Nash-Moser Theory for Standing Water Waves

P. I. Plotnikov^∗ J.F. Toland^†

Abstract

Unlike progressive (or steady) Stokes waves, standing waves are a truly timedependent phenomenon in the sense that they can not be regarded as stationary relative to a moving reference frame and we believe that, until now, there has been no existence theory, even for the case of small amplitude waves.

Our purpose here is to show how the Nash-Moser iteration method can be used to give a rigorous proof of the existence of certain small-amplitude standing water waves on an incompressible irrotational flow of finite depth over a horizontal bottom under gravity, when surface tension is neglected. The waves in question are solutions of the Euler equations, formulated in Lagrangian coordinates, for an ideal incompressible fluid which satisfy exactly the constant-pressure and kinematic boundary conditions on the free surface. But in addition, the solutions for which existence is established satisfy further constraints which are expressed in terms of the normal component of pressure gradient on the free surface. These constraints are designed to facilitate the mathematical development here, with particular regard to the method for obtaining a priori bounds necessary for the Nash-Moser method. They have no obvious analogue in the theory of Stokes waves.

The presentation here, which is more-or-less self contained, includes a proof of an elementary version of the Nash-Moser theorem sufficient for the purpose in hand and a detailed account from first principles of the a priori bounds required to implement the method.

∗Lavryentyev Institute of Hydrodynamics, Siberian Division of Russian Academy of Sciences, Lavryentyev pr. 15, Novosibirsk 630090, Russia. plotnikov@hydro.nsc.ru †Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK. jft@maths.bath.ac.uk

Contents

1 Introduction 3

2 Formulation and main results 5 2.1 Euler’s equations for standing waves . . . . . . . . . . . . . . . . . . . . . 5 2.2 Lagrangian coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Resonance and the dispersion equation . . . . . . . . . . . . . . . . . . . . 9 2.4 The main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Scaling: reduction to an operator equation 12 3.1 The operator equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 3.2 Some Nash-Moser theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

4 Φ and its approximate derivative 16

5 Approximate right inverse of linearisation 20

6 Proof of the main result (Theorem 2.8) 22

7 The Neumann operator 27 7.1 Decomposition of the Neumann operator N . . . . . . . . . . . . . . . . . 28 7.2 Quasi-one-dimensional operators . . . . . . . . . . . . . . . . . . . . . . . . 31 7.3 Change of independent variables . . . . . . . . . . . . . . . . . . . . . . . 34

8 Canonical form 36 8.1 Reduction to canonical form . . . . . . . . . . . . . . . . . . . . . . . . . . 37 8.2 Resolvent estimates for the main part . . . . . . . . . . . . . . . . . . . . . 39

9 Descent method and resolvent estimates 41 9.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 9.2 Commutators, canonical operators and symbols . . . . . . . . . . . . . . . 42 9.3 The main estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

10 The main integro-differential equation 48 10.1 Solvability of a modified equation . . . . . . . . . . . . . . . . . . . . . . . 49 10.2 Extended system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 10.3 Unique solvability of the extended system . . . . . . . . . . . . . . . . . . 56

A Appendix 61 A.1 Proof of Theorem 3.2 (Nash-Moser theorem) . . . . . . . . . . . . . . . . . 61 A.2 Proof of Lemma 6.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 A.3 Proof of Lemmas 7.3, 7.5 and 10.8 . . . . . . . . . . . . . . . . . . . . . . . 68

1 Introduction

We consider an infinite two-dimensional layer of ideal fluid at rest under gravity between a free surface at atmospheric pressure and a rigid horizontal bottom. The small-amplitude standing water-wave problem is to find a nearby irrotational, incompressible free-surface flow in which the pressure at the free surface is constant and which is non-trivially periodic in both space and time, but which is not steady with respect to any moving reference frame. This problem, which is genuinely time-dependent, has been open for some time.

Here we seek irrotational solutions of the Euler equations which satisfy the constantpressure free-boundary condition, which are even in time and have vertical lines of spatial symmetry at intervals of half the spatial wavelength. To fix ideas, we seek solutions that have fixed time-period 2π and fixed depth h_0, and regard the spatial period 2l and g, the acceleration due to gravity, as parameters in the problem.

When l = π the Euler equation linearised about the trivial solution has non-zero 2πperiodic solutions if and only if g = g_0, h = h_0 are such that the dispersion equation n^2 = gm tanh(mh) has a solution (m, n) ∈ N^2 (N denotes the positive integers, excluding 0). In that case there is a linearised standing wave with minimal spatial and temporal periods 2π/m and 2π/n, respectively.

We can explain the present approach schematically as follows. Suppose that g = g_0, h = h_0 are chosen so that the dispersion equation has a unique positive integer solution. (In Section 2.3 it is shown that that, in the set of (g, h) for which the dispersion equation has a positive integer solution, the set where it has a unique solution has full measure.) Now for parameter values (g, l) with ‖(g−g_0, l−π)‖ sufficiently small, we seek a symmetric solution of the Euler equations as a perturbation of the unique solution of the linearised problem. More precisely , if the Euler equation is written as E(z, g, l) = 0, where z is a 2πperiodic symmetric function, ∅ denotes the rest solution and the solution of the linearised problem is θ, we seek solutions of the form z = ∅ + ε^2θ + ε^3X for ε > 0 sufficiently small. Note that, for small ε > 0 and (g, l) sufficiently close to (g_0, π), ∅ + ε^2θ is an approximate solution of the Euler equations.

Since n^2 − g_0m tanh(mh_0) can be arbitrarily small for arbitrarily large values of m, n (the so-called ‘small divisors’ problem’), neither Newton iteration nor the Nash-Moser (accelerated convergence) method [5, 6, 10, 11, 22, 23] give a non-trivial solution of the full problem. If they had done so, the result would be the existence of standing waves for all ε sufficiently small. We claim no such result.

Here is what we do. It is convenient to reformulate the problem in terms of new parameters ω_1, ω_2, μ and λ close to 0 by putting

g = (1 + ελ)(g_0 + εω_1), l = π(1 + ελ), ε^2 = κμ(1 + ω_2)^{1/2},

where κ is a constant determined by (m, n), the solution of the dispersion equation (see Section 3). Suppose the Euler equations now have the form

E(ω_1, ω_2, μ, λ, X) = 0. (1.1)

The strategy for overcoming the small divisors problem is to seek only solutions of (1.1) which satisfy two additional constraints in the form

Ψ_1(a) = g_0, Ψ_2(a) = −μ^2. (1.2)

Here Ψ_i, i = 1, 2, are real-valued functionals of a = a(ω_1, ω_2, μ, λ, X), the normal component of pressure gradient at the free surface of flows determined by (ω_1, ω_2, μ, λ, X). In Section 3.1 equations (1.2) are solved for ω_i, i = 1, 2, locally as functions of (μ, λ, X) and solutions of the Euler equation (1.1) which satisfy the normal-pressure constraints (1.2) therefore satisfy a reduced equation in the form

Φ(μ, λ, X) = 0. (1.3)

The essential observation in this paper is that when −μ^2 sufficiently small is a fixed element of a certain set M, equation (1.3) can be solved for (λ, X) using the Nash-Moser method. The set M, which is defined in Section 2.3, has zero as a Lebesgue point and we can conclude that there are many small amplitude standing waves (but the existence of a continuum is not a consequence of the method).

Crucial to the Nash-Moser method is the problem of obtaining a priori bounds on solutions v of the equation Λv = f, where Λ(μ, λ, X) is an approximate right-inverse of the partial derivative ∂_{(λ,X)}Φ(μ, λ, X) for fixed small μ. The bulk of this paper, from Section 7 onwards, is committed to the task of showing that when −μ^2 ∈ M, the hypotheses (a), (b) and (c) of the Nash-Moser method in Section 3.2 can be verified. In fact the constraints (1.2) are suggested by the method for obtaining these priori bounds. At this stage their motivation is mathematical; any physical significance they might have awaits explanation.

Standing-wave background. The standing-wave problem goes back to the beginning of modern hydrodynamics theory; for example Stokes [16] discussed linear theory based on the dispersion equation. A review of nonlinear perturbation theory, including the Russian literature and the important work of Sekerzh-Zen’kovich (for example [15]) up to 1965, is to be found in [20, 21]. During this period an important set of papers by G. I. Taylor [17] and by Penney & Price [13] appeared. While concerned with large-amplitude physical phenomena, [13, page 268] is very pessimistic about the likelihood of there ever being a proof of existence of small-amplitude waves because of mathematical complexity of the problem. More recent theory which ensures the existence of formal power series satisfying the Euler equations and the full nonlinear boundary conditions in the case of infinite depth is to be found in [1, 7, 14]. Because these power series are not known to converge, this does not lead to a rigorous existence theory. Indeed, since their convergence would lead to the existence of a continuum of standing waves, it is now unclear (in the light of present findings) whether or not such convergence result is to be expected in generality.

Mathematical background. There are three aspects of our method which deserve brief mention. First we choose to work in Lagrangian coordinates (Section 2.1). While this seems to complicate the initial formulation, it has distinct advantages in the linear PDE theory which occupies much of our work. The second is the Nash-Moser method (Section 3.2) which goes back to Nash’s famous theorem in geometry [12] (see [8]) but is now an integral part of nonlinear functional analysis [3]. For our purposes the treatment by Hörmander [5] (see also [6]) is an essential reference. Finally, the needed a priori bounds are obtained here from first principles (Section 7 onwards). Using changes of variables to obtain an equivalent ‘canonical’ operator equation which has constant coefficients in the main term a descent method is developed which yields the required bounds when (1.2) hold. Because this is an unsteady (moving free-boundary) problem, these changes of variables demand careful analysis. We are particularly concerned with how they effect the

Hilbert transform and the Neumann operator in Section 7. To facilitate our estimation of these effects in the descent method, a notion of ‘quasi-one-dimensional operators’ is introduced in Section 7.2.

The growing literature on small-divisor theory for infinite-dimensional periodic systems, due to Craig, Wayne and Kuksin [2, 18, 9] for example, is nicely surveyed in [19].

Notation. According to the circumstances, we use an assortment of standard notation, such as ∂_tu, (∂/∂t)u and u_t, to represent the partial derivative of u with respect to a variable t. If u = (u_1, u_2) is a vector-function, we often write u_{1,t} or u_{1,tt} to denote partial derivatives of its component u_1. (Similar standard notation is used for other independent variables.) If ξ → u(t, ξ) is a time-dependent displacement vector field we sometimes denote its Jacobian matrix by u^′_ξ(t, ξ).

Hilbert Transforms. Theory of the standard Hilbert transform K is to be found in Zygmund [24] (where the Hilbert transform of u is referred to as the function conjugate to u). We also use a finite-depth Hilbert transform K(h), which is defined for sufficiently smooth, 2π-periodic functions u on R as follows: suppose h > 0 and

Δϕ = 0 on R × (−h, 0), ϕ(x, y) = ϕ(x + 2π, y) = 0, (1.4) ϕ_y(x, −h) = 0, x ∈ R ϕ(x, 0) = u(x), x ∈ R. Then K(h)u(x) ≡ −ψ(x, 0), x ∈ R, when ψ is the harmonic conjugate of ϕ normalised so that ψ(x, −h) = 0. Integral representations for K and K(h) are given in Section 7.

Acknowledgement. Professor Plotnikov held an EPSRC Visiting Research Fellowship (no. GR/M33273) at the University of Bath and Professor Toland held an EPSRC Senior Fellowship during the preparation of this work.

2 Formulation and main results

2.1 Euler’s equations for standing waves

The standing water-wave problem refers to an incompressible irrotational flow, which is periodic in space and time, of an ideal fluid with a free surface contained in a channel with a horizontal bottom under gravity. We consider the two-dimensional flow of an incompressible fluid which at time t occupies the region D_t = {−h_0 < x_2 < η(x_1, t)} in the plane of points x = (x_1, x_2) bounded by a fixed horizontal bottom x_2 = −h_0 and a free surface S_t = {(x_1, x_2) : x_2 = η(x_1, t)}. In D_t the liquid motion is modelled by the Euler equations for a velocity field ⃗v(t, x) = (v_1(t, x), v_2(t, x)) and the pressure p(t, x):

in D_t : div ⃗v = 0, ⃗v_t + (⃗v · ∇)⃗v + g ⃗e_2 + ∇p = 0.

Here ⃗e_i, 1 = 1, 2, are the standard basis vectors in R^2 and gravity g acts vertically in the −⃗e_2 direction. It is assumed that the free boundary S_t evolves through the motion of its points with velocity ⃗v subject to pressure on S_t remaining constant (atmospheric). Therefore the following kinematic and dynamic boundary conditions hold

on S_t : η_t + v_1η_{x1} − v_2 = 0, (⃗v_t + (⃗v · ∇)⃗v + g ⃗e_2) · ⃗s = 0, (2.1)

where ⃗s is tangential to the free surface. When the flow is supposed irrotational, the governing equations become

on D_t : div ⃗v = 0, rot ⃗v = 0, (2.2) and the impermeability condition at the bottom is

on x_2 = −h_0 : ⃗v · ⃗e_2 = 0. (2.3)

Equations (2.1)-(2.3) are supplemented with periodicity and symmetry conditions. The spatial conditions are given by the requirement that

η(t, x_1 + 2l) = η(t, x_1), (−1)^iv_i(t, −x_1, x_2) = v_i(t, x) = v_i(t, x + 2l ⃗e_1). (2.4)

It follows that there is no flux through the lines x_1 = nl, n ∈ Z and that any solution of (2.1)-(2.4) gives the motion of liquid partially filling a rectangular container. Clearly this problem has a trivial solution ⃗v = 0, η = const. for any positive h_0 and l.

The standing water-wave problem then is to find non-trivial solutions of equations (2.1)-(2.4) with fixed temporal period and temporal symmetry as follows: ⃗v(t + 2π, x) = ⃗v(t, x) η(t + 2π, x_1) = η(t, x_1), ⃗v(−t, x) = −⃗v(x, t). (2.5) Note that the kinetic energy of such a flow vanishes instantaneously when t = nπ, n ∈ Z.

Standing water waves of small amplitude are solutions near to an equilibrium of the infinite-dimensional Hamiltonian dynamical system given by (2.1)-(2.3), a so-called centre problem. In this setting we consider l and g as unknown parameters whose values form part of the solution to the problem. We suppose that l − π and g − g_0 are small, where g_0 is fixed below. Note also that problem (2.1)-(2.5) is a non-stationary free boundary problem for the Cauchy-Riemann equations. It is convenient to reduce it to a boundaryvalue problem in a fixed domain using Lagrangian coordinates.

2.2 Lagrangian coordinates

Let Ω ⊂ R^3 be the strip R^2 × (−h_0, 0) in the space of points (t, ξ), where ξ = (ξ_1, ξ_2), bounded by the planes Γ_{h0} = {ξ_2 = −h_0} and Γ_0 = {ξ_2 = 0}. We denote by Ω_0 the set R × (−h_0 , 0) which, in the plane of the Lagrangian variable ξ, is the image of Ω under the projection (t, ξ) → ξ. We deal with mappings (displacement vector fields) ξ → x(t, ξ) of Ω̄_0 into R2 , where x is of class C2(Ω̄). Denote by M_0(t, ξ) the Jacobi matrix x′_ξ(t, ξ), of ∂_ξx(t, ξ), M^∗_0 its transpose, set |M_0| = det M_0, and consider the following equations

Ω : L_1(x) ≡ ∂_t|M_0| = 0, L_2(x) ≡ rot_ξ(M^∗_0 x_t) = 0, (2.6) Γ_0 : L_3(x) ≡ M^∗_0 (x_{tt} + g⃗e_2) · ⃗e_1 = 0, Γ_{h0} : x_2 = −h_0. (2.7)

Lemma 2.1. Suppose that x ∈ C^2(Ω̄) is such that (2.6)-(2.7) hold and that, for t ∈ R, the mapping ξ → x(t, ξ) is a diffeomorphism of Ω_0 onto a curvilinear strip D_t bounded by the straight line x_2 = −h_0 and a curve S_t ≡ {x = x(t, ξ_1, 0) : ξ_1 ∈ R}. Then the vector field ⃗v(t, x) = x_t(t, ξ(t, x)) satisfies equations and boundary conditions (2.1)-(2.3).

Proof. Fix an arbitrary smooth function ψ(ξ) compactly supported in Ω_0. Using the identity

∂_t|M_0| = div_ξ(|M_0|M^{−1}_0 x_t), (2.8)

we obtain that 0 = ∫ Ω_0

ψ div_ξ(|M_0|M^{−1}_0 x_t)dξ = − ∫ Ω_0 ∇_ξψ · M^{−1}_0 x_t|M_0|dξ

= − ∫ Ω_0 M^{−1∗}_0 ∇_ξψ · x_t |M_0|dξ = − ∫ D_t ∇_xψ · x_t dx = ∫ D_t ψ div_xx_t dx. Hence x_t is solenoidal in x. Denoting the standard symplectic matrix by S recall that S = ( 0 1 −1 0 ) , S^∗ = −S, S^2 = −I, SB^∗S^{−1} = |B|B^{−1}, (2.9) for any 2 × 2 matrix B, and that rot⃗a = div(S⃗a) for any smooth vector field ⃗a(ξ). This implies that 0 = ∫ Ω_0

ψ rot_ξ(M^∗_0 x_t)dξ = − ∫ Ω_0 ∇_ξψ · SM^∗_0 x_tdξ = − ∫ D_t M^∗_0 ∇_xψ · (SM^∗_0 S^{−1})Sx_t|M_0|^{−1}dx = − ∫ D_t ∇_xψ · Sx_tdx = ∫ D_t ψ rot_x x_tdx. Hence x_t is x-irrotational when (2.6) is satisfied, as required.

The kinematic boundary condition is satisfied automatically. It is clear that x_{tt}(t, ξ) = ( x_t(t, ξ(t, x)) ) t + (x_t · ∇_x)x_t(t, ξ(t, x)). Hence x_{tt} = ⃗v_t + (⃗v · ∇_x)⃗v and boundary condition (2.7) becomes (⃗v_t + (⃗v · ∇_x)⃗v + g⃗e_2) · (M_0⃗e_1) = 0. It remains to note that the vector M_0⃗e_1 is tangential to S_t.

To guarantee the periodicity and symmetry conditions for ⃗v we need additional restrictions on solutions of equations (2.6), (2.7). The following assertion is an obvious consequence of Lemma 2.1. Let x = J_l(ξ + Z(t, ξ)), J_l = diag{l/π, 1}, (2.10) Corollary 2.2. Suppose, under the assumptions of Lemma 2.1, that the diffeomorphism ξ → x(t, ξ) satisfies periodicity conditions given by

Z(t, ξ + 2π⃗e_1) = Z(t + 2π, ξ) = Z(t, ξ), (2.11)

that the component Z_1 of the vector field Z is even in t and odd in ξ_1, while the component Z_2 is even in both t and ξ_1. Then the vector field ⃗v(t, x) = x_t(t, ξ(t, x)) satisfies (2.4)- (2.5).

Note that, because any solution of the Lagrangian formulation can be composed with a diffeomorphism of Ω_0 onto itself to yield another solution of the Lagrangian formulation, there is no question of a one-to-one correspondence between solutions of (2.6)-(2.7) and standing waves. However, any non-trivially time-dependent solution of (2.6)-(2.7) yields a non-trivial standing wave.

The presence of periodic solutions of nonlinear Hamiltonian systems near an equilibrium is strongly influenced by the existence and multiplicity of periodic solutions of the linearised problem. Therefore a preliminary step in the standing-wave problem is to understand the periodic solutions of the equations linearised at a trivial solution. Our further considerations of the nonlinear problem will use a Nash-Moser-type iteration method which necessitates a detailed examination of the equations linearised at points other than the equilibrium. To address both these issues we begin with a lemma which gives the Gateaux derivatives L^′_i(x), defined as usual by L^′_i(x)y = lim_{δ→0}{L_i(x + δy) − L_i(x)}/δ. Henceforth partial differential operators, rot, div, ∇ and Δ, refer to differentiation with respect to ξ only, and not t.

Lemma 2.3. If x(t, ξ), y(t, ξ) are sufficiently smooth, time-dependent vector fields and w = (|M_0|M^{−1}_0 y)_t, then L^′_1(x)y = div w, L^′_2(x)y = rot (A^{−1}w + R_2y), (2.12) L^′_3(x)y = ∂_t(A^{−1}w) · ⃗e_1 + ∂_{ξ1} (a|M_0|M^{−1}_0 y) · ⃗e_2 + R_3y. (2.13) Here the positive-definite, symmetric matrix A, the coefficient a and the linear operators R_i are given by the formulae A = |M_0|(M^∗_0 M_0)^{−1}, a = |M_0|^{−1}M^∗_0 (x_{tt} + g ⃗e_2) · ⃗e_2, (2.14) R_2y = −{L_1(x)A^{−1} + L_2(x)S}M^{−1}_0 y, (2.15) R_3y = ∂_t(R_2y) · ⃗e_1 + ∂_{ξ1} (L_3(x)M^{−1}_0 y) · ⃗e_1. (2.16)

Remark. The coefficient a, which plays an important role from Section 7 onwards, is the normal component of the pressure gradient on the free surface, and the special form of the remainders R_i, which vanish when x(t, ξ) satisfies governing equations (2.6)-(2.7), is important in verifying hypothesis (b) of the Nash-Moser theorem in Section 3.2.

Proof. We begin by showing that, for any smooth displacement vector fields x(t, ξ), y(t, ξ), the vector field ⃗q = M^∗_0 y_t − M^∗_{0,t}y satisfies the identity ⃗q = A^{−1}w − {L_1(x)A^{−1} + L_2(x)S}M^{−1}_0 y. (2.17) In order to prove this note that since (M_0M^{−1}_0 )_t = 0 ⃗q = M^∗_0 M_0(M^{−1}_0 y)_t + (M^∗_0 M_{0,t} − M^∗_{0,t}M_0)M^{−1}_0 y.

The identity M^∗_0 M_{0,t} − M^∗_{0,t}M_0 = −L_2(x)S then implies that ⃗q = M^∗_0 M_0(M^{−1}_0 y)_t − L_2(x)SM^{−1}_0 y, and w = (|M_0|M^{−1}_0 y)_t and L_1(x) = |M_0|_t imply that (M^{−1}_0 y)_t = |M_0|^{−1}w − L_1(x)|M_0|^{−1}M^{−1}_0 y.

Substituting these relations in the previous identity gives (2.17)

Let us turn to proving equalities (2.12). Note first from (2.8) and (2.9) that L_1(x) = rot((SM_0)^∗x_t) and hence that L^′_1y = rot((SN)^∗x_t +(SM_0)^∗y_t) where N denotes the Jacobi matrix of ∂_ξ y(t, ξ). Since ∇(Sx_t · y) = (SM_{0,t})^∗y − (SN)^∗x_t, we conclude that L^′_1(x)y = rot((SM_{0,t})^∗y + (SM^∗_0 )y_t) = rot((SM_0)^∗y)_t = divw.

Similarly, L^′_2(x)y = rot(M^∗_0 y_t + N^∗x_t) = rot(M^∗_0 y_t + N^∗x_t − ∇(x_t · y)) = rot(M^∗_0 y_t − M^∗_{0,t}y) = rot ⃗q which, along with (2.17), implies (2.12). Next consider the operator L^′_3. Note that L^′_3(x)y = (N^∗x_{tt} + M^∗_0 y_{tt}) · ⃗e_1 + gN^∗ ⃗e_2 · ⃗e_1, (2.18) and that N^∗x_{tt} + M^∗_0 y_{tt} = (N^∗x_t + M^∗_0 y_t)_t − ∇(y_t · x_t). Since ∇(y_t · x_t) = ∇ ( (y · x_t)_t − y · x_{tt} ) = (M^∗_{0,t}y + N^∗x_t)_t − ∇(y · x_{tt}), this gives that N^∗x_{tt} + M^∗_0 y_{tt} = ⃗q_t + ∇(y · x_{tt}). Therefore, from (2.18) and the identity N^∗ ⃗e_2 · ⃗e_1 = y_{2,ξ1} , we conclude that L^′_3(x)y = ⃗q_t · ⃗e_1 + ((x_{tt} + g ⃗e_2) · y)_{ξ1} and hence that L^′_3(x)y = ⃗q_t · ⃗e_1 + ( M^∗_0 (x_{tt} + g ⃗e_2) · M^{−1}_0 y ) ξ_1 . (2.19)

Since, on Γ_0, M^∗_0 (x_{tt} + g ⃗e_2) · ⃗e_1 = L_3(x) and M^∗_0 (x_{tt} + g ⃗e_2) · ⃗e_2 = |M_0|a, it now follows follows from (2.5) that L^′_3(x)y = ∂_t⃗q · ⃗e_1 + ∂_{ξ1} ( a|M_0|M^{−1}_0 y · ⃗e_2 + L_3(x)M^{−1}_0 y · ⃗e_1 ) . Substituting formula (2.17) for ⃗q gives (2.13) and the lemma is proven.

2.3 Resonance and the dispersion equation

Now we turn to the linearised equations and the choice of g_0. Equations (2.6),(2.7), (2.10), (2.11) with l = π and g = g_0 ∈ (0, ∞) have the trivial solution x(t, ξ) = ξ, with M_0 = I, a = g_0 and Z ≡ 0 in (2.10). From Lemma 2.3, the linearisation of the governing equations at this solution leads to the classical boundary-value problem of linear water-wave theory Ω : div Y_t = 0, rot Y_t = 0, Γ_0 : Y_{1,tt} + g_0Y_{2,ξ1} = 0, Γ_{h0} : Y_2 = 0.

Every 2π-periodic solution of this problem with Y_1 even in t and odd in ξ_1, and Y_2 even in both t and ξ_1 has the form Y = const.θ(t, ξ) where θ = cos nt ( sin mξ_1 coshm(ξ_2 + h_0), − cos mξ_1 sinhm(ξ_2 + h_0) ) , (2.20) and the positive integers m, n satisfy the dispersion equation n^2 − g_0m tanh(h_0m) = 0. (2.21) For the nonlinear standing-wave problem we will be interested in solutions with g in (2.6)-(2.7) close to g_0 when (2.21) has a unique positive integer solution (m, n). Resonance is said to occur when (2.21) has more than one positive integer solution. The following proposition shows that the value of g_0 alone determines whether the system is resonant and that there is no resonance for typical g_0.

Denote by N (ν), ν > 0, the set of all g > 0 for which there exists c(g, ν) with |n^2 − g|m||^{−1} ≤ c(ν, g)(1 + |n|)^ν for all (m, n) ∈ Z^2 \ {0}, and, for fixed g, denote by Σ(g) the spectral set all h for which (2.21) has at least one positive integer solution with (g_0, h_0) = (g, h). Recall 0 /∈ N.

Proposition 2.4. Let ν ∈ (1, 2) be an arbitrary real number. Then the set N (ν) has full measure and there exists a set N_0(ν) ⊂ N (ν) such that the complement of N_0(ν) in (0, ∞) is a set of zero measure, and the dispersion equation has at most one positive integer solution for any g_0 ∈ N_0(ν) and any h_0. The spectral set Σ(g_0), for g_0 ∈ N (ν), is countable and has only one limit point, namely 0.

Moreover, for ν ∈ (1, 2), g_0 ∈ N (ν) and τ > 1 − ν^{−1}, there exists a set M(g_0, τ) ⊂ (−1, 1) such that 0 is a Lebesgue point of M(g_0, τ) and |d(ζ) − μ|^{−1} ≤ c|μ|^{−τ} (1 + |ζ_1|^2) and |d(ζ) − μ|^{−1} ≤ c|μ|^{−τ} (1 + |ζ_2|) for all ζ ∈ Z^2 \ {0}, where d(ζ) = g_0|ζ_2| − ζ^2_1 . Here c = min{1, g_0/4}.

Proof. The proof depends on the following considerations. Let ν ∈ (1, 2) be fixed and, for k ∈ N, let E_k ≡ {g > 0 : |ζ^2_1 − gζ_2| ≥ (k(1 + ζ_1))^{−ν} for all ζ = (ζ_1, ζ_2) ∈ N^2 }. Then for any g ∈ N (ν) ≡ ∪_{k∈N} E_k there exists c(g, ν) > 0 such that

|d(ζ)^{−1}| ≤ c(g, ν)(1 + |ζ_1|)^ν and |d(ζ)^{−1}| ≤ c(g, ν)(1 + |ζ_2|)^{ν/2}. (2.22)

(The second inequality follows from the first and the definition of N (ν).)

Lemma 2.5. The complement of N (ν) in (0, ∞) is a set of zero measure.

Proof. For each fixed N ∈ N, let

E^N_k = {g^{−1} ∈ (0, N] : | | | 1 g − ζ_2 ζ^2_1 | | | < 1 kζ^{2+ν}_1 for some ζ ∈ N^2 }.

It is easy to see that this set is covered by a countable union of intervals centred at the points ζ_2/ζ^2_1 with lengths 2/kζ^{2+ν}_1 , and that the number of such intervals corresponding to any given ζ_1 does not exceed c(N)ζ^2_1 , where c(N) is a constant. Therefore

meas E^N_k ≤ c(N) k ∑ ζ_1∈N ζ^{−ν}_1 → 0 as k → ∞.

Hence ∩_{k∈N} E^N_k has zero measure. This shows that meas ([N^{−1}, ∞) \ N (ν)) = 0 for all N, and the result follows.

We are interested in the unique solvability of the dispersion equation

ζ^2_1 − gζ_2 tanh(hζ_2) = 0, ζ ∈ Z^2 \ {0} (2.23)

when g ∈ N_0(ν), which we now define. Let H denote the set of all h > 0 such that z = e^h is a solution of a polynomial equation in the form

m_2n^2_1(z^{2m2} − 1)(z^{2m1} + 1) = m_1n^2(z^{2m1} − 1)(z^{2m2} + 1), (2.24)

where (m_1, n_1), (m_2, n_2) are distinct elements of N^2 . Then H is countable. When h ∈ H and e^h satisfies (2.24), let g(h) = n^2_i m^{−1}_i coth(m_ih), i = 1, 2. Then (2.23) has at least two positive integer solutions when g = g(h), h ∈ H. Let G ≡ {n^2m^{−1} coth(mh) : (m, n) ∈ N^2 , h ∉ H}. Then (0, ∞)\G is countable and for each g ∈ G (i) there exists h > 0 for which (2.23) has exactly one positive integer solution and (ii) there is no h > 0 for which (2.23) has more than one positive integer solution. Let N_0(ν) = N (ν)∩G and note that Σ(g) = {m^{−1} tanh^{−1}(n^2/gm) : (n, m) ∈ N}.

