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Abstract

At the heart of this article will be the study of a branching Brownian
motion (BBM) with killing, where individual particles move as Brownian
motions with drift −ρ, perform dyadic branching at rate β and are killed
on hitting the origin.

Firstly, by considering properties of the right-most particle and the
extinction probability, we will provide a probabilistic proof of the clas-
sical result that the ‘one-sided’ FKPP travelling-wave equation of speed
−ρ with solutions f : [0,∞) → [0, 1] satisfying f(0) = 1 and f(∞) = 0
has a unique solution with a particular asymptotic when ρ <

√
2β, and

no solutions otherwise. Our analysis is in the spirit of the standard BBM
studies of Harris [18] and Kyprianou [27] and includes an intuitive applic-
ation of a change of measure inducing a spine decomposition that, as a by
product, gives the new result that the asymptotic speed of the right-most
particle in the killed BBM is

√
2β − ρ on the survival set.

Secondly, we introduce and discuss the convergence of an additive mar-
tingale for the killed BBM, Wλ, that appears of fundamental importance
as well as facilitating some new results on the almost-sure exponential
growth rate of the number of particles of speed λ ∈ (0,

√
2β − ρ).

Finally, we prove a new result for the asymptotic behaviour of the prob-
ability of finding the right-most particle with speed λ >

√
2β − ρ. This

result combined with Chauvin and Rouault’s [9] arguments for standard
BBM readily yields an analogous Yaglom-type conditional limit theorem
for the killed BBM and reveals Wλ as the limiting Radon-Nikodým deriv-
ative when conditioning the right-most particle to travel at speed λ into
the distant future.
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1 Introduction and summary of results

A well studied non-linear PDE is the Fisher-Kolmogorov-Petrovski-Piscounov
(FKPP) equation

∂u

∂t
=

1
2

∂2u

∂x2
+ β

(
u2 − u

)
(1)

with u ∈ C1,2(R+ × R) and given initial condition u(0, x) := f(x). The FKPP
equation has been much studied by both analytic techniques, as in the original
papers of Fisher [14] and Kolmogorov et al. [25], as well as probabilistic methods
as found in McKean [31, 32], Bramson [5, 6], Uchiyama [36], Neveu [33], Chau-
vin and Rouault [9, 10], Harris [18] and Kyprianou [27], to name just a few. In
addition we refer the reader to Ikeda et al. [20, 21, 22] and Freidlin [15] for ex-
tensive discussion of the more general theory of the probabilistic representation
of solutions of ordinary and partial differential equations.

Much attention has been given to FKPP solutions of the form u(t, x) =
f(x − ρt) for f ∈ C2(R), leading to the so called FKPP travelling-wave (TW)
equation

1
2
f ′′ − ρf ′ + β

(
f2 − f

)
= 0 on R

f(−∞) = 1, (2)
f(∞) = 0.

with wave speed ρ. It is well known that monotone travelling-waves exist and
are unique (up to translation) for all speeds ρ ≥

√
2β. For −∞ < ρ <

√
2β,

there exist no monotone travelling-wave solutions of speed ρ.
One of the probabilistic methods for studying equations (1) and (2) is via

their connection to a branching Brownian motion (BBM). Consider a branching
Brownian motion with drift −ρ, where ρ ∈ R, and dyadic branching rate β;
that is, a branching process where particles diffuse independently according to
a Brownian motion with drift−ρ and at any moment of time undergo fission with
rate β producing two particles. We shall refer to this process as a (−ρ, β; R)-
BBM with probabilities {P x : x ∈ R} where P x is the law of the process initiated
from a single particle positioned at x. Suppose that the configuration of space
at time t is given by the point process X−ρ

t with points {Yu (t) : u ∈ N−ρ
t }

where N−ρ
t is the set of individuals alive at time t.

Associated with the (−ρ, β; R)-BBM are the positive martingales

Zλ (t) :=
∑

u∈N−ρ
t

e(λ+ρ)Yu(t)−( 1
2 (λ2−ρ2)+β)t (3)

defined for each λ ∈ R. It is well known that such martingales are uniformly
integrable with strictly positive limits precisely when |λ + ρ| <

√
2β, otherwise

they have an almost surely zero limit. These martingales can be used to establish
both the existence and uniqueness of the TW solutions to system (2) where, in
particular, f(x) = Ex(exp {−Zλ(∞)}) gives a representation for the TW of
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speed ρ when λ satisfies 1
2 (λ + ρ)2− ρ(λ + ρ) + β = 0. See McKean [31, 32] and

Neveu [33], whilst Kyprianou [27] and Harris [18] give complete expositions that
are also particularly relevant for the techniques used in this paper. The latter
references also include probabilistic derivations of the asymptotic behaviour of
the TW solution. [Note that the martingale results for a constant drift of ρ ∈ R
follow trivially from the ρ = 0 case found in these, and subsequent, references.]

In this article we shall consider the class of solutions to the FKPP travelling-
wave equation defined on R+ that satisfy f : R+ → [0, 1], f ∈ C2(0,∞) and

1
2
f ′′ − ρf ′ + β(f2 − f) = 0 on (0,∞),

f(0+) = 1, (4)
f(∞) = 0.

