ON A MULTISTEP METHOD APPROXIMATING A LINEAR SECTORIAL EVOLUTION EQUATION

N. Del Buono,^∗ A.T.Hill^†

Abstract. This paper concerns the linear multistep approximation of an abstract dissipative linear sectorial evolution equation on a Banach space X. We study how well the semigroup generated by a sectorial operator A is approximated by the numerical semigroup generated by a q-step, strictly A(α)-stable multistep method. An error bound of the same order of the applied method is obtained.

Key words. Sectorial operator, multistep methods, semigroup

1 Introduction

Many problems encountered in applications, e.g. the linear and nonlinear heat equation, nuclear reaction dynamics, aircraft and ship design, population genetics, the Navier-Stokes equation or other convection-diffusion equations ([1], [2], [16]) can be modelled in the abstract form u_t + Au = f(t, u), t ≥ 0, (1) where A is a sectorial operator on a Banach space X. Equations of type (1), known as sectorial evolution equations, and the properties of the operator A have been deeply studied in [10], [16] and [26] and theoretical results of existence and uniqueness of solution for (1) are known if the function f satisfies certain continuity properties. Moreover, in recent years there has been a great interest in the numerical approximation of (1) and of its asymptotic structures and invariant sets (see [3], [14], [15], [17], [27]).

In this paper we address the simpler linear equation

u_t + Au = 0, t > 0, (2)

and the approximation in time of e^{−At}, the analytic semigroup generated by the operator A. This approximation is performed by a q-step linear multistep method

∗Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, U.K., Email: mapndb@maths.bath.ac.uk & delbuono@gauss.dm.uniba.it

†Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, U.K., Email: ath@maths.bath.ac.uk

and has been previously considered in [4], [9], [22], and more recently in [25] and [17]. A first order error estimate for the multistep approximation of (2) is also provided in [17] and used respectively there and in [27] to prove the existence and convergence of local attractors and inertial manifolds for a multistep method discretising (1). Here, using the same approach as [17] in constructing the numerical semigroup approximating e^{−At}, we improve the known linear order error between the real and the numerical semigroup and we obtain an error estimate of high order. This paper is organised as follows. In Section 2 we give a formal definition of a sectorial operator and we introduce our problem, we recall those concepts on linear multistep methods needed to develop our results and we consider the linear multistep approximation of (2). In Section 3 we highlight the difficulties encountered in this approximation and we provide the tools for solving them. The technique developed in Section 3 will be applied in Section 4 for proving our principal error estimate. Finally, we will briefly discuss the possible application of the error estimate to nonlinear problems, as well as its technical restrictions.

2 Sectorial equation and multistep method

Let X be a complex Banach space and D(A) be a subspace of X.

Definition 1 A closed, densely defined operator A : D(A) → X is called sectorial operator if there exist two constants a ∈ R and M ≥ 1 and an angle θ ∈ (0,^π_2 ) such that ‖(zI − A)^{−1}‖ ≤ M |z − a| for all z ∈C \S_{a,θ}, (3)

where the sector S_{a,θ} = {z ∈C \ {a} : | arg(z − a)| ≤ θ} contains the spectrum of the operator A.

Given a sectorial operator A we consider the dissipative linear equation:

u_t + Au = 0, t > 0, u(0) = u_0 ∈ X, (4)

whose solution can be written as u(t) = e^{−At}u_0, where e^{−At} is the bounded, analytic semigroup generated by A (see [10], [16], [26]). To approximate (4) in time we consider a multistep method. Before starting our approximation we recall some known definition and properties of a multistep methods.

Consider a general equation u_t = F (t, u). A q-step linear multistep method, for approximating the solution of this equation is given from the formula q∑ i=0 α_iU^{n+i} = h q∑ i=0 β_iF ((n + i)h, U^{n+i}), for all n ≥ 0, (5)

where h is the time-step size and each U^{n+q} is an approximation of the exact solution u(t_{n+q}), at the instant t_{n+q} = (n + q)h. We will assume that the starting values

{U^i}^{q−1}_{i=0} are given and that {α_i}^q_{i=0} and {β_i}^q_{i=0} are real constants, with α_0 and β_0 not both being zero and normalised so that α_q = 1. These constants define the particular method; if β_q = 0 the method is explicit, and it is implicit otherwise. In term of the parameters α_i and β_i the characteristic polynomials of the method are ρ(w) = q∑ i=0 α_iw^i, σ(w) = q∑ i=0 β_iw^i. The multistep method is said to be irreducible if ρ(w) and σ(w) have no common factors, and reducible otherwise. Sometimes the multistep method is also called (ρ, sigma) method. Definition 2 For the q-step linear multistep method (5), we define

δ_i(z) = α_i + β_iz α_q + β_qz , for i = 0, 1, . . . , q − 1, and the companion matrix of the method

T (z) = 0 1 . . ... 0 1 −δ_0(z) −δ_1(z) . . . −δ_{q−1}(z) . (6)

It is known that the eigenvalues of T (z) are the w-roots of the equation P (w; z) = ρ(w) + zσ(w) = 0, and that when z → ∞ these roots will tend to those of the polynomial σ(w) (see [12]). Moreover, the polynomial P (w; z) is an analytic function mapping C^2 intoC.

The multistep method (5) is of order p ≥ 1 if q∑ i=0 α_i = 0 and q∑ i=0 α_ii^k = k q∑ i=0 β_ii^{k−1} for k = 1, . . . , p. or equivalently (see [12])

ρ(e^z) − zσ(e^z ) = O(z^{p+1}). (7)

Definition 3 The linear multistep method (5) is said to be strictly A(α)-stable, for some α ∈ [0, π 2 ), if the spectrum of its companion matrix T (z), σ(T (z)) = {λ_1(z), . . . , λ_q(z)}, ordered in non-increasing magnitude |λ_1(z)| ≥ |λ_2(z)| ≥ . . . ≥ |λ_q(z)|, satisfies: |λ_1(z)| < 1 for all z ∈ Σ_α \{0}; |λ_1(0)| = 1, (8) |λ_i(z)| < 1 for i = 2, . . . , q, for all z ∈ Σ_α, (9) where Σ_α := {z ∈C\ {0} : |arg(−z)| ≤ α} ∪ {0}.

