_ndx = − ∫_π −π ϕCw^′dx. Therefore (Cw)^′ = Cw^′ if w ∈ H^{1,1}_R . This completes the proof.

It has been noted already that a complex-valued function of the form w + iCw is absolutely continuous if and only if it has bounded variation. However Cu need not have bounded variation even when u is absolutely continuous. (An example, due to Lusin, of an absolutely continuous function u with Cu essentially unbounded on every interval of R is given in [5, Vol. II, §VIII.13, page 94, 95]. The following observation is relevant to the Stokes wave problem because of the relation between A and W^12 = H^12 .

Let C_{2π} and BV denote the spaces of real-valued 2π-periodic functions on R which are, respectively, continuous on R and of bounded variation on [−π, π]. Since each element u of BV has right and left limits at every point a ∈ R it is immediate from Lemma 2.1 that u is continuous on R if u ∈ BV ∩ W^12 . However it follows from [16, Vol. II, (10.12), page 146] (by concatenating functions F of the type described there to make a continuous function on R) that there is a continuous, but not absolutely continuous, 2πperiodic, real-valued function u on R which has bounded variation on [−π, π], with |û(k)| = O(|k|^{ϵ− 3}2 ) as |k| → ∞ for any ϵ ∈ (0, 1). Such a function is in H^12 . Hence, since W^12 = H^12 ,

H^{12} ∩ BV ⊂ C_{2π} but H^{12} ∩ BV ⊄ W^{1,1}_{2π} . (2.10)

As usual, C^{k,α}(I) denotes the Banach space of functions the k^{th} derivatives of which are uniformly Hölder continuous with index α on an interval I, and χ_A denotes the characteristic function of a set A.

3 The Quadratic Mapping Q

Before dealing with the regularity question for solutions of the Stokes wave problem we study a quadratic mapping Q, defined in (3.3), which plays a central rôle in the analysis. This mapping Q has (surprisingly) already appeared in the definition (2.7) of W^12 . Here we derive Q(u) as a formula for the commutator of two linear operators acting on u^′. For given u ∈ W^{1,1}_{2π} , let Aϕ = uϕ for ϕ ∈ L^1_{2π}. We will see that Q(u) = (AC − CA)(u^′) and observe that the outcome is pointwise non-negative.

Lemma 3.1. Suppose that u ∈ W^{1,1}_{2π} . Then for almost all x ∈ R u(x)Cu^′(x) − C(uu^′)(x) = 1 8π ∫_π −π { u(x) − u(y) sin^1_2 (x − y)

}_2 dy. (3.1) Hence if u ∈ H^{1,1}_R then uu^′ ∈ H^1_R.

Proof. Let x ∈ R be such that y → ∫_y x u^′(t)dt is differentiable with respect to y at y = x. According to Lebesgue’s theorem this is a set of full measure in R. For almost all such x u(x)Cu^′(x) − C(uu^′)(x) = 1 2π ∫_π −π (u(x) − u(y))u^′(y) cot(^1_2 (x − y))dy = −1 4π ∫_π π cot(^1_2 (x − y)) d dy (∫_y x u^′(t)dt )_2 dy = 1 8π ∫_π −π { u(x) − u(y) sin^1_2 (x − y)

}_2 dy. If u ∈ H^{1,1}_R it follows that uCu^′ ∈ L^1_{2π}, and u ∈ H^12 = W^12 by (2.9). Therefore, by (2.7), C(uu^′) ∈ L^1_{2π}. Since uu^′ ∈ L^1_{2π}, this proves that uu^′ ∈ H^1_R.

Remark. The identity (3.1) holds everywhere on R when u is 2π-periodic and infinitely differentiable. Therefore for such functions u integrating both sides of (3.1) and Parseval’s identity gives ∑ k∈Z |k||û(k)|^2 = ∫_π −π 1 8π ∫_π −π { u(x) − u(y) sin^1_2 (x − y)

}_2 dydx. This observation with (2.6) and (2.7) gives H^12 = W^12 (which we already know) and it follows, in addition, that ‖u‖^2_H 1_2 = ‖Q(u)‖_L1_{2π} + ‖u‖_L2_π (3.2)

where Q(u)(x) = 1 8π ∫_π −π { u(x) − u(y) sin^1_2 (x − y)

}_2 dy. (3.3) Remark. A surprising pointwise lower bound for Qu(x) is evident from the following simple calculation. For almost all x ∈ R and u ∈ H^12 , Q(u)(x) = 1 8π ∫_π −π { u(x) − u(y) sin^1_2 (x − y)

}_2 dy = 1 8π ∫_π −π {u(x) − u(y)}^2dy + 1 8π ∫_π −π { u(x) − u(y) tan^1_2 (x − y)

}_2 dy ≥ 1 8π ∫_π −π {u(x) − u(y)}^2dy + 1 4 { 1 2π ∫_π −π { u(x) − u(y) tan^1_2 (x − y) } dy }_2 , by Jensen’s inequality, = 1 8π ∫_π −π {u(x) − u(y)}^2dy + 1 4 (Cu(x))^2 = 1 8π ‖u‖^2_L2_π − 1 2 [u]u(x) + 1 4 (u(x)^2 + Cu(x)^2), (3.4) ≥ 1 8π (‖u‖^2_L2_π − 2π[u]^2) + 1 4 (Cu(x))^2,

where [u] denotes the mean value of u on [−π, π]. Therefore, if u is not constant, Q(u) is bounded below by a positive constant (1/8π)(‖u‖^2_{L2π} − 2π[u]^2). From (3.4), for all u ∈ H^12 , ∫_π −π Q(u)dx ≥ 1 2 ‖u‖^2_L2_π − π[u]^2 + 1 4 ∫_π −π (Cu(x))^2dx = 1 2 ‖u‖^2_L2_π − π[u]^2 + 1 4 {‖u‖^2_L2_π − 2π[u]^2} = 3 4 {‖u‖^2_L2_π − 2π[u]^2}. Therefore it is clear from the characterisation of H^12 -functions in terms of Q that the product of two bounded H^12 -functions is a bounded H^12 -function, and the composition of a H^12 -function with a Lipschitz mapping on the left is in H^12 .