Lemma 2.6. For g_0 ∈ N (ν), ν ∈ (1, 2), 0 is the only limit point of Σ(g_0).

Proof. For each h ∈ Σ(g_0) there exists (m, n) ∈ N^2 such that n^2 < g_0m and h = 1 m tanh^{−1} ( n^2 g_0m ) = 1 2m log ( g_0m + n^2 g_0m − n^2 ) . Therefore if g_0 ∈ N (ν), ν ∈ (1, 2),

h ≤ (2m)^{−1} log (2g_0m c(g_0, ν)(1 + √ g_0m)^ν ) .

This proves that 0 is the only limit point of Σ(g_0) in this case.

It remains to define M(g_0, τ).

Lemma 2.7. Let ν ∈ (1, 2), g_0 ∈ N (ν) and τ > 1 − ν^{−1}. Then there exists a set M(g_0, τ) ⊂ (−1, 1) such that 0 is a Lebesgue point of M(g_0, τ) and for μ ∈ M(g_0, τ) |d(ζ) − μ|^{−1} ≤ c|μ|^{−τ} (1 + |ζ_1|^2) and |d(ζ) − μ|^{−1} ≤ c|μ|^{−τ} (1 + |ζ_2|) (2.25) for all ζ ∈ Z^2 \ {0}, where c = min{1, g_0/4}.

Proof. Let c = min{1, g_0/4} and, for each ζ_1 ∈ Z, observe that there is at most one ζ_2 ∈ N such that

|d(ζ_1, ζ_2) − μ| < c|μ|^τ /(1 + |ζ_1|^2) for some μ ∈ (−c, c). Let M(g_0, τ) ≡ {μ ∈ (−c, c) : |d(ζ_1, ζ_2) − μ| ≥ cμ^τ /(1 + |ζ_1|^2) for all ζ ∈ Z^2 \ {0}}.

We have just seen that for λ ∈ (0, c) the set (−λ, λ) \ M(g_0, τ) is a subset of the union of the intervals of length 2cλ^τ /(1 + |ζ_1|^2) with centres at d(ζ_1, ζ_2), where |d(ζ_1, ζ_2) − μ| < cμ^τ /(1 + |ζ_1|^2) for some μ ∈ (−λ, λ). Since g_0 ∈ N (ν) these centres d(ζ_1, ζ_2) satisfy 1 c(g_0, ν)(1 + |ζ_1|)^ν ≤ |d(ζ_1, ζ_2)| ≤ λ + cλ^τ 1 + |ζ_1|^2 , ν ∈ (1, 2). It follows that for λ > 0 sufficiently small there exists ĉ(g_0, ν) such that the centres satisfy (1 + |ζ_1|)^{−1} ≤ ĉ(g_0, ν)λ^{1/ν} .

Together these observations give that meas ((−λ, λ) \ M) λ ≤ ∑ {|ζ_1|:(1+|ζ_1|)^{−1}≤ĉ(g_0,ν)λ^{1/ν} } 2cλ^{τ −1} 1 + |ζ_1|^2

≤ const.λ^{τ −1+1/ν} → 0

as λ → 0. Therefore 0 is a Lebesgue point of M. The required inequalities are immediate from the definition of M(g_0, τ).

2.4 The main results

The main result of this article is the following theorem on existence of non-trivial solutions to the standing water-wave problem.

Theorem 2.8. Suppose that ν ∈ (1, 24/23), g_0 ∈ N_0(ν), h_0 ∈ Σ(g_0), r ≥ 25 and (m, n) is the unique solution of the corresponding dispersion equation. Then there exists an infinite set E ⊂ R^+ with 0 as a limit point such that, for any ε ∈ E ∩ (0, ε_0], the boundary-value problem (2.6)-(2.7) has a solution of a class C^r in the form x(t, ξ) = J_l ( ξ + ε^2θ(t, ξ) + ε^3X_ε(t, ξ) ) . The functions X_ε = (X_{1ε}, X_{2ε}) are 2π-periodic with respect to t and ξ_1, X_{1ε} is even in t and odd in ξ_1 while X_{2ε} is even both in t and ξ_1. Moreover ‖X_ε‖_Cr_{(Ω)} ≤ c, (|g − g_0| + |l − π|) ≤ cε, where c depends only on ν, g_0, h_0 and r.

It is obvious that, under the assumptions of Theorem 2.8, the mapping ξ → x(t, ξ) is diffeomorphism for sufficiently small ε and meets the requirements of Lemma 2.1 and Corollary 2.2. This leads to the following result.

Theorem 2.9. Under the assumptions of Theorem 2.8, for any ε ∈ E ∩ (0, ε_0] problem (2.2)-(2.3) has a solution of class C^{r−1} which can be represented as

η(t, x_1) = −ε^2 sinh(mh_0) cos nt cos(πmx_1/l) + ε^3η_ε(t, x_1), ⃗v(t, x) = ε^2∂_tθ(t, J^{−1}_l x) + ε^3 ⃗v_ε(t, x) such that ‖η_ε‖_Cr_{(R}2_) + ‖⃗v_ε‖_Cr−1_{(Dt)} ≤ c(g_0, ν, h_0, r).

3 Scaling: reduction to an operator equation

Let g_0 ∈ N_0(ν), ν ∈ (1, 2) and h_0 ∈ Σ(g_0) be fixed throughout. Then let g, l, and ε > 0 be given in terms of new parameters λ, μ, ω_j, j = 1, 2, by

g = (1 + ελ)(g_0 + εω_1), l = π(1 + ελ), ε^2 = κμ(1 + ω_2)^{1/2}, (3.1)

where κ = 4(mn)^{−1} sinh(2h_0m). In what follows, the new small parameter μ > 0, as well as g_0 and h_0, will be specified a priori. On the other hand, the parameters λ, ω_j , j = 1, 2, will be regarded as unknowns the values of which form part of the solution to the problem. Therefore, with ε > 0 regarded as a function of the fixed μ > 0 and the variable ω_2, we seek a solution to the standing-wave problem in the form x(t, ξ) = J_λ ( ξ + ε^2θ(t, ξ) + ε^3X(t, ξ) ) , J_λ = diag {1 + ελ, 1}. (3.2)

Here X(t, ξ) is a new unknown vector-function, ε is expressed in terms μ and ω_2 by (3.1), and θ is given by formula (2.20) in which (m, n) is the unique positive integer solution to the dispersion equation. In this notation M_0 = J_λM where M = I + ε^2M_θ + ε^3M_X ,

M_θ = θ^′_ξ, M_X = X^′_ξ, A = (1 + ελ)|M|(M^∗J^2_λ M)^{−1}, a = |M|^{−1}M^∗ ( J_λ 1 + ελ x_{tt} + (g_0 + εω_1)⃗e_2 ) · ⃗e_2. (3.3)

We now define nonlinear differential operators Φ_i(X, λ, ω_1, ω_2) by putting

Φ_i(X, λ, ω_1, ω_2)(t, ξ) = ε^{−3}L_i ( J_λ(ξ + ε^2θ(t, ξ) + ε^3X(t, ξ)) ) . (3.4)

From this, (2.6), (2.7) and the identity (see (2.8) and (2.9))

∂_t|M_0| = (1 + ελ)div {SM^∗S^{−1}J^{−1}_λ x_t},

the standing-wave problem is reduced to the following equations and boundary conditions:

Ω : Φ_1 ≡ (1 + ελ)(divX_t + εΦ_{10}) = 0, Φ_2 ≡ rotX_t − 2λθ_{1,tξ2} + εΦ_{20} = 0, (3.5) Γ_0 : Φ_3 ≡ X_{1,tt} + g_0X_{2,ξ1} + ω_1θ_{2,ξ1} + λθ_{1,tt} + εΦ_{30} = 0, Γ_{h0} : X_2 = 0. (3.6)

Here Φ_{j0} are nonlinear differential operators depending on the parameters λ, ω_j, μ:

Φ_{10} = div { S(M_θ + εM_X )^∗S^{−1}(θ_t + εX_t) } , (3.7) Φ_{20} = rot { (M_θ + εM_X )^∗J^2_λ (θ_t + εX_t) } − λ^2θ_{1,tξ2} − (2λ + ελ^2)X_{1,tξ2} , (3.8)

Φ_{30} = (M_θ + εM_X )^∗J^2_λ(θ + εX)_{tt} · ⃗e_1 + λ^2θ_{1,tt} + λω_1θ_{2,ξ1} + (2λ + ελ^2)X_{1,tt} + (ω_1 + λg_0 + ελω_1)X_{2,ξ1} . (3.9)

For fixed ε, the boundary-value problem (3.5)-(3.6) involves three unknown parameters λ, ω_i, i = 1, 2.

The next step is strategically important. We impose two additional constraints on the solutions and solve the constraint equations for ω_i, i = 1, 2 as functions of (X, λ, μ). These constraints have no obvious analogy in the theory of steady waves; here they are introduced to overcome the famous ‘small divisor’ problem in the mathematics of standing waves.

With a defined in terms of (X, λ, μ, ω_1, ω_2) by (3.1) and (3.3), let Ψ_i(a) be defined by

Ψ_1(a) ≡ 1 2π π∫ −π Θ(ξ_1)^{−2}dξ_1 −1 , Θ(ξ_1) = 1 2π π∫ −π √ a(t, ξ_1, 0)dt, (3.10)

Ψ_2(a) ≡ g_0 16π^2 π∫ −π π∫ −π ( a_1(t, ξ_1)^2 − a_2(t, ξ_1)^2 ) Θ^{−3}(ξ_1) √ a(t, ξ_1, 0)dtdξ_1, (3.11) where

a_1(t, ξ_1) = Θ(ξ_1)∂_t 1 √ a(t, ξ_1, 0) , a_2(t, ξ_1) = Θ^2(ξ_1)∂_{ξ1} { 1 Θ(ξ_1) ∫_t 0 √ a(τ, ξ_1, 0)dτ } . Fix an arbitrary number τ, 1 − ν^{−1} < τ < 1/24 and let M(g_0, τ) be the set in Proposition 2.4.

We now seek standing-wave solutions of (2.6)-(2.7) such that the corresponding function a (the normal component of pressure gradient at the free surface) satisfies the following two constraints:

Ψ_1(a) = g_0, Ψ_2(a) = −μ^2 ∈ M(g_0, τ). (3.12)

Once it is proved that for sufficiently small μ with −μ^2 ∈ M(g_0, τ) equations (3.2)-(3.12) have solutions X(t, ξ_1), λ, ω_1, ω_2, with bounds that are independent of μ, then the existence of small amplitude standing water waves will have been established.

3.1 The operator equation

First we will show how to solve the constraint equations (3.12) for the parameters ω_i as functions of X, μ and λ.

Lemma 3.1. There exist functionals ω_i(X, λ, μ), defined when ‖X‖_C3_{(Ω)}2 + |λ| ≤ 1 and μ ∈ [0, μ_1], such that Ψ_1(a(X, λ, ω_i(X, λ, μ))) ≡ g_0, Ψ_2(a(X, λ, ω_i(X, λ, μ))) ≡ −μ^2. They are infinitely differentiable with respect to (X, λ) and continuous with respect to μ with |ω_i| ≤ c|μ|^{1/2}. Moreover, as a bounded linear functional on C^3(Ω)^2 × R, for fixed μ, the derivative ‖ω^′_{i,(X,λ)}‖_{L(C}3_{(Ω)}2_{×R,R)} ≤ c|μ|^{1/2}. The positive constants |μ_1|, c depend on g_0 and h_0 only.

Proof. Note that the functions a, a_i have the following expansions

a = g_0 + εω_1 + ε^2ϕ + ε^3A_0, a_1 = − ε^2 2g_0 ϕ_t + ε^3A_1, a_2 = ε^2 2 ∂ ∂ξ_1 ∫_t 0 ϕdt + ε^3A_2,

where ϕ = θ_{2,tt} + g_0θ_{2,ξ2} , and the A_j’s are functions of X, λ, ω_j which are real-analytic in a neighbourhood of 0. It follows that Ψ_1 = g_0 + εω_1 + O(ε^2) and Ψ_2 = −(ε^2/κ)^2 + O(ε^5). Substituting this expansions in (3.12) and replacing ε^2 by κμ(1 + ω_2)^{1/2} we can rewrite these equations in the form

Ψ_1 − g_0 = ε(ω_1 + μ^{1/2}Q_1(X, λ, ω_i, μ)) = 0,

Ψ_2 + μ^2 = −μ^2(ω_2 − μ^{1/2}Q_2(X, λ, ω_i, μ)) = 0. Thus we get the following equations for ω_i

ω_1 + μ^{1/2}Q_1 = 0, ω_2 − μ^{1/2}Q_2 = 0.

By construction the functionals Q_j are analytical with respect to X, λ and continuous with respect to μ on the set ‖X‖_C3_{(Ω)} + |λ| ≤ 1, μ ∈ [0, μ_1], for suitable μ_1 > 0, depending only on g_0, h_0. Hence the existence and the smoothness properties of the functionals ω_i follow from the implicit function theorem.

Now we are in a position to reduce the standing-wave problem to a nonlinear operator equation. Set ⃗U = (X, λ) and consider the mapping ⃗U → Φ(⃗U, μ) which, for fixed μ, assigns to ⃗U the collection of functions

Φ(⃗U, μ) = {Φ_1, Φ_2, ΞΦ_3} , Φ_i(⃗U, μ) = Φ_i(X, λ, ω_j(X, λ, μ)),

where ΞΦ_3 denotes the restriction of Φ_3 to Γ_0 and the Φ_i are defined in (3.5)-(3.9).

For any integer r ≥ 0 let E_r denote the closed subspace of ⃗U = (X, λ) ∈ C^r(Ω)^2 × R such that X is 2π-periodic with respect t and ξ_1 and even in t, X_1 is odd in ξ_1 and X_2, which is even in ξ_1, vanishes on Γ_{h0} . Let ‖⃗U‖_{Er} = ‖X‖_Cr_{(Ω)}2 + |λ|.

For any integer ρ ≥ 0 let F_ρ denote the closed subspace of C^ρ(Ω)^2 × C^ρ(Γ_0), which consists of all vector-valued functions ⃗f = (f_1, f_2, f_3) satisfying the following periodicity and symmetry conditions. The functions f_1, f_2 : Ω → R and f_3 : Γ_0 → R are 2π-periodic with respect to t and ξ_1. The functions f_1, f_2 are odd in t, f_1 is even in ξ_1, f_2 is odd in ξ_1 and f_3 is even in t and odd in ξ_1.

From the definitions of E_r and Φ, it follows that any sufficiently smooth solution of

Φ(⃗U, μ) = 0 (3.13)

is also a solution to a problem (3.2)-(3.6). The solvability of this nonlinear operator equation (3.13) is based on a version of Nash-Moser iteration.

3.2 Some Nash-Moser theory

The proof of the following abstract implicit function theorem on the solvability of a nonlinear operator equation in scales of Banach spaces will be given in an Appendix.

Denote by (E_t, ‖ · ‖_t), (F_s, | · |_s), t, s ≥ 0, two scales of Banach spaces. It is supposed that for t, s ≥ 0 there exists c(t, s) such that for any t ≤ s and λ ∈ [0, 1] (i) ‖u‖_t ≤ c(t, s)‖u‖_s, |f|_t ≤ c(t, s)|f|_s. (ii) ‖u‖_{λt+(1−λ)s} ≤ c(t, s)‖u‖^λ_t ‖u‖^{(1−λ)}s , |f|_{λt+(1−λ)s} ≤ c(t, s)|f|^λ_t |f|^{(1−λ)}s . (iii) There exists a family of smoothing operators S_ϑ defined over the first scale such that for ϑ > 0 ‖S_ϑu‖_t ≤ c(t, s)‖u‖_s, ‖S_ϑu‖_s ≤ c(t, s)ϑ^{t−s}‖u‖_t, ‖S_ϑu − u‖_t ≤ c(t, s)ϑ^{s−t}‖u‖_s. Let ρ and r be fixed non-negative numbers and consider an operator Φ defined in a neighbourhood of 0 of the space E_r taking its values in F_ρ and depending on a small parameter μ with the following properties. There exist numbers 0 ≤ k ≤ ρ ≤ r − 1, R > 0, μ_0 > 0, 0 ≤ 3ϱ ≤ γ and, for all l ≥ 0, c(l) > 0 and μ(l) ∈ [0, μ_0] such that

(a) For any μ ∈ [0, μ_0] the operator Φ(·, μ) is twice continuously differentiable in the ball B = {u : ‖u‖_r ≤ R}. If u ∈ B ∩ E_{r+l} for some l ≥ 0, then |Φ(u, μ)|_{ρ+l} ≤ c(l)(1 + ‖u‖_{r+l}), |Φ(0, μ)|_{ρ+l} ≤ c(l)|μ|^γ .

If v, w ∈ E_{r+l} ∩ B, l ≥ 0, then |Φ(u, μ) − Φ(v, μ) − Φ^′_u(u, μ)(u − v)|_{ρ+l} ≤ c(l, ‖u‖_{r+l}, ‖v‖_{r+l})‖u − v‖^2_{r+l}, where c is bounded on bounded sets.

(b) There exists a family of bounded linear operators Λ(u, μ) : E_r → F_ρ depending on (u, μ) ∈ B × [0, μ_0] which approximate Φ^′ as follows: |Λ(u, μ)v|_ρ ≤ c(0)‖v‖_r. If u, v ∈ E_{r+l} ∩ B, l ≥ 0, then |Λ(u, μ)v − Φ^′_u(u, μ)v|_{ρ+l} ≤ c(l)|Φ(u, μ)|_{ρ+l+1}‖v‖_{r+l}(1 + ‖u‖_{r+l}). (c) There is a set M ⊂ (0, ∞) with the property that 0 is a limit point of M and, for l ≥ 0, μ ∈ (0, μ(l)] ∩ M, u ∈ B ∩ E_{r+l} and f ∈ F_{ρ+l}, the linear operator equation Λ(u, μ)v = f has at least one solution v satisfying the inequality ‖v‖_{ρ−k+l} ≤ c(l)μ^{−ϱ} (|f|_{ρ+l} + ‖u‖_{r+l}|f|_ρ) . Theorem 3.2. A Nash-Moser Theorem. Under the above assumptions there exists μ_1 > 0 such that for any μ ∈ [0, μ_1] ∩ M the equation Φ(u, μ) = 0 has a solution u ∈ E_r satisfying the inequality ‖u‖_r ≤ R.

Thus solvability of (3.13) is reduced to showing that Φ satisfies the hypotheses of this theorem when −μ^2 ∈ M(g_0, τ) for some g_0 ∈ N_0(ν), ν ∈ (1, 24/23) and 1 − ν^{−1} < τ < 1/24.

4 Φ and its approximate derivative

In this section we define an operator Λ which approximates the Gateaux derivative of Φ and show that Φ and Λ satisfy conditions (a), (b) of the implicit function theorem. We start by constructing Λ. The partial derivative of Φ with respect to ⃗U at ⃗U = (X, λ) is given by Φ^′_{⃗U} (⃗U, μ)⃗V = Φ^′_X (X, λ, ω_i, μ)Y + Φ^′_λ(X, λ, ω_i, μ)σ + ∑ i=1,2 Φ^′_{ωi} (X, λ, ω_i, μ)ω^′_{i,⃗U} (X, λ, μ)⃗V ,

for any vector ⃗V = (Y, σ), Y ∈ C^2(Ω), where the functionals ω_i are given by Lemma 3.1. A direct calculation shows that Φ^′_λ(X, λ, ω_i, μ)σ = σ{0, −2θ_{1,tξ2} , Ξθ_{1,tt}} + εσQ_λ, (4.1) Φ^′_{ωi} (X, λ, ω_i, μ)ω^′_{i,⃗U} (X, λ, μ)⃗V = (ω^′_{i,⃗U} (X, λ, μ)⃗V )Q_{ωi} , (4.2) where

Q_λ = { Φ_1 1 + ελ , ∂Φ_{20} ∂λ , Ξ ∂Φ_{30} ∂λ } , Q_{ωi} = { ∂Φ_1 ∂ω_i , ∂Φ_2 ∂ω_i , Ξ ∂Φ_3 ∂ω_i } . (4.3)

Now (recall Lemma 2.3) define linear differential operators Λ_i = Λ_i(⃗U, μ) by

Λ_1(⃗U, μ)⃗V = div w_λ, Λ_2(⃗U, μ)⃗V = rot(A^{−1}w_λ) − 2σθ_{1,tξ2} , (4.4)

Λ_3(⃗U, μ)⃗V = ∂_t(A^{−1}w_λ · ⃗e_1) + ∂_{ξ1} (a|M_0|M^{−1}_0 J_λY ) · ⃗e_2 + σθ_{1,tt}, (4.5)

where a is given by (3.3) and now

w_λ = (|M_0|M^{−1}_0 J_λY )_t = (SM^∗_0 S^{−1}J_λY )_t, M_0 = J_λM. (4.6)

Here A, M, a and ε are expressed in terms X, λ, μ by (3.1)-(3.3) and Lemma 3.1.

With the (⃗U, μ)-dependence understood let

Λ⃗V = Λ_0 ⃗V + εσQ_λ + 2∑ i=1 (ω^′_{i,⃗U} (⃗U, μ)⃗V )Q_{ωi} , Λ_0 = {Λ_1, Λ_2, ΞΛ_3}. (4.7)

The proof that the operators Φ, Λ satisfy conditions (a), (b) of the implicit function theorem is based on two auxiliary lemmas. The first is an estimate on derivatives of composite functions from [5, Appendix].

Lemma 4.1. For k > 0 let D_k = {p ∈ R^d : ‖p‖ ≤ k} and suppose ⃗φ : Ω → D_k, f : D_k → R. Then for any s ≥ 0 there exists a constant c depending only on s, k such that ‖f ∘ ⃗φ‖_Cs_{(Ω)} ≤ c ( ‖f‖_Cs_{(D)}‖⃗φ‖^s_C1_{(Ω)} + ‖f‖_C1_{(D)}‖⃗φ‖_Cs_{(Ω)} + ‖f‖_{C(D)} ) . In particular, for any functions v_i ∈ C^s(Ω), i = 1, 2,

‖v_1v_2‖_Cs_{(Ω)} ≤ c(‖v_1‖_Cs_{(Ω)}‖v_2‖_{C(Ω)} + ‖v_2‖_Cs_{(Ω)}‖v_1‖_{C(Ω)}).

Next we give estimates of the coefficients of Λ_i. Let B denote the unit ball in E_r.

Lemma 4.2. Under the assumptions of Lemma 3.1 there exists μ_2 > 0 such that when- ever |μ| ≤ μ_2, (X, λ) = ⃗U ∈ B ∩ E_{r+l}, l ≥ 0, r ≥ 3, ‖a^{±1} − g^{±1}_0 ‖_Cr+l−2_{(Ω)} + ‖I − M^{±1}‖_Cr+l−1_{(Ω)} ≤ |μ|c(1 + ‖⃗U‖_{Er+l} ), (4.8) ‖I − A‖_Cr+l−1_{(Ω)} + ‖I − A^{−1}‖_Cr+l−1_{(Ω)} ≤ |μ|^{1/2}c(1 + ‖⃗U‖_{Er+l} ), (4.9) where the constant c depends only on g_0,h_0, and r, l.

Proof. Denote by ⃗ϱ : Ω → R^{40} the vector-function with components the partial derivatives of the components of X and θ with respect to (t, ξ_1, ξ_2) of order up to 2. Under the assumptions of the lemma, there exists k (depending, via θ, only on g_0 and h_0) such that ⃗φ ∈ D_k and ‖⃗φ‖_Cs−2_{(Ω)} ≤ c(s)(1 + ‖⃗U‖_{Es} ). Using (3.1) and Lemma 3.1, choose μ_2 so small that (2 √ κ)^{−1}ε ≤ μ^{1/2} ≤ 2ε/ √ κ and |ω_i| ≤ 2^{−1} for any μ ≤ μ_2. Since M = I + ε^2M_θ + ε^3M_X and since Tr M_θ = 0, |M| ≡ f_M (⃗φ) = 1 + μ^{3/2}P_M (⃗φ), where P_M is a polynomial with uniformly bounded coefficients. Therefore there exists μ_2 > 0 such that for any μ ≤ μ_2 the functions f^{±1}_M are real-analytic in the ball D_k and their derivatives have the bounds depending only on g_0 and h_0. Since f_M does not depends on the second derivatives of X, we conclude from this and Lemma 4.1 that ‖|M|^{±1}‖_Cr+l−1_{(Ω)} ≤ c(1 + ‖⃗U‖_{Er+l} ). (4.10) Now note that inequality (4.8) for I − M is a simple consequence of the formula for M, and that estimate (4.8) for M^{−1} − I follows from that for M − I, (4.10) and the identity (see (2.9)) M^{−1} − I = |M|^{−1}SM^∗S^{−1}(I − M).

Estimate (4.9) on the matrix I − A then follows from inequalities (4.8), (4.10) for M and the identity A − I = S(M^∗_0 − I)S^{−1}M^∗_0^{−1} + (M^{−1}_0 − I)^∗, since ‖M_0 − M‖_Cr+l−1 ≤ c|μ|^{1/2}(1 + ‖⃗U‖_{Er+l} ). Inequality (4.9) for A^{−1} − I is a consequence of that for the matrix A − I and the identity A^{−1} − I = (I − A)|M_0|^{−1}M^∗_0 M_0.

Finally recall from Lemma 3.1 that, under the assumptions of the lemma, εω_1 ≤ cμ. From this and formula (3.3) for the function a we conclude that

a = f_a(⃗φ) = g_0 + μP_a(⃗φ)(1 + μ^{3/2}P_M (⃗φ))^{−1},

where P_a is a polynomial with uniformly bounded coefficients. Therefore we can choose μ_2 > 0 such that for any μ ≤ μ_2 the functions f^{±1}_a are real-analytic in the ball D_k and their derivatives have bounds depending only on g_0 and h_0. An appeal to Lemma 4.1 completes the proof.

Proposition 4.3. Let 2 ≤ ρ ≤ r − 3, l ≥ 0 and μ ∈ (0, μ_2]. Then the operator Φ : B ∩ E_{r+l} → F_{ρ+l} is infinitely differentiable and

‖Φ(0, μ)‖_{ρ+l} ≤ cμ^γ with γ = 1/2. (4.11)

Whenever ⃗U ∈ B ∩ E_{r+l}, ‖Φ‖_{Fρ+l} ≤ c(1 + ‖⃗U‖_{Er+l} ), ‖Λ⃗V ‖_{Fρ+l} ≤ c‖⃗V ‖_{Er+l} (1 + ‖⃗U‖_{Er+l} ), (4.12)

‖Φ(⃗U, μ) − Φ(⃗V , μ) − Φ^′_{⃗U} (⃗U, μ)(⃗U − ⃗V )‖_{Eρ+l} ≤ c ( l, ‖⃗U‖_{Er+l} , ‖⃗V ‖_{Er+l} ) ‖⃗U − ⃗V ‖^2_{Er+l} . (4.13)

‖Λ⃗V − Λ_0 ⃗V ‖_{Fρ+l} ≤ cμ^{1/2}‖⃗V ‖_{E3} (1 + ‖⃗U‖_{Er+l} ), (4.14)

‖Λ⃗V − Φ^′_{⃗U} (⃗U, μ)⃗V ‖_{Fρ+l} ≤ c‖Φ(⃗U, μ)‖_{Fρ+l+1} ‖⃗V ‖_{Er+l} (1 + ‖⃗U‖_{Er+l} ). (4.15) Here the constant c depends only on r, l and does not depend on ⃗U, and the function c is bounded on bounded sets.

Proof. The smoothness properties of the operator Φ is a consequence of its definition and Lemma 3.1. This gives (4.13). Formulae (3.7)-(3.9) show that ‖Φ_i(0, 0, ω_j(0, 0, μ))‖_Cρ+l ≤ cε ≤ cμ^γ . This gives (4.11) Note from (3.5)-(3.9) that Φ is a polynomial of the vectorfunction ⃗φ defined in the proof of Lemma 4.2. Therefore estimates (4.12) on Φ is a consequence of Lemma 4.2. Formula (4.6) and standard estimates on a product of smooth functions imply that ‖w_λ‖_Cρ+l−2_{(Ω)} ≤ c(‖M‖_Cρ+l−1_{(Ω)}‖Y ‖_{C(Ω)} + ‖Y ‖_Cρ+l−1_{(Ω)}‖M‖_{C(Ω)}) which, since ‖⃗U‖_{Er} ≤ 1, gives ‖w_λ‖_Cρ+l−2_{(Ω)} ≤ c‖⃗V ‖_{E0} ‖⃗U‖_{Eρ+l} + c‖⃗V ‖_{Eρ+l−1} . (4.16) Therefore formulae (4.4) and (4.5) for the Λ_i and estimates on the product of smooth functions from Lemma 4.1 yield ‖Λ_i ⃗V ‖_Cρ+l−3_{(Ω)} ≤ c(‖w_λ‖_Cρ+l−2_{(Ω)} + ‖Y ‖_Cρ+l−2_{(Ω)} + |σ|) +c(‖w_λ‖_{C(Ω)} + ‖Y ‖_{C(Ω)})(‖|M_0|M^{−1}_0 ‖_Cρ+l−2 + ‖A^{−1}‖_Cρ+l−2_{(Ω)} + ‖a‖_Cρ+l−2_{(Ω)}).

From this (4.8), (4.9) and inequality (4.16) we finally obtain the estimate on Λ_0 = {Λ_1, Λ_2, ΞΛ_3}, ‖Λ_0 ⃗V ‖_{Fρ+l} ≤ c(‖⃗V ‖_{Er+l} + ‖⃗V ‖_{E1} ‖⃗U‖_{Er+l} ). (4.17) Next we estimate Λ − Λ_0 in (4.7). Note from (3.5), (3.6) and (4.3) that the vectorfunctions Q_α, where α represents ω_i or λ, are polynomials in ⃗φ with uniformly bounded coefficients. Hence ‖Q_α‖_{Er+l−2} ≤ c(1 + ‖⃗U‖_{Er+l} ). From this Lemma 3.1 and formula (4.7) we conclude that ‖(Λ − Λ_0)⃗V ‖_{Fρ+l} ≤ c{ε|σ| + 2∑ i=1 |ω^′_{i,⃗U} ⃗V |}(max_α ‖Q_α‖_{Er+l−2} ) ≤ cμ^{1/2}‖⃗V ‖_{E3} (1 + ‖⃗U‖_{Er+l} ),

which proves (4.14). Note that estimate (4.12) follows from (4.14) and inequality (4.17) It remains to estimate the discrepancy (Λ−Φ^′)(⃗U, μ). Definition (3.4) and (3.1) imply that Φ^′_{i,X} Y = L^′_{i,x}J_λY , which along with Lemma 2.3 gives (Φ^′_{⃗U} − Λ)(⃗U, μ)⃗V = ε^3{0, rot (R_2Y ), ΞR_3Y } where

R_2Y = −(Φ_2S + Φ_1A^{−1})M^{−1}Y, R_3Y = ∂_t(R_2Y ) · ⃗e_1 + ∂_{ξ1} (Φ_3M^{−1}Y ) · ⃗e_1. Now (4.8), (4.9) and Lemma 4.1 gives (4.15) and the proposition follows.