Assumptions Henceforth, we shall assume that u_t + Au = 0 is approximated by a q-step, pth-order, irreducible, strictly A(α)-stable, linear multistep method with p, q ≥ 1 and α ∈ [θ,^π_2 ), where θ is the sectorial angle of the operator A.

Applying the multistep method (5) to the equation (4), we obtain q∑ i=0 α_iU^{n+i} = −h q∑ i=0 β_iAU^{n+i}, for all n ≥ 0, (10)

which can be written as

(α_q + hβ_qA)U^{n+q} = −[(α_0, . . . , α_{q−1}) + hA(β_0, . . . , β_{q−1})]^T · (U^n, . . . , U^{n+q−1}). (11)

Consider the linear operator

T (hA) = 0 I . . ... 0 I −δ_0(hA) −δ_1(hA) . . . −δ_{q−1}(hA) ,

where T (z) ∈ L(C^q) is the companion matrix (6), together with the vectors in X^q of the approximate and initial solutions:

U^n = U^n . . U^{n+q−1} , n ≥ 1, U^0 =

U^0 . . U^{q−1} .

Then (11) implies that U^{n+1} = T (hA)U^n, and hence U^n = T^n(hA)U^0.

The family of linear operators {T^n(hA)}_{n≥0} defines a discrete semigroup on X^q. To show that this numerical semigroup approximates in some sense the real semigroup e^{−At} and so the solution of (4) we need to overcome the problem of commensurability which appears when q > 1, since in this case these two semigroups are defined on different spaces. Conventionally, when a multistep method is used to approximate a single trajectory for a given u_0, that is e^{−At}u_0, the mapping defined by the numerical method is described by y^T T^n(h ·)v : X → X, where v : X → X^q is the starting method, which is normally a complicated function mapping the initial data u_0 ∈ X to an approximation of the vector [u_0, e^{−hA}u_0, . . . , e^{−(q−1)hA}u_0], while y^T : X^q → X is the finishing method, which is usually the projection onto the last coordinate. However, for any choice of v and y^T , the previous function cannot represent a semigroup unless y^T T^n(h ·)vy^T T^m(h ·)v = y^T T^{n+m}(h ·)v for all n, m ≥ 0. In order for this to be true y^T and v must satisfy a rather complicated condition involving all the left and right eigenvectors of T^n(z), making it unlikely to be satisfied for common linear multistep methods. Hence, rather than modifying the numerical semigroup to act on X, we modify the real semigroup e^{−At} to act on X^q.

To do this we consider the largest eigenvalue in magnitude (principal eigenvalue) of T (z), say λ_1(z), and denoting by y^T (z) and v(z) the associated left and right eigenvectors, normalised so that

y^T (z)v(z) = 1, (12)

we consider the operator ve^{−At}y^T : X^q → X^q. (13)

Observe that the family {ve^{−At}y^T }_{t≥0} is not a conventional semigroup on X^q because v(0)y^T (0) is not the identity on X^q; nevertheless the theory of semigroups that does not require the first axiom of the semigroup is valid for these operators and we will continue to call it semigroup.

3 Study of the numerical semigroup

Having introduced the modified semigroup ve^{−At}y^T and the numerical semigroup T^n(hA), our aim is to find necessary conditions to ensure a good estimate for the approximation error: ‖T^n(hA) − v(hA)e^{−At}y^T (hA)‖_{L(X}q_). (14) To bound (14) we will study the behaviour of T (z), and therefore of its principal eigenvectors v(z) and y^T (z), for all z ∈ S_{0,θ} = {z ∈ C\ {0} : | arg(z)| ≤ θ}. We will find conditions on (ρ, σ) method ensuring that λ_1(z) is analytic thoughout S_{0,θ}. Under these circumstances, y^T and v may also be analytically defined and maybe renormalised as in (12), for z ∈ S_{0,θ}. As we will see, when λ_1(z) is not simple, y^T (z) and v(z) are orthogonal and we cannot renormalise their scalar product. Difficulties also arise close to a point where λ_1(z) is not simple. In this connection, we recall that the quantity s(λ_1(z)) = |y^T (z)v(z)|

is known as the condition number of the eigenvalue λ_1(z) (see [11]). Generally speaking, if one makes a perturbation of order ε to the matrix T (z), then its eigenvalue λ_1(z) will be perturbed by ε/s(λ_1(z)) and so if s(λ_1(z)) is very small λ_1(z) is regarded as ill-conditioned. Thus, near to a point where y^T (z) and v(z) are orthogonal, the principal eigenvalue will be ill-conditioned.

We start the analysis of the principal eigenvalue and eigenvectors of T (z) recalling a known result about their behaviour in a neighbourhood of the origin.

Lemma 1 (Hill-Süli). There exists a neighbourhood N_0 of the origin such that λ_1(z), the principal eigenvalue of T (z), is an analytic function with

λ_1(z) − e^{−z} = O(z^{p+1}), z ∈ N_0. (15)

Furthermore, the corresponding left and right eigenvectors y^T (z) and v(z) may be analytically defined in N_0, so that v(z) = [1, λ_1(z), . . . , λ_1(z)^{q−1}]^T and y^T (z)v(z) = 1.

Proof. See [17] Lemma 2.1.

We start to study the behaviour of λ_1(z) and of its eigenvectors in a region S_{0,θ}\N_0.