Note, from (2.5) and the observation that Q(u)(x) ∈ [0, ∞] for all 2πperiodic measurable functions u and all x ∈ R, that

Q(w) ∈ H^1_R if and only if Q(w) ∈ L log^+ L.

The relations (2.8) and (2.9) show the sense in which the next observation is sharp.

Lemma 3.2. Let u ∈ W^{1,p}_{2π} , 1 < p < 2. Then Q(u) ∈ L^{p/(2−p)}_{2π} . Since 1 < p < p/(2 − p) it follows that Q(u) ∈ L^1_{2π} whence u ∈ H^12 .

Proof. Let u ∈ W^{1,p}_{2π} . Then an integration by parts, as in the proof of the preceding lemma, gives that for almost all x ∈ R

0 ≤ Q(u)(x) = 1 2π ∫_π −π cot(^1_2 (x − y))u^′(y) ∫_x y u^′(t)dt dy ≤ ‖u^′‖_L^p_{2π} 2π ∫_π −π |u^′(y)||x − y|^{1/q} | tan(^1_2 (x − y))| dy, 1 p + 1 q = 1, ≤ ‖u^′‖_L^p_{2π} π ∫_π −π |u^′(y)| |x − y|^{1/p} dy = ‖u^′‖_L^p_{2π} π ∫ R χ_{[−π,π]}(y)|u^′(y)| |x − y|^{1/p} dy. (3.5) Since χ_{[−π,π]}u^′ ∈ L^p_{2π} it follows from the Hardy-Littlewood-Sobolev inequality [9, page 98] that, as a function of x ∈ R, the right-hand side of (3.5) is r^{th}- power integrable where r = p/(2 − p). Hence Q(u) ∈ L^{p/(2−p)}_{2π} . The result now follows from the preceding discussion.

4 Complex Function Spaces

Theorem 4.4, which is a consequence of the most elementary part of complex Hardy-space theory [7] or [11, Chapter 17], will be helpful with the regularity theory. Let D denote the unit disc centred at 0 in the complex plane and let T denote its boundary, the unit circle in C . When f : D → R is holomorphic on D, let f_r(t) = f(re^{it}) for t ∈ R and r ∈ (0, 1). Then, for any p ∈ (0, ∞],

||f||_p = lim_{r→1} ‖ |f_r| ‖_L^p_{2π} = sup_{r∈(0,1)} ‖ |f_r| ‖_L^p_{2π}

is well defined. The Hardy class H^p_C is the set of all such functions f with ||f||_p < ∞. Moreover (i) for any f ∈ H^p_C , p ∈ (0, ∞], f^∗(t) = lim_{r→1} f_r(t) is well defined for almost all t ∈ R, |f^∗| ∈ L^p_{2π}, ‖ |f^∗| ‖_L^p_{2π} = ||f||_p and log |f^∗| ∈ L^1_{2π};

(ii) every f ∈ H^1_C is both the Cauchy and Poisson integrals of f^∗ on the unit circle;

(iii) u ∈ H^1_R if and only if u + iCu = U^∗ for some U ∈ H^1_C ;

(iv) if g : R → C has |g| ∈ L^1_{2π} and ∫_π −π g(t)ϕ_k(t)dt = 0 for all k ∈ N, then g = G^∗ for some G ∈ H^1_C .

We will write g ∈ Log when g : R → C and log |g| ∈ L^1_{2π}. (When g ∈ Log the set where g is zero has measure zero, and f^∗ ∈ Log when f ∈ H^p_C , p > 0, by (i) above.) For g ∈ Log, an outer function O(g) is defined by

O(g)(z) = exp { 1 2π ∫_π −π e^{it} + z e^{it} − z log |g|(t)dt } , z ∈ D. Outer functions have the following properties [11, Theorems 17.16 & 17.7]:

(a) O(g) is holomorphic, has no zeros in D and O(g)(0) ∈ R; (b) for g_1, g_2 ∈ Log, O(g_1g_2) = O(g_1)O(g_2);

(c) for g ∈ Log and p ∈ (0, ∞], |g| ∈ L^p_{2π} if and only if O(g) ∈ H^p_C , and then |(O(g))^∗| = |g|;

(d) for f ∈ H^p_C , p ∈ (0, ∞] and z ∈ D, |O(f^∗)(z)| ≥ |f(z)|; Since f^∗ ∈ L^1_{2π} does not imply that f ∈ H^1_C , the following observation is useful.

Proposition 4.1. Suppose that f_1 and f_2 are in H^p_C , p ∈ (0, ∞], and that f_3 ∈ L^1_{2π}, where f_3(t) = |f^∗_1 (t)f^∗_2 (t)|, t ∈ R. Then f_1f_2 ∈ H^1_C and (f_1f_2)^∗ = f^∗_1 f^∗_2 .

Proof. Note first that f^∗_1 , f^∗_2 ∈ Log, since f_1, f_2 ∈ H^p_C . Hence f_3 ∈ Log. Let F_k(z) = O(f^∗_k )(z) k = 1, 2 and F_3(z) = O(f_3)(z), z ∈ D.

Since |f^∗_1 |, |f^∗_2 | ∈ L^p_{2π} and f_3 ∈ L^1_{2π}, it follows by property (c) that F_k ∈ H^p_C for k = 1, 2 and F_3 ∈ H^1_C . By properties (b) and (d), therefore |f_1(z)f_2(z)| ≤ |F_1(z)F_2(z)| = |F_3(z)|, z ∈ D. This proves that f_1f_2 ∈ H^1_C since F_3 ∈ H^1_C . That (f_1f_2)^∗ = f^∗_1 f^∗_2 follows from the definition of f^∗_k .

Now we can derive (1.4) from (1.1a) using the language of complex Hardy spaces. This gives a proof of a generalised version of [6, Theorem 2.3].

Theorem 4.2. Suppose that w ∈ H^{1,1}_R is a solution of (1.1a) and ∫_π −π |1 − 2λw|{(w^′)^2 + (Cw^′)^2}dx < ∞. Then w satisfies (1.4). In particular, 1 − 2λw > 0 almost everywhere.

Consequently, if w ∈ W^{1,2}_{2π} is a solution of (1.1a), then w satisfies (1.4) and 1 − 2λw > 0 almost everywhere.