5 Approximate right inverse of linearisation

Proposition 4.3 shows that the operators Φ and Λ satisfy conditions (a), (b) of the implicit function theorem. Thus we have reduced the proof of solvability of (3.13) to that for the linear equation Λ⃗V = ⃗f. In this section we consider the truncated equation Λ_0 ⃗V = ⃗f, ⃗f = (f_1, f_2, f_3) ∈ F_{ρ+l}, which is equivalent to the boundary-value problem for ⃗V = (Y, ν).

Ω : div w = f_1, rot(A^{−1}w) − 2σθ_{1,tξ2} = f_2, (5.1) Γ_0 : ∂_t(A^{−1}w) · ⃗e_1 + ∂_{ξ1} (a|M_0|M^{−1}_0 J_λY ) · ⃗e_2 + σθ_{1,tt} = f_3, (5.2) Γ_{h0} : w_2 = 0, (5.3)

where the vector-valued function w is defined in terms Y by relation (4.6) (with w_λ = w), when ⃗U ∈ E_{r+l}. We show that this problem is equivalent to an extended system which consists of an auxiliary elliptic problem and a scalar integro-differential equation. In order to formulate this equivalence we need some definitions, the most important of which is that of a Neumann operator. For ⃗U ∈ E_{r+l}, let a and A be defined by (2.14). The well-posedness of problems described in the following discussion is established in Lemma 6.2 and Corollary 6.3.

Definition 5.1. By the Neumann operator we mean the linear operator N defined on the space of smooth functions u(t, ξ_1), which are 2π-periodic in both variables, by the formula Nu = A∇φ · ⃗e_2, (t, ξ) ∈ Γ_0, (5.4) where φ is the solution to the boundary-value problem

Ω : div (A∇φ) = 0, (5.5) Γ_0 : φ = u, Γ_{h0} : A∇φ · ⃗e_2 = 0. (5.6)

We introduce some auxiliary functions. First define a divergence-free vector field as P (t, ξ) = n sin nt S∇p(ξ) where p(ξ) = sin mξ_1 ( ξ_2 cosh m(ξ_2 + h_0) − sinh m(ξ_2 + h_0) m + h_0 cosh mξ_2 cosh mh_0 ) . Thus rot P (t, ξ) = 2θ_{1,tξ2} , P_2 ≡ 0 on Γ_{h0} and P_1 ≡ 0 on Γ_0. Let

χ(t, ξ_1) = −n^2m^{−1} cos nt cos mξ_1 coshm(h_0 + ξ_2) so that χ_{ξ1} = −θ_{1,tt}.

Let ψ_0 be the solution to the elliptic boundary-value problem

Ω : div(SA^{−1}S^{−1}∇ψ_0) = rot(P − A^{−1}P ), (5.7) Γ_0 : SA^{−1}S^{−1}∇ψ_0 · ⃗e_2 = (A^{−1} − I)P · ⃗e_1, Γ_{h0} : ψ_0 = 0, (5.8)

and introduce the function q : Γ_0 → R defined in terms of ψ_0 by

Γ_0 : q = −P_2 − ψ_{0,ξ1} + (a^{−1}χ)_t = c_q sin nt cos mξ_1 + q_0 (5.9)

where q_0 = −ψ_{0,ξ1} + ((a^{−1} − g^{−1}_0 )χ)_t, and c_q = {nmh_0/ coshmh_0} ≠ 0.

Now we are in a position to formulate the extended system. Its first part is an elliptic boundary-value problem. (See [4] for an account of the general theory.)

Problem A. Find functions ψ_1(t, ξ) and φ_1(t, ξ) satisfying the following equation and boundary conditions

Ω : div(A∇φ_1) = f_1, (5.10) Γ_0 : φ_1 = 0, Γ_{h0} : A∇φ_1 · ⃗e_2 = 0, (5.11) and Ω : div(SA^{−1}S^{−1}∇ψ_1) = f_2, (5.12) Γ_0 : SA^{−1}S^{−1}∇ψ_1 · ⃗e_2 = 0, Γ_{h0} : ψ_1 = 0. (5.13)

Now define a 2π-periodic function f : Γ_0 → R in terms of solutions of Problem A by

Γ_0 : f = −∂_{ξ1} ψ_1 − A∇φ_1 · ⃗e_2 + ∂ ∂t ( 1 a ∫_{ξ1} 0 f_3dξ_1 ) . (5.14)

Recall that f_3 is odd in ξ_1.

Problem B. For q and f given by (5.9) and (5.14), Problem B is to find a function u(t, ξ_1) (and, a fortiori, the function φ in the definition of the Neumann operator), and a parameter σ, satisfying the integro-differential equation ∂ ∂t ( 1 a ∂u ∂t ) + Nu = σq + f. (5.15)

Problems A and B, along with equations (5.5), (5.6) and formulae (5.9) and (5.14), form a system of equations for the functions φ_1, ψ_1, u, φ and the parameter σ. The next proposition shows that any solution to this system generates a solution to the boundaryvalue problem (5.1)-(5.3). Let Π_tv =^1_{2π} ∫_π −π v(s, ξ)ds. Proposition 5.2. Suppose that 2π-periodic-in-time C^3-functions φ_1, ψ_1 are solutions of Problem A, and that 2π-periodic-in-time C^3-functions u, φ, and a parameter σ ∈ R, satisfy Problem B with (f_1, f_2, f_3) ∈ F_1. Let

w = A(∇φ + ∇φ_1) + S^{−1}(∇ψ_1 + σ∇ψ_0) + σP, (5.16) W (t, ξ) = a^{−1}{φ_t(t, ξ) − σχ(t, ξ) − ∫_{ξ1} 0 f_3(t, s)ds}. (5.17) Then the parameter σ and the vector field Y defined by the formula

J_λY = |M_0|^{−1}M_0(∂^{−1}_t w − Π_tW⃗e_2), (5.18)

satisfy equations and boundary conditions (5.1)-(5.3).

Proof. Since P is divergence-free and div (S∇·) ≡ 0,

div w = div (A∇φ + A∇φ_1) = f_1.

Hence w satisfies the first equation (5.1). Next

rot(A^{−1}w) = div ( SA^{−1}S^{−1}(∇ψ_1 + σ∇ψ_0) ) + σ rot(A^{−1}P )

= f_2 + σ rot(P − A^{−1}P ) + σ rot(A^{−1}P ) = f_2 + σ rot P = f_2 + 2σθ_{1,tξ2} , which yields the second equation (5.1). Let us check that w, Y satisfy the boundary condition (5.2). Using formulae (5.14) and (5.17), rewrite the integro-differential equation (5.15) in the form W_t + w · ⃗e_2 = 0. An application of ∂^{−1}_t to both sides and the identity ∂^{−1}_t ∂_tW = W − Π_tW yields

Γ_0 : W + ∂^{−1}_t w · ⃗e_2 − Π_tW = 0.

Multiplying both sides by a and using the identity ∂^{−1}_t w · ⃗e_2 − Π_tW = |M_0|M^{−1}_0 J_λY · ⃗e_2, which is a consequence of (5.18), we obtain

Γ_0 : u_t + a|M_0|M^{−1}_0 J_λY · ⃗e_2 = σχ + ∫_{ξ1} 0 f_3(t, s)ds. Differentiating this equality and using identity χ_{ξ1} = −θ_{1,tt} yields

∂_t(u_{ξ1} ) + ∂_{ξ1} (a|M_0|M^{−1}_0 J_λY ).⃗e_2 + σθ_{1,tt} = f_3. (5.19)

Note that formula (5.16) gives

A^{−1}w · ⃗e_1 = φ_{ξ1} + φ_{1,ξ1} − SA^{−1}S^{−1}(∇ψ_1 + σ∇ψ_0) · ⃗e_2 + σA^{−1}P · ⃗e_1.

Since P_1 vanishes on Γ_0, we have A^{−1}P · ⃗e_1 = (A^{−1} − I)P · ⃗e_1 on Γ_0. From this, the previous equality and the boundary conditions (5.8) (5.11) and (5.13). we conclude that A^{−1}w · ⃗e_1 = φ_{ξ1} = u_{ξ1} at Γ_0, which along with (5.19) gives the needed equation (5.2).

It remains to note that boundary condition (5.3) on Γ_{h0} is the consequence of formula (5.16) and boundary conditions (5.6), (5.8), (5.11), (5.13).

6 Proof of the main result (Theorem 2.8)

In this section we show that the operator Λ defined by the formula (4.7) has a right inverse which satisfies condition (c) of the Nash-Moser theorem. This will complete the proof of Theorem 2.8.

We start with a proof of solvability of Problem A based on the following lemma. Let Q(t, ξ) be a positive-definite, symmetric 2 × 2 matrix of class C^{s+6}(Ω) with elements Q_{ij} such that ‖Q‖_C6_{(Ω)} + ‖Q^{−1}‖_{C(Ω)} ≤ c_Q, Q_{ij} are even in t, 2π-periodic with respect to t, ξ_1, even in ξ_1 for even i + j, and odd in ξ_1 for odd i + j. Consider the following boundary-value problem

Ω : div(Q∇v) = G, (6.1) Γ_0 : v = G_0, Γ_{h0} : Q∇v · ⃗e_2 = G_{h0} . (6.2)

Lemma 6.1. Under the above assumptions, for any G ∈ C^{s+3}(Ω), G_i ∈ C^{s+3}(Γ_i), s ≥ 0, i ∈ {0, h_0}, problem (6.1)-(6.2) has a unique solution satisfying the inequality

‖v‖_Cs_{(Ω)} ≤ c(c_Q, s)(‖G‖_Cs+3_{(Ω)} + ‖G_0‖_Cs+3_{(Γ0)} + ‖G_{h0} ‖_Cs+3_{(Γh0 )}) + c(c_Q, s)‖Q‖_Cs+6_{(Ω)}(‖G‖_C3_{(Ω)} + ‖G_0‖_C3_{(Γ0)} + ‖G_{h0} ‖_C3_{(Γh0 )}).

This solution is 2π-periodic in t, ξ_1 and has the same oddness or evenness properties as G, G_0, G_{h0} .

Proof. The proof is given in the Appendix.

Note that under the assumptions of Proposition 4.3 the matrices A and SA^{−1}S^{−1} for any μ ∈ [0, μ_2] and ⃗U ∈ B ∩ E_{r+l} meet all requirements on Q in Lemma 6.1 with r ≥ 7. From this and estimates on A^{±1} from Lemma 4.2 we get the following result on the existence and uniqueness of solutions to problems (5.5)-(5.6), (5.7)-(5.8), (5.10)-(5.11) and (5.12)-(5.13).

Lemma 6.2. Let μ ≤ μ_2, 10 ≤ ρ ≤ r − 7 and ⃗U ∈ B ∩ E_{r+l}. Then

(i) Problem A has a unique solution which satisfies the inequalities ‖φ_1‖_Cρ+l−3_{(Ω)} + ‖ψ_1‖_Cρ+l−3_{(Ω)} ≤ c‖ ⃗f‖_{Fρ} ‖⃗U‖_{Er+l} + c‖ ⃗f‖_{Fρ+l} . These functions are 2π-periodic with respect to t, ξ_1. The function φ_1 is odd in t and even in ξ_1 and the function ψ_1 is odd in t, ξ_1 .

(ii) Problem (5.5)-(5.6) has a unique solution which is 2π-periodic with respect to t, ξ_1, has the same evenness and oddness properties as u, and satisfies the inequality ‖φ‖_Cρ+l−10_{(Ω)} ≤ c‖u‖_Cρ−7_{(Γ0)}‖⃗U‖_{Er+l} + c‖u‖_Cρ+l−7_{(Γ0)}. (iii) Problem (5.7)-(5.8) has a unique solution ψ_0 which satisfies

‖ψ_0‖_Cρ+l+1_{(Ω)} ≤ c|μ|^{1/2}(1 + ‖⃗U‖_{Er+l} )

and is 2π-periodic with respect to t, ξ_1 and odd in t, ξ_1.

The constant c depends only on l, r.

Formula (5.9) for the function q_0 and (5.14) for f, along with estimates on the function a_{−1} from Lemma 4.2 and estimates on ψ_i from Lemma 6.2, imply the following.

Corollary 6.3. Under the assumptions of Lemma 6.2 ‖q_0‖_Cρ+l_{(Γ0)} ≤ c|μ|^{1/2}(1 + ‖⃗U‖_{Er+l} ), ‖f‖_Cρ+l−4_{(Γ0)} ≤ c‖ ⃗f‖_{Fρ} (1 + ‖⃗U‖_{Er+l} ) + c‖ ⃗f‖_{Fρ+l} . The proof of the existence of solutions to Problem B is based on the following theorem on solvability of the integro-differential equation (5.15). This result is one of the main results of this article.

Assume that the matrix A in the definition of the Neumann operator and functions a, q satisfy the following conditions.

(α) The matrix A has representation

A = (1 + ελ)|M|(M^∗J^2_λM)^{−1}, J_λ = diag {1 + ελ, 1}, (6.3)

where M is the Jacobi matrix of the mapping ξ → ξ + μZ(ξ, t). We will suppose, for some r ≥ 25 and l ≥ 0, that (Z, λ) ∈ E_{r+l}, ‖(Z, λ)‖_{Er} ≤ c_0 and ε ≤ c_0μ^{1/2}.

(β) The coefficients a and q are 2π-periodic with respect to both ξ_1 and t, a is even in both ξ_1 and t, and q is even in t and odd in ξ_1. Also, for some c_0 > 0,

μ^{−1}‖g_0 − a‖_Cr−2_{(R}2_) + ‖q‖_Cs_{(R}2_) ≤ c_0, ⟨q, ϑ⟩ ≥ c^{−1}_0 > 0.

Here ϑ = sin nt cos mξ_1, (m, n) is the solution to dispersion equation (2.21) with g_0 ∈ N_0(ν) for some ν ∈ (1, 2), h_0 ∈ Σ(g_0). ( Here ⟨., .⟩ denotes the scalar product in the Hilbert space L_2([−π, π]^2).)

(γ) The coefficient a satisfies the relations Ψ_1(a) = g_0, Ψ_2(a) = −μ^2, where Ψ_j(a) is defined by (3.10)-(3.11).

Theorem 6.4. Let hypotheses (α) − (γ) be satisfied with ν ∈ (1, 4/3) where 5 ≤ s ≤ r − 18, l ≥ 0, and suppose that f ∈ C^{s+l}(R^2 ) is a 2π-periodic function which is odd in t and even in ξ_1. Then there exists δ > 0 such that, whenever −μ^2 ∈ M(g_0, τ) ∩ (−δ^2, 0) for τ ∈ (1 − ν^{−1}, 4^{−1}), ν ∈ (1, 4/3), the integro-differential equation (5.15) has a unique 2π-periodic solution such that u is odd in t, even in ξ_1, and ⟨u, ϑ⟩ = 0. Moreover |σ| + ‖u‖_Cs−3+l_{(Γ0)} ≤ cμ^{−4τ} { ‖f‖_Cs+l_{(Γ0 )}+ ‖f‖_Cs_{(Γ0)} (‖(Z, λ)‖_{Er+l} + ‖a‖_Cr+l−2_{(Ω)} + ‖q‖_Cs+l_{(Γ0)}) } , where the constant c depends only on c_0, r, l, g_0, h_0 and τ.

Proof. The proof begins in Section 7 and is finally completed at the end of Section 10.3.

We are now in a position to prove the solvability of the equation Λ⃗V = ⃗f

Proposition 6.5. Suppose that 11 ≤ ρ ≤ r − 14, ν ∈ (1, 2) and τ ∈ (1 − ν^{−1}, 8^{−1}). Then there exists δ_1 > 0 and c > 0, depending only on r, l ≥ 0 and the parameters g_0 ∈ N_0(ν) and h_0 ∈ Σ(g_0), such that whenever −μ^2 ∈ M(g_0, τ) ∩ (−δ^2_1 , 0) and ⃗U ∈ B ∩ E_{r+l}, the equation Λ⃗V = ⃗f, for any ⃗f ∈ F_{ρ+l}, has a solution ⃗V ∈ E_{ρ+l−11} satisfying the inequality ‖⃗V ‖_{Eρ+l−11} ≤ cμ^{−4τ} (‖ ⃗f‖_{Fρ+l} + ‖⃗U‖_{Er+l} ‖ ⃗f‖_{Fρ} ) (6.4) Proof. First we establish the existence of a solution to problem (5.1)-(5.3) which is equivalent to the truncated operator equation Λ_0 ⃗V = ⃗f. By Proposition 5.2, the solution to (5.1)-(5.3) is given by formulae (5.16)-(5.18) and it is therefore sufficient to prove that the terms in these formulae are all well defined. Note that they are divided into two groups. The first consists of the functions φ_1, ψ_1 which solve Problem A. The second involves a solution u to Problem B and the function φ satisfying equations (5.5)-(5.6).

We begin by proving solvability of Problem B. It is sufficient to show that the integrodifferential equation in Problem B meets all requirements of Theorem 6.4. To start observe that, by the formula for M preceding (3.3), the matrix A has the needed representation (6.3), in which M is the Jacobi matrix of the mapping ξ → ξ + ε^2Z in which Z = θ + εX. Since, by hypothesis, ‖X‖_{Er} ≤ 1 for r ≥ 25 and, by (3.1) and Lemma 3.1, |ε| ≤ 2μ^{1/2} for any μ ≤ μ_2, we conclude that the matrix A satisfies condition (α) of Theorem 6.4.

Lemma 4.2 yields that for any μ ≤ μ_2 the function a satisfies condition (β) of this theorem. It follows from formula (5.9) for the coefficient q and estimate on the remainder q_0 from Corollary 6.3 that ⟨q, ϑ⟩ = c_q⟨ϑ, ϑ⟩ − ⟨q_0, ϑ⟩ ≥ π^2c_q − cμ^{1/2}, where the positive constants c_q and c depend only on r and (m, n). Hence for any small μ the coefficient q also satisfies condition (β) of Theorem 6.4 with s = ρ − 4.

Condition (γ) is satisfied automatically by the construction of the operator Φ. Therefore the integro-differential equation (5.15) satisfies all the condition of Theorem 6.4 with the constant c_0 depending only on r and the parameters g_0 , h_0. Hence there exists δ_2 > 0 such that for any μ ∈ (0, δ_2), −μ^2 ∈ M(g_0, τ) equation (5.15) has a unique 2π-periodic solution satisfying the orthogonality condition. Setting s = ρ − 4, the estimates on u from Theorem 6.4 and on f and q from Corollary 6.3 give that |σ| + ‖u‖_Cρ+l−7_{(Γ0)} ≤ cμ^{−4τ} ( ‖ ⃗f‖_{Fρ+l} + ‖⃗U‖_{Er+l} ‖ ⃗f‖_{Fρ} ) . (6.5)

In particular, when l = 0, |σ| ≤ c|μ|^{−4τ} ‖ ⃗f‖_{Fρ} (6.6) From (6.5) and assertion (ii) of Lemma 6.2 we conclude that the boundary-value problem (5.5)-(5.6) has a unique solution which is 2π-periodic with respect to t, ξ_1 , odd in t, even in ξ_1 and satisfies the inequality ‖φ‖_Cρ+l−10_{(Ω)} ≤ cμ^{−4τ} ( ‖ ⃗f‖_{Fρ+l} + ‖⃗U‖_{Er+l} ‖ ⃗f‖_{Fρ} ) . (6.7)

Hence by Lemma 6.2 (i), (iii), we conclude that all the terms in formulae (5.17)-(5.18) for the vector field Y are well defined and, by Proposition 5.2, the vector ⃗V = (Y, σ) solves (5.1)-(5.3)

To estimate ⃗V , Lemmas 4.1 and 4.2 with formula (5.18) imply that

‖Y ‖_Cρ+l−11_{(Ω)} ≤ c(‖w‖_Cρ+l−11_{(Ω)} + ‖W ‖_Cρ+l−11_{(Ω)}) + c‖⃗U‖_{Er+l} (‖w‖_Cρ−11_{(Ω)} + ‖W ‖_Cρ−11_{(Ω)}). (6.8)

Also Lemma 4.2 gives an estimate for w in (5.16)

‖w‖_Cρ+l−11_{(Ω)} ≤ c‖φ‖_Cρ+l−10_{(Ω)} + c‖φ_1‖_Cρ+l−10_{(Ω)} + c‖ψ_1‖_Cρ+l−10_{(Ω)} + c|σ| + c|σ|‖ψ_0‖_Cρ+l−10_{(Ω)} + c‖A‖_Cρ+l−11_{(Ω)}(‖φ‖_C1_{(Ω)} + ‖φ_1‖_C1_{(Ω)}).

Estimates on φ_1, ψ_i from Lemma 6.2, inequalities (6.7) for φ and (6.6) for σ now give ‖w‖_Cρ+l−11_{(Ω)} ≤ cμ^{−4τ} ( ‖ ⃗f‖_{Fρ+l} + ‖⃗U‖_{Er+l} ‖f‖_{Eρ} ) . (6.9)

Next the formula (5.17) for W yields the inequality ‖W ‖_Cρ+l−11_{(Ω)} ≤ c‖φ‖_Cρ+l−10_{(Ω)} + c|σ| + c‖f_3‖_Cρ+l−11_{(Ω)} +c‖a^{−1}‖_Cρ+l−11_{(Ω)}(‖φ‖_C1_{(Ω)} + |σ| + ‖f_3‖_{C(Ω)}).

From inequalities (6.7) for φ, (6.6) for σ and estimate on a^{−1} from Lemma 4.2, we conclude that ‖W ‖_Cρ+l−11_{(Ω)} ≤ cμ^{−4τ} ( ‖ ⃗f‖_{Fρ+l} + ‖⃗U‖_{Er+l} ‖ ⃗f‖_{Fρ} ) . (6.10)

Substituting (6.9), (6.10) into (6.8) gives the following estimate on the solution ⃗V = (Y, σ) to boundary-value problem (5.1)-(5.3) ‖⃗V ‖_{Eρ+l−11} ≤ cμ^{−4τ} ( ‖ ⃗f‖_{Fρ+l} + ‖⃗U‖_{Er+l} ‖ ⃗f‖_{Fρ} ) . (6.11)

Note that this problem has an infinite set of solutions. But formulae (5.16)-(5.18) select one, and only one, element of this set. Hence they define a linear operator R_0 : ⃗f → ⃗V which assign to any vector ⃗f ∈ F_ρ the solution to problem (5.1)-(5.3) given by (5.16)- (5.18). It is clear that R_0 is a right inverse of the operator Λ_0 and is well defined on the Banach space F_{ρ+l} and that ⃗V = R_0 ⃗f satisfies (6.11).

Let us now prove the solvability of the equation Λ⃗V = ⃗f. First rewrite it in the form Λ_0 ⃗V = (Λ_0 − Λ)⃗V + ⃗f. It is therefore sufficient to prove the solvability of

⃗V = R_0(Λ_0 − Λ)⃗V + R_0 ⃗f. (6.12)

Estimate (4.14) on the norm Λ_0 − Λ along with inequality (6.11) for ⃗V = R_0 ⃗f give ‖R_0(Λ_0 − Λ)⃗V ‖_{Eρ−11} ≤ cμ^{−4τ} ‖(Λ_0 − Λ)⃗V ‖_{Fρ} ≤ cμ^{1/2−4τ} ‖⃗V ‖_{E3} . Since τ < 1/8 and ρ − 11 ≥ 3, the operator R_0(Λ_0 − Λ) is a contraction in the space F_{ρ−11} for sufficiently small μ. Hence the existence of a solution to the equation Λ⃗V = ⃗f and estimate (6.4) for l = 0 follows from the contraction mapping principle.

If, in addition, ⃗f ∈ F_{ρ+l}, then by estimate (6.11), ‖R_0(Λ_0 − Λ)⃗V + R_0 ⃗f‖_{Eρ+l−11} ≤ cμ^{−4τ} ‖⃗U‖_{Er+l} (‖(Λ_0 − Λ)⃗V ‖_{Fρ} + ‖ ⃗f‖_{Fρ} ) + cμ^{−4τ} (‖(Λ_0 − Λ)⃗V ‖_{Fρ+l} + ‖ ⃗f‖_{Fρ+l}). Inequalities (4.14) and (6.4) with l = 0 show that the solution to equation (6.12) satisfy the inequalities ‖(Λ_0 − Λ)⃗V ‖_{Fρ+l} ≤ cμ^{1/2}(1 + ‖⃗U‖_{Er+l} )‖⃗V ‖_{Eρ−11} , ‖⃗V ‖_{Eρ−11} ≤ cμ^{−4τ} ‖ ⃗f‖_{Fρ} . Since τ < 1/8, substituting these relations into the previous estimate gives

‖R_0(Λ_0 − Λ)⃗V + R_0 ⃗f‖_{Eρ+l−11} ≤ cμ^{−4τ} ( ‖ ⃗f‖_{Fρ+l} + ‖⃗U‖_{Er+l} ‖ ⃗f‖_{Fρ} ) , which implies (6.4) for any l ≥ 0 and the proposition follows.

Therefore the operator Φ(⃗U, μ) satisfies the hypotheses of Theorem 3.2 Proof of Theorem 2.8. Note that equations (3.5), (3.6) and (3.12) along with formulae (3.1), (3.2) form a boundary-value problem for a vector-valued function X(t, ξ) and parameters l, g, ε. It follows from Lemma 3.1 that for any μ ∈ [0, μ_1] this problem in the scales of Banach spaces E_r, F_ρ is equivalent to the operator equation (3.13). Hence it is sufficient to prove the existence of non-trivial solutions of this equation. First note that these scales of Banach spaces have been proved to satisfy the hypotheses (i)-(iii) in [5, Appendix].

Now fix integers r ≥ 25, ρ ∈ [14, r − 11] and the exponents γ = 1/2, ϱ = 4τ and 1 − ν^{−1} < τ < 1/24 . Set μ_0 = min{μ_2, δ_1}, where μ_2 ≤ μ_1 and δ_1 are the numbers from Propositions 4.3 and 6.5.

Now inequalities (4.11)-(4.13) in Proposition 4.3 give that the operator Φ(⃗U, μ) satisfies condition (a) of the implicit function theorem. Also, estimates (4.14) and (4.15) from Proposition 4.3 shows that the operator Λ(⃗U, μ) satisfies condition (b) of the same theorem. Next note that, under the assumptions of Theorem 2.8, the operator Λ meets all requirements of Proposition 6.5. It follows that, for μ ≤ μ_0 ≤ δ_1, −μ^2 ∈ M(g_0, τ) and ⃗U ∈ B ∩ E_{r+l}, the operator Λ(⃗U, μ) has a right inverse satisfying condition (c) of the implicit function theorem with the exponent k = 11.

Applying the theorem now shows that for all μ sufficiently small with −μ^2 ∈ M(g_0, τ), the operator equation (3.13) has a solution (X, λ) with |X|_Cr_{(Ω)} + |λ| ≤ 1. It remains only to note that for any twice continuously differentiable solution to (3.13) the vector-valued function x(t, ξ) satisfies equations (2.6), (2.7) and ε → 0 as μ → 0.

7 The Neumann operator

The rest of the paper is devoted to a proof of Theorem 6.4, which we try to make as selfcontained as possible. Recall from Definition 5.1 that the Neumann operator is defined for any doubly 2π-periodic function u(t, ξ_1) by Nu = A∇φ · ⃗e_2, (t, ξ) ∈ Γ_0, where φ is a solution to the elliptic boundary-value problem

Ω : div(A∇φ) = 0, Γ_0 : φ = u, Γ_{h0} : A∇φ · ⃗e_2 = 0. (7.1)

We intend to show how to extract the main part, estimate a remainder term and examine the problem of changing independent variables in the Neumann operator N. (It is known that changing the independent variables in pseudo-differential operators yields operators which consist of a main term given by an explicit formula and a remainder term of lower order. Here however the Neumann operator is not pseudo-differential, and the problem of changing independent variables is more delicate. Remainders may be unbounded even when the initial operator is bounded, and the notion of ”lower order” is not so simple.) We use a notion of quasi-one-dimensionality to explain our results.

Henceforth the following notation will be used. For any non-negative integer s we denote by H_s the Hilbert space of 2π-periodic functions u : R^2 → R with the norm ‖u‖_s = {∑ ζ∈Z^2 (1 + |ζ|)^{2s}|Fu(ζ)|^2 }_{1/2} , Fu(ζ) = 1 4π^2 ∫ [−π,π]^2 exp(−iζ · y)u(y)dy,

and by H^−_s the subspace of H_s which consists of all functions u(y), y = (y_1, y_2), which are odd in y_1 and even in y_2.

Let C^s be the subspace of C^s(R^2 ) which consists of all 2π-periodic functions and write |u|_s for the usual ‘sup-norm’ ‖u‖_Cs_{(R}2_) of functions u ∈ C^s.

The Hilbert transform K and what we have called (at the end of Section 1) the finitedepth Hilbert transform K(h), with respect to the second variable y_2, are defined in terms of the Fourier transform F in the space H_0 by the relations

FKu(ζ) = −i (sgnζ_2)Fu(ζ), FK(h)u(ζ) = −i (sgnζ_2) tanh(h|ζ_2|)Fu(ζ).

They have the integral representations

Ku(y_1, y_2) = ∫_π −π k(y_2 − s)u(y_1, s)ds, K(h)u(y_1, y_2) = ∫_π −π k(y_2 − s, h)u(y_1, s)ds, where k(s) = (2π)^{−1} cot(s/2) and k(s, h) = k(s)+k_1(s, h), where k_1(·, h) is a real-analytic, odd, 2π-periodic function. The operators D^{−1}_j and |D_j|^s, j = 1, 2, are are defined in terms of the Fourier transform by

F(D^{−1}_j u)(ζ) = (iζ_j)^{−1}Fu(ζ) for ζ_j ≠ 0, F(D^{−1}_j u)(ζ) = 0 for ζ_j = 0,

F(|D_j|^su)(ζ) = |ζ_j|^sFu(ζ) for ζ_j ≠ 0, F(|D_j|^su)(ζ) = 0 for ζ_j = 0, and operators such as (1 + |D_j|)^α are defined analogously in terms of Fourier transforms. For periodic functions v(y_1, y_2) and u(t, ξ_1) let

Π_iv(y_j) = (2π)^{−1} ∫_π −π v(y_1, y_2)dy_i, i ≠ j, Π_tu(ξ_1) = (2π)^{−1} ∫_π −π u(t, ξ_1)dt. Thus Π_t∂^{−1}_t u(ξ_1) ≡ 0 ≡ Π_j D^{−1}_j v(y_i). The following result is both suggestive and useful.