Lemma 2 Let N_0 be the neighbourhood of the origin as in Lemma 1. Then for all z ∈ S_{0,θ} \N_0 such that λ_1(z_0) ≠ 0 is a simple eigenvalue of T (z), there exists a neighbourhood N(z_0) of z_0 such that λ_1(z) is an analytic function of z, for all z ∈ N(z_0). Moreover, the corresponding left and right eigenvectors y^T (z) and v(z) may be analytically defined in N(z_0), so that v(z) = [1, λ_1(z), . . . , λ_1(z)^{q−1}]^T and y^T (z)v(z) ≠ 0.

Proof. Let z_0 ∈ S_{0,θ}\N_0, where N_0 is a neighbourhood of the origin as in Lemma 1 and suppose λ_1(z_0) ≠ 0 is a simple root of P (w; z). Then P (λ_1(z_0); z_0) = 0 and ∂P ∂w (λ_1(z_0); z_0) ≠ 0. The analytic implicit function theorem implies the existence of a neighbourhood N(z_0) of the point z_0 in which λ_1(z) is a simple root of P (w; z). Moreover, because P (w; z) is analytic, the function λ_1(z) is analytic for every z ∈ N(z_0). Suppose v(z_0), y^T (z_0) are the associated right and the left eigenvectors at z_0. The form of the right eigenvalue v(z_0) may be verified by direct substitution, while the individual components of y^T (z_0) satisfy

−δ_0(z_0)y_q(z_0) = λ_1(z_0)y_1(z_0)

y_i(z_0) − δ_i(z_0)y_q(z_0) = λ_i(z_0)y_{i+1}(z_0) for i = 1, . . . , q − 1.

(16)

Since y_q(z_0) = 0 implies y_i(z_0) = 0 for all i, we conclude that y_q(z_0) ≠ 0. Thus by equations (16) all components of y^T (z_0) can be written as

y_i(z_0) = − y_q(z_0) λ_1(z_0)^i i−1∑ k=0 δ_k(z_0)λ_1(z_0)^k, i = 1, . . . , q − 1.

At z = z_0 consider

y^T (z_0)v(z_0) = q∑ i=1 y_i(z_0)v_i(z_0)

= y_q(z_0)λ_1(z_0)^{q−1} − 1 λ_1(z_0) q−1∑ i=1 i−1∑ k=0 δ_k(z_0)λ_1(z_0)^k y_q(z_0)

= y_q(z_0)λ_1(z_0)^{q−1} − 1 λ_1(z_0)

[(q − 1)δ_0(z_0) + (q − 2)δ_1(z_0)λ_1(z_0) + ( q − 3)δ_2(z_0)λ_1(z_0)^2 + . . . + δ_{q−2}(z_0)λ_1(z_0)^{q−2} ] y_q(z_0). (17)

By the chain rule and the product rule result 1 α_q + zβ_q [ ∂P (w; z) ∂w w − (q − 1)P (w; z) ] = −(q − 1)δ_0(z) − (q − 2)δ_1(z)w − . . . − δ_{q−2}(z)w^{q−2} + w^q. (18)

Thus evaluating (18) at (z_0, λ_1(z_0)), and applying (17),

y^T (z_0)v(z_0) = y_q(z_0) λ_1(z_0) 1 α_q +z_0β_q [ ∂P (λ_1(z_0); z_0) ∂w λ_1(z_0) − (q − 1)P (λ_1(z_0); z_0) ] . (19)

Since λ_1(z) is a simple eigenvalue at z = z_0 (19) implies that y^T (z_0)v(z_0) ≠ 0, and hence by continuity y^T (z)v(z) ≠ 0 for all z ∈ N(z_0).

In the same way it can be prove that for z → ∞ there exists an R > 0 such that for any z ∈ S_{0,θ} \ N_0, with |z| > R, λ_1(z) is an analytic function with y^T (z) and v(z) and that y^T (z)v(z) ≠ 0.

Observe that when λ_1(z_0) is a repeated root of the polynomial P (w; z), with multiplicity α ≥ 2,

P (λ_1(z_0); z_0) =

∂P (λ_1(z_0); z_0) ∂w = . . . = ∂^{α−1}P (λ_1(z_0); z_0) ∂w^{α−1} = 0,

∂^αP (λ_1(z_0); z_0) ∂w^α ≠ 0. (20)

Hence, equation (19) implies that y^T (z_0)v(z_0) = 0 and therefore, we are not able to renormalise v(z) and y^T (z) at this point z_0. Moreover, if λ_1(z_0) = 0, by the stability conditions imposed, it is an eigenvalue of multiplicity q thus v(z_0) and y^T (z_0) cannot be renormalised. The analysis of the behaviour of λ_1(z) and its associated eigenvectors v(z) and y^T (z) does not depend on S_{0,θ} and therefore it is valid for all z ∈C \ N_0, where N_0 is a neighbourhood of the origin; also by Lemma 1, y^T (z)v(z) = 1 for all z ∈ N_0.

The following result concerns with the behaviour of λ_1(z) in a neighbourhood of a multiple root point. We will make use of the Taylor expansion of the polynomial P (w; z). We start to prove a technical lemma.

Lemma 3 If z_0 ∈C is such that λ_1(z_0) is a repeated root of P (w; z), with multiplicity α ≥ 2, then

∂P (λ_1(z_0); z_0) ∂z ≠ 0.

Proof. Let z_0 ∈C be such that λ_1(z_0) is a repeated root of the polynomial P (w; z) with multiplicity α ≥ 2. Then, the partial derivatives of P (w; z) with respect to w, evaluated at the point (z_0, λ_1(z_0)), satisfy

P (λ_1(z_0); z_0) = ρ(λ_1(z_0)) + z_0σ(λ_1(z_0)) = 0, (21)

∂P (λ_1(z_0); z_0) ∂w = . . . = ∂^{α−1}P (λ_1(z_0); z_0) ∂w^{α−1} = 0, (22)

∂^αP (λ_1(z_0); z_0) ∂w^α ≠ 0. (23)

We prove the statement by contradiction. Suppose that^{∂P (λ1(z0);z0)}_{∂z} = 0. Observe that,^{∂P (w;z)}_{∂z} = σ(w) and hence, by hypothesis at z = z_0, σ(λ_1(z_0)) = 0. This implies that λ_1(z_0) is a root of the polynomial σ(w). Because of the multiplicity of λ_1(z_0), by (21) we deduce that ρ(λ_1(z_0)) = 0. This implies that λ_1(z_0) is also a root of the polynomial ρ(w), which contradicts the irreducibility of the multistep method. This contradiction proves the theorem.

