Bifurcation from the essential spectrum for almost-periodic perturbations of Hill’s equation

E.C.M. Crooks Department of Mathematical Sciences, University of Bath, Claverton Down, Bath BA2 7AY, U.K.

email: ecmc@maths.bath.ac.uk

Abstract

We show that the infimum of the essential spectrum of the linearisation of the equation −ü(x) + V (x)u(x) − r(x)|u(x)|^{p−1} u(x) = λu(x) (1) is a bifurcation point for (1). Here the potential V is periodic and the function r almost-periodic. Thus (1) is an almost-periodic perturbation of Hill’s equation. Bifurcation results of Küpper and Stuart are combined with existence theory for almost-periodic problems developed by Serra, Tarallo and Terracini.

1 Introduction

Many results have been obtained on bifurcation from points in the essential spectra of linearisations of nonlinear equations - for a survey, see [11]. In particular, a series of works initiated by T. Küpper and C.A. Stuart has explored such phenomena for equations such as { −ü(x) + V (x)u(x) − r(x)|u(x)|^{p−1}u(x) = λu(x) u ∈ H^2(R) \ {0}, λ ∈ R, (2) under the assumptions that 2 < p < 6, V, r ∈ L^∞(R), r ≥ 0 and V is periodic (see [10] and the references therein). Their approach is variational. Non-zero solutions for a given λ ∈ R are obtained as critical points of a functional, using either constrained minimisation or an application of the Mountain Pass Lemma. For these results, it is necessary to suppose either that r(x) → 0 as |x| → ∞ or that r is periodic with the same period as V .

Besicovitch [1] defines a uniformly almost-periodic (UAP) function to be a function q : R → R, continuous on R, such that for each ϵ > 0, there exists L(ϵ) > 0 so that each interval of R of length L(ϵ) contains a number τ, satisfying |q(x + τ) − q(x)| ≤ ϵ for each x ∈ R. (3) Clearly, a continuous periodic function is UAP. If r is merely assumed to be a UAP-function, the study of (2) becomes more complicated because the associated functional has neither compactness of the nonlinear term (as in the case r(x) → 0) nor invariance under the action of a group of symmetries

(as in the case where r is periodic with the same period as V ). The difficulties arising from almostperiodicity are addressed in an interesting paper of E. Serra, M. Tarallo and S. Terracini [8]. There, the existence of non-zero solutions of almost-periodic equations is obtained using concentration compactness, a version of the Mountain Pass Lemma due to E. Séré and a study of the asymptotic form of certain functions.

In this paper, the almost-periodic existence theory of [8] is employed to extend a bifurcation result of [10] to the case in which r is a UAP-function. Our aim is to show that under the hypotheses

(L1) V ∈ L^∞(R) ∩ C(R); without loss of generality, suppose that V ≥ 1; (L2) V (x + 1) = V (x) for each x ∈ R (V is periodic), and (N0) 2 < p < 6; (N1) r ≥ 0, r ≢ 0;

(N2) r is a UAP-function,

the infimum of the essential spectrum of the linearisation of the right-hand side of (2) about u ≡ 0 is a bifurcation point for (2). Note that (N2) implies that r ∈ L^∞(R) ∩ C(R) - see [1, p 2]. Suppose henceforth that (L1), (L2) and (N0), (N1), (N2) hold. Define S : D(S) ⊂ L^2(R) → L^2(R) by

Su = −ü + V u for each u ∈ D(S) = H^2(R). (4)

The equation Su = 0 is the reknowned Hill’s equation. Under hypothesis (L1), it is well-known that S is self-adjoint and bounded below. Let

Λ = inf u∈H^2(R)\{0} (Su, u) (u, u) . (5)

(Here (·, ·) denotes the usual L^2−inner product. ) Then Λ ≥ 1 is the infimum of the spectrum of S, σ(S) [6, p 278]. Moreover, the periodicity assumption on V , (L2), implies that σ(S) is purely continuous and consists of a countable number of closed intervals [4]. So λ ∈ σ_{ess}(S), the essential spectrum of S. It will be shown that Λ is a bifurcation point for the nonlinear equation (2), in the sense that there exists a sequence {(λ_n, u_n)}^∞_{n=1} ⊂ (−∞, Λ) × H^2(R) of solutions of (2) such that u_n ≢ 0 for each n ∈ N, and

‖u_n‖_H1_{(R)} → 0 and λ_n → Λ as n → ∞.