Note that without the boundary conditions we always have that the constant
functions of 0 and 1 are solutions to (4). Interestingly, solutions to the one-
sided FKPP system at (4) occur precisely at wave speeds where there are no
(monotone) solutions to the FKPP travelling-wave equation on R:

Theorem 1 The system (4) has a unique solution if and only if −∞ < ρ <√
2β, in which case

lim
x↑∞

e−(ρ−
√

ρ2+2β)xf (x) = k

for some constant k ∈ (0,∞). Further, if ρ ≥
√

2β, there is no solution to (4).

Existence, uniqueness and a weaker asymptotic result were established ana-
lytically in Pinsky [35], who himself cites Aronson and Weinberger [1]. Con-
cerning existence, see also Watanabe [37]. Theorem 1 can be also be extracted
from Kametaka [23] who also uses classical phase-plane analysis techniques (as
in Coddington and Levinson [11]), although some care is required as this paper
is predominantly concerned with the opposing case of ρ ≥

√
2β.

In the spirit of Harris [18] and Kyprianou [27], we shall devote the first part
of this article to a new proof of Theorem 1 using probabilistic means alone which,
for the most part, means that we appeal either to martingale arguments, ‘spine’
decompositions, or fundamental properties of both branching and single-particle
Brownian motion.

In contrast to the probabilistic study of travelling-waves on R, our ana-
lysis will be concerned with a branching Brownian motion with drift −ρ where
particles are killed at the origin. For the purpose of the forthcoming analysis,
we will construct this killed BBM, X−ρ, from that part of the BBM X−ρ which
survives killing at the origin. Considering X−ρ as a subprocess of X−ρ we shall
again work with the probabilities {P x : x > 0}. We shall denote the configura-
tion of particles alive at time t by {Yu (t) : u ∈ N−ρ

t } where N−ρ
t is the number

of surviving particles. In keeping with previous notation, we shall refer to this
killed BBM process as a (−ρ, β; R+)-BBM. We define ζ := inf{t > 0 : N−ρ

t = 0}
to be the extinction time of the (−ρ, β; R+)-BBM, then {ζ = ∞} is the event
the process survives forever.
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In section 2, we shall briefly discuss a probabilistic technique that has re-
cently become quite popular in the branching process literature, namely, a
change of measure that induces a ‘spine’ decomposition of the process. In par-
ticular, if we change the measure of a (−ρ, β; R)-BBM using the Zλ additive
martingale, the process under the new measure can be constructed by first lay-
ing down the motion of a single particle, the so called ‘spine’, as a Brownian
motion with modified drift λ, giving birth at an accelerated rate 2β to inde-
pendent (−ρ, β; R)-BBMs. These changes of measure and their associated spine
constructions prove a key tool in our later analysis.

In Section 3 we look at some important properties of the drifting branching
Brownian motion with killing at the origin. In particular, we look at the beha-
viour of the right-most particle, Rt, the relationship with the survival set and
survival probabilities.

In Sections 4-6, we prove Theorem 1 via a sequence of smaller results. These
are: non-existence of solutions to system 2 for ρ ≥

√
2β as a consequence of

P x(ζ < ∞) ≡ 1 in the aforementioned killed BBM; existence of a solution
for −∞ < ρ <

√
2β in the form of the (non-trivial) extinction probability

P x(ζ < ∞); uniqueness of travelling-waves for −∞ < ρ <
√

2β; and finally the
asymptotic result.

In Section 7, we show how our intuitive spine approach to killed BBM in
Section 3 also allows us to deduce the following new result:

Lemma 2 For all x > 0 we have

lim
t↑∞

Rt

t
=
√

2β − ρ on {ζ = ∞}, P x-a.s.

With the asymptotic speed of the right-most particle in the killed BBM es-
tablished and knowledge of standard BBM, one naturally wonders if anything
can be said about the asymptotic rate of growth in the numbers of particles
travelling at slower speeds, or if any large time asymptotic can be established
for the probability that the right-most particle has travelled at a faster speed.
Indeed, we will answer both these questions in the remaining parts of this art-
icle, providing a more comprehensive collection of new results for killed BBM.
Naturally, the close connection to standard BBM means that we can (and do)
make use of some existing techniques, nevertheless adding killing at the origin
yields some significant new problems.

The central role of the Zλ additive martingales in the study of branching
Brownian motion is long established and, as already indicated, we can also
exploit them for killed BBM. However, we also introduce the (positive) additive
martingales Wλ:

Lemma 3 For each λ > 0, the process

Wλ(t) :=
∑

u∈N−ρ
t

(
1− e−2λYu(t)

)
e(λ+ρ)Yu(t)−( 1

2 (λ2−ρ2)+β)t, (5)

defines a martingale for the (−ρ, β; R+)-BBM.
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These martingales not only prove to be a useful tool, they appear funda-
mental to the study of the killed BBM. In Section 8, we discuss their conver-
gence properties and how they can be used to deduce growth rates of particles
moving at speeds λ <

√
2β − ρ.

Theorem 4 Wλ is a uniformly integrable martingale if both ρ <
√

2β and
λ ∈ (0,

√
2β − ρ), otherwise Wλ has a P x-almost-sure zero limit.