Proof. Let u =^1_2 (1 − 2λw)(1 + Cw^′). Then, from Lemma 3.1and (1.1a), u ∈ H^1_R and Cu =^1_2 (1 − 2λw)w^′, since u =^1_2 (1 − C(w^′ − 2λww^′)) by (1.1a). Let U, W ∈ H^1_C be such that

U^∗ = u + iCu and W^∗ = w^′ + i(1 + Cw^′) on T,

and let V (z) = U(z)W (z), z ∈ D. Then for almost all t,

U^∗W^∗ =^1_2 i(1 − 2λw){1 + Cw^′ + iw^′}{1 + Cw^′ − iw^′} =^1_2 i(1 − 2λw){(w^′)^2 + (1 + Cw^′)^2}.

It follows from Proposition 4.1 that V ∈ H^1_C and V^∗ = U^∗W^∗ almost everywhere, since |U^∗V^∗| ∈ L^1_{2π} by hypothesis. Because Real V^∗(t) = 0 almost everywhere on T , V , being the Poisson integral of V^∗, is imaginary, and is therefore an imaginary constant on D, by the Cauchy-Riemann equations. Now V (0) = U(0)W (0) = iU(0) = i 2π ∫_π −π u(t)dt = i 4π ∫_π −π (1−2λw)(1+Cw^′)dt = i 2 , since ∫_π −π Cw^′dt = 0 and ∫_π −π w(1 + Cw^′)dt = 0 by (1.1a). Therefore V ≡ i/2 on D and so (1.4) holds on T. This completes the proof.

Proposition 4.3. Suppose that g : R → R is a bounded, non-negative, realvalued function with g^{−p} ∈ L^1_{2π} for some p > 0. Then there exists a function H ∈ H^∞_C with H(z) ≠ 0 for z ∈ D, H(0) ∈ R, H^∗(t)H^∗(t) = g(t) for almost all t ∈ R and 1/H ∈ H^{2p}_{2π}.

Proof. The hypotheses imply that √ g ∈ Log. It suffices therefore to let H = O( √ g) on D and to invoke properties (a)-(d) of outer functions to observe that H ∈ H^∞_{2π} has no zeros in D, |H^∗|^2 = g and 1/H = O(1/ √ g) ∈ H^{2p}_{2π}.

The next result would be trivial if u were square-integrable. Theorem 4.4. Suppose that g : R → R is a bounded, non-negative, realvalued function with g^{−p} ∈ L^1_{2π} for some p > 0 and that u ∈ H^1_R has the property that for every infinitely differentiable, 2π-periodic function ϕ on R ∫_π −π g(t){u(t)ϕ(t) + Cu(t)Cϕ(t)}dt = 0. Then u = 0.

Proof. Suppose that ϕ = ϕ_k, k ∈ Z, as defined in (2.3). Then k = 0 gives ∫_π −π g(t)u(t)dt = 0 (4.1)

and from (2.4) it follows that ∫_π −π g(t){u(t) + iCu(t)}ϕ_k(t)dt = 0 if k > 0. (4.2) Let v : R → R be defined by v(t) = g(−t){u(−t) + iCu(−t)), t ∈ R. Then |v| ∈ L^1_{2π} since g ∈ L^∞_{2π} and u ∈ H^1_R. From (4.1) and (4.2), the Fourier series for v is_∞ ∑ k=0 a_ke^{ikt} where a_0 ∈ iR. Let V (z) = ∞∑ k=0 a_kz^k, z ∈ D. Then V ∈ H^1_C by property (iv) of Hardy spaces, V (0) = a_0 ∈ iR and V^∗(t) = v(t). Let U ∈ H^1_C be such that U^∗ = u + iCu. Then U(0) ∈ R (since Cu has zero mean) and g(t)U^∗(t) = V^∗(−t), t ∈ R. (4.3) Now let H be the outer function defined in Proposition 4.3 and let K be defined by K(z) = 1 H(z) , z ∈ D.

From Proposition 4.3, K ∈ H^{2p}_C ,

K^∗(t) ≠ 0 and g(t) =

H^∗(t) K^∗(−t) for almost all t ∈ R.

Hence (4.3) may be re-written

H^∗(t)U^∗(t) = V^∗(−t)K^∗(−t) for almost all t ∈ R, (4.4)

where both HU and KV are in H^1_C , the former because U ∈ H^1_C and H ∈ H^∞_C , and the latter by Proposition 4.1, since V ∈ H^1_C , K ∈ H^{2p}_{2π}, p > 0, and |V^∗K^∗| = |U^∗H^∗| ∈ L^1_{2π}. Let H(z)U(z) = ∞∑ k=0 A_kz^k and V (z)K(z) = ∞∑ k=0 B_kz^k, z ∈ D. By (4.4), A_k = B_k = 0 for k ∈ N and A_0 = B_0. However A_0 = H(0)U(0) ∈ R and B_0 = V (0)K(0) ∈ iR. Therefore A_k = B_k = 0 for all k ∈ N, and so H^∗U^∗ ≡ 0. Since |H^∗| > 0 the result follows.

5 Regularity Theory for Stokes Waves

Here as elsewhere, Cw^′ means the conjugate of w^′. When any other meaning is intended brackets will be used to show the distinction as, for example, in Lemma 2.2 where the equivalence of w ∈ H^{1,1}_R and rectifiability of the free surfaces was noted. This equivalence is important for the geometric interpretation of the results of this section, as is the observation [6] that w ∈ H^12 means that a Stokes wave has finite mass (additional to uniform horizontal flow). Thus the additional mass is also related to Q(w) since it is given by ∫_π −π wCw^′dx = ∫_π −π Q(w)dx. Now we will show that any solution w ∈ H^{1,1}_R of (1.1) is in W^{1,2}_{2π} and hence corresponds to a classical Stokes wave. Before doing so, we give an easy independent proof of this result in the special case when w ∈ W^{1,p}_{2π} , p > 1. Clearly it is sufficient to consider p ∈ (1, 2).

Lemma 5.1. Suppose that p ∈ (1, 2) and that w ∈ W^{1,p}_{2π} satisfies (1.1a) and (1.1b). Then w ∈ W^{1,2}_{2π} .