To adopt a variational approach, we formulate the problem in H^1(R). Note first that since H^2(R) is dense in H^1(R),

Λ = inf u∈H^2(R)\{0} (Su, u) (u, u) = inf u∈H^1(R)\{0} ∫ R u̇^2 + V u^2 dx (u, u) . Also, for 0 < λ < Λ, ∫ R u̇^2 + {V − λ}u^2 dx ≥ ( 1 − λ Λ ) ‖u‖^2_H1_{(R)} for each u ∈ H^1(R). (6)

Now define a functional J : R × H^1(R) → R by J(λ, u) = 1 2 ∫ R u̇^2 + {V − λ}u^2 dx − 1 p ∫ R r|u|^p dx, (λ, u) ∈ R × H^1(R). Since p > 2 (by (N0)), [9, Lemma 5.1] yields that J ∈ C^1(R × H^1(R), R) and ∇_uJ(λ, u)v = ∫ R u̇v̇ + {V − λ}uv dx − ∫ R r|u|^{p−2}uv dx, u, v ∈ H^1(R), λ ∈ R. Given λ ∈ R, we will seek solutions of ∇_uJ(λ, u) = 0, u ∈ H^1(R)\{0}. (7) Since u is defined on R, it is straightforward to show that if u satisfies (7), then u ∈ H^2(R) ∩ C^2 (R) is a classical solution of (2). Acknowledgements Much of this work was carried out whilst visiting Ecole Polytechnique Fédérale de Lausanne, under the support of a grant from the Swiss Office Fédérale de l’Education et de la Science, Projet No. OFES 93.0190, in collaboration with the project “Variational Methods in Nonlinear Analysis” of the European Union Human Capital and Mobility programme. I would very much like to thank Professor C.A. Stuart for interesting discussions on this work, and many members of the Département de Mathématiques for the warm hospitality that I enjoyed whilst in Lausanne.

2 Existence for fixed λ via the Mountain Pass Lemma

Throughout this section, fix λ ∈ (0, Λ) and suppose that there exists v ∈ H^1(R) such that J(λ, v) < 0. Let c(λ, v) = inf_{γ∈Γ} max_{t∈[0,1]} J(λ, γ(t)), where Γ = {γ ∈ C([0, 1], H^1(R)) : γ(0) = 0, γ(1) = v}.

Lemma 2.1 (a) J(λ, 0) = 0 is a strict local minimum for J; there exists ρ(λ) > 0 such that for each ρ ∈ (0, ρ(λ)), there exists α_ρ > 0 with J(λ, u) ≥ α_ρ for each u ∈ H^1(R) with ‖u‖_H1_{(R)} = ρ;

(b) c(λ, v) > 0;

(c) given ϵ ∈ (0, c(λ, v)) sufficiently small, there exists c̃ ∈ (c(λ, v) − ϵ, c(λ, v) + ϵ) and a sequence {u_n}^∞_{n=1} ⊂ H^1(R) such that as n → ∞, J(λ, u_n) → c̃, ‖∇_uJ(λ, u_n)‖_{(H}1_{(R))}∗ → 0, (8) ‖u_n − u_{n−1}‖_H1_{(R)} → 0.

Proof. (a) is clear from estimate (6) and the definition of J. (b) is immediate from (a). (a) and the fact that there exists v ∈ H^1(R) with J(λ, v) < 0 form the geometric hypotheses of the Mountain Pass Lemma (see [2]), which yields the existence of a sequence {u_n}^∞_{n=1} ∈ H^1(R) with J(λ, u_n) → c(λ, v) and ‖∇_uJ(λ, u_n)‖_{(H}1_{(R))}∗ → 0 as n → ∞. That there is a sequence {u_n}^∞_{n=1} with the additional property ‖u_n − u_{n−1}‖_H1_{(R)} → 0 and the functional converging to a modified level J(λ, u_n) → c̃, follows from work of Séré [3, 7]. A proof of a form of Séré’s result from which (8) follows is given in [8, Theorem 1.2]. □

In the rest of this section, let {u_n}^∞_{n=1} ⊂ H^1(R) be a fixed sequence satisfying (8) for some c̃ ∈ (^1_2 c(λ, v),^3_2 c(λ, v)). We will construct a nonzero solution u of the equation ∇_uJ(λ, u) = 0 as a weak limit of translates of the sequence {u_n}^∞_{n=1}. First some standard technical observations.