Theorem 4 Let z_0 ∈C such that λ_1(z_0) is a repeated root of P (w; z) with multiplicity α ≥ 2. Then there exists a neighbourhood K of z_0, such that for any z ∈ K, the polynomial P (w; z) has simple roots.

Proof. Let z ∈ K_1 \ {z_0}, where K_1 is some compact neighbourhood of z_0 and suppose that w(z) is a root of P (w; z) = 0. By the Taylor expansion of P (w; z) in a neighbourhood of the repeated root in which henceforth all partial derivatives are evaluated in (λ_1(z_0), z_0), we obtain ∂P ∂z (z − z_0) + 1 α! ∂^αP ∂w^α (w − λ_1(z_0))^α+ (_α ∑ i=2 c_i ∂^iP ∂w^{i−1}∂z (z − z_0)(w − λ_1(z_0))^{i−1} ) + E_{α+1} = 0,

(24)

where c_i = ( α i ) , E_{α+1} is the error of the Taylor expansion such that |E_{α+1}| ≤ C ( |z − z_0||w − λ_1(z_0)|^α + |w − λ_1(z_0)|^{α+1} ) , (25)

where C denote a generic positive constant. Since, by Weierstrass’ Theorem, all derivatives of P (w; z) are bounded in any compact set, | | | | ∂P ∂z (z − z_0) + 1 α! ∂^αP ∂w^α (w − λ_1(z_0))^α | | | | ≤ (_α ∑ i=1 C|z − z_0||w − λ_1(z_0)|^i ) + C|w − λ_1(z_0)|^{α+1}.

Dividing both sides by |z − z_0|, | | | | ∂P ∂z + 1 α! ∂^αP ∂w^α (w − λ_1(z_0))^α z − z_0 | | | | ≤ (_α ∑ i=1 C|w − λ_1(z_0)|^i ) + C |w − λ_1(z_0)|^α |z − z_0| |w − λ_1(z_0)|. (26)

Since

∂P (λ_1(z_0); z_0) ∂z ≠ 0 and w(·) is a continuous function as it is a root of an analytic polynomial, (26) implies lim_{z→z0} ∂^αP ∂w^α (w − λ_1(z_0))^α z − z_0 = −(α!)

∂P (λ_1(z_0); z_0) ∂z . (27)

By contradiction, suppose that there is no neighbourhood K of z_0 as in the statement of the theorem and so let w(z) also be a root of^{∂P (w;z)}_{∂w} . Using the Taylor expansion of^{∂P (w;z)}_{∂w} we deduce that

∂^2P ∂z∂w (z − z_0) + (_α ∑ i=3 c^∗_i ∂^iP ∂w^{i−1}∂z (z − z_0)(w − λ_1(z_0))^{i−2} )

+ 1 (α − 1)! ∂^αP ∂w^α (w − λ_1(z_0))^{α−1} + Ê_α = 0,

where all the derivatives are evaluated at (λ_1(z_0), z_0), c^∗_i , for i = 3, . . . , α are constants and Ê_α is the error of the Taylor expansion such that |Ê_α| ≤ C ( |z − z_0||w − λ_1(z_0)|^{α−1} + |w − λ_1(z_0)|^α ) . By Weierstrass’ theorem | | | | ∂^2P ∂z∂w (z − z_0) + 1 (α − 1)! ∂^αP ∂w^α (w − λ_1(z_0))^{α−1} | | | | ≤

≤ (_{α−2} ∑ k=1 C|z − z_0||w − λ_1(z_0)|^k ) + C|z − z_0||w − λ_1(z_0)|^{α−1} + C|w − λ_1(z_0)|^α,

with C positive constant. Multiplying by the factor

|w − λ_1(z_0)| |z − z_0| , we deduce | | | | ∂^2P ∂z∂w (w − λ_1(z)) + 1 (α − 1)! ∂^αP ∂w^α (w − λ_1(z_0))^α z − z_0 | | | | ≤

≤ α∑ j=2 C|w − λ_1(z_0)|^j + C |w − λ_1(z_0)|^α |z − z_0| |w − λ_1(z_0)|. (28)

As z → z_0 (28) and (27) imply that

∂P (λ_1(z_0); z_0) ∂z = 0, which contradicts our assumption. This contradiction proves the theorem.

Analogously we have

Theorem 5 Let μ = lim_{z→∞} λ_1(z) be an eigenvalue of T (∞) of multiplicity α ≥ 2. Then there exists R > 0 such that for any z ∈C\B(0, R), λ_1(z) is a simple root.

Proof. The theorem may be proved in the same fashion of the previous theorem.

Theorem 6 There exists at most a finite number of z_i ∈ C such that λ_1(z_i) is a multiple root of the polynomial P (w; z).

Proof. The proof is made by contradiction. Suppose that there exists an infinite number of points z_n ∈C, n ∈ N, such that in each of these points λ_1(z) is a multiple root of P (w; z). By Theorem 5 then there exists R > 0 such that if λ_1(z_n) is a multiple root z_n ∈ B(0, R), for n ∈ N.

Note that B(0, R) is a compact set, and so by Bolzano-Weierstrass’ theorem there exists a z^∗ ∈C limit point of the infinite sequence z_n. By continuity of P (w; z) and λ_1(z), we deduce lim_{n→∞} P (λ_1(z_n); z_n) = P (λ_1(z^∗); z^∗) = 0.