Proof. Because of Lemmas 3.1 and 3.2, equation (1.1a) can be re-written as (1 − 2λw)Cw^′ = λ{w − wCw^′ + C(ww^′)} = λ{w − Q(w)} (5.1) where Q(w) ∈ L^{p/(2−p)}_{2π} when p ∈ (1, 2). Since w is absolutely continuous and satisfies (1.1b), it follows that w ∈ W^{1,p/(2−p)}_{2π} , where p/(2 − p) > p > 1. A bootstrap argument leads to the required conclusion in a finite number of steps.

Theorem 5.2. Suppose that w ∈ H^{1,1}_R satisfies (1.1a) and (1.1b). Then w ∈ W^{1,2}_{2π} .

Proof. Suppose that w is as in the hypothesis of the Theorem and let ϕ be any 2π-periodic function which is infinitely differentiable on R. Since, by Lemma 3.1, each term of (1.1a) is integrable on [−π, π], multiplication by Cϕ and integration gives ∫_π −π Cω^′Cϕdx = λ ∫_π −π {wCϕ + wCw^′Cϕ + C(ww^′)Cϕ}dx = λ ∫_π −π {wCϕ + w(Cw^′Cϕ + w^′ϕ)}dx. Since ∫_π −π Cw^′Cϕdx = ∫_π −π w^′ϕdx, this may be re-arranged to give ∫_π −π (^1_2 − λw){Cw^′Cϕ + w^′ϕ}dx = λ ∫_π −π wCϕdx (5.2) for all smooth, 2π-periodic functions ϕ. Since w is absolutely continuous and satisfies (1.1b), there exist a and b with 0 < a ≤^1_2 − λw ≤ b < ∞. Therefore, since C is bounded on L^2_π, a real-Hilbert-space inner product is defined on L^2_π by (u, v) = ∫_π −π (^1_2 − λw){CuCv + uv}dx, u, v ∈ L^2_π, and the corresponding norm is obviously equivalent to the original one. Now let a bounded linear functional f on L^2_π be defined by f(v) = λ ∫_π −π wCvdx, v ∈ L^2_π.

Then by the Riesz Representation Theorem there exists u ∈ L^2_π such that for all v ∈ L^2_π f(v) = (u, v) = ∫_π −π (^1_2 − λw){CuCv + uv}dx. Hence w^′ −u ∈ H^1_R has the property that for all smooth 2π-periodic functions ϕ ∫_π −π (^1_2 − λw){C(u − w^′)Cϕ + (u − w^′)ϕ}dx = 0. It now follows from Theorem 4.4 that u = w^′. Hence w ∈ W^{1,2}_{2π} and the proof is complete.

For equation (1.1a) to be meaningful for almost all x ∈ R it is sufficient that w be absolutely continuous (equivalently w^′ ∈ L^1_{2π}) since then C(ww^′) and Cw^′ are well-defined pointwise almost everywhere. We have the following result.

Theorem 5.3. Suppose that w ∈ W^{1,1}_{2π} , that (1.1a) holds almost everywhere and that (1.1b) hold everywhere. Then the following are equivalent:

(i) w ∈ H^12 (finite area);

(ii) w ∈ W^{1,2}_{2π} (real-analytic boundary); (iii) w ∈ H^{1,1}_R (rectifiable boundary). Proof. By Lemma 3.1 (1 − 2λw)Cw^′ = λ{w − Q(w)}. That Cw^′ ∈ L^1_{2π} (equivalently w ∈ H^{1,1}_R ) if and only if Q(w) ∈ L^1_{2π} is immediate and the result follows from (3.2) and Theorem 5.2.

In the light of the equivalence just noted, the next result is the most general in this section.

Theorem 5.4. Suppose that w ∈ W^{1,1}_{2π} satisfies (1.1a) pointwise almost everywhere. Then w ∈ H^12 .

Proof. If w ∈ W^{1,1}_{2π} satisfies (1.1a) almost everywhere then C(w^′ − 2λww^′) = λ{w + wCw^′ − C(ww^′)} = λ{w + Q(w)} (5.3) holds. Since w is bounded, it follows from (5.3) that Q(w) ≥ 0 is the periodic Hilbert transform of an L^1_{2π}-function and therefore, by (2.2), q_k ∈ L^1_{2π} for each k ∈ N, where

q_k(x) = { Q(w)(x) if 0 ≤ Q(w)(x) ≤ 1, Q(w)(x)^{1−1/k} otherwise.

We will now prove that ∫_π −π {q_k(x) + w(x)}dx ≤ 0 for all k ∈ N. (5.4)

Since 0 ≤ q_k ↗ Q(w) as k → ∞, it will follow from the Monotone Convergence Theorem that Q(w) ∈ L^1_{2π} and hence that w ∈ H^12 , as required.

To prove (5.4), recall the properties of integrability-B [16, Vol. I, Ch. VII, §4, page 262]:

(i) if u ∈ L^1_{2π} then u is integrable-B and the two integrals coincide (we write this as ∫_π −π udx = (B) ∫_π −π udx); (ii) if u ∈ L^1_{2π} then Cu is integrable-B and (B) ∫_π −π Cudx = 0; (iii) if u, v are integrable-B and u ≥ v, then (B) ∫_π −π udx ≥ (B) ∫_π −π vdx. Now, for each k ∈ N, λ{w + q_k} ≤ λ{w + Q(w)} = C(w^′ − 2λww^′). Since w + q_k and w^′ − 2λww^′ belong to L^1_{2π}, it follows from properties (i)-(iii) of integrability-B that ∫_π −π λ{w + q_k}dx = (B) ∫_π −π λ{w + q_k}dx ≤ (B) ∫_π −π λ{w + Q(w)}dx = (B) ∫_π −π C(w^′ − 2λww^′)dx = 0. This completes the proof.

Remark. More generally, for u ∈ L^1_{2π} this proof gives that Cu ∈ L^1_{2π} if and only if the negative part (Cu)^− ∈ L^1_{2π}. It then follows from (2.5) that if u ∈ L^1_{2π} and (Cu)^− is bounded below by a constant, then Cu ∈ L log^+ L.