Lemma 2.2 (a) {‖u_n‖_H1_{(R)}}^∞_{n=1} is a bounded sequence;

(b) lim inf_{n→∞} ‖u_n‖_L∞_{(R)} > 0;

(c) ∇_uJ(λ, ·) : H^1(R) → (H^1(R))^∗ is weakly sequentially continuous.

Proof. (a), (b) and (c) are proved in [8, Proposition 2.8, Proposition 2.11 and Propostion 2.2] respectively. □

For τ ∈ R, u ∈ H^1(R), define (T_τ u)(x) = u(x − τ), x ∈ R. (9) Now Lemma 2.2 (a), (b) immediately imply the existence of α > 0, a sequence {τ_k}, a subsequence {u_{nk} }^∞_{k=1} of {u_n}^∞_{n=1} and u ∈ H^1(R) such that T_{τk} u_{nk} ⇀ u as k → ∞ and (T_{τk} u_{nk} )(0) ≥ α for each k. Since (T_{τk} u_{nk} )(0) ↛ 0, u ≠ 0. But u may not be a solution of ∇_uJ(λ, u) = 0. A more careful choice of sequence {τ_k}^∞_{k=1} is required. We seek a sequence {τ_k}^∞_{k=1} ⊂ R and a subsequence {u_{nk} }^∞_{k=1} of {u_n}^∞_{n=1} such that

(T1) no subsequence of T_{τk} u_{nk} converges weakly to zero; (T2) ‖∇_uJ(λ, T_{τk} u_{nk} )‖_{(H}1_{(R))}∗ → 0 as k → ∞; (T3) J(λ, T_{τk} u_{nk} ) → c̃ as k → ∞. Before proving that such sequences exist, we show that (T1), (T2), (T3) imply the existence of a non-zero solution of ∇_uJ(λ, u) = 0.

Lemma 2.3 Suppose that {τ_k}^∞_{k=1} ⊂ R, {u_{nk} }^∞_{k=1} satisfy (T1), (T2), (T3). Then there exists u_λ ∈ H^1(R)\{0} such that ∇_uJ(λ, u_λ) = 0 and ( 1 − λ Λ ) ‖u_λ‖^2_H1_{(R)} ≤ ( 3p p − 2 ) c(λ, v). (10)

Proof. By Lemma 2.2 (a), ‖T_{τk} u_{nk} ‖_H1_{(R)} is bounded independently of k ∈ N. So there exists u_λ ∈ H^1(R) and subsequences of {τ_k}^∞_{k=1}, {u_{nk} }^∞_{k=1} (still labelled τ_k, u_{nk} ) such that T_{τk} u_{nk} ⇀ u_λ in H^1(R). By (T1), u_λ ≠ 0. Moreover, Lemma 2.2 (c) shows that ∇_uJ(λ, T_{τk} u_{nk} ) ⇀ ∇_uJ(λ, u_λ) in (H^1(R))^∗ as k → ∞. So by (T2) and the uniqueness of weak limits, ∇_uJ(λ, u_λ) = 0. Now for each u ∈ H^1(R), 2J(λ, u) − ∇_uJ(λ, u)u = ( p − 2 p ) ∫ R r|u|^p dx. So C : H^1(R) → R, C(u) = 2J(λ, u) − ∇_uJ(λ, u)u is a convex function of u, and thus C is weakly sequentially lower semicontinuous. It follows that

C(u_λ) ≤ lim inf_{k→∞} C(T_{τk} u_{nk} ) (11)

= lim inf k→∞ {2J(λ, T_{τk} u_{nk} ) − ∇_uJ(λ, T_{τk} u_{nk} )T_{τk} u_{nk} } = 2c̃ < 3c(λ, v), since (T2), (T3) hold and c̃ ∈ (^1_2 c(λ, v),^3_2 c(λ, v)). To obtain estimate (10), it remains to observe that by estimate (6) and the fact that ∇_uJ(λ, u_λ) = 0, ( 1 − λ Λ ) ‖u_λ‖^2_H1_{(R)} ≤ ∫ R u̇_λ^2 + {V − λ}u^2_λ dx (12) = ∫ R r|u_λ|^p dx = ( p p − 2 ) C(u_λ). (10) follows from (11) and (12). □

To obtain the existence of sequences {τ_k}^∞_{k=1}, {u_{nk} }^∞_{k=1} satisfying (T1), (T2), (T3), we invoke a key result of [8] that relies on the property ‖u_n − u_{n−1}‖_H1_{(R)} → 0 of the sequence {u_n}^∞_{n=1}.