Similarly, lim_{n→∞} ∂P (λ_1(z_n); z_n) ∂w = ∂P (λ_1(z^∗); z^∗) ∂w = 0.

Hence, λ_1(z^∗) is a multiple root of P (w; z). Since z_n → z^∗, this contradicts Theorem 4 and hence, Theorem 6 is true.

Having solved the problem about the existence of the modified semigroup for all points at which λ_1(z) is a single eigenvalue of T (z), we study the behaviour of T^n(z) to obtain information about the order of accuracy of the method. The following lemma establish some properties of the approximation in a region of the complex plane associated with a contour integral appearing later.

Lemma 7 There exists a neighbourhood N_0 of the origin, and constants C > 0 and Λ ∈ (0, 1), such that ‖T^n(z) − v(z)e^{−nz}y^T (z)‖ ≤ C(Λ^n + |z^pe^{−nz}|), (29) for all z ∈ N_0 ∩ (B(0, (cosec θ)/n) ∪ S_{0,θ}) and all n ∈ N.

Proof. We follow a technique similar to that used by Hill and Süli [17]. Let N_0 be as in the statement of Lemma 1. For z ∈ N_0 and n ∈ N ‖T^n(z) − v(z)e^{−nz}y^T (z)‖ = ‖T^n(z) − v(z)λ_1(z)^ny^T (z) + v(z)λ_1(z)^ny^T (z) − v(z)e^{−nz}y^T (z)‖ ≤ ‖T^n(z) − v(z)λ_1(z)^ny^T (z)‖ + |λ_1(z)^n − e^{−nz}|‖v(z)y^T (z)‖ = I_1 + I_2.

Consider the matrix (T (z) − v(z)λ_1(z)y^T (z)) ∈ L(C^q). It has eigenvalues {0, λ_2(z), . . . , λ_q(z)}. Using the construction of Isaacson and Keller ([21], Chapter 1, Theorems 1 and 3), for any square matrix M of order q and any arbitrary ε > 0, there exists a non singular matrix P ∈ L(C^q), such that ‖P^{−1}MP ‖ ≤ ρ(M) + ε, where ρ(M) denotes the spectral radius of M. So since ρ(T (z) − v(z)λ_1(z)y^T (z)) = |λ_2(z)| < 1, there exist non singular matrices P (z) and P^{−1}(z), in a neighbourhood of the origin, continuously dependent on z, such that ‖ ( P^{−1}(z)(T (z) − v(z)λ_1(z)y^T (z))P (z) )_n ‖ ≤ ( |λ_2(z)| + 1 2 )_n . Because y^T (z) and v(z) are the left and right eigenvalues of λ_1(z) and they verify y^T (z)v(z) = 1, we deduce the identity ( T (z) − v(z)λ_1(z)y^T (z) )_n = T (z)^n − v(z)λ^n_1 (z)y^T (z).

Finally, I_1 = ‖(T (z) − v(z)λ_1(z)y^T (z))^n‖ ≤ ‖P (z)‖‖P^{−1}(z)(T (z) − v(z)λ_1(z)y^T (z))^nP (z)‖‖P^{−1}(z)‖ ≤ C(z) ( |λ_2(z)| + 1 2 )_n . (30)

The functions C(z) and ((|λ_2(z)| + 1)/2) may be uniformly bounded in N_0 by constants C > 0 and Λ ∈ (0, 1), respectively, in which case, I_1 ≤ CΛ^n, for all z ∈ N_0 and n ∈ N. (31) Now we consider |λ^n_1 (z) − e^{−nz}| in N_0. By Lemma 1, λ_1(z) = e^{−z} + C(z)z^{p+1}, for some analytic function C(z) and z ∈ N_0. This implies log(λ_1(z)) = −z + C_1(z)z^{p+1}, for some analytic function C_1(z) in a possibly refined neighbourhood N_0. Therefore, λ_1(z)^n = e^{n log(λ1 (z))} = e^{−nz} exp(nC_1(z)z^{p+1}).

Hence, |λ^n_1 (z) − e^{−nz}| ≤ |e^{−nz}|| exp(nC_1(z)z^{p+1}) − 1| ≤ A(z)B(z)|z^pe^{−nz}|, where A(z) = | | | | exp(nC_1(z)z^{p+1}) − 1 nC_1(z)z^{p+1} | | | | , B(z) = |nC_1(z)z|. Note that the functions A(z) and B(z) may be bounded independently of n in the region N_0 ∩ (B(0, (cosec θ)/n) ∪ S_{0,θ}), provided diam(N_0) is sufficiently small and n large enough, so I_2 ≤ C|z^pe^{−nz}|. (32) By (31) and (32), the theorem follows.

Here we recall a result of Le Roux (see [22]), characterising the behaviour of the operator T^n(z) away from a neighbourhood N_0 of the origin.

Lemma 8 Consider a strictly A(α)-stable, linear multistep method (5). There exist positive constants R, μ and C such that ‖T^n(z)‖_{L(C}q_) ≤ Ce^{−μn}, ‖T^n(z) − T^n(∞)‖_{L(C}q_) ≤ Ce^{−μn} |z| , for any z ∈ S_{0,θ} with |z| ≥ R.

Proof. [22], Lemma 3 and Lemma 4.

Lemma 9 Consider a strictly A(α)-stable, linear multistep method (5). There exist positive constants R, C and Λ ∈ (0, 1), such that ‖T^n(z) − v(z)e^{−nz}y^T (z)‖_{L(C}q_) ≤ CΛ^n, for any z ∈ S_{0,θ} with |z| ≥ R.

Proof. Let R, μ and C as in the statement of Lemma 8. Consider a z ∈ S_{0,θ} with |z| ≥ R. Then z = |z|e^{±iϕ}, with 0 ≤ ϕ ≤ θ ‖T^n(z) − v(z)e^{−nz}y^T (z)‖ ≤ ‖T^n(z)‖ + |e^{−nz}|‖v(z)y^T (z)‖ ≤ ≤ Ce^{−μn} + C_1e^{−n|z| cos ϕ} ≤ Ce^{−μn} + C_1e^{−nR cos θ}. Let Λ = max{e^{−μ}, e^{−R cos θ}} ∈ (0, 1); it is independent of n and z, thus we deduce that ‖T^n(z) − v(z)e^{−nz}y^T (z)‖_{L(C}q_) ≤ CΛ^n, and the lemma follows.