Lemma 7.1. In the notation of Section 3 suppose, for each t, that A = |M_0|(M^∗_0 M_0)^{−1} where M_0(t, ξ) is the Jacobian of the transformation ξ → x(t, ξ). Suppose also that, for each t, div (A∇u) = 0 in Ω_0. Then u is a harmonic function of x on x(t, Ω_0) for each t.

Proof. Let v be infinitely differentiable with compact support in Ω. Then 0 = ∫ Ω_0 v div (A∇u)dξ = − ∫ Ω_0 ∇v · A∇udξ = − ∫ Ω_0

|M_0|(M^∗_0 )^{−1}∇v · (M^∗_0 )^{−1}∇udξ = − ∫ x(t,Ω_0) ∇_xv · ∇_xu dx, and the result follows.

Eventually we will require r ≥ 25, so there is no loss of generality in assuming that from the outset.

7.1 Decomposition of the Neumann operator N

Theorem 7.2. In the notation of Section 3, suppose that A(t, ξ) = (1 + ελ)|M|(M^∗J^2_λM)^{−1}, where M is the Jacobi matrix of the mapping ξ → ξ + ε^2Z(t, ξ), Z = θ + εX and X is the first component of ⃗U = (X, λ), ‖⃗U‖_{Er} ≤ 1. Then there exists δ_1 > 0 such that whenever ε^2 ≤ δ_1 the operator N is given by N = ∂_{ξ1} K(h_λ) + R_0, where h_λ = (1 + ελ)^{−1}h_0, K(h_λ) is a finite-depth Hilbert transform and R_0 is the Fredholm operator

R_0u = ∫_π −π r_0(t, ξ_1, s)u(t, s)ds. The kernel r_0 is even in all its variables separately, 2π-periodic, symmetric in the sense that r_0(t, ξ_1, s) = r_0(t, s, ξ_1) and, if ⃗U ∈ E_{l+r}, l ≥ 0, then ‖r_0‖_Cr+l−4_{(R}3_) ≤ c(r, l)ε^2(1 + ‖⃗U‖_{Er+l} ). Proof. Note from (7.1) that A∇φ is a time-dependent solenoidal vector field on Ω_0. Therefore a ‘stream function’ ψ(t, ξ), which vanishes at Γ_{h0} , is defined in terms of the ‘potential’ φ by the relation A∇φ = S∇ψ. Green’s formula applied to problem (7.1) shows that ψ is 2π-periodic with respect to ξ_1, t. Thus Nu = −∂_{ξ1} ψ(t, ξ_1, 0). Now consider ξ as a complex variable ξ = ξ_1 + iξ_2 and define a complex function on Ω_0 in the complex ξ-plane by χ(ξ) = i(φ + iψ)(ξ).

Let x(t, ξ) = J_λ(ξ + ε^2Z(t, ξ)) and note that x(t, ξ + 2π⃗e_1) = x(t, ξ) + 2π(1 + ελ)⃗e_1. Then, for ε sufficiently small (1 + ελ)^{−1}x(t, ·) can be regarded as a diffeomorphism from

Ω_0 in the complex ξ-plane onto a curvilinear strip D_t bounded in the complex ζ-plane by the line Im ζ = −h_λ and a periodic curve defined in parametric form by the equation

ζ = ξ_1 + ε^2Z_1(t, ξ_1) + i(1 + ελ)^{−1}ε^2Z_2(t, ξ_1) ≡ γ(t, ξ_1).

It follows from Lemma 7.1 and equation (7.1) that χ(t, ζ) ≡ χ(t, ξ(t, ζ)) is a holomorphic function of the variable ζ in the strip D_t. At the upper curve this function equals −ψ +iu. Since the real part of χ vanishes at the bottom of D_t, the function χ has a holomorphic extension across the line Im ζ = −h_λ onto the curvilinear strip bounded by the curves ζ = γ(t, ξ_1) and ζ = −2ih_λ + γ̄(t, ξ_1). Note that, in the extended domain, χ has the property that χ(t, ζ) = −χ(t, −2ih_λ + ζ̄).

The conformal mapping z = e^{iζ} takes this strip onto a ring-like region in the zplane bounded by l_0 ≡ {z = e^{iγ(t,ξ1)} : ξ_1 ∈ [−π, π]} and l_{hλ} ≡ {z = e^{2hλ+iγ̄(t,ξ1)} : ξ_1 ∈ [−π, π]}. Note that increasing ξ_1 corresponds to l_i in the positive (anti-clockwise) direction. Cauchy’s integral formula for a point z inside the ring gives χ(t, ζ(z))) = − 1 2πi ∫ l_0 χ(t, ζ(η))dη η − z + 1 2πi ∫ l_{hλ} χ(t, ζ(η))dη η − z . If z → z_0 = e^{iγ(t,ξ1 )} ∈ l_0, then 1 2πi ∫ l_0 χ(t, ζ(η))dη η − z → − 1 2 χ(t, ζ(z_0)) + 1 2πi ∫ l_0 χ(t, ζ(η))dη η − z_0 . From this, and the previous equality we conclude that −χ(t, ζ(z_0)) = 1 πi ∫ l_0 χ(t, ζ(η))dη η − z_0 − 1 πi ∫ l_{hλ} χ(t, ζ(η))dη η − z_0 . The definition of γ and the symmetry of χ now give that −χ(t, ξ_1) equals 1 πi ∫_π −π [e^{iγ(t,s)}]^′_s e^{iγ(t,s)} − e^{iγ(t,ξ1)} χ(t, s)ds + 1 πi ∫_π −π e^{2hλ} [e^{iγ̄(t,s)}]^′_s e^{2hλ+iγ̄(t,s)} − e^{iγ(t,ξ1)} χ̄(t, s)ds. Hence −χ(t, ξ_1) = 1 π ∫_π −π { χ(t, s) 1 − e^{i(ξ1−s)} + χ̄(t, s) 1 − e^{−2hλ+i(ξ1−s)} } ds + ∫_π −π (ρ_1χ + ρ_2χ̄)ds. (7.2)

Here the kernels ρ_j are defined by the formulae

πρ_1(t, ξ_1, s) = γ^′_s(t, s) 1 − e^{iγ(t,ξ1 )−iγ(t,s)} − 1 1 − e^{i(ξ1 −s)} , (7.3) −πρ_2(t, ξ_1, s) = γ̄^′_s(t, s) 1 − e^{−2hλ+iγ(t,ξ1)−iγ̄(t,s)} − 1 1 − e^{−2hλ+i(ξ1−s)} . Note that Re { 1 π ∫_π −π χ(t, s)ds 1 − e^{i(ξ1 −s)} } = − 1 2π ∫_π −π ψ(t, s)ds − 1 2π ∫_π −π cot ( ξ_1 − s 2 ) u(t, s)ds = − 1 2π ∫_π −π ψ(t, s)ds − Ku(t, ξ_1).

Equating real parts in (7.2) gives a Fredholm equation for ψ

(1 + P_0)ψ + Γ_3ψ = (P_1 − Γ_4 − K)u, (7.4)

where the Poisson operators P_j and Fredholm operators Γ_j are given by

P_0ψ = 1 π ∫_π −π Re { 1 2 + 1 1 − e^{−2hλ+i(ξ1−s)} } ψ(t, s)ds, Γ_j u = ∫_π −π ρ_j (ξ_1, s, t)uds, P_1ψ = 1 π ∫_π −π Im { 1 1 − e^{−2hλ+i(ξ1−s)} } u(t, s)ds, with ρ_3 = Re(ρ_1 + ρ_2) and ρ_4 = Im(ρ_1 − ρ_2). It follows from (7.3) and the estimates of compositions of smooth functions that there exists δ > 0 (independent of l) such that, whenever ε^2 ≤ δ and X ∈ C^{r+l}, l ≥ 0,

‖ρ_j ‖_Cr+l−2_{(R}3_) ≤ ε^2c(r, l)(|X|_{r+l} + 1). (7.5)

For ε = 0 the operators Γ_j = 0 and D_t coincides with the strip −h_λ < Im ζ < 0. In this case u, −ψ are related by the finite-depth Hilbert transform. Therefore the function ψ = −K(h_λ)u is the explicit solution (see (1.4)) to equation (7.4) with Γ_j = 0. It follows from (7.4) that

ψ = −K(h_λ)u + v, (1 + P_0)v + Γ_3v = [Γ_3K(h_λ) − Γ_4]u. (7.6)

The last equality can be regarded as an integral equation for the function v. The proof of its solvability is based on the following two lemmas. The first is proved in the Appendix.

Lemma 7.3. The operator I + P_0 is invertible in the space of 2π-periodic functions and

((1 + P_0)^{−1} − 1)u ≡ P_2u = ∫_π −π p_2(ξ_1 − s, h_λ)u(t, s)ds. Here the kernel p_2(s, h_λ) is real-analytic and 2π-periodic.

Now rewrite equation (7.6) as

v + A_1v = A_2u, (7.7)

where A_1 = (I + P_2)Γ_3 and A_2 = A_1K(h_λ) − (I + P_2)Γ_4. Now we estimate the kernel of A_i.

Lemma 7.4. Under the assumptions of Theorem 7.2, δ can be chosen so that A_jv = ∫_π −π a_j (ξ_1, s, t)v(t, s)ds where ‖a_j ‖_Cr+l−3_{(R}3_) ≤ c(r, l)ε^2(|X|_{r+l} + 1). (7.8)

Proof. By (7.5), the kernel of the operator Γ_3 satisfies inequality (7.8) with r + l − 3 replaced by r + l − 2. The kernel of the operator P_2Γ_3 is given by the formula ∫_π −π p_2(ξ_1 − s_1, h_λ)ρ_3(s_1, s, t)ds_1.

The required estimates are then a consequence of (7.3), (7.5) and estimates on convolutions of smooth functions. Hence the kernel a_1 satisfies inequality (7.8) with r + l − 3 replaced by r +l −2. Replacing ρ_3 by ρ_4 gives a similar estimate for the kernel of operator (I +P_2)Γ_4. It remains to show that A_1K(h_λ) is a Fredholm operator and the C^{r+l−3}-norm of its kernel does not exceed the right side of (7.8). Recall that K(h_λ) = K +K_1(h_λ) where K_1(h_λ) is a smoothing operator with real-analytic kernel. The estimate of the kernel of A_1K_1 is obvious. Now the kernel of A_1K is^1_{2π} ∫_π −π cot ((s − s_1)/2) a_1(ξ_1, s_1, t)ds_1. Since for non-integer r + l the Hilbert transform is a bounded operator in the space C^{r+l} of 2π-periodic functions, the needed C^{r+l−3} estimate of the kernel of A_1K follows from the C^{r+l−2} estimate for a_1.

The rest of the proof of Theorem 7.2 follows from the next assertion, the proof of which is in the Appendix.

Lemma 7.5. Suppose that the kernel a_1 ∈ C^{r+l−3}(R^3 ) satisfies the inequality |a_1| ≤ ε^2c_0. Then there exists δ_1 > 0 depending only on r, l, and c_0 such the equation v + A_1v = f has a unique solution

v(t, ξ_1) = f(t, ξ_1) + ∫_π −π r_1(t, ξ_1, s)f(t, s)ds for any f ∈ C^0 and ε^2 ∈ [0, δ_1]. The kernel r_1 is 2π-periodic, even and ‖r_1‖_Cr+l−3_{(R}3_) ≤ c(r, l, c_0)‖a_1‖_Cr+l−3_{(R}3_).

Now by Lemma 7.4, choose δ_1 > 0 such that a_1 meets all requirements to Lemma 7.5 for ε^2 ≤ δ_1 and the corresponding kernel r_1 satisfies the inequality ‖r_1‖_Cr+l−3_{(R}3_) ≤ c(r, l)ε^2(|X|_{r+l−3} + 1). Hence v = ∫_π −π r_2(t, ξ_1, s)u(t, s)ds and r_2(t, ξ_1, s) = a_2(t, ξ_1, s) + ∫_π −π r_1(t, ξ_1, s_1)a_2(t, s_1, s)ds_1.

Since ψ = −K(h_λ)u + v and Nu = −∂_{ξ1} ψ, we conclude that the operator N has the needed representation in which the Fredholm operator R_0 has kernel r_0 = −∂_{ξ1} r_2. The estimates on r_0 follow from the estimates on r_1 and a_2. Since N and ∂_{ξ1} K(h) are symmetric operators in H_0, the kernel of R_0 is also symmetric and the theorem follows.

7.2 Quasi-one-dimensional operators

This section introduces the notion of quasi-one-dimensional operators which will be used to treat changes of variables in N. For any real α, β denote by G_{α,β} the operator on H_s defined by G_{α,β} = (1 + |D_1|)^{−α}(1 + |D_2|)^β.

Definition 7.6. For any non-negative exponents α, β we say that R is a quasi-one-dimensional (Q1D) operator of order (α, β) in H_s if |||R|||_{α,β,s} ≡ sup_{‖u‖H} s =1 ‖G_{α,β}Ru‖_s < ∞.

It follows from this definition that if R is a Q1D operator of order (α, β) in H_s then, for any α^′ ≥ α and β^′ ≤ β, the operator R has order (α^′, β^′) and |||R|||_α′_{,β}′_{,s} ≤ |||R|||_{α,β,s}. Note also that KR, Π_j R and D^{−1}_i R are Q1D operator with the same ||| · |||_{α,β,s}-norm as R and that |||D^p_1D^q_2R|||_{α,β,s} ≤ |||R|||_{α−p,β+q,s}, for any p, q ≥ 0. The next result is more complicated.

Proposition 7.7. If R is a Q1D operator of order (α, β) in H_s, then |||aR|||_{α,β,s} ≤ c(α, β, s)|a|_l|||R|||_{α,β,s}, for any 2π-periodic function a(y_1, y_2) of class C^l and for any exponent α + β + s < l − 2. Proof. Note that F(G_{α,β}(aRu))(ζ) = ∑ η∈Z^2 (1 + |ζ_1|)^{−α}(1 + |ζ_2|)^βFa(ζ − η)F(Ru)(η).

We have the standard inequality for any α, β, s ∈ R:

(1 + |ζ|)^s(1 + |ζ_1|)^{−α}(1 + |ζ_2|)^β ≤ c(1 + |ζ − η|)^{|α|+|β|+|s|})(1 + |η_1|)^{−α}(1 + |η_2|)^β(1 + |η|)^s.

With M(η) = (1 + |η_1|)^{−α}(1 + |η_2|)^β(1 + |η|)^s|F(Ru)(η)| we obtain that ‖G_{α,β}(aRu)‖^2_s = ∑ ζ∈Z^2 (1 + |ζ|)^{2s}|F(G_{α,β}(aRu))(ζ)|^2 ≤ c|a|^2_l { ∑ ζ,η∈Z^2 (1 + |ζ − η|)^{α+β+s−l}M(η)}^2. Since α + β + s − l < −2, classical convolution estimates yield that ‖G_{α,β}(aRu)‖^2_s ≤ c|a|^2_l ∑ η∈Z^2 M(η)^2 = c|a|^2_l ‖G_{α,β}Ru‖^2_s, which completes the proof.

Examples of Q1D operators are the identity I and the Hilbert transform K, which are Q1D of order (α, 0) for any α ≥ 0, and the operator K_1(h) = K(h) − K which is Q1D of any order. Now we discuss Q1D properties of integral operators in the form Au(y) = ∫_π −π ∫_1 0 a(y, s, τ)u(y_1 + τω(y, s), s)dsdτ, Bu(y) = ∫_π −π b(y, s)u(y_1 + ω(y, s), s)ds, in which the kernels a(y, s, τ), b(y, s) and the function ω(y, s) are 2π-periodic with respect to y_i, s. Denote by Σ the strip R^3 × [0, 1] and identify D_i with (∂/∂y_i), i = 1, 2. Proposition 7.8. Suppose that a ∈ C^l(Σ), b ∈ C^l(R^3 ) for some l ≤ r − 3, ‖ω‖_Cr−2_{(R}2_) ≤ c_1 and 1 + D_1ω(y, s) > c^{−1}_1 for some c_1 > 0. Then ‖Au‖_s ≤ c‖a‖_Cs_{(Σ)}‖u‖_s, ‖Bu‖_s ≤ c‖b‖_Cs_{(R}3_)‖u‖_s, for s ≤ l, (7.9) |||A|||_{β,β,s} ≤ c‖a‖_Cl_{(Σ)}, |||B|||_{β,β,s} ≤ c‖b‖_Cl_{(R}3_), for 0 ≤ β ≤ l − s. (7.10) Here the constant c depends only on r and c_1.

Proof. We begin by proving (7.9) for A. For s = 0, Cauchy’s inequality implies |Au(y)|^2 ≤ c‖a‖^2_{C(Σ)} ∫_π −π ∫_1 0 |u(y_1 + τω(y, s), s)|^2dsdτ. Under the assumptions of the lemma, the mapping z_1 = y_1 + τω(y, s), z_2 = y_2, z_3 = s, z_4 = τ is a diffeomorphism of the parallelepiped Σ_π = [−π, π]^3 × [0, 1] onto itself with Jacobian 1 + τD_1ω ∈ [c^{−1}_1 , 1 + c_1] ⊂ (0, ∞). Therefore ‖Au‖^2_0 ≤ c‖a‖^2_{C(Σ)} ∫ Σ_π

|u(z_1, z_3)|^2dz ≤ c‖a‖^2_{C(Σ)}‖u‖^2_0.

Assuming (7.9) holds for some exponent s ≤ l − 1, we will prove it for s + 1. Fix i = 1, 2. It is easy to check that D_iAu = A^′D_1u + A^{′′}u where A^′u(y) = ∫_π −π ∫_1 0 a(y, s, τ)(δ_{1i} + τD_iω)D_1u(y_1 + τω, s)dsdτ, A^{′′}u(y) = ∫_π −π ∫_1 0 D_ia(y, s, τ)u(y_1 + τω, s)dsdτ. By the induction hypothesis, since s ≤ l ≤ r − 3, ‖A^′D_1u‖_s ≤ c‖a‖_Cs_{(Σ)}‖D_1u‖_s ≤ c‖a‖_Cs_{(Σ)}‖u‖_{s+1} and ‖A^{′′}u‖_s ≤ c‖a‖_Cs+1_{(Σ)}‖u‖_s, which gives ‖D_iAu‖_s ≤ c‖a‖_Cs+1_{(Σ)}‖u‖_{s+1} and the assertion follows. The same proof works for B.

Let us prove (7.10) for A. It will suffice to show that |||A|||_{β,β,s} ≤ c‖a‖_Cs+β_{(Σ)} for all 0 ≤ β ≤ l − s. For β = 0 this follows from (7.9). Assume now that it is true for some 0 ≤ β ≤ l − s − 1. We will prove it for β + 1. It easy to check that D_2Au = D_1A_1u + A_0u, where the integral operators A_i are given by A_iu(y) = ∫_π −π ∫_1 0 a_i(y, s, τ)u(y_1 + τω(y, s), s)dsdτ with the kernels a_1(y, s, τ) = a(y, s, τ)χ(y, s, τ) and a_0(y, s, τ) = D_2a(y, s, τ) − D_1{a(y, s, τ)χ(y, s, τ)}, where χ = τD_2ω(1 + τD_1ω)^{−1}. Next we have ‖G_{β+1,β+1}Au‖_s ≤ c(‖G_{β,β}(1 + |D_1|)^{−1}Au‖_s + ‖G_{β,β}(1 + |D_1|)^{−1}D_2Au‖_s. From this we conclude that |||A|||_{β+1,β+1,s} ≤ c(|||A|||_{β,β,s} + |||(1 + |D_1|)^{−1}D_2A|||_{β,β,s}). (7.11) The identity D_2A = D_1A_1 + A_0 implies |||(1 + |D_1|)^{−1}D_2A|||_{β,β,s} ≤ c(|||A_1|||_{β,β,s} + |||A_0|||_{β,β,s}). (7.12) The induction hypothesis gives |||A_1|||_{β,β,s} + |||A_0|||_{β,β,s} ≤ ‖a_i‖_Cs+β_{(Σ)} for any β + s ≤ l − 1. Since ‖a_i‖_Cs+β_{(Σ)} ≤ c‖a‖_Cs+β+1_{(Σ)}, we conclude from this and (7.11), (7.12) that |||A|||_{β+1,β+1,s} ≤ c‖a‖_Cs+β+1_{(Σ)}. Thus (7.10) for A follows by induction. The proof (7.10) for B is similar to that for A.

7.3 Change of independent variables

We are now in a position to formulate the second main result of Section 7, on change of independent variable in the Neumann operator and Hilbert transform. Recall the notation of Theorem 7.2.

Theorem 7.9. Suppose that y_1 = P_1(t, ξ_1), y_2 = P_2(ξ_1) defines a diffeomorphism of R^2 onto itself with inverse Q = P^{−1}, P = (P_1, P_2). Assume that, ∂_tP_1 > 0 and, for some c_2 > 0, that the mappings P_0 = P −I, Q_0 = Q−I are 2π-periodic with |P_0|_{r−2} +|Q_0|_{r−2} ≤ c_2ε^2, where the constant c_2 does not depend on ε. Let d_i = (∂_{ξ1} P_i) ∘ Q, i = 1, 2, d_3 = D_1Q_1.

Then, with v = u ∘ Q for any function u ∈ H^−_s , (K(h_λ)u) ∘ Q = K(h_λ)v + R_K v, (7.13) (∂_{ξ1} K(h_λ)u) ∘ Q = (d_1D_1 + d_2D_2)K(h_λ)v + R_N v, (7.14) (∂^{−1}_t K(h_λ)u)∘ = D^{−1}_1 (d_3K(h_λ)v) + R_T v + R_Πv. (7.15) The remainders R_K , R_N and R_T are Q1D operators in H^−_s with |||R_K |||_{β+1,β,s} + |||R_N |||_{β+2,β,s} + |||R_T |||_{β+1,β,s} ≤ cε^2, (7.16) and the smoothing operator R_Π satisfies the inequality ‖(1 − D^2_1)R_Πv‖_s ≤ cε^2‖v‖_s. (7.17) Here the exponents s, β are arbitrary non-negative numbers with 2β + s < r − 7, and the constant c depends only on c_2 and r.

The proof is based on the following explicit representation of the composition of a finite-depth Hilbert transform and the mapping Q.

Lemma 7.10. Under the assumptions of Theorem 7.9, for any h > 0

[K(h)u] ∘ Q = K(h)v + K_2v + K_3v + D_1K_4v, (7.18) K_2v = ∫_π −π k_2(s, y_2)v(y_1 + ω(y, s), s)ds, K_jv = ∫_π −π ∫_1 0 k_j(y, s, τ)v(y_1 + τω(y, s), s)dsdτ for j = 3, 4, where k_j and ω are 2π-periodic, ‖k_2‖_Cr−4_{(R}3_) + ‖k_{3,4}‖_Cr−5_{(Σ)} + ‖ω‖_Cr−2_{(R}3_) ≤ cε^2, and 1 + D_1ω > c^{−1} > 0 for some constant c > 0 depending only on c_2, h and r. Proof. Calculation shows that [K(h)u] ∘ Q(y) = ∫_π −π k ( Q_2(y_2) − Q_2(s), h ) u ( Q_1(y), Q_2(s) ) Q^′_2(s)ds, (7.19)

where the kernel of K(h) is k(s, h) = k(s) + k_1(s, h) and k(s), the kernel of the Hilbert transform, is given by (2π)^{−1} cot(s/2). Recall that k_1(s, h) is real-analytic, odd and 2πperiodic in s. Next, we have Q^′_2(s)k(Q_2(y_2) − Q_2(s), h) = k(y_2 − s, h) + k_2(s, y_2), (7.20) where, with Q = (Q_1, Q_2) = (y_1 + Q_{10}, y_2 + Q_{20}),

k_2 = Q^′_2(s)k(Q_2(y_2) − Q_2(s)) − k(y_2 − s) + Q^′_{20}(s)k_1(Q_2(y_2) − Q_2(s), h) + {k_1(Q_2(y_2) − Q_2(s), h) − k_1(y_2 − s, h)}.

From this we conclude that ‖k_2‖_Cr−4_{(R}2_) ≤ c(h)‖Q_{20}‖_Cr−2_{(R)} ≤ c(c_2)ε^2. (7.21) Let us consider a functional equation for ω(y, s) ϕ(ω, y, s) ≡ ω(y, s) + Q_{10}(y_1 + ω(y, s), s) − Q_{10}(y) = 0. Since ∂_tP_1 = (D_1Q_1)^{−1}, the present hypotheses imply the inequalities 0 < (1 + c_2ε^2)^{−1} ≤ D_1Q_1 ≤ (1 + c_2ε^2). From this and the identity D_ωϕ = D_1Q_1(y_1 + ω, s) we conclude that this equation has a unique solution ω(y, s) of a class C^{r−2}(R^3 ). The inequality ‖ϕ(0, ·, ·)‖_Cr−2_{(R}3_) ≤ 2|Q_{10}|_{r−2} ≤ c_2ε^2, and the implicit function theorem now give that ‖ω‖_Cr−2_{(R}3_) ≤ c(c_2)ε^2. The identity 1 + D_1ω = D_1Q_1(y)(D_1Q_1(y_1 + ω, s))^{−1} implies that 1 + D_1ω > c(c_2) > 0. With this choice of ω, we have

u(Q_1(y), Q_2(s)) = u(Q_1(y_1 + ω(y, s), s), Q_2(s)) ≡ v(y_1 + ω(y, s), s). Substituting this relation and (7.20) into (7.19) implies [K(h)u] ∘ Q(y) = ∫_π −π { k(y_2 − s, h) + k_2(s, y_2) } v(y_1 + ω(y, s), s)ds. (7.22) Next we have v(y_1 + ω(y, s), s) = v(y_1, s) + ω(y, s) ∫_1 0 (D_1v)(y_1 + τω(y, s), s)dτ. (7.23) Substituting (7.23) in (7.22) gives [K(h)u] ∘ Q(y) = K(h)v(y) + ∫_π −π k_2(s, y_2)v(y_1 + ω(y, s), s)ds + ∫_π −π ∫_1 0 ω(y, s)k(y_2 − s, h)(D_1v)(y_1 + τω(y, s), s)dsdτ. (7.24) Since ω ∈ C^{r−2}(R^3 ) vanishes for s = y_2, the kernel ω(y, s)k(y_2 − s, h) is of class C^{r−4}.

Hence we obtain ∫_π −π ∫_1 0 ω(y, s)k(y_2 − s, h)(D_1v)(y_1 + τω(y, s), s)dsdτ (7.25) = ∫_π −π ∫_1 0 k_3v(y_1 + τω(y, s), s)dsdτ + D_1 ∫_π −π ∫_1 0 k_4v(y_1 + τω(y, s), s)dsdτ, where

k_3 = −D_1k_4 and k_4(y, s, τ) = (1 + τD_1ω(y, s))^{−1}ω(y, s)k(y_2 − s, h). (7.26)

Substituting (7.25) into (7.24) gives the needed representation (7.18). Estimates on k_j follow from the hypotheses of Theorem 7.9 and (7.26).

We turn now to the proof of Theorem 7.9. Lemma 7.10 shows that (7.13) holds with the remainder R_K = K_2 + K_3 + D_1K_4. Note by the remark preceding Proposition 7.7 that |||D_1K_4|||_{β+1,β,s} ≤ |||K_4|||_{β,β,s}. Since the norm ||| · |||_{α,β,s} decreases in α, we conclude that |||R_K |||_{β+1,β,s} ≤ ∑ i |||K_i|||_{β,β,s}. It follows from Lemma 7.10 that the operators K_i satisfy all condition of Proposition 7.8 with the exponent l = r − 5, which implies |||K_i|||_{β,β,s} ≤ c‖k_i‖_Cr−5_{(Σ)} ≤ cε^2 for any non-negative β with β + s ≤ r − 5. This along with the estimates from Lemma 7.10 gives |||R_K |||_{β+1,β,s} ≤ cε^2 for any β + s ≤ r − 5. (7.27) Now we proceed towards the representation (7.14). Since ∂_{ξ1} =

∑_2 1 d_iD_i, the function (∂_{ξ1} K(h)u) ∘ Q satisfies the equality (7.14) with the remainder term R_N =

∑_2 1 d_iD_iR_K v.

The present hypotheses imply that |d_i|_{r−3} ≤ c with the constant c depending only on the mapping P . From this and Proposition 7.7 we conclude that |||d_iD_iR_K |||_{β+2,β,s} ≤ c|||D_iR_K |||_{β+2,β,s} for any 2β + 2 + s < r − 5. On the other hand, by (7.27), |||D_1R_K |||_{β+2,β,s} ≤ |||R_K|||_{β+1,β,s} ≤ cε^2 for any β + s ≤ r − 5, and |||D_2R_K |||_{β+2,β,s} ≤ |||R_K|||_{β+2,β+1,s} ≤ cε^2 for any β + s ≤ r − 6. From this we obtain that R_N satisfy inequality (7.16) for any 2β + s < r − 7, which is desired conclusion.

To obtain (7.15) recall that Π_1D^{−1}_1 ≡ Π_t∂^{−1}_t ≡ 0. Therefore, after change of independent variables, (∂^{−1}_t u) ∘ Q = D^{−1}_1 (d_3v) − Π_1{d_3D^{−1}_1 (d_3v)}.

Since, for u ∈ H^−_s , K(h_λ)u is odd in t, we obtain from (7.13) a representation for (∂^{−1}_t K(h_λ)u) ∘ Q in the form (7.15) with remainder

R_T v = D^{−1}_1 (d_3R_K v) − Π_1{d_3D^{−1}_1 (d_3R_K v)}, R_Πv = −Π_1{d_3D^{−1}_1 (d_3K(h_λ)v}.

It follows from the conditions of Theorem 7.9 that |d_3|_{r−3} ≤ c. We conclude from this and Proposition 7.7 that |||R_T |||_{β+1,β,s} ≤ c(|d_3|^2_{r−3} +1)|||R_K|||_{β+1,β,s} ≤ cε^2 if 2β +s+1 < r −5. The estimate on R_Π is obvious, since Π_1(·) does not depend on y_1.