Lemma 2.4 There exist a sequence {τ_k}^∞_{k=1} ⊂ R and a subsequence {u_{nk} }^∞_{k=1} of {u_n}^∞_{n=1} which satisfy (T1), (T2), (T3).

Proof. By Lemma 2.2 (a), {u_n}^∞_{n=1} has a weakly convergent subsequence, say u_{nk} ⇀ u_0 ∈ H^1(R) as k → ∞. If u_0 ≠ 0, then it follows from the properties (8) of {u_n}^∞_{n=1} that (T1), (T2), (T3) are satisfied using this sequence {u_{nk} }^∞_{k=1} if we set τ_k = 0 for each k ∈ N.

So suppose that u_0 = 0. Now since the full sequence {u_n}^∞_{n=1} has the properties (8), [8, Proposition 3.13] yields the existence of a sequence {τ_n}^∞_{n=1} ⊂ R such that

(i) lim inf_{n→∞} |T_{τn} u_n(0)| > 0, and (ii) lim_{n→∞} |τ_n − τ_{n−1}| = 0. (We emphasize that the full sequence {u_n}^∞_{n=1} is used because of the importance of the property ‖u_n − u_{n−1}‖_H1_{(R)} → 0, which is not inherited by subsequences - see [8] for details.)

It will be shown that there is a subsequence {(τ_{nk} , u_{nk} )}^∞_{k=1} of {(τ_n, u_n)}^∞_{n=1} such that if τ_k = τ_{nk} for each k ∈ N, then {τ_k}^∞_{k=1}, {u_{nk} }^∞_{k=1} satisfy (T1), (T2), (T3). Note first that it follows from (i) that any subsequence of {(τ_n, u_n)}^∞_{n=1} satisfies (T1). Also, if any subsequence of {τ_n}^∞_{n=1} were bounded, then (i) would imply that u_0 ≠ 0. So since we are supposing here that u_0 = 0, it follows that |τ_n| → ∞ as n → ∞. Suppose in the sequel that τ_n → ∞; a similar argument applies if τ_n → −∞. We will use this, together with (ii), to construct a subsequence of {(τ_n, u_n)}^∞_{n=1} for which (T2), (T3) also hold.

It is shown in [1, p 5, Theorem 11] that given ϵ > 0 and two UAP-functions q_1 and q_2, there exist L(ϵ) and τ such that (3) holds for both q_1 and q_2. Since V and r are both UAP-functions, it thus follows that there exists a sequence {σ_k}^∞_{k=1} ⊂ R, with σ_k → ∞ as k → ∞, such that

‖r(· + σ_k) − r(·)‖_L∞_{(R)} → 0 and ‖V (· + σ_k) − V (·)‖_L∞_{(R)} → 0 as k → ∞.

Now |τ_n − τ_{n−1}| → 0 and τ_n → ∞ as n → ∞, so there is a subsequence {τ_{nk} }^∞_{k=1} of {τ_n}^∞_{n=1} such that |σ_k − τ_{nk} | → 0 as k → ∞. Thus as UAP-functions are uniformly continuous ([1, p 2]),

‖r(· + τ_{nk} ) − r(·)‖_L∞_{(R)} → 0 and ‖V (· + τ_{nk} ) − V (·)‖_L∞_{(R)} → 0 as k → ∞.

Let u ∈ H^1(R), ‖u‖_H1_{(R)} = 1 be arbitrary. Then ∇_uJ(λ, T_{τnk} u_{nk} )u = ∇_uJ(λ, u_{nk} )u(· − τ_{nk} ) + ∫ R {V (x) − V (x − τ_{nk} )}u_{nk} (x − τ_{nk} )u(x) dx − ∫ R {r(x) − r(x − τ_{nk} )}|u_{nk} (x − τ_{nk} )|^{p−2}u_{nk} (x − τ_{nk} )u(x) dx ≤ ‖∇_uJ(λ, u_{nk} )‖_{(H}1_{(R))}∗ + K_1‖V (·) − V (· − τ_{nk} )‖_L∞_{(R)} +K_2‖r(·) − r(· − τ_{nk} )‖_L∞_{(R)} for some K_1, K_2 > 0 independent of k ∈ N. So ‖∇_uJ(λ, T_{τnk} u_{nk} )‖_{(H}1_{(R))}∗ → 0 as k → ∞. A similar argument shows that J(λ, T_{τnk} u_{nk} ) → c̃ as k → ∞. Thus {τ_{nk} }^∞_{k=1}, {u_{nk} }^∞_{k=1} satisfy (T2), (T3). The result follows. □