In the sequel Λ ∈ (0, 1) will denote the constant Λ in the statement of Lemma 9.

4 Main result

Now we prove our main result when the principal eigenvalue λ_1(z) of T (z) is a simple root.

Theorem 10 Suppose that A is a sectorial operator satisfying Definition 1 with M ≥ 1, a ≥ 0 and θ ∈ (0, π/2). Suppose that the equation u_t + Au = 0 is discretised by a pth-order, q-step, linear multistep method, with p, q ≥ 1, strictly A(α)-stable for some α ∈ [θ, π/2), with companion matrix T (z). Assume, in addition, that λ_1(z), the principal eigenvalue of T (z), is simple for all z ∈ S_{0,θ} and that its left and right eigenvectors, y^T (z) and v(z) are normalised so that y^T (z)v(z) = 1. Then, the linear operator T^n(hA) : X^q → X^q is well defined for all n ≥ 0 and there exists a constant C_0, independent of n, a, and h, such that for h sufficiently small and n sufficiently large, ‖T^n(hA) − v(hA)e^{−nhA}y^T (hA)‖_{L(X}q_) ≤ C_0e^{−anh}(ah + 1/n)^p, for all n ∈ N. (33) Proof. Let R be the largest radius such that B(0, 2R) ⊂ N_0, where N_0 is as in the statement of Lemma 1 . Let us choose the maximum of the constant Λ in the previous Remark and exp(−(R cos θ)/2), and denote it again by Λ. For a > 0, we require that h ≤^{| log Λ|}_{2a} , (no restriction is necessary if a = 0). This implies that e^{ah}Λ ≤ Λ^12 < 1.

We consider first the case n ≥ 2/R. The function f(z) ≡ T^n(z) − T^n(∞) − v(z)e^{−nz} y^T (z) is analytic in the region S_{0,θ} ∪ N_0 and vanishes at ∞. Using the Dunford-Taylor integral formulation ([8], Section VII.9), for any operator B, f(B) = f(∞)I + 1 2πi ∫ Γ f(z)R(z; B)dz, (34) where Γ consists of a finite number of Jordan arcs lying in a region in which f(z) is analytic. In particular consider (34 for the operator B = hA, e^{anh} ( T^n(hA) − v(hA)e^{−nhA}y^T (hA) ) (35)

= e^{anh}T^n(∞) + e^{anh} 2πı ∫ Γ+ah [ T^n(z) − T^n(∞) − v(z)e^{−nz}y^T (z) ] (zI − hA)^{−1}dz. Here Γ+ah is the positively oriented curve, lying in the resolvent set of the operator hA, equal to the union of the three portions

Γ_1 + ah = ah + e^{iϕ} n , θ ≤ ϕ ≤ 2π − θ, Γ_2 + ah = ah + re^{±iθ}, 1/n ≤ r ≤ R, Γ_3 + ah = ah + re^{±iθ}, R ≤ r ≤ ∞.

Geometric considerations show that Γ+ah ⊂ (B(0, (cosec θ)/n)∪S_{0,θ}) for all ah ≥ 0 Hence we apply Lemma 7 to bound ‖T^n(z)−v(z)e^{−nz} y^T (z)‖ in (Γ_1 +ah)∪(Γ_2 +ah). We will show that the right-hand side of (35) may be bounded by C(ah + 1/n)^p, for some constant C independent of n,a, and h and hence deduce the theorem for n ≥ 2/R. We will use inequality (3) and Lemma 7 tacitly. Note that ‖e^{anh}T^n(∞)‖ ≤ e^{anh}CΛ^n ≤ CΛ^{n/2}.

Hence, for n sufficiently large it is possible to find another positive constant (independent of n,a,and h) denoted again by C, such that

‖e^{anh}T^n(∞)‖ ≤ C(1/n + ah)^p.

Hence, taking the norm of the two sides of (35), we deduce

e^{anh}‖(T^n(hA) − v(hA)e^{−nhA}y^T (hA)‖ ≤ ‖e^{anh}T^n(∞)‖ + ‖ e^{anh} 2πi ∫ Γ+ah [ T^n(z) − T^n(∞) − v(z)e^{−nz}y^T (z) ] (zI − hA)^{−1}dz‖. (36) Using the form of Γ + ah

‖ e^{anh} 2πi ∫ Γ+ah [ T^n(z) − T^n(∞) − v(z)e^{−nz}y^T (z) ] (zI − hA)^{−1}dz‖ ≤ ‖I_1‖ + ‖I_2‖ + ‖I_3‖,

where

I_k = e^{anh} 2πi ∫ Γ_k+ah [ T^n(z) − T^n(∞) − v(z)e^{−nz}y^T (z) ] (zI − hA)^{−1}dz, k = 1, 2, 3,

and Γ_k, k = 1, 2, 3 are the contours described above. Hence,

‖I_1‖ ≤ M 2π ∫ Γ_1+ah CΛ^{n/2} + ‖e^{anh}(T^n(z) − v(z)e^{−nz}y^T (z))‖ |z − ah| |dz|

≤ M 2π ∫ Γ_1+ah CΛ^{n/2} + e^{anh}C(Λ^n + |z^pe^{−nz}|) |z − ah| |dz|

≤ M 2π ∫ Γ_1+ah CΛ^{n/2} + C|z^pe^{−n(z−ah)}| |z − ah| |dz|

≤ M 2π ∫ Γ_1 CΛ^{n/2} + C(|y| + ah)^p|e^{−ny}| |y| |dy|

≤ M 2π ∫_{2π−θ} θ CΛ^{n/2} + C(1/n + ah)^pdθ ≤ MC(Λ^{n/2} + (1/n + ah)^p) ≤ C(1/n + ah)^p.