6 Stokes Waves in the Sense of Distributions

As was noted in [6], (1.1a) is the Euler-Lagrange of a functional J : H^{1,1}_R → R defined by

J (w) = ∫_π −π wCw^′ − λw^2{1 + Cw^′}dx. (6.1) In other words critical points w ∈ H^{1,1}_R of J are solutions of (1.1a) and vice versa. In the last section we discussed the smoothness of the boundary of Stokes wave which arise from solutions of (1.1a) in H^{1,1}_R . Now we examine a more delicate but possibly more interesting version of the Stokes-wave problem which arises from considering it in an even more general variational setting. Note first that when w ∈ W^{1,p}_{2π} is smooth ∫_π −π w^2Cw^′dx = ∫_π −π wQ(w)dx + ∫_π −π wC(ww^′)dx = ∫_π −π wQ(w)dx + 1 2 ∫_π −π w^2Cw^′dx. Therefore, since smooth functions are dense in H^{1,1}_R , ∫_π −π C(ww^′)dx = 0 and ∫_π −π w^2Cw^′dx = 2 ∫_π −π wQ(w)dx, w ∈ H^{1,1}_R , from which it follows that

J (w) = ∫_π −π {(1 − 2λw)Q(w) − λw^2}dx, w ∈ H^{1,1}_R . Note that, when re-written like this, J is defined on the larger space Y = H^12 ∩ L^∞_{2π}. To be precise let J : Y → R be defined by

J(w) = ∫_π −π {(1 − 2λw)Q(w) − λw^2}dx, w ∈ Y. (6.2) Then J is a continuous polynomial and so infinitely differentiable on Y . Remark. Note in the formula for J(w) the juxtaposition of Q(w) ∈ L^1_{2π} and (1 − 2λw) ∈ L^∞_{2π} which is significant for weak continuity in the calculus of variations, since L^∞_{2π} is the dual space of L^1_{2π}. Moreover, if {w_n} is a bounded sequence in Y then it has a subsequence {w_{nk} } which converges almost everywhere to a bounded limit w, say. From the definition of Q(w_n) and Fatou’s Lemma it follows, if w_n satisfies (1.1b) for all n, that lim inf J(w_n) ≥ J(w).

To characterise the critical points of J we need the following definition. Let Q(u, v) = 1 8π ∫_π −π (u(x) − u(y))(v(x) − v(y)) sin^2(^1_2 (x − y)) dy dx, u, v ∈ H^{12} . Note that by first integrating (3.1) and then taking the Fréchet derivative with respect to u ∈ H^{1,1}_R we obtain that Q(u, v) = − ∫_π −π v^′Cudx for all functions u, v ∈ H^{1,1}_R . By continuity, therefore, if v is smooth, Q(u, v) = − ∫_π −π v^′Cu dx for all u ∈ H^{12} . (6.3) Theorem 6.1. Suppose that w ∈ Y and J^′(w) = 0 ∈ Y^∗. (6.4) Then ∫_π −π Q(w − λw^2, v) − λvQ(w) − λvw}dx = 0 for all v ∈ Y. (6.5) In particular, C(w−λw^2) is absolutely continuous (that is, the weak derivative of C(w − λw^2) exists in L^1_{2π}) and (C(w − λw^2))^′ = λ(Q(w) + w). (6.6) Proof. Suppose J^′(w) = 0 in the dual space of Y . Then it follows easily that for all v ∈ Y ∫_π −π {(1 − 2λw)Q(w, v) − λvQ(w) − λvw}dx = 0.

Now ∫_π −π −2λwQ(w, v)dx = −λ 4π ∫_π −π w(x) ∫_π −π (w(x) − w(y))(v(x) − v(y)) sin^2(^1_2 (x − y)) dy dx = −λ 8π ∫_π −π (w(x) + w(y)) ∫_π −π (w(x) − w(y))(v(x) − v(y)) sin^2(^1_2 (x − y)) dy dx = −λ 8π ∫_π −π ∫_π −π (w^2(x) − w^2(y))(v(x) − v(y)) sin^2(^1_2 (x − y)) dy dx = −λ ∫_π −π Q(w^2, v)dx. This proves (6.5). Now suppose that v ∈ Y in (6.5) is smooth. Then (6.3) gives that ∫_π −π {v^′C(w − λw^2) + λvQ(w) + λvw}dx = 0 (6.7) for all such smooth functions v. But Q(w)+w ∈ L^1_{2π} since w ∈ H^12 . Therefore C(w − λw^2) has a weak derivative in L^1_{2π}, and (6.6) has been established.

Remark. We do not know if w ∈ W^{1,1}_{2π} , or even that w − λw^2 ∈ W^{1,1}_{2π} (recall (2.9) and (2.10)). However we have the following observation. Theorem 6.2. Suppose that w ∈ Y satisfies (6.6). Then w − λw^2 ∈ W^{1,1}_{2π} if and only if Q(w) ∈ H^1_R, in which case

C((w − λw^2)^′) = λ(Q(w) + w). (6.8)

Proof. Suppose that w ∈ Y satisfies (6.6) and w − λw^2 ∈ W^{1,1}_{2π} . Then (w − λw^2) + i(C(w − λw^2) is absolutely continuous. Therefore, by Lemma 2.2,

C((w − λw^2)^′) = λ(Q(w) + w) whence λC(Q(w)) = (λw^2 − w)^′ − λCw ∈ L^1_{2π}.

Thus Q(w) ∈ H^1_R if w − λw^2 ∈ W^{1,1}_{2π} .

Conversely, suppose that Q(w) ∈ H^1_R, or equivalently C(Q(w)) ∈ L^1_{2π}. Then there exists a sequence of smooth function {h_n} ∈ H^1_R such that

h_n → λ(Q(w) + w) and Ch_n → C(λ(Q(w) + w)) in L^1_{2π} as n → ∞. From (6.7) it follows that when v is smooth − ∫_π −π v^′(w − λw^2)dx = ∫_π −π λ(Q(w) + w)Cvdx = lim_{n→∞} ∫_π −π h_nCvdx = − lim_{n→∞} ∫_π −π vCh_ndx = − ∫_π −π λC(Q(w) + w)vdx. Hence w − λw^2 ∈ W^{1,1}_{2π} and (w − λw^2)^′ = −C(Q(w) + w). Therefore C(w^′ − 2λww^′) = λ(Q(w) + w). The proof is complete.