Whenever Wλ is uniformly integrable, {Wλ(∞) > 0} and {ζ = ∞} agree up to
a P x-null set.

Define the counting function

N−ρ
t (a, b) :=

∑
u∈N−ρ

t

1{Yu(t)∈(a,b)} (6)

for the number of particles found in the interval (a, b) at time t.

Theorem 5 For x > 0, under each P x law, the limit

G(λ) := lim
t→∞

t−1 lnN−ρ
t (λt,∞)

exists almost surely and is given by

G(λ)

{
∆(λ) if 0 < λ <

√
2β − ρ and {ζ = ∞},

−∞ otherwise,

where ∆(λ) := β − 1
2 (λ + ρ)2.

Note: we gain the right-most particle speed of Lemma 2 as a corollary.
These results are both new, although we make use of the techniques from

Git et al. [16] in proving Theorem 5. Also see Kesten [24] where some related
questions on survival probabilities and population growth-rates in fixed subsets
of R for a similar branching Brownian motion with an absorbing barrier are
considered.

In section 9, we conclude by investigating the probability that the right-
most particle has travelled at faster speeds than usual, proving the following
new result:

Theorem 6 For λ >
√

2β − ρ and all x > 0, θ ≥ 0, there exists a constant
C > 0 such that

lim
t→∞

P x(Rt ≥ λt + θ)
√

2πt

(1− e−2λx)
e−(λ+ρ)(x−θ)+( 1

2 (λ+ρ)2−β)t = C, (7)

or equivalently,

P x(Rt > λt + θ) ∼
t→∞

(λ + ρ)C × Ex
(
N−ρ

t (λt + θ,∞)
)
. (8)
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Considering particles with spatial position Yu(t) > λt + θ, for λ >
√

2β − ρ,
a Yaglom-type result also holds:

Theorem 7 For λ >
√

2β−ρ there is a probability distribution (Πi)i≥1 defined
on N such that

lim
t→∞

P x
(
N−ρ

t (λt,∞) = i
∣∣N−ρ

t (λt, +∞) > 0
)

= Πi,

and this distribution has (finite) expectation equal to 1/(λ + ρ)C.

Finally, we can see the fundamental nature of the Wλ martingale that we
introduced into the killed BBM story: it appears as the Radon-Nikodým deriv-
ative linking P x with the limit-law of the conditioned process.

Theorem 8 For λ >
√

2β − ρ, s ∈ (0,∞) fixed, and A ∈ Fs,

P x
(
A
∣∣N−ρ

t+s(λ(t + s),∞) > 0
)
−−−−→
t→+∞

Ex(1AWλ(s)).

Chauvin and Rouault [9] proved analogous results to Theorems 6–8 in the
context of standard BBM. Although guided by their approach when we prove
Theorem 6, there are a number of complications caused by the killing at the
origin. However, once these additional difficulties are overcome and we have
proven Theorem 6, the BBM proofs of Chauvin and Rouault [9] adapt almost
unchanged for Theorems 7 and 8 and we omit any details here.

2 Spine decompositions for BBM

In this section, we briefly recall some changes of measure and their associated
spine decompositions that will be key tools in later analysis.

When |λ + ρ| <
√

2β one can define an equivalent change of measure on the
probability space of the (−ρ, β; R)-BBM via

dπx
λ

dP x

∣∣∣∣
Ft

=
Zλ (t)
Zλ (0)

= e−(λ+ρ)xZλ (t) .

Under πx
λ the path of the (−ρ, β; R)-BBM can be reconstructed pathwise in the

following way:

• starting from position x, the initial ancestor diffuses according to a Brownian
motion with drift λ;

• at rate 2β the particle undergoes fission producing two particles;

• one of these particles is selected at random with probability one half;

• this chosen particle repeats stochastically the behaviour of their parent;

• the other particle initiates from its birth position an independent copy of
a (−ρ, β; R)-BBM with law P ·, and so on.
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The selected line of descent is referred to as the spine. Thus, the spine moves
as a Brownian motion with drift λ, giving birth at an accelerated rate 2β along
its path to independent (−ρ, β; R)-BBMs.

The martingale Wλ can be used to change measure in a similar fashion to
yield a spine that is conditioned to avoid the origin. Before giving the details
we shall prove Lemma 3.

Proof of Lemma 3. Let Y (t) be a Brownian motion started at x > 0 with
drift λ under the measure Px

λ. Defining τ0 := inf{t ≥ 0 : Y (t) = 0}, we have
from the ‘many-to-one’ lemma that

Ex

(∑
u∈Nt

f
(
Yu(t)

))
= eβtEx

−ρ

(
f(Yt); τ0 > t

)
. (9)

(See, for example, Hardy and Harris [17] or equivalently consider the single
particle representation of the linear semigroup associated with the (−ρ, β, R+)-
BBM) Using the latter equality together with Girsanov change of measure it
follows that

Ex(Wλ(t)) = e−
1
2 (λ2−ρ2)tEx

−ρ((1− e−2λYt)e(λ+ρ)Yt ; τ0 > t
)

= Px
λ((1− e−2λYt); τ0 > t)e(λ+ρ)x

= (1− e−2λx)e(λ+ρ)x.