8 Canonical form

In this section we show how a certain integro-differential operator equation can be reduced, by a specific change of the independent variables, to canonical form with constant coefficients in the main term. We then give resolvent estimates on that main term. Because of the applications in mind, we consider the class of integro-differential equations in form ∂ ∂t ( 1 a ∂u ∂t ) + ∂_{ξ1} K(h_λ)u + BK(h_λ)u = f, (8.1) where B = b_0 +b_{−1}∂^{−1}_t . We will assume that the functions a(t, ξ_1), b_i(t, ξ_1) are 2π-periodic, a is even in all variables, b_0 is even in t and odd in ξ_1, b_{−1} is odd in both. Suppose also that

|a − g_0|_{r−2} + |b_i|_{r−4} ≤ c_3ε^2, a > c^{−1}_3 > 0, (8.2)

where constant c_3 is independent of ε.

8.1 Reduction to canonical form

Recall the context of Theorem 7.9 and definitions (3.10) and (3.11), and introduce the vector-valued function P (t, ξ_1) with the components P_i, i = 1, 2 defined by the formulae

P_1 = 1 Θ(ξ_1) ∫_t 0 √ a(s, ξ_1)ds, P_2 = ∫_{ξ1} 0 g_0ds Θ(s)^2

, Θ(ξ_1) = 1 2π ∫_π −π √ a(t, ξ_1)dt. (8.3) Lemma 8.1. Suppose that Ψ_1(a) = g_0. Then the mapping P is a diffeomorphism of the plane onto itself. Let its inverse Q = P^{−1} be denoted by t = Q_1(y), ξ_1 = Q_2(y_2). The mappings Q_0 = Q − I, P_0 = P − I are 2π-periodic, ∂_tP_1 > 0 and |P_0|_{r−2} + |Q_0|_{r−2} ≤ cε^2.

Proof. By construction, P_{10} is 2π-periodic and the condition Ψ_1(a) = g_0 implies that P_2(t, ξ_1 +π)−P_2(t, ξ_1 −π) ≡ g_0 ∫_π −π Θ(ξ_1)^{−2}dξ_1 = 2π. Since the derivative of P_2 is periodic, we conclude that P_{20} is also periodic, where P_0 = (P_{10}, P_{20}). The existence of the inverse Q and estimates on P_0, Q_0 follows from (8.2)) and (8.3).

Now we can formulate the main result on reducing the integro-differential equation (8.1) to canonical form.

Theorem 8.2. Suppose that Ψ_1(a) = g_0. Then equation (8.1) in the space H^−_s , s ≥ 2, is equivalent to the following canonical equation for the function v(y) = u ∘ Q(y):

D^2_1 v + g_0D_2K(h_λ)v = 1∑ j=−1 D^j_1A_j v + R_2v + R_3v + f_0. (8.4)

Here f_0 = (Θ^2f) ∘ Q and A_j = a^1_j + a^2_j K, where K is the Hilbert transform and the coefficients a^j_i are 2π-periodic and symmetric as follows: in y_1 they are even for even i and odd for odd i; in y_2 they are even for j = 1 and odd for j = 2. Moreover |a_j|_{r−4} ≤ cε^2, ‖f_0‖_s ≤ c‖f‖_s, s ≤ r − 2, (8.5) and 1 16π^2 π∫ −π π∫ −π { (a^1)^2 − (a^2_1)^2 } dy = Ψ_2(a), π∫ −π π∫ −π a^j_0dy = 0, j = 1, 2. (8.6)

The remainder R_2 is Q1D and R_3 is a smoothing operators with, for any non-negative β, s, 2β + s ≤ r − 7, |||R_2|||_{β+2,β,s} ≤ cε^2, ‖(1 − D^2_1)R_3v‖_s ≤ cε^2‖v‖_s, (8.7) in which the constant c depends only on r and c_3 in (8.2).

Proof. Changing variables using (8.3) and the identities (7.13)-(7.15) gives the following equation for the function v = u ∘ Q

d_{11}D^2_1v + qD_1v + (d_1D_1 + d_2D_2 + b_0)K(h_λ)v + b_{−1}D^{−1}_1 (d_3K(h_λ)v) = Rv + f ∘ Q, (8.8)

with coefficients

d_{11} = a^{−1}(∂_tP_1 ∘ Q)^2 = (Θ ∘ Q)^{−2}, q = ∂_t(a^{−1}∂_tP_1) ∘ Q, d_i = ∂_{ξ1} P_i ∘ Q, i = 1, 2, d_3 = D_1Q_1 = (∂_tP_1 ∘ Q)^{−1},

and remainder R = −R_N − b_0R_K − b_{−1}(R_T + R_Π). Here the operators R_N , R_K , R_T , R_Π are given by Theorem 7.9. Note that relation Ψ_1(a) = g_0 along with formula (8.3) implies the identity g_0d_{11} = d_2 = g_0(Θ ∘ Q)^{−2}. Hence multiplying both sides of equation (8.8) by g_0d^{−1}_2 leads to the canonical form (8.4) in which A_i = a^1_i + a^2_i K where

a^1 = −Θ ∂ ∂t 1 √ a , a^2_1 = −Θ^2 ∂ ∂ξ_1 { Θ^{−1} ∫_t 0 √ adt } , a^1_0 = −D_1a^1, a^2_0 = −D_1a^2_1 − Θ^2b_0, (8.9) a^1_{−1} = 0, a^2_{−1} = −b_{−1}Θ^3/ √ a, f_0 = Θ^2f,

−g^{−1}_0 d_2R_2 = R_N + b_0R_K + b_{−1}R_T + b_0K_1(h_λ) + d_1D_1K_1(h_λ) + b_{−1}D^{−1}_1 (d_3K_1(h_λ)·), g^{−1}_0 d_2R_3 = −b_{−1}R_Π + [D^{−1}_1 , b_{−1}](d_3K(h_λ)·).

It follows from this, (8.2) and Lemma 8.1 that, for ε sufficiently small, the coefficients on the right side of equation (8.4) satisfy inequality (8.5) and have the needed symmetry properties. From the oddness of b_0 in ξ_1 and (8.9), we conclude that a^j_0 have zero mean over period which implies the second equality of (8.6). In order to prove the first note that |∂(y_1, y_2)/∂(t, ξ_1)| = g_0Θ^{−3} √ a. Therefore, by the change of variable formula and (8.9), π∫ −π π∫ −π { (a^1)^2 − (a^2_1)^2 } dy = 16π^2Ψ_2(a), as in formula (3.11).

It follows from Lemma 8.1 and inequalities (8.2) that, under the assumptions of the theorem, d_1, d^{−1}_2 have the uniform C^{r−3} bounds and |b_i|_{r−4} ≤ cε^2. Hence, by Proposition 7.7, the inequality |||R_2|||_{β+2,β,s} ≤ c|||R_N |||_{β+2,β,s} + cε^2{|||R_K|||_{β+2,β,s} + |||R_T |||_{β+2,β,s} + |||K_1(h_λ)|||_{β+1,β,s}} (8.10) holds for any non-negative β, s such that 2β + s ≤ r − 7. Since K_1(h_λ) is a Q1D operator of any order and ||| · |||_{β+2,β,s} ≤ ||| · |||_{β+1,β,s}, the needed inequality (8.7) for the operator R_2 is a consequence of (8.2), (8.10) and estimates on remainder terms from Theorem 7.9.

In order to estimate R_3 we will use the identity

D^2_1[D^{−1}_1 , b_{−1}] = 2(D_1b_{−1})Π_1 − (D_1b_{−1}) − (D^2_1 b_{−1})D^{−1}_1 .

From this and the C^{r−4} estimates on b_i, we conclude that

‖(1 − D^2_1)[D^{−1}_1 , b_{−1}](d_3K(h_λ)v)‖_s ≤ c|b_{−1}|_{s+2}|d_3|_s‖v‖_s ≤ cε^2‖v‖_s

for any s ≤ r − 6. Similarly,

‖(1 − D^2_1 )(d^{−1}_2 b_{−1}R_Πv)‖_s ≤ c|d^{−1}_2 b_{−1}|_{s+2}(‖R_Πv‖_s + ‖D^2_1R_Πv‖_s) ≤ cε^2‖v‖_s

which implies inequality (8.7) for the operator R_3 and the theorem follows.

8.2 Resolvent estimates for the main part

In this section we consider in more detail the properties of the operator L which forms the main part of the canonical equation (8.4). We observe that for almost every positive g_0 this operator has an unbounded inverse in the Hilbert space H^−_s and estimate the norm of the resolvent (L − μ)^{−1} for typical μ from the continuous spectrum of L. In particular, we prove that for any Q1D operator R of order (β + 2, β), β ≥ 4, in H^−_s the operator (L − μ)^{−1} ∘ R is bounded for μ in a set which has 0 as a Lebesgue point. Recall the notation of Section 2.3 and the statement of Proposition 2.4.

Proposition 8.3. Let ν ∈ (1, 2), g_0 ∈ N (ν), μ ∈ M(g_0, τ) with 1 − ν^{−1} < τ < 1 and h > 0 arbitrary. Let L ≡ D^2_1 + g_0D_2K where K is the Hilbert transform. Then there exist inverses L^{−1} : H^−_{s+ν/2} → H^−_s and (L − μ)^{−1} : H^−_{s+1} → H^−_s such that

‖L^{−1}u‖_s ≤ c(g_0, ν) min{‖(1 + |D_1|)^ν u‖_s, ‖(1 + |D_2|)^{ν/2}u‖_s}, (8.11) ‖(L − μ)^{−1}u‖_s ≤ c(g_0)|μ|^{−τ} min{‖(1 − D^2_1)u‖_s, ‖(1 + |D_2|)u‖_s}, (8.12) ‖(L − μ)^{−1}D_2K_1(h)u‖_s ≤ c(g_0, h)‖u‖_{s−2}. (8.13)

If R is a Q1D operator of order (2, 0) and of order (β + 2, β) in the space H^−_s with β ≥ 4, then ‖(L − μ)^{−1}Ru‖_s ≤ c(g_0)|μ|^{−τ} |||R|||_{β+2,β,s}‖u‖_s. (8.14)

Proof. The existence of inverses and estimates (8.11), (8.12) follow from the equalities F(L − μ)^{−1}u(ζ) = (d(ζ) − μ)^{−1}Fu(ζ), ζ ∈ Z^2 \ {0} and Proposition 2.4. In order to prove (8.13) note that

|F(L − μ)^{−1}D_2K_1(h)u(ζ)| = |(d(ζ) − μ)^{−1}|ζ_2|(1 − tanh h|ζ_2|)Fu(ζ)|.

Introduce the set P = {ζ ∈ Z^2 : |d(ζ) − μ| ≥ (1 + |ζ_1|^2)/2} and the orthogonal projection P defined in terms of the Fourier transform by the equalities FP u(ζ) = Fu(ζ) for ζ ∈ P, and FP u(ζ) = 0 otherwise.

From this and the previous inequality we conclude that

|FP (L − μ)^{−1}D_2K_1(h)u(ζ)| ≤ c(h)|1 + ζ^2_1 |^{−1} exp(−c|ζ_2|)|Fu(ζ)| ≤ c(h)(1 + |ζ|^2|)^{−1}|Fu(ζ)|. (8.15)

Using the identity (L − μ)^{−1} = L^{−1} + μL^{−1}(L − μ)^{−1}, we obtain

|F(I − P )(L − μ)^{−1}D_2K_1(h)u(ζ)| ≤ c(|1 + ζ^2_1 |μ^{1−τ} + 1)|1 + ζ^2_1 | exp(−c|ζ_2|)|Fu(ζ)|.

It easy to see that inequality c(1 + |ζ_2|) ≥ (1 + |ζ_1|)^2 holds for any ζ ∈ Z^2 \ P. From this and the previous inequality we conclude that |F(I − P )(L − μ)^{−1}D_2K_1(h)u(ζ)| ≤ c(1 + |ζ|^2|)^{−1}|Fu(ζ)|, which along with (8.15) implies (8.13).

Note that, by Definition 7.6, the operators G_{β+2,β}R and (1 + |D_1|)^{−2}P R are bounded in H_s and R = SG_{β+2,β}R + P (1 + |D_1|)^2(1 + |D_1|)^{−2}R, where S = (I − P )G^{−1}_{β+2,β}. Therefore it is sufficient to prove that ‖(L − μ)^{−1}Su‖_{Hs} + ‖P (L − μ)^{−1}(1 + |D_1|)^2u‖_{Hs} ≤ c|μ|^{−τ} ‖u‖_{Hs} . (8.16) Recall that in term of the Fourier transform F{(L − μ)^{−1}Su}(ζ) = (d(ζ) − μ)^{−1}(1 + |ζ_2|)^{−β}(1 + |ζ_1|)^{β+2}Fu(ζ) on Z^2 \ P and 0 on P, and that c(1 + |ζ_2|) ≥ (1 + |ζ_1|)^2 holds for any ζ ∈ Z^2 \ P. It follows that |F(L − μ)^{−1}Su(ζ)| ≤ c(g_0)|μ|^{−τ} (1 + |ζ_1|)^2(1 + |ζ_1|)^{2−β}|Fu(ζ)| ≤ c|μ|^{−τ} |Fu(ζ)| for ζ ∈ Z^2 \ P and |F(L − μ)^{−1}Su(ζ)| = 0 for ζ ∈ P, which gives the estimate on the first term in (8.16). Next

|FP (L − μ)^{−1}(1 + |D_1|)^2u(ζ)| ≤ c(g_0)(1 + |ζ_1|)^{−2}(1 + |ζ_1|)^2|Fu(ζ)| which along with the previous inequality imply (8.14) and the proposition follows. Lemma 8.4. Let ϑ = sin ny_1 cos my_2 where (m, n) is the unique solution to the dispersion equation (2.21) for some g_0, h_0. Then provided g_0 ∈ N_0(ν), f ∈ H^−_s and ⟨f, ϑ⟩ = 0, any solution u ∈ H^−_{s−1} to equation L_{h0} u ≡ D^2_1u + g_0D_2K(h_0)u = f, ⟨u, ϑ⟩ = 0, satisfies the inequality ‖u‖_{s−1} ≤ c‖f‖_s. Here c depends only on g_0 and h_0. Proof. Set d_{h0} (ζ) = d(ζ) + g_0|ζ_2|(tanh h_0|ζ_2| − 1) It is clear that Fu(ζ) = d_{h0} (ζ)^{−1}Ff(ζ) if d_{h0} (ζ) ≠ 0 and Fu(ζ) = 0 otherwise. It follows from the definition of N (ν) that |d_{h0} (ζ)| ≥ c(1 + |ζ_2|)^{−1} − exp(−c|ζ_2|). Hence |d_{h0} (ζ)| ≥ c(1 + |ζ_2|)^{−1} for all ζ outside some strip |ζ_2| ≥ ρ. On the other hand, |d_{h0} (ζ)| ≥ cζ^2_1 − c_1(ρ) in this strip. We conclude that |d_{h0} (ζ)|^{−1} ≤ c(1 + |ζ_2|) for all ζ outside some circle. Since any circle contains a finite set of integer points, this estimates holds at any point ζ with d_{h0} (ζ) ≠ 0 and the assertion follows.

9 Descent method and resolvent estimates

In this Section we develop a descent method for reducing integro-differential equations in canonical form to lower order in order to obtain resolvent estimates which lead to possible use of the contraction mapping principle.

9.1 Preliminaries

We deal with a collection of complex-valued functions, which we call ‘symbols’, having the representation a(y, ζ) = a^1(y) − i (sgn ζ_2)a^2(y), y ∈ R^2 , ζ = (ζ_1, ζ_2) ∈ Z^2, where the a^j (y) are smooth 2π-periodic functions with a^1 even and a^2 odd in y_2. We define the product of symbols in a natural way by

ab(y, ζ) = a^1(y)b^1(y) − a^2(y)b^2(y) − i sgn ζ_2(a^1(y)b^2(y) + a^2(y)b^1(y)), (9.1) and set |a|_l = |a^1|_l + |a^2|_l. To every symbol a assign the operator A given by Au(y) = a^1(y)u(y) + a^2(y)Ku(y), y ∈ R^2 , and denote by A the class such operators. The following lemmas give properties of A. Lemma 9.1. Let f ∈ C^l be a smooth periodic function. Then for s, r ≥ 0, s + r < l − 2, ‖|D_2|^r(fKu − K(fu))‖_s ≤ c|f|_l‖u‖_s.

Proof. Set Φ = fKu − K(fu). It is clear that FΦ(ζ) is given by ∑ η∈Z^2 i(sgn ζ_2 − sgn η_2)Ff(ζ − η)F u(η) = 2i sgn ζ_2 ∑ {ζ_2η_2≤0} Ff(ζ − η)Fu(η). It follows that |FΦ(ζ)| ≤ c|f|_l ∑ {ζ_2η_2≤0}

{1 + |ζ_2|^l + |η_2|^l + |ζ_1 − η_1|^l}^{−1}|Fu(η)|

and hence that (1 + |ζ|)^s|ζ_2|^r|FΦ(ζ)| ≤ c|f|_l ∑ η (1 + |η|)^s(1 + |ζ − η|)^{s+r−l}|Fu(η)|. Hence, since l − r − s > 2, ∑ ζ ((1 + |ζ|)^{2s}|ζ_2|^{2r}|FΦ(ζ)|)^2 ≤ c(l, r, s)|f|^2_l ∑ η (1 + |η|)^{2s}|Fu(η)|^2

and the lemma follows.

Lemma 9.2. Let the symbols a(·, ζ), b(·, ζ) ∈ C^l. Then AB = C + R, where the operator C belongs to class A and has the symbol c = ab. For any s, r ≥ 0, s + r < l − 2, ‖(1 + |D_2|^r)Ru‖_s ≤ c|a|_l|b|_l‖u‖_s. Proof. This observation follows from Lemma 9.1 and the identity

(AB − C)u = a^2K(b^2Ku − K(b^2u)) + a^2(K(b^1u) − b^1Ku) + a^2(Π_2(b^2u)), since Π_2u does not depend on y_2.

9.2 Commutators, canonical operators and symbols

Fix operators A_j ∈ A with symbols a_j (y, ζ), j ∈ {−1, 0, 1} such that a_{±1} are odd in y_1 and a_0 is even in y_1. It follows that D_1A_1 : H^−_s → H^−_{s−1} and A_0, D^{−1}_1 A_{−1} : H^−_s → H^−_s for a_j (·, ζ) sufficiently smooth. For solutions u of the canonical equation

Lu ≡ D^2_1u + g_0D_2Ku = 1∑ j=−1 D^j_1A_j u + f, f ∈ H^−_s , (9.2)

our first job is to obtain an equation for the function Γu, where Γ ∈ A is arbitrary. To do so, we calculate commutators of Γ and the linear operators in equation (9.2) using two auxiliary lemmas. The first gives the action of the commutator of L and Γ ∈ A on a solution to equation (9.2).

Lemma 9.3. Whenever Γ ∈ A and μ ∈ R, the equality (L − μ)Γu = D_1Mu + W u + R_Γu + Γ(D^{−1}_1 A_{−1}u + f) (9.3) holds for any solution u ∈ H^−_s , s ≥ 2, of (9.2). The operators M, W ∈ A have symbols m(y, ζ), w(y, ζ) defined by the formulae

m = 2D_1γ + a_1γ, w = −{D^2_1γ + a_1D_1γ + (μ − a_0)γ + ig_0 sgn ζ_2 D_2γ}, (9.4) where γ(y, ζ) is the symbol of Γ and

‖(1 + |D_2|^r)(1 + |D_1|)^{−1}R_Γu‖_s ≤ c(r, s, l, g_0)( 1∑ j=0 |a_j|_l)|γ|_l‖u‖_s (9.5) for any r, s ≥ 0, s + r < l − 3.

Proof. We have [Γ, L] ≡ ΓL − LΓ = Γ_{,11} − 2D_1Γ_{,1} + g_0[Γ, D_2K]. Here the notation Γ_{,j} is used for the operator of class A having symbol D_jγ(y, ζ). Since [Γ, D_2K] = D_2ΓK − D_2KΓ − Γ_{,2}K, ΓL − LΓ = −2D_1Γ_{,1} + Γ_{,11} − g_0Γ_{,2}K + g_0D_2[Γ, K]. (9.6) On the other hand, Γ(D_1A_1 + A_0) = D_1ΓA_1 + ΓA_0 − Γ_{,1}A_1. (9.7) Applying the operator Γ to both the sides of (9.2) we obtain Γ(Lu−

∑_1 j=−1 D j 1A_j u−f) = 0. Substituting (9.6), (9.7) into this equality gives

(L − μ)Γu = D_1{2Γ_{,1} + ΓA_1}u + {ΓA_0 − μΓ − Γ_{,11} − Γ_{,1}A_1 + g_0Γ_{,2}K}u + g_0D_2[K, Γ]u + Γ{D^{−1}_1 A_{−1}u + f}.

It follows from Lemma 9.2 that 2Γ_{,1} + ΓA_1 = M + R_1, where the operator M ∈ A has the symbol m = 2D_1γ + a_1γ and the remainder has the estimate ‖(1 + |D_2|^r)R_1u‖_s ≤ c(r, s, l)|a_1|_l|γ|_l‖u‖_s (9.8) for any non-negative s, r, s + r < l − 2. Similarly,

ΓA_0 − μΓ − Γ_{,11} − Γ_{,1}A_1 + g_0Γ_{,2}K = W + R_2

where the operator W ∈ A has symbol w in (9.4) and

‖(1 + |D_2|^r)R_2u‖_s ≤ c(r, s, l)(1 + |a_1|_l + |a_0|_l)|γ|_l‖u‖_s (9.9)

for any non-negative s, r, s + r < l − 3. From this and the previous identity we obtain the needed relation (9.3) with R_Γ = D_1R_1 + R_2 + g_0D_2[K, Γ]. The estimate (9.5) follows from Lemma 9.1 and (9.8),(9.9) which completes the proof.

Now the idea is to choose the symbol γ such that the corresponding operator M coincide with A_1. In this case subtracting (9.2) and (9.3) gives an equation which has no first order terms on the right. It is clear that the equality M = A_1 is equivalent to the ordinary differential equation for the symbol γ m(y, ζ) ≡ 2D_1γ(y, ζ) + a_1(y, ζ)γ(y, ζ) = a_1(y, ζ). (9.10) Note that the corresponding homogeneous equation 2D_1γ + a_1γ = 0 has the non-trivial periodic solution Ψ^−(y, ζ) where

Ψ^±(y, ζ) = exp{± 1 2 D^{−1}_1 a_1(y, ζ)}. (9.11)

The inhomogeneous equation 2D_1γ + a_1γ = f has a periodic solution if and only if the symbol f(y, ζ) satisfies the solvability condition ∫_π −π Ψ^+(y, ζ)f(y, ζ)dy_1 = 0 for any y_2 ∈ R, ζ ∈ Z^2.

Recall that because a_1 is odd in y_1, D_1D^{−1}_1 a_1 = a_1 and a_1 satisfies the solvability condition. Therefore we can eliminate the first-order term on the right side of (9.2). To repeat this argument and eliminate the zero-order term, we arrive at the following differential equation for a new symbol γ_1:

2D_1γ_1 + a_1γ_1 = a_0 − w − μ.

Here w is defined by (9.4) in which γ is a solution to (9.10). In general the right side of this equation does not satisfy the solvability condition. But, miraculously, it does so if one real constant μ is chosen correctly. Here is the result.

Lemma 9.4. Suppose the symbols a_{±1}(·, ζ) ∈ C^l are odd and a_0(·, ζ) ∈ C^l is even in y_1. Then there exists a symbol γ(·, ζ) ∈ C^l(R^2 ) and a constant μ such that

2D_1γ(y, ζ) + a_1(y, ζ)γ(y, ζ) = a_1(y, ζ), (9.12) ∫_π −π Ψ^+(y, ζ)(w(y, ζ) + μ − a_0(y, ζ))dy_1 = 0 for any y_2 ∈ R, (9.13)

where w is defined by (9.4). They are given by the formulae

γ = 1 − exp { − 1 2 D^{−1}_1 a_1 − i sgn ζ_2 2πg_0 D^{−1}_2 ∫_π −π ((a_1)2 4 + a_0 − μ ) dy_1 } , (9.14) μ = 1 4π^2 ∫_π −π ∫_π −π ((a_1)2 4 + a_0 ) dy_1dy_2, (9.15) and, for some function c which is bounded on bounded sets,

|D_1γ|_l + |γ|_l ≤ c(|a_0|_l, |a_1|_l)(|a_0|_l + |a_1|_l). (9.16)

Proof. Note that the general periodic solution to equation (9.12) is γ(y, ζ) = 1 − C(y_2, ζ)Ψ^−(y, ζ), where C = C^1(y_2) − i sgn ζ_2 C^2(y_2) is an arbitrary symbol depending only on y_2, ζ_2. Recall that C^1 must be even and C^2 odd in y_2 if γ ∈ A. We choose C to satisfy the equation (9.13) which, by (9.4), means that ∫_π −π Ψ^+{D^2_1γ + a_1D_1γ + (μ − a_0)(γ − 1) + ig_0sgnζ_2 D_2γ} dy_1 = 0.

Substituting for γ gives the following equation for C:

0 = C ∫_π −π { Ψ^−Ψ^+(μ − a_0) + Ψ^+D^2_1Ψ^− + Ψ^+a_1D_1Ψ^− } dy_1 + ig_0 sgn ζ_2 C ∫_π −π Ψ^+D_2Ψ^− dy_1 + ig_0sgn ζ_2 ∂C ∂y_2 ∫_π −π Ψ^+Ψ^− dy_1.

Simple calculations show that ∫_π −π Ψ^+D^2_1Ψ^− dy_1 + ∫_π −π Ψ^+a_1D_1Ψ^− dy_1 = − 1 4 ∫_π −π (a_1)^2 dy_1, ∫_π −π Ψ^+D_2Ψ^− dy_1 = 0, ∫_π −π Ψ^+Ψ^− dy_1 = 2π.

Substituting these identities into the previous equality gives that C satisfies

D_2C + h(y_2, ζ)C = 0 where h = i sgn ζ_2 2πg_0 ∫_π −π ((a_1)2 4 + a_0 − μ ) dy_1. Set μ = 1 4π^2 ∫_π −π ∫_π −π ((a_1)2 4 + a_0 ) dy_1dy_2. Then h has zero mean over the period and the equation for the symbol C has a periodic solution C = exp(−D^{−1}_2 h). Substituting C into the formula γ = 1−CΨ^− gives the needed formula for γ and lemma follows.

9.3 The main estimate

Now we can formulate and prove the main result of this section.

Theorem 9.5. Suppose that 1 < ν < 2, 1−ν^{−1} < τ < 2^{−1} and g_0 ∈ N (ν), μ ∈ M(τ, g_0). Suppose also that the symbols a_i are related to μ by (9.15) and that, for some n ≥ 14,

|a_j|_n ≤ c_0|μ|^{1/2}, a_j((−1)^j y_1, y_2, ζ) = (−1)^ja_j (y_1, y_2, ζ).

Then whenever 3 ≤ ρ < n−9, any solution u ∈ H^−_ρ to equation (9.2) satisfies the equation

(I − T )u = Su + (L − μ)^{−1}(I − T )f. (9.17)

Here the bounded operator S : H^−_ρ → H^−_ρ satisfies the inequality ‖Su‖_ρ ≤ c|μ|^{1/2−τ} ‖u‖_ρ and the operator T can be represented as T = 2∑ j=0 D^{−j}_1 Γ_j , Γ_j ∈ A,

where the symbols γ_j of the operators Γ_j satisfy |γ_j|_{n−j} ≤ c|μ|^{1/2}. The constant c depends only on c_0, ρ, n, τ, ν and g_0.

Conversely, there exists δ > 0, depending only on c, such that when μ ≤ δ any solution of (9.17) gives a solution of (9.2).

The proof falls naturally into three steps.

The first step. Introduce the symbol γ_0 ∈ C^n defined by the formula (9.14) with γ replaced by γ_0, and denote by M_0, W_0 ∈ A the operators having the symbols m_0 ∈ C^n, w_0 ∈ C^{n−1} given by the formula (9.4) with γ also replaced by γ_0.

Since (by Lemma 9.4) m_0 = a_1 ∈ C^n, we have M_0 = A_1. Now subtracting (9.3) from (9.2) gives (L − μ)(I − Γ_0)u = B_0u + (I − Γ_0)(D^{−1}_1 A_{−1}u + f) − R_{Γ0} u (9.18) where the symbol b_0 of B_0 is defined by b_0(y, ζ) = a_0(y, ζ) − μ − w_0(y, ζ). (9.19) It follows from (9.4) and (9.16) that |γ_0(·, ζ)|_n + |b_0(·, ζ)|_{n−1} ≤ c|μ|^{1/2}. (9.20) It follows from this and Lemma 9.3 that the remainder R_{Γ0} has the estimate ‖(1 + |D_2|^r)(1 + |D_1|)^{−1}R_{Γ0} u‖_ρ ≤ c|μ|^{1/2}‖u‖_ρ (9.21) for any r, ρ ≥ 0, r + ρ < n − 3. Note that, by (9.13) and (9.19), ∫_π −π Ψ^+(y, ζ)b_0(y, ζ_2) dy_1 = 0 for any y_2. (9.22)

The second step. Since the symbol b_0 satisfies the solvability condition (9.22), the differential equation 2D_1γ_1 + a_1γ_1 = b_0 has the periodic solution

γ_1(y, ζ) = 1 2 Ψ^−(y, ζ)D^{−1}_1 (Ψ^+(y, ζ)b_0(y, ζ)), |D_1γ_1|_{n−1} + |γ_1|_{n−1} ≤ c|μ|^{1/2}.

Denote by M_1, W_1 ∈ A the integro-differential operators having the symbols m_1, w_1 which are defined by the equalities (9.4) with γ replaced by γ_1. It is then clear that B_0 = M_1, and m_1 ∈ C^{n−1}, w_1 ∈ C^{n−2}. Now Lemma 9.3 gives (L − μ)Γ_1u = D_1B_0u + W_1u + R_{Γ1} u + Γ_1(D^{−1}_1 A_{−1}u + f).

Applying the operator D^{−1}_1 to both sides of this equality and using identity D_1D^{−1}_1 = I − Π_1, we obtain, for u ∈ H^−_ρ , that

(L − μ)D^{−1}_1 Γ_1u = B_0u + D^{−1}_1 W_1u + D^{−1}_1 R_{Γ1} u − Π_1B_0u + D^{−1}_1 Γ_1(D^{−1}_1 A_{−1}u + f).