Corollary 6.3. Suppose that w ∈ Y satisfies (6.6) and (1.1b). Then w ∈ H^{1,1}_R if and only if Q(w) ∈ H^1_R which occurs if and only if Q(w) ∈ L log^+ L. In these circumstances, w satisfies (1.1a) and is real-analytic.

Proof. Suppose that w ∈ Y and Q(w) ∈ H^1_R. That w ∈ W^{1,1}_{2π} follows immediately from Theorem 6.2 and (1.1b). Therefore w satisfies (1.1a) and w ∈ H^{1,1}_R follows from Theorem 5.3.

Now suppose that w ∈ H^{1,1}_R . Then (6.8) and Q(w) ∈ H^1_R follow by Theorem 6.2, and w ∈ W^{1,2}_{2π} is a consequence of Theorem 5.2. The realanalyticity of w is proved in [6]. Finally recall that a non-negative function q ∈ H^1_R if and only if q ∈ L log^+ L.

Theorem 6.4. If w ∈ BV ∩ H^12 is a solution of (6.6), then w − λw^2 ∈ H^{1,1}_R . If, in addition, w satisfies (1.1b), w is a real-analytic solution of (1.1a).

Proof. From (6.6) we know that C(w − λw^2) is absolutely continuous and hence of bounded variation. Since w − λw^2 has bounded variation then it follows ([16, Vol. I, (8.2), page 285] and Lemma 2.2) that w − λw^2 ∈ H^{1,1}_R .

If, in addition, (1.1b) is satisfied, w ∈ W^{1,1}_{2π} ∩ H^12 is a solution of (1.1a). The conclusion of this theorem follows from Theorem 5.3.

7 The Extreme Wave

Here we give an example of an even solution w ∈ W^{1,2}_{2π} of (1.1a) with

1 − 2λw(0) = 0 and 1 − 2λw(t) < 0, t ≠ 0 mod 2π; (7.1a) w real-analytic in a neighbourhood of all points t ≠ 0 mod 2π; (7.1b) 1 − 2λw(t) (^3_2 λ|t|)^23

→ 1 and w^′(t) (^3_2 λt)^{− 1}3 → − 1 2 as |t| → 0. (7.1c)

Thus w is not Lipschitz continuous at 0 and hence (1.1b) is essential for the regularity theory of previous sections. This in turn motivates the local regularity discussion of the next section.

The example in mind is easily derived from the Nekrasov-equation theory for the Stokes wave of extreme form [12]. It is well known that there exists an odd function θ such that θ(s) = 1 3π ∫_π 0 log | | | | sin^1_2 (s − t) sin^1_2 (s + t) | | | | sin θ(t) ∫_t 0 sin θ(r)dr dt, s ∈ [0, π], see [13]; (7.2a)

lim_{t↘0} θ(t) = π/6, see [3, 10], and 0 < θ(t) < π/5, see [1]; (7.2b)

θ has a 2π-periodic extension to R which is real-analytic except when t = 0 mod 2π, see [8]. (7.2c)

Equation (7.2a) is Nekrasov’s equation for the Stokes wave of extreme form. In [4, (A2), Appendix, with 1/μ = 0] it is shown that if θ satisfies (7.2) and we put

λ^{13} = 1 π ∫_π 0 cos θ(t) (3 ∫_t 0 sin θ(s)ds)^13 dt and Λ = ∫_π 0 e^{−Cθ(t)} cos θ(t)dt, (7.3) then there exists a Stokes wave of extreme form with wavelength Λ, Froude number λ^{−1} and slope θ (when suitably parametrised). In this formulation the Bernoulli free surface condition, which is guaranteed by Nekrasov’s equation has the form (see [4, 14])

Λ^2c^2 2π^2g e^{2Cθ(x)} − ∫_x 0 e^{−Cθ(s)} sin θ(s)ds = 0, x ∈ (0, π]. (7.4) From differentiating this identity, and integrating again, it follows that

Λ^2c^2 3π^2g e^{3Cθ(t)} = ∫_t 0 sin θ(s)ds. (7.5)

Note, from the definition of Λ in (7.3) that, since θ is odd,

exp(−Cθ + iθ) − Λ/π = (e^{−Cθ} cos θ − Λ/π) + ie^{−Cθ} sin θ (7.6)

has zero mean on [−π, π] and that | exp(−Cθ + iθ)| ∈ L^2_π, by (7.2b) and (7.5). For x ∈ [−π, π], let w(x) = 1 2λ − π Λ ∫_x 0 e^{−Cθ(t)} sin θ(t)dt, (7.7) so that w is even and by (7.6) Cw(x) = −x + π Λ ∫_x 0 e^{−Cθ(t)} cos θ(t)dt. (7.8) It now follows immediately that, for x ∈ (0, π),

tan θ(x) = − w^′(x 1 + Cw^′(x)

, (7.9)

1 − 2λw(x) = 2πλ Λ ∫_x 0 e^{−Cθ(t)} sin θ(t)dt = 2πλ Λ ( Λ^2c^2 3π^2g

) 1_3 ∫_x 0 sin θ(t) ( ∫_t 0 sin θ(s)ds)^13 dt, by (7.5),

= 3πλ Λ ( Λ^2c^2 3π^2g

) 1_3 (∫_x 0 sin θ(t)dt ) 2_3

= ( 3λ ∫_x 0 sin θ(t)dt ) 2_3

∼ {^3_2 λ|x|}^{23} as x → 0, (7.10)

and (7.1c) holds.

Since (7.2b), (7.2c), (7.9) and (7.10) hold, and since w is even, it has been shown that w satisfies (7.1), as required. (Further terms in the asymptotic expansion of w may be obtained from (7.10) and the result of [2]. ) From (7.7), (7.8) and (7.4), we find that

(1−2λw)((w^′)^2+(1+Cw^′)^2) = 2πλ Λ (∫_x 0 e^{−Cθ(t)} sin θ(t)dt ) ( π Λ )_2 e^{−2Cθ(x)} ≡ 1. That w satisfies (1.1a) now follows from the fact that w ∈ W^{1,2}_{2π} and the calculation in [6, §2.4]. Notice that w ∈ W^{1,3−ϵ}_{2π} for all ϵ ∈ (0, 1). This completes the example.