Note the last equality is as simple consequence of the fact that 1 − e−2λx is a
scale function for Y killed at the origin under Px

λ.
To complete the proof, apply the branching property to note that

Ex(Wλ(t + s)|Ft) =
∑

u∈N−ρ
t

Ex(W (u)
λ (s)|Ft)e−( 1

2 (λ2−ρ2)+β)t

where given Ft, each of the terms W
(u)
λ (s) are independent copies of Wλ(s)

under PYu(t). The conclusion of the previous paragraph now completes the
proof.

We define a measure Qλ by

dQx
λ

dP x

∣∣∣∣
Ft

=
Wλ(t)
Wλ(0)

(10)

and it can be shown that under Qλ the BBM can be constructed path-wise as
under πx

λ, except that the spine now moves like a Brownian motion with drift
λ that is additionally conditioned to avoid the origin.

For a detailed setup and notation for these changes of measure and spine de-
compositions in branching Brownian motion the reader should refer to the recent
new approach presented in Hardy and Harris [17], in addition to Kyprianou [27]
and Chauvin and Rouault [9]. More generally, similar changes of measure for
other types of branching processes have become increasingly common in the
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study of classical and modern branching processes; in particular, the reader is
referred to Lyons et al. [29] and Lyons [30]. Champneys et al. [7], Harris and
Williams [19], Olofsson [34], Athreya [2], Kyprianou and Rahimzadeh Sani [28],
Biggins and Kyprianou [3], Engländer and Kyprianou [13] and Kuhlbusch [26]
also provide further examples of their use.

3 Killed branching Brownian motion

It will turn out that the existence and uniqueness result in Theorem 1 can be
proved probabilistically by analysing the (−ρ, β; R+)-BBM and in particular the
behaviour of the position of its right most particle, defined by

Rt = sup
{
Yu (t) : u ∈ N−ρ

t

}
on {ζ = ∞} and zero otherwise.

Theorem 9 We have for all x > 0 and ρ ∈ R,

lim sup
t↑∞

Rt = ∞ on {ζ = ∞}, P x-a.s.

Proof. Let us suppose that Y = {Y (t) : t ≥ 0} is a Brownian motion with
drift −ρ and probabilities {Px

−ρ : x ∈ R} and let τ0 = inf{t ≥ 0 : Y (t) = 0}.
Note that

P x(ζ < ∞|Ft) ≥
∏

u∈N−ρ
t

PYu(t)
−ρ (τ0 < eβ) =

∏
u∈N−ρ

t

EYu(t)
−ρ

(
e−βτ0

)
where eβ is an exponential variable independent of Y having rate β. The last
inequality follows on account of the fact that extinction would follow if each
of the individuals alive at time t would hit the origin before splitting. Setting
α = ρ−

√
ρ2 + 2β < 0, standard expressions for the one sided exit problem for

Brownian motion (see, for example, Borodin and Salminen [4]), imply that for
all x > 0

P x(ζ < ∞|Ft) ≥
∏

u∈N−ρ
t

eαYu(t) = exp
(

α
∑

u∈N−ρ
t

Yu (t)
)

.

On {ζ = ∞} it is clear that the left hand side converges to zero and hence for
all x > 0

lim
t↑∞

∑
u∈N−ρ

t

Yu (t) = ∞ on {ζ = ∞} P x-a.s.

Now let Γz be the event that the (−ρ, β; R+)-BBM is contained entirely in
the strip (0, z). For the process Y define the stopping time τz = inf{t ≥ 0 :
Y (t) = z}. We have for 0 < x < z

P x (Γz|Ft) ≤
∏

u∈N−ρ
t

PYu(t)
−ρ (τ0 < τz) (11)
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on Yu (t) ∈ (0, z) for u ∈ N−ρ
t . This inequality follows from the fact that Γz

implies that the spatial path of each of the lines of descent emanating from the
configuration at time t must hit the origin before hitting z. First consider the
case that −∞ < ρ < 0. In this case we can write from (11) on the event that
Yu (t) ∈ (0, z) for each u ∈ N−ρ

t

P x (Γz|Ft) ≤
∏

u∈N−ρ
t

e−|ρ|Yu(t) sinh |ρ| (z − Yu (t))
sinh |ρ| z

≤ exp(−|ρ|
∑

u∈N−ρ
t

Yu (t)) → 0

on the event {ζ = ∞} as t tends to infinity. Now consider the case that ρ > 0.
It follows by again using classical results for the two sided exit problem that on
the event that Yu (t) ∈ (0, z) for each u ∈ N−ρ

t

P x (Γz|Ft) ≤
∏

u∈N−ρ
t

[
1−

(
e−ρz

sinh ρz

)
eρYu(t) sinh ρYu (t)

]

≤ exp
(
−
(

e−ρz

sinh ρz

) ∑
u∈N−ρ

t

Yu (t)
)
→ 0

where we have used the inequalities e−x sinh x ≤ x and 1−x ≤ e−x. The latter
exponential tends to zero on the event {ζ = ∞} as t tends to infinity. Finally
for the case that ρ = 0, on Yu (t) ∈ (0, z) for u ∈ N−ρ

t

P x (Γz|Ft) ≤
∏

u∈N−ρ
t

(
1− Yu (t)

z

)
≤ exp

(
− 1

z

∑
u∈N−ρ

t

Yu (t)
)
→ 0

on the event {ζ = ∞} as t tends to infinity. In conclusion, for any z > 0,
P x (Rt > z i.o. |ζ = ∞) = 1 and the statement of the theorem holds.