3 Bifurcation

Exploiting estimate (10), we marry the existence results of the previous section to an approach to proving bifurcation discussed in [10]. First a lemma on the existence of the key ingredients of the Mountain Pass method when λ is close to Λ. Note that it is for this result that the constraint p < 6 in condition (N0) is essential.

Lemma 3.1 There exist a sequence λ_n → Λ and a sequence {v_n}^∞_{n=1} ⊂ H^1(R)\{0} such that J(λ_n, v_n) < 0 for each n ∈ N and c(λ_n, v_n) Λ − λ_n → 0 as n → ∞. Proof. This follows from an amalgamation of [10, Lemma 7.1, (1) and (3)] and [10, Lemma 9.5 (b)]. Note that although [10, Lemma 9.5 (b)] is obtained under the assumption that r is periodic, the Riemann-Lebesgue lemma for UAP-functions (see [5, Proposition 3.1]) enables the same conclusion to be drawn when r is UAP. □

Our main result is the following.

Theorem 3.2 There exists a sequence {(λ_n, u_n)}^∞_{n=1} ⊂ (−∞, Λ)×H^1(R)\{0} such that ∇_uJ(λ_n, u_n) = 0 for each n, and as n → ∞, λ_n → Λ and ‖u_n‖_H1_{(R)} → 0.

Proof. Let {(λ_n, v_n)}^∞_{n=1} be as given by Lemma 3.1. For each n ∈ N, J(λ_n, v_n) < 0, so Lemmas 2.3 and 2.4 together yield the existence of u_n ∈ H^1(R)\{0} such that ∇_uJ(λ_n, u_n) = 0 and ( 1 − λ_n Λ ) ‖u_n‖^2_H1_{(R)} ≤ ( 3p p − 2 ) c(λ_n, v_n).

Since λ_n → Λ and c(λ_n, v_n) Λ − λ_n → 0 as n → ∞, the result follows. □

References

[1] A.S. Besicovitch. Almost Periodic Functions. Cambridge University Press, Cambridge, 1932.

[2] H. Brezis and L. Nirenberg. Remarks on finding critical points. Comm. Pure Appl. Math., 44:939–963, 1991.

[3] V. Coti Zelati, I. Ekeland, and E. Séré. A variational approach to homoclinic orbits in Hamiltonian systems. Math. Ann., 288:133–160, 1990.

[4] M.S.P. Eastham. The Spectral Theory of Periodic Differential Equations. Scottish Academic Press, Edinburgh, 1973.

[5] H.-P. Heinz, T. Küpper, and C.A. Stuart. Existence and bifurcation of solutions of nonlinear perturbations of the periodic Schrödinger equation. J. Diff. Equat., 100(2):341–354, 1992.

[6] T. Kato. Perturbation Theory for Linear Operators. Springer-Verlag, Berlin, 1976.

[7] E. Séré. Existence of infinitely many homoclinic orbits in Hamiltonian systems. Math. Zeit., 209:27–42, 1991.

[8] E. Serra, M. Tarallo, and S. Terracini. On the existence of homoclinic solutions for almost periodic second order systems. Ann. Inst. H. Poincaré Anal. Nonlinéare, 13(6):783–812, 1996.

[9] C.A. Stuart. Bifurcation for Dirichlet problems without eigenvalues. Proc. London Math. Soc., 45:169–192, 1982.

[10] C.A. Stuart. Bifurcation into spectral gaps. Supplement to Bull. Soc. Math. Belgique, 1995.

[11] C.A. Stuart. Bifurcation from the essential spectrum. In M. Matzeu and A. Vignoli, editors, Topological Nonlinear Analysis II : Degree, Singularity and Variations, volume 27 of Progress in Nonlinear Differential Equations and their Applications. Birkhäuser, 1996.