8 Local Regularity Theory

This section is concerned with regularity theory for equations (1.1a) and (6.4) when (1.1b) is replaced with the weaker condition

1 − 2λw(t) > 0 for almost all t ∈ R and ∫_π −π dt 1 − 2λw(t) < ∞. (8.1)

The goal is to explain how to adapt the proofs to give the following result.

Theorem 8.1. Suppose that w ∈ W^{1,1}_{2π} satisfies that (1.1a), or that w ∈ BV ∩ H^12 satisfies (6.4), and that (8.1) holds. Then the Bernoulli condition

(1 − 2λw(t)){(w^′(t))^2 + (1 + Cw^′(t))^2} = 1 holds almost everywhere. (8.2)

(Note that w ∈ W^{1,2}_{2π} follows from (8.1) and (8.2).) Suppose also that, for an open interval I and σ > 0,

1 − 2λw(t) ≥ σ > 0 for almost all t ∈ I. (8.3)

Then w is equal almost everywhere to a real-analytic function on I.

Thus w gives a weak solution of the Stokes wave problem [6], one which satisfies the Bernoulli condition in the classical sense on the open set where w ≠ 0. This set has full measure in [−π, π].

The proof, along the lines of the preceding discussion, relies on local versions of standard theorems which, although they follow by the same arguments as for their more standard counterparts, are not all recorded in the literature. It is however inappropriate repeat all the details here and we confine ourselves to giving a guide to the relevant literature.

Suppose that w ∈ L^∞_{2π} satisfies (8.1), and let Z denote the set of functions u ∈ L^1_{2π} such that ∫_π −π (^1_2 − λw){u^2 + (Cu)^2}dx < ∞.

Note, for u ∈ Z, that the Cauchy-Schwarz inequality gives (∫_π −π (|u| + |Cu|)dx )_2

≤ (∫_π −π (^1_2 − λw)^{−1}dx ) (∫_π −π (^1_2 − λw)(|u|^2 + |Cu|^2)dx ) < ∞, and hence that H^1_R ⊂ Z. It follows easily that Z is a real Hilbert space when endowed with the inner product (u, v)_Z = ∫_π −π (^1_2 − λw){uv + CuCv}dx. Now suppose that, in addition, w ∈ W^{1,1}_{2π} is a solution of (1.1a). Then (1 − 2λw)Cw^′ = λ{w − Q(w)} ≤ λw, since λQ(w) ≥ 0. Therefore, Cw^′ ≤ λw 1 − 2λw ∈ L^1_{2π}, and so w ∈ H^{1,1}_R , because of the remark following the proof of Theorem 5.4. Theorem 8.2. Suppose that w ∈ W^{1,1}_{2π} satisfies (1.1a) and (8.1). Then w ∈ W^{1,2}_{2π} and w satisfies (8.2).

Proof. We have already observed that w ∈ H^{1,1}_R when w ∈ W^{1,1}_{2π} satisfies (1.1a) and (8.1). Therefore, just as in the proof of Theorem 5.2, ∫_π −π (^1_2 − λw){Cw^′Cϕ + w^′ϕ}dx = λ ∫_π −π wCϕdx for all smooth 2π-periodic functions ϕ. For v ∈ Z let F (v) = − ∫_π −π (^1_2 − λw)Cvdx. Clearly, since w ∈ L^∞_{2π}, F is a bounded linear functional on Z and, by the Riesz Representation Theorem, there exists u ∈ Z such that

(u, v)_Z = ∫_π −π (^1_2 − λw){CuCv + uv}dx = F (v), v ∈ Z. However, F (v) = λ ∫_π −π wCvdx for v ∈ Z, and therefore ∫_π −π (^1_2 − λw){C(w^′ − u)Cϕ + (w^′ − u)ϕ}dx = 0 for all smooth 2π-periodic functions ϕ.

Since w^′ − u ∈ H^1_R and 0 < (^1_2 − λw)^{−1} ∈ L^1_{2π}, Theorem 4.4 yields that w^′ = u. We have shown that every solution w ∈ W^{1,1}_{2π} of (1.1a) and (8.1) belongs to Z. By Theorem 4.2, this is enough to ensure that w satisfies (8.2) and it follows from (8.1) that w ∈ W^{1,2}_{2π} . This completes the proof of the theorem.

Remark. Only solutions of (1.1a) which satisfy (1.1b) are treated in [6], where w ∈ W^{1,2}_{2π} is used to obtain (8.2). However in that case 1 − 2λw ≥ σ > 0, and w ∈ Z is equivalent to w ∈ W^{1,2}_{2π} .

Before proceeding, we record local versions of the theorems of M. Riesz and Privalov.

Lemma 8.3. Suppose that u ∈ L^1_{2π} and that [ã, b̃] ⊂ (a, b) ⊂ [−π, π].

(i) If α ∈ (0, 1) and u ∈ C^α[a, b], then Cu ∈ C^α[ã, b̃].

(ii) If p ∈ (1, ∞) and u ∈ L^p[a, b], then Cu ∈ L^p[ã, b̃].

Proof. Privalov’s theorem [5] says that if [a, b] = [−π, π], then part (i) holds with [ã, b̃] = [−π, π]. An examination of the proof, [5, Vol. II, pages 99-101], shows that the argument is purely local and that part (i) here follows by exactly the same argument.

To prove (ii), let f = χ_{[a,b]}u and g = u − f. Then g ≡ 0 on [a, b], and therefore, by part (i), Cg ∈ C^α[ã, b̃] ⊂ L^p[ã, b̃], α ∈ (0, 1), p ∈ (1, ∞). Since f ∈ L^p_{2π}, it follows from the M. Riesz theorem (see the paragraph following (2.1)) that Cf ∈ L^p_{2π}. Thus Cu = Cf + Cg ∈ L^p[ã, b̃], as required.

Now suppose that, for w ∈ W^{1,1}_{2π} which satisfies (1.1a) and (8.1), there is an open interval I on which (8.3) holds. Let Ĩ be any compact interval contained in I and let I ⊃ I_1 ⊃ · · · ⊃ I_5 = Ĩ be compact intervals each of which is contained in the interior of its neighbour on the left in the list.