Theorem 10 If ρ ≥
√

2β then P x (ζ < ∞) = 1 for all x > 0.

Proof. Suppose thatRt is the position of the right most particle in a (−ρ, β; R)-
BBM. It is well known (see Neveu [33], Harris [18] or Kyprianou [27]) that the
‘critical’ martingale Z√2β−ρ(t) → 0 a.s., from which it is easy to deduce that

lim
t↑∞

{
Rt − (

√
2β − ρ)t

}
= −∞ a.s.

¿From our construction of the (−ρ, β; R+)-BBM, extinction of this process is
guaranteed when the right most particle in the (−ρ, β; R)-BBM drifts to −∞.
Thus, when ρ ≥

√
2β, this happens with probability one.

Theorem 11 If −∞ < ρ <
√

2β then for each x > 0 and λ ∈ (0,
√

2β − ρ)

(i) Ex (Zλ (∞) ; lim inft≥0 Rt/t ≥ λ) = πx
λ (lim inft≥0 Rt/t ≥ λ) ≥ 1− e−2λx,

(ii) P x(ζ < ∞) ∈ (0, 1),
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(iii) limx↓0 P x (ζ < ∞) = 1, and

(iv) limx↑∞ P x (ζ = ∞) = limx↑∞ P x (lim inft↑∞ Rt/t ≥ λ; ζ = ∞) = 1.

Proof. (i) Recall that when |λ + ρ| <
√

2β (and in particular when λ ∈
(0,
√

2β−ρ)), under the measure πx
λ (defined in section 2) a branching Brownian

motion with drift −ρ and branching rate β has one line of descent, the spine,
which has an exceptional drift λ. The probability that this spine never meets
the origin is the probability that a Brownian motion started from x > 0 and
with drift λ has an all time infimum which is strictly positive; and this is well
known to be 1 − exp{−2λx}. Suppose we write ξ = {ξt : t ≥ 0} for the spatial
path of any surviving line of descent in X−ρ then we have established that

Ex
(
Zλ (∞) ; ζ = ∞ and ∃ξ in X−ρ such that limt↑∞

ξt

t = λ
)

≥ 1− exp{−2λx}.

Now note that{
ζ = ∞ and ∃ξ in X−ρ such that lim

t↑∞

ξt

t
= λ

}
⊆ {lim inf

t↑∞
Rt/t ≥ λ}

and hence the statement of part (i) now follows.
(ii) To prove that P x(ζ < ∞) > 0, note that there is a strictly positive

probability that the initial ancestor in the process X−ρ hits the origin before
reproducing thus resulting in extinction. To prove that P x(ζ < ∞) < 1 or
equivalently P x(ζ = ∞) > 0, recall from part (i) that under πx

λ the probability
that the (λ-drifting) spine in a branching Brownian motion with does not meet
the origin is strictly positive. This is implies that Ex (Zλ (∞) ; ζ = ∞) > 0 and
since P x(Zλ (∞) > 0) = 1 it follows that P x(ζ = ∞) > 0.

(iii) Since extinction in a finite time is guaranteed if the original ancestor is
killed before reproducing,

P x(ζ < ∞) ≥ Px
−ρ(τ0 < eβ) = e−(

√
ρ2+2β−ρ)x → 1

as x → 0. [Recall that τ0 = inf{t ≥ 0 : Y (t) = 0} and eβ is exponentially dis-
tributed with parameter β and independent of the Brownian motion (Y, Px

−ρ)].
(iv) Note that P x (lim inft↑∞ Rt/t ≥ λ; ζ = ∞) is an increasing sequence in

x and therefore has a limit. Suppose this limit is not equal to one then since it
was shown in part (i) of the proof that

lim
x↑∞

Ex

(
Zλ (∞) ; lim inf

t≥0
Rt/t ≥ λ

)
= 1

there is a contradiction since for all x > 0

P x (Zλ (∞) > 0) = 1 and Ex (Zλ (∞)) = 1.

Finally noting that P x(ζ = ∞) ≥ P x (lim inft↑∞ Rt/t ≥ λ, ζ = ∞) the proof is
complete.
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4 Non-existence for ρ ≥
√

2β

Theorem 12 No travelling-wave solutions to (4) exist for ρ ≥
√

2β.

Proof. Now suppose that f is a solution to (4). It follows that for all x > 0∏
u∈N−ρ

t
f(Yu (t)) is a martingale which converges almost surely and in L1 (P x).

We have seen in Theorem 10 that if ρ ≥
√

2β, P x (ζ < ∞) = 1 for all x > 0 and
hence

lim
t↑∞

∏
u∈N−ρ

t

f(Yu (t)) = 1

almost surely, implying that f = 1; that is to say, there is no non-trivial solution.