Subtracting this equality from (9.18) yields that

(L − μ)(I − Γ_0 − D^{−1}_1 Γ_1)u = −D^{−1}_1 W_1u + (I − Γ_0 − D^{−1}_1 Γ_1)(D^{−1}_1 A_{−1}u + f) − (R_{Γ0} u + D^{−1}_1 R_{Γ1} u − Π_1B_0u). (9.23) Now we extract the main part of the right side of this equality. To this end introduce the operator B_1 ∈ A with the symbol b_1 = (1 − γ_0)a_{−1} − w_1 ∈ C^{n−2}. It is easy to check that |b_1|_{n−2} ≤ c|μ|^{1/2}. Now introduce the operators P_1 = −(R_{Γ0} + D^{−1}_1 R_{Γ1} ) + D^{−1}_1 ((I − Γ_0)A_{−1} − W_1 − B_1), (9.24) Q_1 = −D^{−1}_1 Γ_1D^{−1}_1 A_{−1} − [Γ_0, D^{−1}_1 ]A_{−1} + Π_1B_0. (9.25) In this notation, we can rewrite equality (9.23) as

(L − μ)(I − Γ_0 − D^{−1}_1 Γ_1)u = D^{−1}_1 B_1u + (I − Γ_0 − D^{−1}_1 Γ_1)f + P_1u + Q_1u. (9.26) Our next task is to estimate the remainder terms P_1u, Q_1u. We begin with P_1u. It follows from estimates of the symbols γ_j and the estimates of the remainder from Lemma 9.3 that ‖(1 + |D_2|^r)(1 + |D_1|)^{−1}(R_{Γ0} u + D^{−1}_1 R_{Γ1} u)‖_ρ ≤ c|μ|^{1/2}‖u‖_ρ (9.27) for any r, ρ ≥ 0, r + ρ < n − 4. Next note that the operator U ≡ B_1 + W_1 − A_{−1} has symbol −γ_0a_{−1}. Since (I − Γ_0)A_{−1} − W_1 − B_1 ≡ −Γ_0A_{−1} − U we obtain, from Lemma 9.2, that ‖(1 + |D_2|^r)((I − Γ_0)A_{−1} − W_1 − B_1)u‖_ρ ≤ c|μ|^{1/2}‖u‖_ρ (9.28) for any r, ρ ≥ 0, r + ρ < n − 2. It follows from (9.27) and (9.28) that ‖(1 + |D_2|^r)(1 + |D_1|)^{−1}P_1u‖_ρ ≤ c|μ|^{1/2}‖u‖_ρ (9.29) for any r, ρ ≥ 0, r + ρ < n − 4.

Let us estimate the norm of the operator Q_1. Since the function Π_1B_0u does not depend on the variable y_1, we obtain from (9.20) that ‖(1 + |D_1|^2)Π_1B_0u‖_ρ ≤ c|μ|^{1/2}‖u‖_ρ (9.30) for any ρ ≥ 0, ρ ≤ n − 1. Next, since D^2_1(D^{−1}_1 Γ_1D^{−1}_1 A_{−1}u) ≡ Γ_{1,1}D^{−1}_1 A_{−1}u + Γ_1(I − Π_1)A_{−1}u and |γ_1|_{n−1} ≤ c|μ|^{1/2}, we obtain that ‖D^2_1(D^{−1}_1 Γ_1D^{−1}_1 A_{−1}u)‖_ρ ≤ c|μ|‖u‖_ρ (9.31) for any ρ ≤ n − 2. Straightforward calculations give the following identity for the commutator [Γ_0, D^{−1}_1 ]:

D^2_1 [Γ_0, D^{−1}_1 ] = D^2_1(Γ_0D^{−1}_1 − D^{−1}_1 Γ_0) = Γ_{0,1} − 2Γ_{0,1}Π_1 + Γ_{0,11}D^{−1}_1 , from which we conclude that ‖D^2_1[Γ_0, D^{−1}_1 ]u‖_ρ ≤ c|μ|^{1/2}‖u‖_ρ (9.32) for any ρ ≤ n − 2. The inequalities (9.30)-(9.32) imply the needed estimate for Q_1u: ‖(1 + |D_1|^2)Q_1u‖_ρ ≤ c|μ|^{1/2}‖u‖_ρ for any 0 ≤ ρ ≤ n − 2. (9.33) In conclusion: for μ given by the conditions of Theorem 9.5, any solution u ∈ H^−_ρ to (9.2) is also a solution of equation (9.26). The symbol of the operator B_1 satisfies the inequality |b_1|_{n−2} ≤ c|μ|^{1/2}. The operators P_1, Q_1 satisfy the inequalities (9.29), (9.33)).

The third step. Note that, by construction, the symbol b_j (y, ζ) is odd in y_1 if j = 1 and even if j = 0. Since Ψ^±(y, ζ) is even in y_1, we have ∫_π −π Ψ^+(y, ζ)b_1(y, ζ_2) dy_1 = 0 for any y_2.

Hence the differential equation 2D_1γ_2 + a_1γ_2 = b_1 has the periodic solution γ_2(y, ζ) = 1 2 Ψ^−(y, ζ)D^{−1}_1 (Ψ^+(y, ζ)b_1(y, ζ)), |D_1γ_2|_{n−2} + |γ_2|_{n−2} ≤ c|μ|^{1/2}. (9.34) Denote by M_2, W_2 ∈ A the integro-differential operators having symbols m_2, w_2 defined by (9.4) with γ replaced by γ_2. It follows from (9.4) and our estimates of b_1 that |m_2|_{n−2} + |w_2|_{n−3} ≤ c|μ|^{1/2}. It is clear that B_1 = M_2. Lemma 9.3 now implies that (L − μ)Γ_2u = D_1B_1u + W_2u + R_{Γ2} u + Γ_2(D^{−1}_1 A_{−1}u + f).

Applying the operator D^{−2}_1 to both the sides of this equality we obtain (L − μ)D^{−2}_1 Γ_2u = D^{−1}_1 B_1u + D^{−2}_1 (W_2u + R_{Γ2} u) + D^{−2}_1 Γ_2(D^{−1}_1 A_{−1}u + f).

Subtracting this equation from (9.26) gives (L − μ)(I − 2∑ j=0 D^{−j}_1 Γ_j)u = −D^{−2}_1 W_2u + (I − 2∑ j=0 D^{−j}_1 Γ_j )f + + (P_1 + Q_1)u − D^{−2}_1 Γ_2D^{−1}_1 A_{−1}u − D^{−2}_1 R_{Γ2} u. Set P_2 = P_1 − D^{−2}_1 R_{Γ2} , Q_2 = Q_1 − D^{−2}_1 W_2u − D^{−2}_1 Γ_2D^{−1}_1 A_{−1}u.

Using this notation, we can rewrite the previous equation in the form (L − μ)(I − 2∑ j=0 D^{−j}_1 Γ_j )u = P_2u + Q_2u + (I − 2∑ j=0 D^{−j}_1 Γ_j)f. (9.35)

It follows from the estimates on the remainder given by Lemma 9.3, (9.29), (9.33) and (9.34) that ‖(1 + |D_2|^r)(1 + |D_1|)^{−1}P_2u‖_ρ ≤ c|μ|^{1/2}‖u‖_ρ (9.36) for any r, ρ ≥ 0 with r + ρ < n − 5, and that

‖(1 + |D_1|^2)Q_2u‖_ρ ≤ c|μ|^{1/2}‖u‖_ρ (9.37)

for any 0 ≤ ρ ≤ n − 3. Finally, we introduce the operators

S = (L − μ)^{−1}(P_2 + Q_2), T = I − 2∑ j=0 D^{−j}_1 Γ_j

and prove that they satisfy all the requirements of Theorem 9.5.

We start with estimating the operator S. Note that, by Proposition 8.3 and (9.37), ‖(L − μ)^{−1}Q_2u‖_ρ ≤ c|μ|^{−τ} ‖(1 + |D_1|^2)Q_2u‖_ρ ≤ c|μ|^{1/2−τ} ‖u‖_ρ (9.38) for any 0 ≤ ρ ≤ n − 3.

Let us estimates (L − μ)^{−1}P_2 . Inequality (9.36) shows that, for r + ρ < n − 5, P_2 is a Q1D operator of order (1, r) in the space H^−_ρ and |||P_2|||_{1,r,ρ} ≤ c|μ|^{1/2}. It follows that |||P_2|||_{r+2,r,ρ} ≤ |||P_2|||_{1,r,ρ} ≤ c|μ|^{1/2}, 0 ≤ r ≤ n − ρ − 5. From this and Proposition 8.3 we obtain the inequality ‖(L − μ)^{−1}P_2u‖_ρ ≤ c|μ|^{−τ} |||P_2|||_{r+2,r,ρ}‖u‖_ρ ≤ c|μ|^{1/2−τ} ‖u‖_ρ. for any r ≥ 4 and r + ρ < n − 5. Now let r = 4 and ρ < n − 9. This, along with (9.38), gives the needed estimate on S. The estimates on symbols γ_j follows from the construction of the operator T .

It follows from the above discussion that any solution u ∈ H^−_ρ , 3 ≤ ρ < n − 9, to equation (9.2) is also a solution to the equation (9.17).

It remains to show that any solution u ∈ H^−_ρ of (9.17) with 3 ≤ ρ ≤ n − 9 and μ > 0 sufficiently small also satisfies equations (9.2). Suppose that u is a solution to (9.17). Set q ≡ Lu − ∑_1 j=−1 D j 1A_ju − f, so that u satisfies a canonical equation with f + q on the right. Hence (I − T )u = Su + (L − μ)^{−1}(I − T )(f + q) and (L − μ)^{−1}(I − T )q = 0 which, for μ sufficiently small, implies q = 0. Thus Theorem 9.5 is proven.

10 The main integro-differential equation

In this section we will prove unique solvability of the integro-differential equation ∂ ∂t ( 1 a ∂u ∂t ) + ∂_{ξ1} K(h_λ)u + R_0u = σq + f, ⟨u, ϑ⟩ = 0, (10.1)

where K(h_λ) is a finite-depth Hilbert transform and R_0 is the integral operator

R_0u(t, ξ_1) = ∫_π −π r_0(t, ξ_1, s)u(t, s)ds with 2π-periodic smooth kernel r_0 and ϑ(t, ξ_1) = sin nt cos mξ_1. (See Problem B in Section 5 and Theorem 7.2.) Since, from (3.1), we are interested in ε^2 = κμ(1 + ω_2)^{1/2} and h_λ = (1 + ελ)^{−1}h_0 it suffices, for present purposes and simplicity of presentation, to impose the following restrictions on the coefficients in the equation (10.1). Let ā = a − g_0.

(a) Suppose that r ≥ 25, 5 ≤ s ≤ 18 and that the functions a, r_0 are 2π-periodic and even in all variables, symmetric in the sense that r_0(t, ξ_1, s) = r_0(t, s, ξ_1), and

|ā|_{r−2} + |r_0|_{r−4} ≤ c_0μ, |h_0 − h_λ| ≤ c_0μ^{1/2}.

The function q(t, ξ_1) is even in ξ_1, odd in t and, for all s with 5 ≤ s ≤ r − 18, |q|_s ≤ c_0, ⟨q, ϑ⟩_{H0} ≥ c^{−1}_0 > 0. (b) The positive numbers g_0, ν, τ and μ are related by the the incommensurability condition g_0 ∈ N_0(ν), with ν ∈ (1, 4/3), and the fact that −μ^2 ∈ M(g_0, τ), where 1 − ν^{−1} < τ < 4^{−1}. Then h_0 > 0 is such that the dispersion equation n^2 = g_0m tanh(h_0m) has a unique positive integer solution (n, m). All this is possible because of Proposition 2.4.

(c) The function a and the parameters g_0, μ satisfy the relations

Ψ_1(a) = g_0, Ψ_2(a) = −μ^2, with Ψ_j, j = 1, 2, given by (3.10), (3.11).

Our goal is to establish the solvability of equation (10.1) and to investigate how the regularity of its solutions depends on properties of its coefficients. Let H^−_s be defined as in Section 7 with (t, ξ_1) in the role of y = (y_1, y_2). We start by proving the existence of solutions to a modified equation in the Hilbert space H^−_s .

10.1 Solvability of a modified equation

Introduce the linear operator L_a defined by L_au = ∂ ∂t ( 1 a ∂u ∂t ) + ∂_{ξ1} K(h_λ)u + BK(h_λ)u, (10.2)

where the operator B = b_0 +b_{−1}∂^{−1}_t (see (8.1)) has coefficient b_0 = la^{−1}a^{(1)} and b_{−1} = lγ^{(1)}, which depend on the parameter l, and let γ = a_t/a. Now consider the integro-differential equation L_aw − σϑ_0 = f, ⟨w, ϑ⟩ = 0, (10.3) where, in the notation of Section 8.1, ϑ_0 = (Θ^{−2}ϑ ∘ Q^{−1}).

Theorem 10.1. Suppose that assumptions (a)-(c) are satisfied and f ∈ H^−_s . Then there exists δ_1 > 0 and a constant c_1, depending only on c_0, r, such that whenever μ ∈ (0, δ_1] and −μ^2 ∈ M(g_0, τ), equation (10.3) has a unique solution w = R_1f ∈ H^−_{s−1}, σ = R_2f ∈ R. The linear operator R = (R_1, R_2) : H^−_s →∈ H^−_{s−1} × R is bounded and satisfies the inequality

‖R_1f‖_{s−1} + |R_2f| ≤ c_1μ^{−2τ} ‖f‖_s. (10.4)

Proof. Note that b_0 and b_{−1} have the correct parity for Theorem 8.2 and, by condition (a), |b_j |_{r−4} ≤ cμ, with the constant c depending only on r, l and c_0 in (a). From this and the estimates on a we conclude that equation (10.3) meets all requirements of Theorem 8.2 and so the function v = w ∘ Q satisfies

Lv ≡ D^2_1 v + g_0D_2Kv = 1∑ j=−1 D^j_1A_jv + R_2v + R_3v − g_0D_2K_1(h_λ)v + σϑ + f^∗. (10.5)

The coefficients of the operators A_j = a^1_j + a^2_j K and the function f^∗ = (Θ^2f) ∘ Q are defined by Theorem 8.2, where the remainders are shown to satisfy the bounds |||R_2|||_{β+2,β,s−1} ≤ cμ, ‖(1 − D^2_1)R_3v‖_{s−1} ≤ cμ‖v‖_{s−1} (10.6) for any 2β + s − 1 ≤ r − 7, and c depends only on c_0 and r.

Now our goal is to solve (10.5) using the descent method, Theorem 9.5. To check that the operators A_j satisfy the required conditions, note from (8.9) that A_0 = a^1_0 + a^2_0K where a^1_0 = −D_1a^1 and a^2_0 = −D_1a^2_1 − l(Θ^2a^{−1}a^{(1)}) ∘ Q. By hypothesis (a), the function Θ and a are even in all variables. Hence a^{−1}a^{(1)} is odd in ξ_1. Since the diffeomorphism Q given by Lemma 8.1 respects symmetry properties, the function (Θ^2a^{−1}a^{(1)}) ∘ Q is odd in y_2 and a_0 has zero mean on the periodic rectangle [−π, π]^2. Similarly the product a^1a^2_1 has zero mean. From this and Theorem 8.2 we conclude that 1 4π^2 ∫_π −π ∫_π −π ((a_1)2 4 + a_0 ) dy = ∫_π −π ∫_π −π ((a1)2 − (a2_1)2

16π^2 ) dy = Ψ_2(a) = −μ^2.

Furthermore, by hypothesis (b) of this Theorem, |a^i_j|_{r−4} ≤ cμ with the constant c depending on c_0 and r only.

Hence the canonical equation (10.5) meets all the requirements of Theorem 9.5 with μ replaced by −μ^2 and n = r − 4. Since s < r − 13 = n − 9, we conclude that (10.3) is equivalent to the equation

v = (S + T )v + (L + μ^2)^{−1}(I − T )(R_2v + R_3v − g_0D_2K_1(h_λ)v + σϑ + f^∗), (10.7)

and the constraint ⟨w, ϑ⟩ = 0 becomes χ(v) = ⟨v ∘ Q^{−1}, ϑ⟩ = 0.

Hence the problem of solving (10.3) is reduced to that for equation (10.7). We now prove that the operators in this equations can be arranged as the sum of a compact selfadjoint operator and an operator having small norm in the Hilbert space H^−_{s−1}. Introduce the operators

U_1 = (S + T ) + (L + μ^2)((I − T )(R_2 + R_3) + g_0T D_2K_1(h_λ)), U_2 = (L + μ^2)^{−1}D_2{K_1(h_0) − K_1(h_λ) − μ^2L^{−1}K_1(h_0)},

and set V_1 = −g_0L^{−1}D_2K_1(h_0), V_2 = U_1 + g_0U_2. In this notation equation (10.7) and the orthogonality condition become

(I − V_1)v = V_2v + σq^∗ + (L + μ^2)^{−1}(I − T )f^∗, χ(v) = 0 (10.8)

where q^∗ = (L + μ^2)^{−1}(I − T )ϑ. The rest of the proof is based on the following two lemmas. The proof of the first is an elementary application of the contraction mapping principle, and we omit it.

Lemma 10.2. In the Hilbert space H, let V_1 be a compact self-adjoint operator having simple eigenvalue 1 with corresponding eigenvector ϑ, and let V_2 be a bounded linear operator. Suppose that V_2, q^∗ ∈ H and a functional χ ∈ H^∗ (all depending on μ ∈ (0, δ]) satisfy ‖V_2‖ ≤ c_1|μ|^{1−2τ} , ‖q^∗‖ + ‖χ‖ ≤ c_1, |⟨q^∗, ϑ⟩| ≥ c_2, χ(ϑ) ≥ c_2, with c_i > 0 independent of μ. Then there exists δ_1 > 0, depending only on V_1 and c_i, such that equations (I − V_1)v = V_2v + σq^∗ + f, χ(v) = 0, for any f ∈ H and |μ| ≤ δ_1, have a unique solution, v, σ, with ‖v‖ + |σ| ≤ c‖f‖. Here c depends only on c_i, the exponent τ and the operator V_1.

Lemma 10.3. Under the assumptions of Theorem 10.1, there exists c depending only on r,s l and c_0 such that ‖U_iu‖_{s−1} ≤ c|μ|^{1−2τ} ‖u‖_{s−1}, i = 1, 2. (10.9) Proof. In Theorem 9.5 the operator T is given by T = 2∑ j=0 D^{−j}_1 Γ_j , Γ_j = γ^1_j + γ^2_j K ∈ A.

The symbols γ_j of the operators Γ_j have the bounds |γ_j|_{r−6} ≤ c|μ|, and the inequality ‖Su‖_ρ ≤ c|μ|^{1−2τ} |u|_ρ holds for any u ∈ H^−_ρ and ρ < n − 9. Here the constant c depends only on c_0 and r. Thus we get ‖(S + T )v‖_{s−1} ≤ cμ^{1−2τ} ‖v‖_{s−1}. (10.10) In order to estimate the second term in the formula for U_1 we note that |||T R_2|||_{β+2,β,s−1} ≤ c 2∑ j=0 |||Γ_jR_2|||_{β+2,β,s−1}. Since |||KR_2|||_{β+2,β,s−1} = |||R_2|||_{β+2,β,s−1}, we conclude from the estimates on the symbols γ_j and from Proposition 7.7 that |||Γ_jR_2|||_{β+2,β,s−1} ≤ c‖γ_j‖_{r−6}|||R_2|||_{β+2,β,s−1} ≤ cμ|||R_2|||_{β+2,β,s−1}, for any β > 0 with 2β + s + 1 < r − 8. Since D_2K_1(h_λ) is a Q1D operator of arbitrary non-negative order, we have that |||Γ_jD_2K_1(h_λ)|||_{β+2,β,s−1} ≤ cμ|||D_2K_1(h_λ)|||_{β+2,β,s−1} ≤ cμ for the same β. These inequalities along with (10.6) give the estimate |||(I − T )R_2 + g_0T D_2K_1|||_{β+2,β,s−1} ≤ cμ for any β ≥ 0, 2β + s < r − 9. On the other hand, estimates of the resolvent from Proposition 8.3 imply when β ≥ 4 that ‖(L + μ^2)^{−1}Rv‖_{s−1} ≤ cμ^{−2τ} |||R|||_{β+2,β,s−1}‖v‖_{s−1} for any Q1D operator R of order (2, 0) and (β + 2, β), where −μ^2 ∈ M(g_0, τ). By hypotheses (a), for β = 4 we have 2β + s ≤ r − 9, which along with the previous inequalities yields the estimate ‖(L + μ^2)^{−1} ((I − T )R_2 + g_0T D_2K_1) v‖_{s−1} ≤ cμ^{1−2τ} ‖v‖_{s−1}. (10.11) Next, estimate (10.6) gives ‖(1 − D^2_1)(I − T )R_3v‖_{s−1} ≤ c‖(1 − D^2_1)R_3v‖_{s−1} ≤ cμ‖v‖_{s−1}. Estimates of the resolvent from Proposition 8.3 imply ‖(L + μ^2)^{−1}(1 − D^2_1 )^{−1}v‖_{s−1} ≤ cμ^{−2τ} ‖v‖_{s−1}.

From this and the previous inequality we get ‖(L + μ^2)^{−1}(I − T )R_3v‖_{s−1} ≤ cμ^{1−2τ} ‖v‖_{s−1} (10.12) which, along with (10.10), (10.11) implies the estimate (10.9) for U_1.

Now we estimate the norm of the operator U_2. In terms of Fourier transforms it is represented as FU_2v(ζ) = U_2(ζ)Fv(ζ), where

|U_2(ζ)| = |d(ζ) + μ^2|^{−1}|ζ_2|| tanh(ζ_2h_0) − tanh(ζ_2h_λ) − μ^2d(ζ)^{−1}(tanh(ζ_2h_0) − 1)|, for ζ ≠ 0, and U_2(0) = 0. From estimates (2.22) and (2.25) and condition (a) |U_2(ζ)| ≤ c|μ|^{−2τ} (1 + |ζ_2|^2)(|h_0 − h_λ| + μ^2)e^{−c(h0)|ζ2|} ≤ c|μ|^{1−2τ} e^{−c(h0)|ζ2|} ≤ c|μ|^{1−2τ} .

So U_2 satisfies (10.9) and the lemma follows.

Now we can return to the proof of Theorem 10.1.

Note that, in terms of Fourier transforms, V_1 is the operator of multiplication by V_1(ζ) = −g_0d(ζ)^{−1}|ζ_2|(tanh |h_0ζ_2| − 1) for ζ ∈ Z^2 \ {0} V_1(0) = 0.

Estimates of d from (2.22) imply that, in the parabolic sector |ζ_1|^2 ≤ 2g_0|ζ_2| + 1, |V_1(ζ)| ≤ c(1 + |ζ_2|)^2e^{−c|ζ2|} ≤ ce^{−c|ζ|} → 0 as |ζ| → ∞, and outside this sector the definition of d gives that |V_1(ζ)| ≤ c(1 + |ζ_1|)^{−2}e^{−c|ζ2|} → 0 as |ζ| → ∞. Since V_1(ζ) vanishes at infinity and takes real values, V_1 is a compact self-adjoint operator in every space H^−_s . It follows from condition (b) that ϑ is the unique eigenfunction of V_1 in the space H^−_{s−1} corresponding to the eigenvalue 1. It remains to show that the function q^∗ also satisfies the hypotheses of Lemma 10.2. Using the identity (L + μ^2)^{−1} = L^{−1} − μ^2(L + μ^2)^{−1}L^{−1} we obtain ‖q^∗‖_{s−1} ≤ ‖(L^{−1} − μ^2(L + μ^2)^{−1}L^{−1})ϑ‖_{s−1} + ‖(L + μ^2)^{−1}T ϑ‖_{s−1}.

From estimates on the resolvent of L from Proposition 8.3 and estimates on Γ_j from Theorem 9.5 this gives ‖q^∗‖_{s−1} ≤ c{‖ϑ‖_s + |μ|^{2−2τ} ‖ϑ‖_{s+1} + |μ|^{1−2τ} ‖ϑ‖_s} ≤ c. Hence the coefficient ‖q^∗‖_{s−1} has a bound which depends only on r and the constant c_0 from condition (a). Next, ⟨q^∗, ϑ⟩_{s−1} = ⟨(I − T )ϑ, (1 + |∇|)^{2s−2}(L + μ^2)^{−1}ϑ⟩_0.

It is obvious that (1 + |∇|)^{2s−2}(L + μ^2)^{−1}ϑ = p(μ)ϑ with the function |p(μ)| = (1 + |(n, m)|)^{2s−2}|g_0m(tanh(mh_λ) − 1) − μ^2|^{−1}, where p(μ) → p(0) ≠ 0 as μ → 0. Hence, for μ > 0 sufficiently small, |⟨q^∗, ϑ⟩_{s−1}| ≥ |p(μ)|{⟨ϑ, ϑ⟩_0 − ⟨T ϑ, ϑ⟩_0} ≥ c > 0. Hence, for sufficiently small μ, the function q^∗ satisfies the conditions of Lemma 10.2.

Therefore, for μ ∈ (0, δ_1], with −μ^2 ∈ M(g_0, τ) for suitably small δ_1 > 0, equation (10.8) has a unique solution σ ∈ R, v ∈ H^−_{s−1}, and this solution satisfies |σ| + ‖v‖_{s−1} ≤ c‖(L + μ^2)^{−1}(I − T )f^∗‖_s. Estimates on T in the descent method, Theorem 9.5 and estimates on the resolvent of L from Proposition 8.3 imply ‖(L + μ^2)^{−1}(I − T )f^∗‖_{s−1} ≤ c|μ|^{−2τ} ‖f^∗‖_s. Next we note that w = v ∘ P and f^∗ = (Θ^2f) ∘ Q, where the diffeomorphism Q = P^{−1} is given by Lemma 8.1. Under the assumption (a), P and Q are uniformly C^{r−2}-bounded. Hence ‖w‖_{s−1} ≤ c‖v‖_{s−1} and ‖f^∗‖_s ≤ c‖f‖_s which, along with the previous inequality, gives the needed estimate on w and the theorem follows.

10.2 Extended system

Our next goal is to prove unique solvability of the integro-differential equation (10.1) in the space H^−_{s+l−1} for s with 5 ≤ s ≤ r − 18 where r ≥ 25 and l ≥ 0. To this end we replace it by a equivalent extended system of operator equations for derivatives of u and a parameter σ. Multiplying both the sides of equation (10.1) by a we rewrite it in the form 0 = M(u, σ) ≡ u_{tt} − γu_t + a∂_{ξ1} K(h_λ)u + a(R_0u − σq − f). (10.13) Let χ_0 = χ_1 = 0 and for integers l ≥ 0 define linear operators by Ψ_l(u, σ) = ψ_l + lγ^{(1)}∂^{−1}_t (ψ_{l−1}) + lγ^{(1)}φ_l, l ≥ 0, (10.14) Φ_l(u, σ) = ∂^{l−2}_t (γu_t − a∂_{ξ1} K(h_λ)u − aR_0u + aqσ), (10.15) ψ_l(u, σ) = χ_l(u) + R_l(u, σ), (10.16) where R_l = a^{−1}(−aR_0u + σaq)^{(l)}, l ≥ 0, φ_l(u) = (l − 1)∂^{−1}_t {a^{−1}(γ^{(1)}u^{(l−2)}_t − a^{(1)}K(h_λ)u^{(l−1)})} − Π_t( a_t a^2 u^{(l−1)}), l ≥ 1, χ_l(u) = 1 a l−2∑ k=0 C^l_k ( γ^{(l−k)}u^{(k)}_t − a^{(l−k)}K(h_λ)u^{(k+1)} ) , for l ≥ 2, C^l_k = l! (l − k)!k! . Here superscript (l) stands for the l^{th} derivative with respect to ξ_1. Henceforth let l denote an arbitrary, but fixed, even integer and denote by Δ_l and G_l the differential operators given by the formulae

Δ_l = ρ_0∂^l_{ξ1} + ∂^l_t, G_l = Δ_l + g_0K(h_λ)∂_{ξ1} ∂^{l−2}_t with ρ_0 = (2g_0)^{l/2}.

With L_a given by (10.2), consider the following system of the operator equations for functions w, u and a parameter σ

L_aw − Ψ_l(u, σ) = f_l ≡ a^{−1}(af)^{(l)} + lγ^{(1)}∂^{−1}_t (a^{−1}(af)^{(l−1)}), ⟨w, ϑ⟩ = 0, (10.17) Δ_lu − Φ_l(u, σ) − ρ_0w = F_l ≡ ∂^{l−2}_t (af). (10.18)

Note that, using Theorem 10.1, we can eliminate the function w and rewrite the extended system as an equation for the function u and a parameter σ

u = Δ^{−1}_l ( ρ_0S_1(u, σ) + Φ_l(u, σ) ) + F_1, σ = S_2(u, σ) + F_2. (10.19)

Here the linear operators S_i and the functions F_i are defined by the equalities

S_i = R_i ( Ψ_l(u, σ) − σϑ_0 ) , F_1 = Δ^{−1}_l (ρ_0R_1f_l + F_l), F_2 = R_2f_l.

The operators R_i and the function ϑ_0 are given in Theorem 10.1.

Proposition 10.4. There exists δ_2 > 0, depending only on r, l and the constant c_0 from condition (a), such that whenever μ ∈ (0, δ_2] and u ∈ H^−_{s+l−1}, w ∈ H^−_{s−1}, σ satisfy the equations (10.17), (10.18), u and σ solve the (10.1) and w = u^{(l)}.

Proof. It suffices to show, under the assumptions of the proposition, that M(u, σ) = 0 and u satisfies the orthogonality conditions. This is based on the following two identities. Lemma 10.5. Whenever u, f ∈ H_{2+l} and σ ∈ R,

L_au^{(l)} − Ψ_l(u, σ) − f_l = a^{−1}M(u, σ)^{(l)} + lγ^{(1)}∂^{−1}_t (a^{−1}M(u, σ)^{(l−1)}), (10.20) ∂^l_tu − Φ_l(u, σ) − F_l ≡ ∂^{l−2}_t M(u, σ). (10.21) Proof. Differentiate the expression for M in (10.13) l times with respect to ξ_1 to obtain w_{tt} − γw_t + a∂_{ξ1} K(h_λ)w = (−aR_0u + σaq + af)^{(l)} + l−1∑ k=0 C^l_k ( γ^{(l−k)}u^{(k)}_t − a^{(l−k)}K(h_λ)u^{(k+1)} ) +M^{(l)} where w = u^{(l)}. After dividing by a this equation becomes ( 1 a w_t ) t + ∂_{ξ1} K(h_λ)w + la^{−1} ( a^{(1)}K(h_λ)w − γ^{(1)}u^{(l−1)}_t ) = ψ_l + a^{−1}((af)^{(l)} + M^{(l)}). (10.22)

Now our task is to eliminate the term a^{−1}u^{(l−1)}_t . Replacing l by l − 1 in (10.22) gives ( 1 a u^{(l−1)}_t ) t + K(h_λ)w = ψ_{l−1} + a^{−1}((af)^{(l−1)} + M^{(l−1)}) + (l − 1)a^{−1}(γ^{(1)}u^{(l−2)}_t − a^{(1)}K(h_λ)u^{(l−1)}).