Similarly,

‖I_2‖ ≤ M 2π ∫ Γ_2+ah CΛ^{n/2} + C(Λ^n + |z^pe^{−n(z−ah)}|) |z − ah| |dz|

≤ M 2π ∫ Γ_2 CΛ^{n/2} + C(|y| + ah)^p|e^{−ny}| |y| |dy|

≤ M 2π ∫_R 1/n CΛ^{n/2} + C(r + ah)^pe^{−nrcosθ} r dr

≤ MCΛ^{n/2} 2π log(nR) + MC 2π ∫_R 1/n (r + ah)^pe^{−nrcosθ} r dr. (37)

Consider the first term in the right-side of (37). Note that there exists n_0 ∈ N and another constant denoted again by C, such that for all n ≥ n_0

MCΛ^{n/2} 2π log(nR) ≤ C(1/n + ah)^p. (38)

Consider now the second term in the right-side of (37), using changes of variables ∫_R 1/n (r + ah)^pe^{−nr cos θ} r dr p∑ j=0 ( p j ) (ah)^{p−j} ∫_R 1/n r^{j−1}e^{−nr cos θ}dr

= (ah)^p ∫_R 1/n e^{−nr cos θ} r dr + p∑ j=1 ( p j ) (ah)^{p−j} ∫_R 1/n r^{j−1}e^{−nr cos θ}dr

≤ (ah)^p ∫_∞ cos θ 2 e^{−γ} γ dγ + p∑ j=1 ( p j ) (ah)^{p−j} ∫_∞ 0 (2 sec θ)^j γ^{j−1}e^{−γ} dγ

≤ C_1(ah)^p + C_2 p∑ j=1 ( p j ) (ak)^{p−j}( 1 n )^j ≤ C(1/n + ah)^p.

(39)

Hence, using (38) and (39) ‖I_2‖ ≤ C(1/n + ah)^p. Finally, consider I_3 ‖I_3‖ ≤ M 2π ∫ Γ_3+ah e^{anh}‖T^n(z) − T^n(∞)‖ + C|e^{−n(z−ah)}| |z − ah| |dz|

≤ M 2π ∫ Γ_3+ah e^{anh}Λ^n |z||z − ah| + C|e^{−n(z−ah)}| |z − ah| |dz|

≤ CM 2π ∫ Γ_3 Λ^{n/2} |y + ah||y| + |e^{−ny}| |y| |dy|

≤ CM 2π ∫_∞ R 1 r ( Λ^{n/2} r + e^{−nr cos θ} ) dr Note that the function re^{−rn cos θ} for r ∈ [R, ∞[,

re^{−rn cos θ} = re^{− rn cos θ2} e^{− rn cos θ2} ≤ re^{− rn cos θ2} Λ^{n/2}.

Let C = max_{r∈[R,∞)}re^{− rn cos θ2} < ∞, we obtain e^{−rn cos θ} ≤ C Λ^{n/2} r and therefore

‖I_3‖ ≤ CM 2π ∫_∞ R 1 r ( Λ^{n/2} r + e^{−nr cos θ} ) dr≤ CM 2π ∫_∞ R Λ^{n/2} r^2 dr ≤ C(1/n + ah)^p. Consider the case n ∈ [1, 2/R]. We may similarly bound the right-hand side of (36). Now the curve Γ + ah equals to the union of the two portions Γ = Γ_3 ∪ Γ_4, where Γ_4 = Re^{iϕ}, θ ≤ ϕ ≤ 2π − θ.

Consider ‖ e^{anh} 2πi ∫ Γ_4+ah ( T^n(∞) + (T^n(z) − v(z)e^{−nz}y^T (z)) ) (zI − hA^{−1})dz‖

≤ M 2π ∫ Γ_4+ah CΛ^{n/2} + C(Λ^n + |z^pe^{−n(z−ah)}|) |z − ah| |dz|

≤ M 2π ∫ Γ_4 CΛ^{n/2} + C(|y| + ah)^pe^{−nR cos θ} |y| |dy| ≤ CM(1/n + ah)^p + CM(R + ah)^p ≤ C(1/n + ah)^p. Hence, we may choose C_0 so that (33) holds for all n ∈ N. Since e^{−nhA} is a bounded linear operator, so is T^n(hA) and hence the latter is well defined. The technique adopted to prove Theorem 10 has been introduce by Kreiss [20] and used by Lubich [24] (see also [13]) and Hill and Süli [17]. Although our proof is similar to that used in [17], our approach to bound (35) is different.

4.1 Examples and conclusions

We present now a class of multistep methods verifying the technical hypothesis on λ_1(z). Consider the (ρ, σ) method defined by

ρ(w) =^1_2 [(w^2 − 1) + γ(w − 1)^2],

σ(w) =^1_4 [(w + 1)^2 + δ(w^2 − 1) + ε(w − 1)^2],

(40)

for γ, δ, ε ∈ R (see [5]). The polynomial P (w; z) is

P (w; z) = 1 4 a(z)w^2 + 1 2 b(z)w + 1 4 c(z), (41)

where a(z) = (δ + ε + 1)z + 2(γ + 1), b(z) = (1 − ε)z − 2γ, c(z) = (ε − δ + 1)z + 2(γ − 1).

A double w root for (41) occurs when b(z)^2 − a(z)c(z) = 0. By simple calculations, we find that double roots must occur in the left half of the complex plane and hence, taking into account Lemma 1, outside the region S_{0,θ} ∪ N_0, for any θ ∈ (0, π/2), if

4ε < δ^2, δ > 2γ. (42)

Moreover, the method (40) is irreducible and A-stable for any γ, δ, ε such that 0 ≤ γ, δ − γ, ε, 0 < max{ε, γ(δ − γ)}. (43)

Choosing for instance γ = 0, ε = 1, δ = 3, we obtain the (ρ, σ) method defined by ρ(w) = 1 2 (w^2 − 1), σ(w) = 1 4 (5w^2 − 1).