5 Existence and uniqueness for −∞ < ρ <
√

2β

Theorem 13 Travelling-waves to (4) exist and are unique for −∞ < ρ <
√

2β.
Further, the unique solution can be represented by the extinction probability for
the (−ρ, β; R+)-BBM, that is

f(x) = P x(ζ < ∞). (12)

Remark 14 The representation (12) trivially shows that the unique solution to
(4) is strictly monotone decreasing, although this wasn’t an initial restriction.
Indeed, one could assume monotonicity instead of f(∞) = 0 and again reach
the same conclusions. Also note, that one might naively try to extended this
solution to produce a travelling-wave of speed ρ <

√
2β on the whole of R, but

such a solution would clearly fail to satisfy equation (2) at a single point (due
to a discontinuity in the first derivative at the origin).

Proof. Define p(x) := P x(ζ < ∞) for x ≥ 0. From Theorem 11, we have
p(x) ∈ (0, 1) for each x > 0, limx↑∞ p(x) = 0, limx↓0 p(x) = 1 and, in addition,
p(0) = 1 because of instantaneous killing.

An application of the Branching Markov Property (cf Chauvin [8]) together
with the tower property of conditional expectation gives

p(x) = Ex (P x (ζ < ∞|Ft)) = Ex

( ∏
u∈N−ρ

t

p(Yu (t))
)

. (13)

As this equality holds for all x, t > 0, one can easily see that
∏

u∈N−ρ
t

p(Yu (t))
is a martingale which converges almost surely and in L1(P x). Note that on
{ζ < ∞} it is clear that the martingale limit is equal to 1 – the empty product.
Note however that this martingale cannot be identically equal to 1 because its
mean, p(x), is strictly less than one.

An application of Kolmogorov’s backwards equations (cf. Champneys et
al. [7] or Dynkin [12, Theorem II.3.1]) thus yields that p belongs to C2(0,∞)
and is a solution to the ODE in (4).

11



For uniqueness, suppose that f is a solution to (4) when −∞ < ρ <
√

2β.
Again we can construct a positive martingale Mt :=

∏
u∈N−ρ

t
f(Yu (t)) which is

bounded, hence uniformly integrable. Clearly M∞ = 1 on {ζ < ∞}. Further,
Theorem 9 gives lim supt↑∞ Rt = ∞ on {ζ = ∞} a.s. and, since f(+∞) = 0,

M∞ = lim
t↑∞

∏
u∈N−ρ

t

f(Yu (t)) = lim inf
t↑∞

∏
u∈N−ρ

t

f(Yu (t))

≤ lim inf
t↑∞

f(Rt)

≤ f(lim sup
t↑∞

Rt),

we can identify the limit as M∞ = 1{ζ<∞} a.s.. Finally,

f (x) = Ex(M0) = Ex(M∞) = P x (ζ < ∞) = p(x)

and uniqueness follows.

6 Asymptotic when −∞ < ρ <
√

2β

In this section we determine the asymptotic for the solution to the one-sided
FKPP system (4). As a first step, the following Lemma shows that the unique
solution decays exponentially for sufficiently large y and will prove very useful:

Lemma 15 Let f be the unique solution of the system (4) when −∞ < ρ <√
2β. Let x0 > 0 and define µ :=

√
ρ2 + 2β(1− f(x0))− ρ > 0. Then

f(y) ≤ (f(x0)eµx0) e−µy

for all y > x0.

Proof. Recall that Y is a Brownian motion with drift −ρ starting from x > 0
under Px

−ρ and recall that for any z ≥ 0, τz := inf{t : Yt = z}. Itô’s formula
implies that,

Mt := f(Yt∧τ0) exp
(

β

∫ t∧τ0

0

(f(Ys)− 1) ds

)
(14)

is a Px
−ρ-local martingale and, since 0 ≤ f ≤ 1, it is actually a bounded martin-

gale. Suppose that y > x0. Since τx0 < ∞ a.s. under Py
−ρ, the optional stopping

theorem and the monotonicity of f (see remark after Theorem 13) yields

f(y) = Ey
−ρ

{
f(x) exp

(
β

∫ τx0

0

(f(Ys)− 1) ds

)}
≤ f(x)Ey

−ρ

(
eβ(f(x0)−1)τx0

)
.

A well-known result (see, for example, Borodin and Salminen [4]) gives

Ey
−ρ

(
eβ(f(x0)−1)τx0

)
= e−µ(y−x0),

12



where µ :=
√

ρ2 + 2β(1− f(x0))− ρ > 0. Thus, inequality (6) becomes

f(y) ≤ f(x0)e−µ(y−x0)

as required.
As a corollary, we gain an alternative and straightforward probabilistic proof

of the weaker asymptotic result found in Pinsky [35] that first motivated this
article:

Corollary 16 When it exists, the solution to the system (4) satisfies

lim
x↑∞

1
x

log f (x) = ρ−
√

ρ2 + 2β < 0.

Proof. Taking logarithms in Lemma 15, then taking a lim supy before noting
that f(x0) → 0 as x0 →∞ yields the required upper bound.

To prove the lower bound, recall that (14) is a martingale and hence for
y > 0, remembering that f(x) ∈ [0, 1] with f(0) = 1, we have

f(y) = Ey
−ρ

{
exp

(
β

∫ τ0

0

(f(Ys)− 1) ds

)}
(15)

≥ Ey
−ρ

(
e−βτ0

)
= e

−
“√

ρ2+2β−ρ
”

y
,

yielding the required lower bound.