Note that ∂^{−1}_t ∂_t (1 a u^{(l−1)}_t ) = 1 a u^{(l−1)}_t + 1 2π ∫_π −π a_t a^2 u^{(l−1)}(t, ξ_1)dt. From this we obtain that 1 a u^{(l−1)}_t = ∂^{−1}_t [−K(h_λ)w + ψ_{l−1} + a^{−1}((af)^{(l−1)} + M^{(l−1)})] + φ_l,

which, substituted in (10.22), yields (10.20).

Differentiation of M (given in (10.13)) l − 2 times with respect to t gives the identity (10.21) and the lemma follows.

Lemma 10.6. For any k ≥ 0 the operator Δ_l has a bounded inverse Δ^{−1}_l : H^−_k → H^−_{k+l} and ‖u‖_{k+l} ≤ c(k, l)‖Δ_lu‖_k, ‖Δ_lu‖_0 ≤ 2‖G_lu‖_0. (10.23) Proof. In terms of Fourier transforms, Δ_l and G_l are operators of multiplication by D_l(ζ) = (−1)^{l/2}(|ζ_1|^l + ρ_0|ζ_2|^l) and G_l(ζ) = D_l(ζ) + (−1)^{(l−2)/2}g_0ζ_2|ζ_1|^{l−2} tanh(h_λζ_2). The first estimate follows from the representation FΔ^{−1}_l u(ζ) = D^{−1}_l Fu(ζ) for ζ ≠ 0, FΔ^{−1}_l u(0) = 0.

In order to prove the second note that |G_l(ζ)| ≥ |D_l(ζ)| − g_0|ζ_2||ζ_1|^{l−2}. Applying the Young inequality gives g_0|ζ_2||ζ_1|^{l−2} ≤ 2^{−1}(|ζ_1|^l + 2^{l/2}g^{l/2}_0 |ζ_2|^{l/2}) ≤ 2^{−1}|D_l(ζ)|, which implies 2^{−1}|D_l(ζ)| ≤ |G_l(ζ)| and the lemma follows.

Now we can complete the proof of Proposition 10.4 as follows. Identities (10.20) and (10.21) along with equations (10.17) and (10.18) imply

L_a(w − u^{(l)}) = −a^{−1}M^{(l)} − lγ^{(1)}∂^{−1}_t (a^{−1}M^{(l−1)}), ρ_0(w − u^{(l)}) = ∂^{l−2}_t M.

From this we conclude that L_a∂^{l−2}_t M = −ρ_0a^{−1}M^{(l)} − ρ_0lγ^{(1)}∂^{−1}_t (a^{−1}M^{(l−1)}).

Multiplying both sides by a, we can rewrite this equality in the form G_lM = R, where R = γ∂^{l−1}_t M − ā∂_{ξ1} K(h_λ)∂^{l−2}_t M − aBK(h_λ)∂^{l−2}_t M − ρ_0alγ^{(1)}∂^{−1}_t (a^{−1}M^{(l−1)}). It is easy to check that‖R‖_0 ≤ |μ|c(c_0)‖M‖_{l−1}. From this the previous identity and (10.23) we obtain ‖M‖_l ≤ ‖Δ_lM‖_0 ≤ 2c‖G_lM‖_0 = 2c‖R‖_0 ≤ μc‖M‖_{l−1}. Hence M = 0 for μ sufficiently small, which along with (10.13) implies (10.1) and Proposition 10.4 follows.

10.3 Unique solvability of the extended system

We are now in a position to formulate and prove the main result of this section on the unique solvability of the system (10.17), (10.18) and integro-differential equation (10.1). Theorem 10.7. Suppose the assumptions (a)-(c) are satisfied and f ∈ H^−_{s+l}, with even l ≥ 0. Then there exist δ > 0 and a constant c_1, both depending only on c_0, r, l, such that whenever μ ∈ (0, δ] with −μ^2 ∈ M(g_0, τ), equations (10.17), (10.18), and hence equation (10.1), has a unique solution satisfying ‖u‖_{s+l−1} + |σ| ≤ c_1μ^{−4τ} {‖f‖_{s+l} + ‖f‖_s(|ā|_{r+l−2} + |q|_{s+l} + |r_0|_{r+l−4})}. (10.24) The proof will be divided into the three steps.

The First step is to show that all operators involved in equation (10.19) are welldefined and to estimates their norms. To deal with Ψ_l(u, σ) and Φ_l(u, σ) in the formulae (10.14) and (10.15) we need a technical observation which is proved in the Appendix. Lemma 10.8. Let P be the integral operator P u(t, ξ_1) = ∫_π −π p(t, ξ_1, s)u(t, s)ds with a smooth 2π-periodic kernel p ∈ C^ρ(R^3 ). Then for any non-negative integer ρ ‖P u‖_ρ ≤ c(‖p‖_{C(R}3_)‖u‖_ρ + ‖p‖_Cρ_{(R}3_)‖u‖_0) ≤ c‖p‖_Cρ_{(R}3_)‖u‖_ρ with the the constant c depending only on ρ. Lemma 10.9. Under the assumptions of Theorem 10.7 ‖Ψ_l‖_s ≤ cμ‖u‖_{s+l−1} + c|σ| |aq|_{s+l} + ‖u‖_{s−1} (|ā|_{r+l−2} + |r_0|_{r+l−4}) , ‖Φ_l(u, σ)‖_s ≤ c‖u‖_{s+l−1} + c‖u‖_1(|ā|_{s+l−1} + |r_0|_{r+l−4}) + |σ|‖aq‖_{s+l−2}, ‖f_l‖_s ≤ c‖f‖_{s+l} + c‖f‖_0|ā|_{s+l}, ‖F_l‖_s ≤ c‖f‖_s + c‖f‖_0|a|_s, where the constant c depends only on c_0, r, and l.

Proof. Note from condition (a) that the function a is close to the constant g_0 and for any ρ ≥ 0, if a sufficiently smooth, |γ^{(1)}|_ρ + |a^{−2}a_t|_ρ ≤ c|ā|_{ρ+2} (10.25) in which ā = a − g_0, ρ is an arbitrary non-negative integer, and c depends only on ρ, r and c_0. We estimate step-by-step the terms involved in Ψ_l starting with φ_l. Since ‖fu‖_s ≤ c(s)|f|_s‖u‖_s, which is valid for every non-negative integer s,

‖φ_l‖_s ≤ c|a^{−1}γ^{(1)}|_s‖u^{(l−2)}_t ‖_s + c|a^{−1}a^{(1)}|_s‖u^{(l−1)}‖_s + |a^{−2}a_t|_s‖u^{(l−1)}‖_s. We conclude from this and (10.25) that ‖φ_l‖_s ≤ c‖u‖_{s+l−1}|ā|_{r−2} ≤ cμ‖u‖_{s+l−1}. (10.26) Let us now estimate the function χ_l. First observe that ‖χ_l‖_s ≤ c(l) l−2∑ k=0 |ā|_{s+1+l−k}‖u‖_{s+k+1}, and recall the interpolation inequalities |ā|_{s+l+1−k} ≤ c|ā|^{1−α}_{l+s+3}|ā|^α_{s+3}, ‖u‖_{s+k+1} ≤ c‖u‖^{1−α}_{s−1} ‖u‖^α_{s+l−1}, with the exponent α = (k + 2)/l. Hence by Young’s inequality |ā|_{s+l+1−k}‖u‖_{s+k+1} ≤ c(|ā|_{l+s+3}‖u‖_{s−1})^{1−α}(|ā|_{s+3}‖u‖_{s+l−1})^α ≤ c|ā|_{l+s+3}‖u‖_{s−1} + |ā|_{s+3}‖u‖_{s+l−1}. Since s ≤ r − 18, we have |ā|_{s+3} ≤ c|ā|_{r−2} ≤ cμ which, along with the previous inequality, gives the needed estimate on χ_l ‖χ_l‖_s ≤ cμ‖u‖_{s+l−1} + c|ā|_{r+l−2}‖u‖_{s−1}. (10.27) Next, inequalities (10.25), (10.26) and (10.27) yield the following estimate on the group of terms involving χ_l, χ_{l−1} and φ_l

‖χ_l + lγ^{(1)}(∂^{−1}_t χ_{l−1} + φ_l)‖_s ≤ c(‖χ_l‖_s + ‖χ_{l−1}‖_s + ‖φ_l‖_s) ≤ cμ‖u‖_{s+l−1} + c|ā|_{r+l−2}‖u‖_{s−1}. (10.28) Now our task is to estimate R_l. Recall that aR_l = σ(aq)^{(l)} − ∫_π −π (ar_0)^{(l)}u(t, s)ds. Since |a^{−1}|_{r−2} ≤ c, Lemma 10.8 gives ‖R_l‖_s ≤ c(|σ||aq|_{l+s} + |ar_0|_{l+s}‖u‖_s). We examine the last term in more detail. By interpolation, |ar_0|_{s+l} ≤ c|ar_0|^α_{l+s+1}|ar_0|^{1−α}_{s+1} , ‖u‖_s ≤ c‖u‖^α_{s−1}‖u‖^{1−α}_{s+l−1} with the exponent α = (l − 1)/l. Hence, by Young’s inequality and condition (a) of the theorem, |ar_0|_{s+l}‖u‖_s ≤ c(|ar_0|_{s+l+1}‖u‖_{s−1} + |ar_0|_{s+1}‖u‖_{s+l−1}) ≤ c(|ar_0|_{l+r−4}‖u‖_{s−1} + cμ‖u‖_{s+l−1}). (10.29) From this we obtain ‖R_l‖_s ≤ cμ‖u‖_{s+l−1} + c|σ||aq|_{s+l} + c|ar_0|_{l+r−4}‖u‖_{s−1}, (10.30) which gives an estimate on the group of terms in Ψ_l which involve R_l, R_{l−1}, ‖R_l + lγ^{(1)}∂^{−1}_t R_{l−1}‖_s ≤ cμ‖u‖_{s+l−1} + c|σ||aq|_{s+l} + c|ar_0|_{l+r−4}‖u‖_{s−1}. This inequality, with (10.28) and estimates on a product of smooth functions, implies the needed estimate on Ψ_l.

Let us estimate Φ_l(u, σ). It follows from formula (10.15) that ‖Φ_l(u, σ)‖_s ≤ ‖γu_t − a∂_{ξ1} K(h_λ)u − aR_0u + σaq‖_{s+l−2}. From Lemma 10.8 and the inequality ‖au‖_ρ ≤ c(ρ)(|a|_ρ‖u‖_0 + |a|_0‖u‖_ρ), which is valid for all functions a, u, and ρ ≥ 0, we can now conclude that ‖Φ_l(u, σ)‖_s ≤ c‖u‖_{s+l−1} + c‖u‖_1(|ā|_{s+l−1} + |r_0|_{r+l−4}) + |σ|‖aq‖_{s+l−2}. This is the desired conclusion. It remains to note that the estimates on f_l and F_l are consequences of the estimates on products of smooth functions.

The next lemma shows that the linear operators in equation (10.19) are well-defined in the space H^−_{s+l−1} Lemma 10.10. Let δ_3 = min{δ_1, δ_2} where δ_j , j = 1, 2 are the constants from Theorem 10.1 and Proposition 10.4. Then for any μ ∈ (0, δ_3] with −μ^2 ∈ M(g_0, τ) the operators Δ^{−1}_l S_1, Δ^{−1}_l Φ_l and S_2 are well-defined in the space H_{s+l−1} × R and |S_2(u, σ)| + ‖Δ^{−1}_l S_1(u, σ)‖_{s+l−1} ≤ cμ^{−2τ} {μ‖u‖_{s+l−1} + |σ|(1 + |aq|_{s+l}) + ‖u‖_{s−1} (|ā|_{r+l−2} + |r_0|_{r+l−4})}, ‖Δ^{−1}_l Φ_l(u, σ)‖_{s+l} ≤ c‖u‖_{s+l−1} + c‖u‖_1(|ā|_{s+l−1} + |r_0|_{r+l−4}) + c|σ|‖aq‖_{s+l−2}, ‖F_1‖_{s+l−1} + |F_2| ≤ cμ^{−2τ} {‖f‖_{s+l} + ‖f‖_0|ā|_{s+l}}. Proof. Note that, under the assumptions of the lemma, the operator L_a meets all requirements of Theorem 10.1 from which it follows that the operators R_i are well defined and have bounds (10.4). From this and (10.23) we obtain |R_2φ| + ‖Δ^{−1}_l R_1φ‖_{s+l−1} ≤ cμ^{−2τ} c‖φ‖_s, (10.31) which, with the estimate on Ψ_l from Lemma 10.9, implies the needed estimates on Δ^{−1}_l S_1 and S_2. The estimate on Δ^{−1}_l Φ_l is a consequence of (10.23) and the estimate on Φ_l from Lemma 10.9. It remains to note that the estimates on F_i follows directly from (10.31) and Lemma 10.9.

The second step is to prove that solutions of the extended system (10.17)-(10.18) satisfy inequalities(10.24). First we estimate ‖u‖_0 and σ.

Lemma 10.11. The inequality ‖u‖_0 + |σ| ≤ cμ^{1/2}‖u‖_{s−1} + ‖f‖_s holds for any μ ∈ (0, δ_3], −μ^2 ∈ M(g_0, τ) and solution u ∈ H_{s+l−1}, σ to equations (10.17)- (10.18). Here δ_3 is given by Lemma 10.10.

Proof. Note that u, σ satisfy equation (10.1). Rewrite it in the following form

u_{tt} + g_0∂_{ξ1} K(h_0)u = g_0 (−R_0 + ∂_{ξ1} (K(h_0) − K(h_λ))) u + g_0σq + g_0 ( (g^{−1}_0 − a^{−1})u_t ) t + g_0f ≡ G. Now, interpreting (t, ξ_1) as (y_1, y_2), it is easily seen that under the present hypotheses Lemma 8.4 and the preceding identity give the inequality ‖u‖_0 ≤ c‖G‖_1 which, along with estimates on a, q and r_0 from condition (a), implies that

‖u‖_0 ≤ c|σ|‖q‖_C1_{(R}2_) + cμ‖u‖_3 + c‖∂_{ξ1} (K(h_0) − K(h_λ))u‖_1 + ‖f‖_1.

Now suppose that the variables of the Fourier transform corresponding to (t, ξ_1) are (ζ_1, ζ_2). Then

|F∂_{ξ1} (K(h_0) − K(h_λ))u(ζ)| = |ζ_2| | |tanh h0|ζ2| − tanh hλ|ζ2| | ||Fu(ζ)| ≤ c(h_0)|h_0 − h_λ||Fu(ζ)| ≤ cμ^{1/2}|Fu(ζ)|. Hence ‖∂_{ξ1} (K(h_0) − K(h_λ))u‖_1 ≤ cμ^{1/2}‖u‖_1, which implies ‖u‖_0 ≤ c|σ| + cμ^{1/2}‖u‖_{s−1} + ‖f‖_1. (10.32) Next multiplying both the sides of (10.1) by ϑ and integrating over the square of the periods we obtain σ⟨q, ϑ⟩ = ⟨u, ( (a^{−1} − g^{−1}_0 )ϑ_t ) t + R_0ϑ⟩ − ⟨f, ϑ⟩ which, with condition (a), implies that |σ| ≤ cμ‖u‖_0 + ‖f‖_0. It now follows by (10.32) that, for sufficiently small μ, u and σ satisfies the needed inequality.

We are now in a position to complete the proof of inequality (10.24). Lemma 10.12. Under the assumptions of Theorem 10.7, there exists δ_4 ∈ (0, δ_3] and a constant c_1, depending only on c_0, r, l, such that inequality (10.24) holds for any solution u ∈ H_{s+l−1}, σ ∈ R, w ∈ H_{s−1} to equations (10.17)-(10.18) and μ ∈ (0, δ_4] with −μ^2 ∈ M(g_0, τ).

Proof. By Lemma 10.10, all terms in equation (10.19) are well defined and u, σ is a solution. It follows from Lemma 10.10 that ‖u‖_{s+l−1} ≤ cμ^{1−2τ} ‖u‖_{s+l−1} + c‖u‖_{s+l−2} + cμ^{−2τ} (‖f‖_{s+l} + |σ|(1 + |aq|_{s+l}) + cμ^{−2τ} (‖u‖_{s−1} + ‖f‖_s) (|r_0|_{r+l−4} + |ā|_{r+l−2}) . Note that for any ε > 0 ‖u‖_{s+l−2} ≤ ε‖u‖_{s+l−1} + c‖u‖_0, where the constant c depends only on ε, s and l. Choosing δ_4 and ε sufficiently small we conclude that the inequality ‖u‖_{s+l−1} ≤ c‖u‖_0 + cμ^{−2τ} (‖f‖_{s+l} + |σ|(1 + |aq|_{s+l}) + c(‖u‖_{s−1} + ‖f‖_s)μ^{−2τ} (|r_0|_{r+l−4} + |ā|_{r+l−2}) (10.33)

holds for any μ ∈ (0, δ_4), −μ^2 ∈ M(g_0, τ), with the constant c depending only on r, l and c_0, g_0, h_0.

Setting l = 0 and using estimates from condition (a) we obtain ‖u‖_{s−1} ≤ c‖u‖_0 + cμ^{−2τ} (‖f‖_s + |σ|) + cμ^{1−2τ} ‖u‖_{s−1}. From this and estimates on σ and ‖u‖_0 from Lemma 10.11 we get the inequality (1 − cμ^{1/2−2τ} )‖u‖_{s−1} ≤ cμ^{−2τ} ‖f‖_s. Since 1 > 4τ, we conclude that for μ ∈ (0, δ_4] with sufficiently small δ_4, ‖u‖_{s−1} ≤ cμ^{−2τ} ‖f‖_s. From Lemma 10.11 we then get the estimate |σ| ≤ c‖f‖_s, and (10.24) follows from (10.33). This completes the proof of Theorem 10.7.

The third step is to prove the solvability of the extended system. Recall from Lemma 10.10 that (10.17)-(10.18) for μ ∈ (0, δ_4] is equivalent to (10.19). which can be rewritten in the form

(I − B)(u, σ) = F ≡ (F_1, F_2) ∈ H^−_{s+l−1} × R, (10.34)

where the operator B : H^−_{s+l−1} × R :→ H^−_{s+l−1} × R is defined by B(u, σ) = ( Δ^{−1}_l (ρ_0S_1(u, σ) + Φ_l(u, σ)), S_2(u, σ) ) . Estimates from Lemma 10.10 now imply the inequality ‖B(u, σ)‖_{Hs+l−1×R} ≤ c|μ|^{1−2τ} ‖(u, σ)‖_{Hs+l−1×R} + e‖(u, σ)‖_{Hs+l−2×R}, where the constant c depends only on the exponent r, l and the constant c_0 from the conditions (a)-(c) and the constant e depends also on μ, the function a and the kernel r_0.

Since the embedding H_{s+l−1} × R → H_{s+l−2} × R is compact, the operator B is a kset contraction on H^−_{s+l−1} × R with 0 ≤ k ≤ c|μ|^{1−2τ} . (See [3, Section 9, Chapter 2].) Therefore [3, Theorem 9.9, Chapter 2], the operator I − B is a Fredholm operator for any μ ≤ δ_4 satisfying the inequality c|μ|^{1−2τ} < 1. But from Lemma 10.12 we know that equation (10.34) has at most one solution for μ ≤ δ_4, −μ^2 ∈ M(g_0, τ). From this and the Fredholm alternative we conclude that, for sufficiently small μ with −μ^2 ∈ M(g_0, τ), equation 10.34 has a unique solution for any F ∈ H_{s+l−1} × R. This completes the proof of Theorem 10.7.

The proof of Theorem 6.4. Note that the conditions of Theorem 7.2 coincide with condition (a) of Theorem 6.4. It follows that under the assumptions of Theorem 6.4 the Neumann operator N has representation ∂_{ξ1} K(h_λ) + R_0, in which R_0 is a Fredholm operator with the kernel r_0. By Theorem 7.2 this kernel is 2π-periodic, symmetric, and |r_0|_{r+l−4} ≤ cμ(1 + ‖⃗U‖_{Er+l} ). Hence the equation (5.15) can be re-written in the form (10.1) and its coefficient meet all requirements of Theorem 10.1. It follows from Theorem 10.1, that for any μ ∈ (0, δ_2], −μ^2 ∈ M and f ∈ H^−_{s+l}, 5 ≤ s ≤ r − 18, this equation has a unique solution which is orthogonal to ϑ and satisfies the inequality (10.24) for even l. To obtain this inequality for all l ≥ 0 replace r, s and l with r − 1, s − 1 and l + 1. It remains to note that ‖f‖_{s+l} ≤ c|f|_{s+l}, |u|_{s+l−3} ≤ c‖u‖_{s+l−1} and the theorem follows.

A Appendix

A.1 Proof of Theorem 3.2 (Nash-Moser theorem)

We obtain the implicit function theorem as a consequence of the following proposition. Choose a ≥ 0 and b ≥ 1 satisfying the inequalities b (1 2 − d + 1 a ) > 3d + 2ϱ and a > 3(d + b + 2ϱ) + 4 where d = r + k − ρ. (A.35)

In what follows, (i)-(iii) refers to properties of scales of Banach spaces from Section 3.2 and (a)-(c) refers the hypotheses of Theorem 3.2. The proof depends on the following preliminary observation.

Theorem A.1. Suppose that (a), (b) and (c) hold and that, for some μ_1 > 0, equation Φ(u, μ) = 0 has a family of approximate solutions w(μ), μ ∈ [0, μ_1], satisfying the inequalities ‖w(μ)‖_{r+a} ≤ R/2, |Φ(w(μ), μ)|_{ρ+a} ≤ μ^{b+1+2ϱ}. Then there exists positive μ_2 such that for μ ∈ M ∩ [0, μ_2] the equation Φ(u, μ) = 0 has a solution satisfying the inequality ‖u‖_r ≤ R.

Proof. Consider the sequences {u_n}, {v_n} and {ϑ_n} defined by

ϑ_0 = μ, ϑ_{n+1} = ϑ^{3/2}_n , u_0 = w(μ), u_{n+1} = u_n + S_{ϑn+1} v_n, (A.36) Λ(u_n, μ)v_n = −Φ(u_n, μ). Our goal is to prove that the sequence {u_n} is well-defined and converges to the required solution of Φ(u, μ) = 0. The proof is based on two auxiliary lemmas. For simplicity of notations we write Λ_n, Φ_n, Φ^′_n instead Λ(u_n, μ), Φ(u_n, μ), Φ^′(u_n, μ). Now note from (iii), (c), the hypotheses of Theorem A.1 and the choice of a, that

‖S_{ϑ1} v_0‖_r ≤ c‖v_0‖_r ≤ cμ^{−ϱ}(|Φ_0|_{r+k} + ‖u_0‖_{2r+k−ρ}|Φ_0|_ρ) ≤ cμ^{−ϱ}(|Φ_0|_{ρ+a} + ‖u_0‖_{ρ+a}|Φ_0|_ρ) ≤ c(1 + R/2)μ^{b+1+ϱ}.

Here c is independent of μ. Hence, for μ sufficiently small, ‖u_1‖_r ≤ R, and the hypotheses of the next lemma are satisfied for n = 1 when the hypotheses of Theorem A.1 are satisfied.

Lemma A.2. Suppose that for some n > 0 and μ ∈ M ∩ [0, μ̂] ⊂ [0, μ_0] ‖u_n‖_r ≤ R, ‖u_{n−1}‖_r ≤ R, ‖u_{n−1}‖_{r+a} ≤ ϑ^{−a}_{n−1}, |Φ_{n−1}|_ρ ≤ 1. (A.37) Then there exists μ^′ > 0 and c_0 > 0 such that v_{n−1}, u_n and Φ_n are well defined and |Φ_n|_ρ ≤ c_0 μ^ϱ ( ϑ^{a−d}_n ϑ^{−a}_{n−1} + ϑ^{−2d}_n μ^ϱ |Φ_{n−1}|^{2− d+1a}ρ ) , μ ∈ (0, μ^′] ∩ M, (A.38)

where the constants c_0 and μ^′ do not depend on n.

Proof. In what follows we use c to denote various constants which depend on R, a, b, d, ρ, k and r but are independent of n and μ. Then by (c), v_{n−1} exists for all μ ∈ (0, μ(0)] ∩ M and it is easy to check that

Φ_n = Λ_{n−1}(S_{ϑn} − 1)v_{n−1} + (Φ^′_{n−1} − Λ_{n−1})(u_n − u_{n−1}) + D(u_n, u_{n−1}) where D(u, v) = Φ(u, μ) − Φ(v, μ) − Φ^′(v, μ)(u − v). (A.39) It follows from (iii), (a) and (b) that |Φ_n|_ρ ≤ c(Q_1 + Q_2 + Q_3) where Q_1 = ϑ^{a−d}_n ‖v_{n−1}‖_{ρ+a−k}, Q_2 = |Φ_{n−1}|_{ρ+1}‖u_n − u_{n−1}‖_r, Q_3 = ‖u_n − u_{n−1}‖^2_r.

Estimating v_{n−1} from (c), |Φ_{n−1}|_{ρ+a} from (a) and |Φ_{n−1}|_ρ from the hypotheses of the Lemma yields Q_1 ≤ cμ^{−ϱ}ϑ^{a−d}_n (‖u_{n−1}‖_{r+a} + |Φ_{n−1}|_{ρ+a}) ≤ cμ^{−ϱ}ϑ^{a−d}_n ϑ^{−a}_{n−1}, μ ∈ (0, μ(a)] ∩ M. It follows from the interpolation inequalities (ii) that ‖u_n − u_{n−1}‖_r ≤ c‖u_n − u_{n−1}‖^α_{ρ−k}‖u_n − u_{n−1}‖^{1−α}_{a+ρ−k} where α = 1 − d/a. Also from (iii), (c) and (A.36) it follows that ‖u_n − u_{n−1}‖_{ρ−k} ≤ c‖v_{n−1}‖_{ρ−k} ≤ cμ^{−ϱ}|Φ_{n−1}|_ρ, μ ∈ (0, μ(0)] ∩ M, and similarly for μ ∈ (0, μ(a)] ∩ M, ‖u_n − u_{n−1}‖_{ρ−k+a} ≤ c‖v_{n−1}‖_{ρ−k+a} ≤ cμ^{−ϱ}(‖u_{n−1}‖_{r+a} + |Φ_{n−1}|_{ρ+a}) ≤ cμ^{−ϱ}ϑ^{−a}_{n−1}. These inequalities give the following estimate for Q_2 when μ ∈ (0, μ(a)] ∩ M: Q_2 = |Φ_{n−1}|_{ρ+1}‖u_n − u_{n−1}‖_r ≤ c|Φ_{n−1}|_{ρ+1}‖u_n − u_{n−1}‖^α_{ρ−k}‖u_n − u_{n−1}‖^{1−α}_{a+ρ−k} ≤ c μ^{ϱα} |Φ_{n−1}|_{ρ+1}|Φ_{n−1}|^α_ρ ϑ^{−a(1−α)} n−1 μ^{(1−α)ϱ} = c μ^ϱ |Φ_{n−1}|_{ρ+1}|Φ_{n−1}|^α_ρ ϑ^{−a(1−α)}_{n−1} = c μ^ϱ |Φ_{n−1}|_{ρ+1}|Φ_{n−1}|^{1−(d/a)}_ρ ϑ^{−d}_{n−1}. Now the interpolation inequality gives |Φ_{n−1}|_{ρ+1} ≤ c|Φ_{n−1}|^{a−1a}ρ |Φ_{n−1}|^{1a}_{ρ+a}. Hence by (a) and the present hypothesis, Q_2 ≤ c μ^ϱ |Φ_{n−1}|^{2− d+1a}ρ ϑ^{−(d+1)}_{n−1} , μ ∈ (0, μ(a)] ∩ M. Now (c) and (iii) imply that ‖u_n − u_{n−1}‖_r ≤ cϑ^{−d}_n ‖v_{n−1}‖_{ρ−k} ≤ c μ^ϱϑ^d_n |Φ_{n−1}|_ρ, μ ∈ (0, μ(0)] ∩ M.

Hence for μ ∈ (0, μ^′] ∩ M, μ^′ = min{μ(0), μ(a)},

Q_1 + Q_2 + Q_3 ≤ c μ^ϱ { ϑ^{a−d}_n ϑ^{−a}_{n−1} + |Φ_{n−1}|^{2− d+1a}ρ ϑ^{−(d+1)}_{n−1} + 1 ϑ^{2d}_n μ^ϱ |Φ_{n−1}|^2_ρ }

= c μ^ϱ { ϑ^{a−d}_n ϑ^{−a}_{n−1} + |Φ_{n−1}|^{2− d+1a}ρ ϑ^{−2(d+1)3}n + 1 ϑ^{2d}_n μ^ϱ |Φ_{n−1}|^2_ρ } . and the result follows.

Lemma A.3. Suppose the hypotheses of Lemma A.2 are satisfied on (0, μ̂] for every 1 ≤ n ≤ m and |Φ_0|_ρ ≤ μ^{b+2ϱ+1} for μ ∈ (0, μ̂]. Then there exists μ̃ ∈ (0, μ̂] ∩ M, independent of m, such that |Φ_n|_ρ ≤ ϑ^b_nμ^{2ϱ+1} ≤ 1, n ≤ m for all μ ∈ (0, μ̃] ∩ M. (A.40) Proof. For n = 0 the inequality (A.40) is true by hypothesis since ϑ_0 = μ. Now suppose (A.40) holds for n = j − 1 ≤ m − 1. Let δ_j = |Φ_j |_ρϑ^{−b}_j . Lemma A.2 implies |Φ_j|_ρ ≤ c_0 μ^ϱ { ϑ^{a−d}_j ϑ^{−a}_{j−1} + ϑ^{−2d}_j μ^ϱ |Φ_{j−1}|^{2− d+1a}ρ } , μ ∈ (0, μ^′] ∩ M. Therefore δ_j ≤ c_0 μ^ϱ { ϑ^{a−b−d} j ϑ^{−a}_{j−1} + ϑ^{−2d−b} j μ^ϱ |Φ_{j−1}|^{2− d+1a}ρ } = c_0 μ^ϱ { ϑ^{a2 − 32 (b+d)} j−1 + 1 μ^ϱ δ^{2− d+1a}_{j−1} ϑ^{b( 12 − d+1a )−3d} j−1 } .