Then w^′ ∈ Z implies that w ∈ W^{1,2}_{2π} (I), and the proof of Lemma 3.3 in [6] (which involves a purely local argument) gives that Q(w) ∈ L^∞_{2π}(I_1). Since

(1 − 2λw)Cw^′ = λ(w − Q(w)), (8.4)

it follows that Cw^′ ∈ L^∞_{2π}(I_1).

From Lemma 8.3 it follows that w^′ ∈ L^p_{2π}(I_2) for all p ∈ (1, ∞). An application of the local argument for Lemma 3.5 in [6] now yields that Q(w) ∈

C^α(I_3) for all α ∈ (0, 1). Hence, from (8.4), Cw^′ ∈ C^α(I_3) and, by (8.3) and Lemma 8.3, w^′ ∈ C^α(I_4). An application of the argument for (a local version of) [6, Theorem 3.6] yields that w ∈ C^{1,α}(I_5) = C^{1,α}(Ĩ).

The fact that w ∈ C^{1,α}(Ĩ) and (8.2) ensure that the hypotheses of Lewy’s Theorem [8] (which is itself a local result) are satisfied on Ĩ and gives the real-analyticity of w on the interior of Ĩ. SinceĨ was an arbitrary compact interval in I, this proves Theorem 8.1 under the hypothesis that w ∈ W^{1,1}_{2π} satisfies (1.1a) and (8.1).

To deal with the case when w ∈ BV ∩ H^12 satisfies (6.4) and (8.1), we need the following technical observation.

Lemma 8.4. If u is a continuous function with bounded variation on [−π, π] and u^2 is absolutely continuous, then u is absolutely continuous on [−π, π].

Proof. Since the continuous function u has bounded variation on [−π, π], there exist two continuous, non-decreasing functions f and g on [−π, π] such that u = f − g. Both f and g are differentiable almost everywhere, and the derivatives are non-negative integrable functions defined almost everywhere on [−π, π]. Let {(a_k, b_k) : k ∈ N} denote the collection of maximal open intervals the union of which is the set N of points in (−π, π) at which u ≠ 0. If a_k ≠ −π or b_k ≠ π, u(a_k) = 0 or u(b_k) = 0. For each k, u^2, and hence u, is absolutely continuous on every compact sub-interval of (a_k, b_k). Hence on (a_k, b_k), u^′ = f^′ − g^′ almost everywhere where f^′ − g^′ ∈ L^1(a_k, b_k). Therefore, if ϕ is a smooth function with compact support in (−π, π) and k ∈ N, ∫_{bk} a_k u(t)ϕ^′(t)dt = − ∫_{bk} a_k u^′(t)ϕ(t)dt = − ∫_{bk} a_k (f^′(t) − g^′(t))ϕ(t)dt. Therefore ∫_π −π u(t)ϕ^′(t)dt = ∑ k∈N ∫_{bk} a_k u(t)ϕ^′(t)dt

= − ∑ k∈N ∫_{bk} a_k (f^′(t) − g^′(t))ϕ(t)dt = − ∫_π −π χ_N (f^′(t) − g^′(t))ϕ(t)dt. Since χ_N (f^′ − g^′) is integrable on [−π, π], u is absolutely continuous on [−π, π], as required.

Suppose that w ∈ BV ∩ H^12 satisfies (6.4). Then (6.5) is satisfied and, by Theorem 6.4,

(1 − 2λw)^2 = 1 − 4λ(w − λw^2) ∈ H^{1,1}_R .

Since 1 − 2λw is continuous, by (2.10), and has bounded variation, w is absolutely continuous by Lemma 8.4. In other words, w ∈ W^{1,1}_{2π} satisfies (1.1a) and (8.1). Thus Theorem 8.1 under the hypothesis w ∈ BV ∩ H^12 is reduced to the first case, and the proof is complete.

Acknowledgement. This work was supported by an EPSRC Senior Fellowship. I am grateful to my colleague Boris Buffoni for his interest.

References

[1] C. J. Amick, Bounds for water waves, Arch. Rational Mech. Anal. 99 (1987), 91–114.

[2] C. J. Amick and L. E. Fraenkel, On the behaviour near the crest of waves of extreme form, Trans. Amer. Math. Soc. 299 (1987), 273–298.

[3] C. J. Amick, L. E. Fraenkel, and J. F. Toland, On the Stokes conjecture for the wave of extreme form, Acta Math. 148 (1982), 193–214.

[4] C. J. Amick and J. F. Toland, On periodic water waves and their convergence to solitary waves in the long-wave limit, Phil. Trans. Roy. Soc. Lond. A 303 (1981), 633–669.

[5] N. K. Bary, A Treatise on Trigonometric Series, Pergamon Press, Oxford, 1964.

[6] B. Buffoni, E. N. Dancer, and J. F. Toland, A variational theory of Stokes waves and their sub-harmonic bifurcations, Preprint (accessible anonymously via ftp.maths.bath.ac.uk:pub/preprints), 1998.

[7] K. A. Hoffman, Banach Spaces of Analytic Functions, Dover, New York, 1988.

[8] H. Lewy, A note on harmonic functions and a hydrodynamic application, Proc. Amer. Math. Soc. 3 (1952), 111–113.

[9] E.H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics, vol. 14, American Mathematical Society, Providence, R. I., 1997.

[10] P. I. Plotnikov, Justification of the Stokes hypothesis in the theory of surface waves, Soviet Phys. Dokl. 28 (3) (1983), 232–333.

[11] W. Rudin, Real and Complex Analysis. 3rd edn., McGraw-Hill, New York, 1986.

[12] G. G. Stokes, Considerations relative to the greatest height of oscillatory irrotational waves which can be propagated without change of form, Mathematical and Physical Papers, vol. I, Cambridge, 1880, pp. 225– 228.

[13] J. F. Toland, On the existence of a wave of greatest height and Stokes’s conjecture, Proc. Roy. Soc. Lond. A. 363 (1978), 469–485.

[14] , Stokes waves, Topological Methods in Nonlinear Analysis 7 & 8 (1996 & 1997), 1–48 & 412–414.

[15] H. Triebel and H.-J. Schmeisser, Topics in Fourier Analysis and Function Spaces, John Wiley, New York, 1987.

[16] A. Zygmund, Trigonometric Series I & II, Cambridge University Press, Cambridge, 1959.