As another corollary to Lemma 15, we can find an exponentially decaying
bound for f valid on the whole of (0,∞). This is of importance in the proof of
the strong asymptotic of Theorem 1.

Corollary 17 Let f be the unique solution of the system (4) when −∞ < ρ <√
2β. Given any K > 1, there exists a κ > 0 such that

f(y) ≤ Ke−κy

for all y ≥ 0.

Proof. For K > 1, choose x0 > 0 such that K = eµx0 . Note that f(x0) ∈ (0, 1)
and then set κ =

√
ρ2 + 2β(1− f(x0)) − ρ > 0. Lemma 15 says that f(y) ≤

Ke−κy for all y ≥ x0. Also, since 0 ≤ f ≤ 1 and for y < x0 we have Ke−κy > 1,
we trivially have f(y) ≤ Ke−κy for all y ≤ x0.

We now extend the analysis to prove the stronger asymptotic of Theorem 1.
Crucial to the argument will be the following proposition which we shall prove
at the end of this section.

Proposition 18 With ρ̃ :=
√

ρ2 + 2β, x > 0 and f(x) the unique travelling-
wave at speed −∞ < ρ <

√
2β,

lim
x→∞

Ex
−ρ̃ exp

(
β

∫ τ0

0

f(Ys) ds

)
< +∞. (16)
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Proof of Theorem 1 (asymptotics). Working with the change of measure

dPx
λ−ρ

dPx
−ρ

∣∣∣∣
Ft

= eλ(Yt+ρt−x)− 1
2 λ2t

for λ ∈ R and x > 0, we have from the martingale property at (14) that

e−λxf(x) = Ex
−ρ

{
e−λYt∧τ0 f(Yt∧τ0)e

β
R t∧τ0
0 f(Ys) ds eλ(Yt∧τ0−x)−β(t∧τ0)

}
.

Choosing λ = α := ρ −
√

ρ2 + 2β < 0, so that β + ρλ = 1
2λ2, and defining

v(x) := e−αxf(x) and ρ̃ :=
√

ρ2 + 2β > 0, this yields

v(x) = Ex
−ρ̃

{
v(Yt∧τ0) exp

(
β

∫ t∧τ0

0

f(Ys) ds

)}
,

whence

v(Yt∧τ0) exp
(

β

∫ t∧τ0

0

f(Ys) ds

)
(17)

is a P−ρ̃ martingale which is positive and therefore convergent. As τ0 < ∞ a.s.
P−ρ̃ we also have v(Yt∧τ0) → 1 a.s. under Px

−ρ̃, but v is not (yet) known to be
a bounded function so we cannot immediately conclude that this martingale is
uniformly integrable. However, using the change of measure

dPx
−ρ̃

dPx
−ρ

∣∣∣∣
Fτ0

= e(
√

ρ2+2β−ρ)x−βτ0 .

(which is possible because exp{−(
√

ρ2 + 2β − ρ) (Yt∧τ0 − x) − β (t ∧ τ0)} is a
uniformly integrable martingale) we may transform (15) to

v(x) = Ex
−ρ̃

{
exp

(
β

∫ τ0

0

f(Ys) ds

)}
(18)

and hence the Px
−ρ̃ martingale in (17) is uniformly integrable. Note that from

(18) it is clear that v is monotone increasing in x and hence its limit exists as
x tends to infinity.

All that remains is to prove that v converges to a finite limit as x tends to
infinity, which is precisely Proposition 18. Thus

v(x) := f(x)e−αx ↑ k ∈ (0,∞) as x →∞.

Hence f(x) asymptotically looks like the decaying solution of

1
2
f ′′ − ρf ′ − βf = 0,

that is, the linearisation of equation (2) about the origin.

14



Proof of Proposition 18. Recall that ρ̃ =
√

ρ2 + 2β and for y > 0

Ey
−ρ̃ (eγτ0) = e(ρ̃−

√
ρ̃2−2γ)y

provided that 2γ < ρ̃2 (in particular, this holds for all γ ≤ β).
Note that for any y > 0, since f ∈ [0, 1], we have

Ey
−ρ̃ exp

(
β

∫ τ0

0

f(Ys) ds

)
≤ Ey

−ρ̃(e
βτ0) = e(

√
ρ2−2β−ρ)y < ∞, (19)

and for any y0 > y1 > 0, the strong Markov property gives

Ey0
−ρ̃

(
eβ

R τ0
0 f(Ys) ds

)
= Ey0

−ρ̃

(
eβ

R τy1
0 f(Ys) ds

)
Ey1
−ρ̃

(
eβ

R τ0
0 f(Ys) ds

)
(20)

Fix any K > 1 and recall from Corollary 17 that there then exists µ > 0
such that

f(x) ≤ Ke−µx ∀x ≥ 0.