Now the choice of a, b gives that a 2 − 3 2 (b + d) > 3ϱ + 2, d + 1 a < 1 3 , 2 − d + 1 a > 5 3 and b( 1 2 − d + 1 a ) − 3d > 2ϱ. Therefore, since ϑ_{j−1} ≤ μ, the inductive hypothesis gives that δ_j ≤ c_0 μ^ϱ { ϑ^{3ϱ+2}_{j−1} + δ^{5/3}_{j−1} } ≤ c_0 μ^ϱ { μ^{3ϱ+2} + μ^{(10ϱ+5)/3} } ≤ μ^{2ϱ+1} for all non-zero μ ∈ M sufficiently small. The lemma follows.

Proof of Theorem A.1. Recall the hypotheses of Theorem A.1. We will now show that there exists a constant μ_3 > 0 such that the inequalities (A.37) hold for all n ∈ N and μ ∈ (0, μ_3] ∩ M, and in the process prove Theorem A.1.

We have already observed that these inequalities follow from the hypotheses of Theorem A.1 when n = 1. Suppose (A.37) holds for every n, 1 ≤ n ≤ m. Then, by our hypothesis and Lemma A.3, μ_3 can be chosen such that

|Φ_0|_ρ ≤ μ^{b+2ϱ+1}, |Φ_n|_ρ ≤ ϑ^b_nμ^{2ϱ+1} ≤ 1, if n ≤ m, μ ∈ (0, μ_3] ∩ M. (A.41) To estimate ‖u_{m+1}‖_r and ‖u_m‖_{r+a} we note that (iii) and (c) imply for i ∈ {0, 1} and 0 ≤ m^′ ≤ m that ‖u_{m+1} − u_m′ ‖_{r+ia} ≤ m∑ n=m^′ ‖u_{n+1} − u_n‖_{r+ia} = m∑ n=m^′ ‖S_{ϑn+1} v_n‖_{r+ia}

≤ c m∑ n=m^′ ϑ^{−(r+k−ρ+ia)} n+1 ‖v_n‖_{ρ−k} ≤ c μ^ϱ m∑ n=m^′ ϑ^{−d−ia} n+1 |Φ_n|_ρ.

Therefore, by the induction hypothesis, ‖u_{m+1} − u_m′ ‖_{r+ia} ≤ c μ^ϱ m∑ n=m^′ ϑ^{−d−ia} n+1 ϑ^b_nμ^{2ϱ+1} = cμ^{ϱ+1}ϑ^{−ia}_{m+1} m∑ n=m^′ ϑ^{ia}_{m+1}ϑ^{−d−ia}_{n+1} ϑ^b_n

≤ cμ^{ϱ+1}ϑ^{−ia}_{m+1} m∑ n=m^′ ϑ^{32 ia}m ϑ^{− 32 (d+ia)+b} n ≤ cμ^{ϱ+1}ϑ^{−ia}_{m+1} m∑ n=m^′ ϑ^{b− 32 d}n ≤ cμ^{ϱ+1}ϑ^{−ia}_{m+1}ϑ^{12}_m′ , (A.42)

since b − 3d/2 > 1/2. Hence i = 0 gives ‖u_{m+1}‖_r ≤ ‖u_0‖_r + cμ^{ϱ+3/2} ≤ R/2 + cμ^{ϱ+3/2} ≤ R for all non-zero μ ∈ M sufficiently small. Similarly, i = 1 gives ‖u_m‖_{r+a} ≤ ‖u_0‖_{r+a} + cμ^{ϱ+3/2}ϑ^{−a}_m ≤ ϑ^{−a}_m for all non-zero μ ∈ M sufficiently small. Hence u_n, Φ_n satisfy (A.37) for all n ≤ m + 1. Therefore, by Lemma A.3, |Φ_n|_ρ ≤ ϑ^b_nμ^{2ϱ+1} < 1 for n ≤ m + 1 for μ sufficiently small independent of n. Thus (A.41) holds, with μ_3 independent of n, for all n ∈ N.

Now observe from (A.42) with i = 0 that {u_n} is a Cauchy sequence in E_r which, by the continuity of Φ, converges to a solution to the equation Φ(u, μ) = 0. Theorem A.1 follows.

Proof of Theorem 3.2 (Nash-Moser theorem). It suffices to establish the existence of an approximate solutions w(μ) satisfying the hypotheses of Theorem A.1. We construct such a solution by the direct Newtonian method, without using smoothing operators, in a finite number of steps.

Let N be a fixed natural number such that (N + 1)(γ − ϱ) > b + 1 + 2ϱ and for j ∈ {0, 1, · · · , N} let s_j = 2(N − j)d + r + a. (Note that s_j is decreasing in j and r + a ≤ s_{j+1} ≤ s_j − d ≤ s_j − 1.) Then, by (a) and (c), for non-zero μ ∈ M sufficiently small, there exists v_0 ∈ E_{s0} which satisfies Λ(0, μ)v_0 = −Φ(0, μ). We seek to show that, for all non-zero μ ∈ M sufficiently small, w_j ∈ E_{sj} , 0 ≤ j ≤ N, can be defined recursively by w_{j+1} = w_j + v_j where Λ(w_j, μ)v_j = −Φ(w_j , μ), w_0 = 0.

To do this we will show by induction that ‖w_j‖_{sj} ≤ R/2, |Φ(w_j , μ)|_{sj +ρ−r} ≤ const.μ^{(j+1)(γ−ϱ)} (A.43) holds for all μ > 0 sufficiently small and all j ≤ N. For j = 0 the inequalities (A.43) follows from condition (a). Suppose that j ≤ N − 1 and that (A.43) holds for 0 ≤ i ≤ j. It follows from (c) and the definition of d that for non-zero μ ∈ M sufficiently small ‖v_i‖_{si−d} ≤ const. μ^ϱ |Φ(w_i, μ)|_{si+ρ−r} ≤ const.μ^{(i+1)(γ−ϱ)−ϱ}. (A.44) Hence since w_0 = 0 ‖w_{j+1}‖_{sj+1} ≤ j∑ i=0 ‖v_i‖_{sj+1} ≤ j∑ i=0 ‖v_i‖_{si+1} ≤ j∑ i=0 ‖v_i‖_{si−d}

≤ c j∑ i=0 μ^{(i+1)(γ−ϱ)−ϱ} ≤ cμ^{γ−2ϱ} ≤ R/2 for all non-zero μ ∈ M sufficiently small. Set p_i = |Φ(w_i, μ)|_{si+ρ−r}. Now we estimate p_{j+1} by noting, with D defined in (A.39), that Φ(w_{j+1}, μ) = (Φ^′(w_j, μ) − Λ(w_j, μ))v_j + D(w_{j+1}, w_j), where, by (a) and (A.44), ‖D(w_{j+1}, w_j)‖_{sj+1+ρ−r} ≤ const.‖v_j‖^2_{sj+1} ≤ const.μ^{−2ϱ}p^2_j , and, by (b) (since ‖w_j‖_{sj+1} ≤ ‖w_j‖_{sj} ≤ R/2) and (A.44), |(Φ^′(w_j , μ) − Λ(w_j, μ))v_j|_{sj+1+ρ−r} ≤ const.|Φ(w_j, μ)|_{sj+1+ρ−r+1}‖v_j‖_{sj+1} ≤ const.|Φ(w_j, μ)|_{sj +ρ−r}‖v_j‖_{sj −d} ≤ const.μ^{−ϱ}p^2_j for all non-zero μ ∈ M sufficiently small. Hence p_{j+1} ≤ const.μ^{−2ϱ}p^2_j . Putting j = 0 gives p_1 ≤ const.μ^{−2ϱ}p^2_0 ≤ const.μ^{2(γ−ϱ)} and (A.43) follows. For j > 0, by the obvious induction hypotheses, p_{j+1} ≤ const.μ^{−2ϱ}p^2_j ≤ const.μ^{2(j+1)(γ−ϱ)−2ϱ} ≤ const.μ^{(j+2)(γ−ϱ)}, since γ ≥ 3ϱ. Hence (A.43) holds for j + 1 and it follows that ‖w_N ‖_{sN} ≤ R/2 and |Φ(w_N , μ)|_{SN +ρ−r} ≤ const.μ^{(N+1)(γ−ϱ)}. Since s_N = r + a and (N + 1)(γ − ϱ) > b + 1 + 2ϱ, the proof is complete.

A.2 Proof of Lemma 6.1

In this section we prove existence and establish estimates of solution to the boundary-value problem

Ω : div(Q∇v) = G, Γ_0 : v = G_0, Γ_{h0} : Q∇v · ⃗e_2 = G_{h0} . (A.45) Under the assumptions of the lemma, the C^6-norm of the matrix Q and the C^0-norm of Q^{−1}_{22} are bounded by a constant c(c_Q), and Q, G, G_i are 2π-periodic with respect to t, ξ_1. Without loss of generality we can assume that they are all infinitely differentiable. It is then well known that this problem has a unique infinitely differentiable solution and the goal is to investigate how its regularity depends on that of the matrix Q.

Let φ be the unique solution to the problem Ω : Δφ = G, Γ_0 : φ = 0, Γ_{h0} : ∇φ · ⃗e_2 = G_{h0} . (A.46) Then, for any smooth solution v to problem (A.45), there exists a unique u(t, ξ) such that u vanishes at Γ_{h0} and ∇u = S∇φ − SQ∇v on Ω.

Hence problem (A.45) is equivalent to an elliptic boundary problem for the vectorfunction w = (u, v) Ω : Q∇v + S^{−1}∇u = ∇φ, Γ_{h0} : u = 0, Γ_0 : v = G_0, (A.47) and the equation for w can be re-written in a more convenient form as w_{ξ2} = Aw_{ξ1} + F, F = B∇φ, (A.48) where the matrices A and B are defined by A = 1 Q_{22} ( −Q_{12} |Q| −1 −Q_{12} ) , B = 1 Q_{22} ( −Q_{22} Q_{12} 0 1 ) . Since Q^{−1}_{22} > c(c_Q) > 0, it follows for r ≤ s + 6 that

‖A‖_Cr_{(Ω)} + ‖B‖_Cr_{(Ω)} ≤ c(r)(1 + ‖Q‖_Cr_{(Ω)}). (A.49)

Equations (A.47)-(A.48) form an elliptic boundary-value problem which has a unique smooth solution which is 2π-periodic with respect to t and ξ_1 and satisfies the inequality

‖w(t)‖_C1+σ_{(Ω0)} ≤ c(σ)(‖F (t)‖_Cσ_{(Ω0)} + ‖G_0(t)‖_C1+σ_{(Γ0 ∩({t}×R))}), 0 < σ < 1. (A.50)

We will consider these solutions as elements of Banach spaces defined as follows. Recall that Ω_0 is the projection of Ω onto the ξ-plane. For non-negative integers s, l, and σ ∈ (0, 1), denote by C_{s,l+σ} the closed subspace of the Banach space ∩^s_{k=0}C^{s−k}(R; C^{l+k+σ} (Ω_0)), which consists of functions which are 2π-periodic with respect to t and ξ_1. The norm in the space C_{s,l+σ} is defined by |u|_{s,l+σ} = s∑ k=0 ‖u‖_Cs−k_{(R;C}l+k+σ_{(Ω0))} = s∑ k=0 ∑ k+|β|≤s sup_{t∈R} ‖∂^β_t u(t)‖_Cl+k+σ_{(Ω0)}.

Since the embedding C_{s+1,l+σ} → C_{s,l+σ} is compact, for any ε > 0 there exists c(ε, s, l, σ) such that |u|_{s,l+σ} ≤ ε|u|_{s+1,l+σ} + c|u|_{0,l+σ}. (A.51) To estimate the right side of (A.48) in terms of G and Q, differentiate (A.46) and use standard a priori estimates on the solutions of elliptic equations to obtain, for σ ∈ (0, 1) and r ≤ s + 1, that |∂^k_t φ|_{0,r−k+2+σ} ≤ c(|∂^k_t G|_{0,r−k+σ} + |∂^k_t G_{h0} |_{0,r−k+1+σ}), 0 ≤ k ≤ r, and hence that

‖∇φ‖_Cr_{(Ω)} ≤ c(r)(‖G‖_Cr+1_{(Ω)} + ‖G_{h0} ‖_Cr+2_{(Γh0 )}). (A.52)

From this we get, for r ≤ s + 1, that

‖F ‖_Cr_{(Ω)} ≤ c{‖G‖_Cr+1_{(Ω)} + ‖G_{h0} ‖_Cr+2_{(Γh0 )} + ‖Q‖_Cr_{(Ω)}(‖G‖_C1_{(Ω)} + ‖G_{h0} ‖_C2_{(Γh0 )}}. (A.53)

To estimate the solution of problem (A.47) and (A.48) let

G_s = ‖G‖_Cs+3_{(Ω)} + ∑ i=0,h_0 ‖G_i‖_Cs+3_{(Γi)} + ‖Q‖_Cs+6_{(Ω)} { ‖G‖_C3_{(Ω)} + ∑ i=0,h_0 ‖G_i‖_C3_{(Γi)} } . First we estimate lower order norms of the solution of (A.47)-(A.48). In the present notation (A.50) and (A.53) give, for σ ∈ (0, 1), that

|w|_{0,1+σ} ≤ c(|F |_{0,σ} + |G_0|_{0,1+σ}) ≤ c(‖G‖_C2_{(Ω)} + ‖G_{h0} ‖_C3_{(Γh0 )} + ‖G_0‖_C2_{(Γ0)}). (A.54)

To estimate |w|_{s,1+σ} note that |w|_{s,1+σ} = s∑ k=0 I_k, I_k = ∑ |γ|≤s−k |∂^k_{ξ2} D^γ w|_{0,1+σ},

where the last sum is taken over all ‘tangential’ derivatives D^γ = ∂^{γ0}_t ∂^{γ1}_{ξ1} of order |γ| ≤ s−k. (D^γ is a tangential derivative because ξ_2 is normal to ∂Ω.) We will prove that for any positive ε there exists a constant c depending only on ε, s, σ and the constant c_Q, such that I_k ≤ ε|w|_{s,1+σ} + cG_s, 0 ≤ k ≤ s. (A.55) First we estimate I_0. Denote by w^{(γ)} the tangential derivative D^γ w of order |γ| = s which satisfies w^{(γ)}_{ξ2} = Aw^{(γ)}_{ξ1} + F^{(γ)} + ψ_γ , ψ_γ = ∑ α+β=γ |β|≤s−1 c_{αβ} A^{(α)}w^{(β)}_{ξ1} , (A.56)

Γ_{h0} : u^{(γ)} = 0, Γ_0 : v^{(γ)} = G^{(γ)}_0 , (A.57) where the constants c_{αβ} depend on |γ| = s. We split ψ_γ into two parts: ψ_γ = ∑ s−4≤|β|≤s−1 α+β=γ c_{αβ} A^{(α)}w^{(β)}_{ξ1} + ∑ |β|≤s−5 α+β=γ c_{αβ} A^{(α)}w^{(β)}_{ξ1} = J_1 + J_2.

Applying estimate (A.50) to this problem gives |w^{(γ)}|_{0,1+σ} ≤ c(σ)(|J_1|_{0,σ} + |J_2|_{0,σ} + ‖F ‖_Cs+1_{(Ω)} + ‖G_0‖_Cs+2_{(Γ0)}). (A.58) It follows from the boundedness of the C^6-norm of Q and (A.51) that |J_1|_{0,σ} ≤ c|w|_{s−1,1+σ} ≤ ε|w|_{s,1+σ} + c(ε)|w|_{0,1+σ}. (A.59) On the other hand since |α| + |β| = s and | · |_{0,σ} ≤ c‖ · ‖_C1_{(Ω)}, |J_2|_{0,σ} ≤ c s−3∑ k=2 ‖A‖_Cs−k+3_{(Ω)}‖w‖_Ck_{(Ω)}. Recall the interpolation inequalities ‖A‖_Cs−k+3_{(Ω)} ≤ c‖A‖^{1−λ}_{Cs+3(Ω)}‖A‖^λ_C3_{(Ω)}, ‖w‖_Ck_{(Ω)} ≤ c‖w‖^λ_Cs_{(Ω)}‖w‖^{1−λ}_{C(Ω)} with the exponent λ = k/s. Hence ‖A‖_Cs−k+3_{(Ω)}‖w‖_Ck_{(Ω)} ≤ c‖w‖^λ_Cs_{(Ω)}(‖w‖_{C(Ω)}‖A‖_Cs+3_{(Ω)})^{1−λ} Since k ≤ s − 1 we conclude, by Young’s inequality, that |J_2|_{0,σ} ≤ ε‖w‖_Cs_{(Ω)} + c(ε)‖w‖_{C(Ω)}‖A‖_Cs+3_{(Ω)}. (A.60)

A substitution of (A.59) and (A.60) into (A.58), and use of estimates (A.49) and (A.54), gives the needed inequality (A.55) for I_0.

Assuming (A.55) holds for I_k, k ≤ n − 1 < s, we will now prove it for I_n. Denote by D^γ an arbitrary tangential derivative of order |γ| and let L^α be the differential operator of order |α| = m + |γ| written in the form ∂^m_{ξ2} D^γ . With |γ| = s − n, apply the particular operator L^α = ∂^{n−1}_{ξ2} D^γ of order |α| = s − 1 to (A.48) to obtain

D^n_{ξ2} D^γ w = ψ_α + L^αF, ψ_α = ∑ β+λ=α c_{βλ}(L^βA)(L^λ∂_{ξ1} w). (A.61)

Now split ψ_α into two parts

ψ_α = ∑ s−4≤|λ|≤s−1 λ+β=α c_{βλ}(L^βA)(L^λw_{ξ1} ) + ∑ |λ|≤s−5 λ+β=α c_{βλ}(L^β A)(L^λw_{ξ1} ) = J_3 + J_4.

Note that the differential operators L^λ∂_{ξ1} involve the normal derivative of order not exceeding n − 1. Since the C^6-norm of A is bounded by a constant depending only on c_Q, we conclude from the induction hypotheses that |J_3|_{0,σ} ≤ c(c_Q) n−1∑ k=0 I_k ≤ ε|w|_{s,1+σ} + cG_s. (A.62) On the other hand since |β| + |λ| = s − 1, we have |J_4|_{0,σ} ≤ c(c_Q) s−3∑ k=2 ‖A‖_Cs−k+3_{(Ω)}‖w‖_Ck_{(Ω)}. Analysis similar to that which was used for estimating J_2 shows that the right side does not exceed ε‖w‖_Cs_{(Ω)} + ‖Q‖_Cs+6_{(Ω)}‖w‖_{C(Ω)}, which gives |J_4|_{0,σ} ≤ ε|w|_{s,1+σ} + cG_s. From this (A.62) and estimate (A.53) on F we conclude, for n ≤ s and |γ| = s − n, that |∂^n_{ξ2} D^γ w|_{0,1+σ} ≤ ε|w|_{s,1+σ} + cG_s and (A.55) follows.

The inequality (A.55) now yields the estimate (1 − sε)|w|_{s,1+σ} ≤ cG_s, since |w|_{s,1+σ} = ∑_s 0 I_k. From this and the fact that ‖v‖_Cs_{(Ω)} ≤ |w|_{s,1+σ} we obtain ‖v‖_Cs_{(Ω)} ≤ cG_s, by choosing ε sufficiently small. This completes the proof.

A.3 Proof of Lemmas 7.3, 7.5 and 10.8

Proof of Lemma 7.3. Consider the integral equation

(I + P_0)ψ ≡ ψ(t, ξ_1) + ∫_π −π p_0(ξ_1 − s)ψ(t, s) = f(t, s) (A.63)

for a continuous, 2π-periodic function f, where f(t, s) =^∞ ∑ n=−∞ f_n(t)e^{isn}, f_{−n} = f̄_n and P_0

is the operator in (7.4). Let ψ(t, s) = ∞∑ n=−∞ ψ_n(t)e^{isn} and p_0(s) = 1 2π Re{3 + 2 ∞∑ k=1 e^{−2khλ+iks}}, where ψ_{−n} = ψ̄_n. Substituting these expressions into (A.63) gives ∞∑ n=−∞ ψ_ne^{inξ1} + 1 2π Re {^∞∑ n=−∞ ψ_n ∫_π −π (3 + 2 ∑ k≥1 e^{−2khλ+ik(ξ1−s)})e^{ins}ds } = ∞∑ n=−∞ f_ne^{inξ1} .

It is easy to check that 1 2π ∞∑ n=−∞ ψ_n ∫_π −π (3 + 2 ∑ k≥1 e^{−2khλ+ik(ξ1−s)})e^{ins}ds = 3ψ_0 + 2 ∑ n≥1 e^{−2nhλ} ψ_ne^{inξ1} .

Since Re{2ψ_ne^{inξ1} } = ψ_ne^{inξ1} + ψ_{−n}e^{−inξ1} , we conclude that

4ψ_0 + ∑ k∈Z\{0} (1 + e^{−2|k|hλ} )ψ_ke^{ikξ1} = ∞∑ k=−∞ f_ke^{ikξ1} .

Since ψ = (I + P_0)^{−1}f,

(I + P_0)^{−1}f − f = − 3 4 f_0 − ∑ k∈Z\{0} e^{−2|k|hλ} 1 + e^{−2|k|hλ} f_ke^{ikξ1} = ∫_π −π p_2(ξ_1 − s)f(s)ds,

where p_2(s) = − 3 8π − 1 2π ∑ k∈Z\{0} e^{−2|k|hλ} 1 + e^{−2|k|hλ} e^{iks}, and the lemma follows.

Proof of Lemmas 10.8, 7.5. We obtain both lemmas as a consequence of the following proposition. Denote by H_r the Sobolev space of functions u(z), z = (z_1, .., z_d), which are 2π-periodic in each of the variables z_i and have square-integrable derivatives of order r; then denote by C^r the Banach space of 2π-periodic functions having continuous derivatives of the same order. We denote by ‖ · ‖_r and | · |_r the norm in H_r and C^r respectively. Consider the integral operator P u(z) = ∫_π −π p(z, s)u(z_1, ., z_{d−1}, s)ds with a smooth 2π-periodic kernel p ∈ C^ρ

Lemma A.4. Let u ∈ H_ρ, (u ∈ C^ρ). Then ‖P u‖_ρ ≤ c(|p|_0‖u‖_ρ + |p|_ρ‖u‖_0), ( |P u|_ρ ≤ c(|p|_0|u|_ρ + |p|_ρ|u|_0) ) , with the the constant c depending only on ρ.

Proof. We will prove the first estimate. For ρ = 0 the Cauchy inequality implies ‖P u‖_0 ≤ √ 2π|p|_0‖u‖_0. Assuming the bound holds for exponents ρ̂ < ρ, we will prove it for ρ̂ + 1.

We have D_{zi} P u = ∫_π −π ((1 − δ_{id}) p D_{zi} u + u D_{zi} p)ds, which along with the induction hypothesis implies ‖∇P u‖_{ρ̂} ≤ c(|p|_{ρ̂+1}‖u‖_0 + |p|_0‖u‖_{ρ̂+1} + |p|_{ρ̂}‖u‖_1 + |p|_1‖u‖_{ρ̂}). (A.64) Note the interpolation inequalities |p|_1 ≤ c|p|^α_{ρ̂+1}|p|^{1−α}_0 , ‖u‖_{ρ̂} ≤ c‖u‖^{1−α}_{ρ̂+1} ‖u‖^α_0 , with the exponent α = 1/(ρ̂ + 1). Hence, by Young’s inequality, |p|_1‖u‖_{ρ̂} ≤ c(|p|_{ρ̂+1}‖u‖_0)^α(|p|_0‖u‖_{ρ̂+1})^{1−α} ≤ c|p|_{ρ̂+1}‖u‖_0 + |p|_0‖u‖_{ρ̂+1}. The same argument bounds the term |p|_{ρ̂}‖u‖_1. Substituting these into (A.64) completes the proof of the first inequality for ρ̂ + 1, and hence for ρ, by induction. The proof of the second is similar.

It is clear that Lemma 10.8 follows from the assertion of Lemma A.4. Let us prove Lemma 7.5. Consider the integral equation (I + A_1)v = v(t, ξ_1) + ∫_π −π a_1(t, ξ_1, s)v(t, s)ds = f(t, ξ_1). Note that, under the assumptions of this lemma, for ε^2 ≤ δ_0 < ( √ 2πc_0)^{−1} the operator A_1 is a contraction on C^0. From the contraction mapping principle and the Fredholm theory of integral equations it now follows that v(t, ξ_1) = f(t, ξ_1) + ∫_π −π r_1(t, ξ_1, s)f(t, s)ds, where the periodic continuous function r_1 has the bound |r_1|_0 ≤ c(δ_0) and satisfies the integral equation

(I + A)r_1 ≡ r_1(t, ξ_1, s) + ∫_π −π a_1(t, ξ_1, s_1)r_1(t, s_1, s)ds_1 = −a_1(t, ξ_1, s). (A.65) Consider the operator equations (I + λA)v = F ∈ C^{r+l−3}, λ ∈ [0, 1]. (A.66) The operator A meets all requirements of Lemma A.4 which, with the inequality |a_1|_0 ≤ ε^2c_0, implies that |v|_{r+l−3} ≤ c(ε^2|v|_{r+l−3} + |v|_0|a_1|_{r+l−3}) + |F |_{r+l−3}, |v|_0 ≤ ε^2c|v|_0 + |F |_0. Here c depends only on r, l and the constant c_0. It follows from this that there exists δ_1, depending only on r, l and c_0, such that the inequality |v|_{r+l−3} ≤ c(|F |_0|a_1|_{r+l−3} + |F |_{r+l−3}) (A.67) holds for any solution v ∈ C^{r+l−3} of equation (A.66) and ε^2 ≤ δ_1. Hence there exist constants M_1 and M_2, which do not depend on λ but depend on a_1, such that |v|_{r+l−3} ≤ M_1|F |_{r+l−3} and |Av|_{r+l−3} ≤ M_1|v|_{r+l−3}.

Now we observe that, for all λ ∈ [0, 1], the inverse (I + λA)^{−1} : C^{r+l−3} → C^{r+l−3} exists. For small λ this follows from the contraction mapping principle. Suppose that the inverse exists for some λ_0 and let δ > 0. Note that

I + (λ_0 + δ)A = (I + λ_0A)(I + δ(I + λ_0A)^{−1}A).

It now follow that |(I + λ_0A)^{−1}Av|_{r+l−3} ≤ M_1M_2|v|_{r+l−3}. Hence the mapping δ(I + λ_0A)^{−1}A is a contraction on C^{r+l−3} for δ < (M_1M_2)^{−1}, which implies the existence (I + (λ_0 + δ)A)^{−1}. Since δ does not depend on λ this implies the existence of (I + A)^{−1}. Hence the equation (A.66) has a unique solution satisfying inequality (A.67) for any F ∈ C^{r+l−3}. Setting F = −a_1 and v = r_1, an appeal to (A.65) completes the proof.

References

[1] C. J. Amick and J. F. Toland, The semi-analytic theory of standing waves, Proc.

Roy. Soc. Lond. A 411 (1987), 123–138.

[2] W. Craig and C. E. Wayne, Periodic solutions of nonlinear Schrödinger equations and the Nash-Moser method, Comm. Pure Appl. Math. 46 (1993), 1409–1498.

[3] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, Heidelberg, 1985.

[4] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order. 2nd Edition, Springer-Verlag, Berlin, 1983.

[5] L. Hörmander, The boundary problems of physical geodesy, Arch. Rational Mech.

Anal. 62 (1976), 1–52.

[6] , On the Nash-Moser implicit function theorem, Ann. Acad. Scientarium Fennicae 10 (1985), 255–259.

[7] G. Iooss, The semi-analytic theory of standing waves, several dominant modes, Univerité de Nice, Preprint, 1999.

[8] H. Jacobowitz, Implicit function theorem and isometric imbeddings, Ann. Math. 95 (1972), 191–225.

[9] S. B. Kuksin, Nearly-Integrable Infinite-Dimensional Hamiltonian Systems, Lecture Notes in Mathematics, vol. 1556, Springer, Berlin, 1993.

[10] J. Moser, A new technique for the construction of solutions of nonlinear differential equations, Proc. Nat. Acad. Sci. USA 47 (1961), 1834–1831.

[11] , A rapidly convergent iteration method and nonlinear PDE, Annali Scuola Norm. Sup. Pisa 20 (1966), 216–315 & 499–535.

[12] J. Nash, The embedding problem for Riemannian manifolds, Ann. Math. 63 (1956), 20–63.

[13] G. W. Penney and A. T. Price, Finite periodic stationary gravity waves in a perfect fluid, Phil. Trans. Roy. Soc. A 244 (1952), 254–284.

[14] L. W. Schwartz and A. K. Whitney, A semi-analytic solution for nonlinear standing waves in deep water, J. Fluid Mechanics 107 (1981), 147–171.

[15] Ya. I. Sekerzh-Zenkovich, On the theory of standing waves of finite amplitude, Doklady AN USSR 58 (1947), 551–553.

[16] G. G. Stokes, Mathematical and Physical Papers, Cambridge, 1880.

[17] G. I. Taylor, An experimental study of standing waves, Proc. Roy. Soc. Lond. A.

(1953), 44–59.

[18] C. E. Wayne, Periodic and quasi-periodic solutions of nonlinear wave equations via KAM theory, Comm. Math. Phys. 127 (1990), 479–528.

[19] , Periodic solutions of nonlinear partial differential equations, Notices of Amer. Math. Soc. (Sept., 1997), 895–901.

[20] J. W. Wehausen, Free-surface flows, Research Frontiers in Fluid Dynamics (R. G.

Seeger and G. Temple, eds.), Interscience (John Wiley), New York, 1965, pp. 534– 640.

[21] J. W. Wehausen and E. V. Laitone, Surface waves, Encyclopaedia of Physics (S. Flugge, ed.), vol. XI, Springer-Verlag, Berlin, 1960, pp. 446–778.

[22] E. Zehnder, An implicit function theorem for small divisor problems, Bull. Amer.

Math. Soc. 80 (1974), 174–179.

[23] , Generalised implicit function theorems with applications to some small divisor problems, Comm. Pure Appl. Math. 28 (1975), 91–140.

[24] A. Zygmund, Trigonometric Series I & II, Cambridge University Press, Cambridge, 1959.