The two eigenvalues of the companion matrix T (z) are λ(z) = ±

√_{2+z}

2+5z and they

coincide at z_0 = −2 ∈C^−.

Note that the further condition δ = γ implies that the method (40) is second order, therefore conditions (42) and (43) hold for a range of first order, 2-step methods. In particular, consider the second-order BDF method (for δ = γ = 2 and ε = 1) 3 2 U^{n+2} − 2U^{n+1} + 1 2 U^n = hF^{n+2},

the two eigenvalues of T (z) are λ(z) = 2 ± √ 1 − 2z 3 + 2z

, and they coincide at the point

z_0 =^1_2 ∈C^+.

To finish up we summerise our results. Consider first Theorem 10. This provides an optimal error bound for the approximation of e^{−At} by T^n(hA) with a technical hypothesis on λ_1(z), the principal eigenvalue of the companion matrix of the method. Our hypothesis consists that λ_1(z) is simple for all points in a sector contained in the right-half of the complex plane. This does not prove to be too restrictive however, as we have seen, all the given examples of multistep methods which satisfy this condition have a first order accuracy. Therefore, it is clear that it is necessary to extend our error bound for the case of multiple roots because the companion matrix of some well-known, high order, multistep methods may possess multiple eigenvalues at some z belonging toC^+. The real problem in this case appears to be the evaluation of the Dunford-Taylor integral along a cut integration contour and at present it is not clear how to solve this question. However, the linear theory in this paper and its optimal error bound represent the starting point for high-order study of the nonlinear case and of existence and convergence both of attractors and inertial manifolds.

References

[1] H. S. Carslaw and J. C. Jaeger, Conduction of heat in solids, 2nd Ed. Oxford Press, London, 1959.

[2] H. Cohen, Non linear diffusion problems, in studies in Applied Maths, A. B.

Taub ed., Math Assoc. Amer., Prentice-Hall, 1971.

[3] P. Costantin, C. Foias, B. Nicolaenko and R. Teman, Integral manifolds and inertial manifolds for dissipative partial differential equations, Appl. Math. Sciences, Vol 70, Springer-Verlag, New York, 1989.

[4] M. Crouzeix, On multistep approximation of semigroup in Banach space, J.

Comput. Appl. Math. 20, (1987), 25-35.

[5] G. Dahlquist, Error analysis for a class of methods for stiff nonlinear initial value problems, in Numerical Analysis, Lecture Notes in Mathematics 506, Springer-Verlag, Berlin, New York, 60-74.

[6] N. Del Buono, Multistep approximation of the asymptotic behaviour of dissipative evolution equations, MPhil Thesis, University of Bath, 1998.

[7] J. Diedonné, Treatise on analysis, Vol III, Academic Press, New York, 1972.

[8] N. Dunford and J. T. Schwartz, Linear operators Part I: General theory, Wiley- Interscience, New York, 1958.

[9] T. Eirola and O. Nevanlinna, What do multistep methods approximate? , Numer.

Math. 53, (1988) 559-569.

[10] A. Friedman, Partial differential equations, Holt, New York, 1969.

[11] G. H. Golub and C. F. Van Loan, Matrix computations, Johns Hopkins University Press, Baltimore, 1983.

[12] E. Hairer, S. P. Norsett and G. Wanner, Solving ordinary differential equations, Vol. I, Springer, Berlin, 1987.

[13] E. Hairer and G. Wanner, Solving ordinary differential equations, Vol. II, Springer, Berlin, 1991.

[14] J. K. Hale, Asymptotic behaviour of dissipative systems, A.M.S., New York, 1988.

[15] J. K. Hale, X.-B. Lin and G. Raugel, Upper semicontinuity of attractors for approximations of semigroups and partial differential equations, Maths. Comp. 50, (1988) 89-123.

[16] D. Henry, Geometric theory of semilinear parabolic equations, Lect. Notes in Math., Vol 840, Springer, Berlin, 1981.

[17] A. T. Hill and E. Süli, Upper semicontinuity of attractors for linear multistep methods approximating sectorial evolution equations, Math. Comp. 64, (1995) 1097-1122.

[18] A. T. Hill, Global dissipativity for A-stable methods, SIAM J. Numer. Anal. 34, No. 1, (1997), 119-142.

[19] E. Hille, Functional analysis and semigroups, A.M.S. Colloq. Publ., Vol 31, New York, 1957.

[20] H. O. Kreiss, Über die stabilitätsdefinition für differenzengleichungen die partielle differentialgleichungen, BIT . 2, (1962) 153-181.

[21] E. Isaacson and H. B. Keller, Analysis of numerical methods, Wiley, New York, 1966.

[22] M.-N. Le Roux, Semi-discrétisation en temps pour les équations d’évolution paraboliques lorsque l’opérateur dépend du temps, RAIRO Anal. Numér. 13, (1979), 119-137.

[23] C. Lubich, On the convergence of multistep methods for nonlinear stiff differential equations, Numer. Math. 58, (1990), 839-851.

[24] C. Lubich and O. Nevanlinna, On resolvent conditions and stability estimates, BIT 31, (1991), 293-313.

[25] C. Palencia, Stability of rational multistep approximations of holomorphic semigroups, Math. Comp. 64, (1995) 591-599.

[26] A. Pazy, Semigroups of linear operators and applications to partial differential equations, Appl. Math. Sci., Vol. 44, Springer, Berlin, 1983.

[27] T. Shardlow, Inertial manifolds and linear multistep methods, Numerical Algorithms, 1997, Vol.14, No.1-3, 189-209.

[28] M. I. Vishik, Asymptotic behaviour of solutions of evolutionary equations, Cambridge University Press, 1992.