Now fix any d > 0. Choose a fixed M ∈ N sufficiently large such that Ke−µy1 < 1
where y1 := Md. Then, for any N ∈ N and y0 := (M + N)d, and with
Si := τ(M+i−1)d − τ(M+i)d so that the Si are IID each distributed like the first
hitting time of 0 by a Brownian motion started at d, we have

Ey0
−ρ̃ exp

(
β

∫ τy1

0

f(Ys) ds

)
≤ Ey0

−ρ̃ exp
(

βK

∫ τy1

0

e−µYs ds

)
= Ey0

−ρ̃ exp
(

βKe−µy1

N∑
k=1

e−µkdSk

)

≤ Ey0
−ρ̃

N∏
k=1

exp(βe−µkdSk)

=
N∏

k=1

Ey0
−ρ̃ exp(βe−µkdSk)

= exp
(

d
N∑

k=1

{
ρ̃−

√
ρ̃2 − 2βe−µkd

})
(21)

Since

ρ̃−
√

ρ̃2 − 2βe−µkd =
(

β√
ρ2 + 2β

)
e−µkd + o(e−µkd),

the sum appearing in (21) is convergent when N →∞. Using this fact together
with monotone convergence and equations (19) and (20) now gives the required
result.
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7 Right most particle asymptotic −∞ < ρ <
√

2β

The intention of Theorem 11 was to establish properties of the probability of
extinction in order to justify it as a solution to the travelling-wave equation.
However, considering parts (i) and (iii) of this same theorem there is reason
to believe that like the (−ρ, β; R)-BBM, the (−ρ, β; R+)-BBM has a right most
particle with asymptotic drift

√
2β−ρ (but now it is necessary to specify that this

happens on the survival set). This is indeed the case. After considerable extra
work Lemma 2 will actually follow from the stronger result given in Theorem 5,
but we can already give a direct alternative proof using intuition from the spine
ideas which we include for now for interest.

Proof of Lemma 2. We shall prove this result by establishing separately
that

lim inf
t↑∞

Rt

t
≥
√

2β − ρ and lim sup
t↑∞

Rt

t
≤
√

2β − ρ on {ζ = ∞} P x-a.s.

Theorem 9 shows that for each x > 0, on {ζ = ∞}, lim supt↑∞ Rt = ∞
P x-almost surely and hence σy := inf{t ≥ 0 : X−ρ (y,∞) > 0} is P x-almost
surely finite for each y > 0 on {ζ = ∞}. This implies that for any λ > 0,

P x

(
lim inf

t↑∞
Rt/t ≥ λ, ζ = ∞

)
= P x

(
lim inf

t↑∞
Rt/t ≥ λ, σy < ∞, ζ = ∞

)
.

It thus follows that for any y > x

P x

(
lim inf

t↑∞
Rt/t ≥ λ, ζ = ∞

)
= P x (σy < ∞) P x

(
lim inf

t↑∞
Rt/t ≥ λ, ζ = ∞

∣∣∣∣σy < ∞
)

≥ P x (σy < ∞) P y

(
lim inf

t↑∞
Rt/t ≥ λ, ζ = ∞

)
(22)

where the inequality follows from the fact that at time σy there is one particle
positioned at y which, given Fσy

, gives rise to an branching tree independent of
other particles alive at time σy and further whose right most particle is bounded
above by the right most particle of X−ρ. Recalling Theorem 9, now note that
as y →∞,

P x (σy < ∞) ↑ P x

(
lim sup

t↑∞
Rt = ∞

)
= P x (ζ = ∞) .

It follows from (22) with the help of Theorem 11 (iii) that when we further
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insist that λ ∈ (0,
√

2β − ρ),

P x (ζ = ∞) ≥ P x

(
lim inf

t↑∞
Rt/t ≥ λ, ζ = ∞

)
≥ lim

y↑∞
P x (σy < ∞) P y

(
lim inf

t↑∞
Rt/t ≥ λ, ζ = ∞

)
= P x (ζ = ∞) .

We thus deduce that for any ε > 0, P x-almost everywhere on the event {ζ = ∞}
we have

lim inf
t↑∞

Rt/t ≥
√

2β − ρ− ε

Additionally note that on {ζ = ∞}, Rt is P x-almost surely stochastically
bounded above by the right-most particle Rt of the unkilled (−ρ, β; R)-BBM
and recall, for example, Zλ(t) ≥ exp {(λ + ρ)Rt − 1

2 (λ2 − ρ2)t− βt)}), yielding

lim sup
t↑∞

Rt/t ≤
√

2β − ρ

P x-almost everywhere on the event {ζ = ∞}.

8 Proofs of the martingale results

We first prove the following result, which identifies the speed of particles which
contribute to the limit of Wλ.

Theorem 19 For any small ε > 0 we have, P x-almost-surely,

Wλ(∞) = lim
t→∞

∑
u∈N−ρ

t

(
1− e−2λYu(t)

)
e(λ+ρ)Yu(t)−( 1

2 (λ2−ρ2)+β)t1(|Yu(t)
t −λ|<ε)

Proof. Define Eλ = E(λ) := 1
2 (λ2 − ρ2) + β, let ε > 0 be small, and set

µ := λ− ε. Then∑
u∈N−ρ

t

(
1− e−2λYu(t)

)
e(λ+ρ)Yu(t)−Eλt1(0<Yu(t)≤(λ−ε)t)

≤
∑

u∈N−ρ
t

e(µ+ρ)Yu(t)−Eµt1(0<Yu(t)≤(λ−ε)t) × e(λ−µ)Yu(t)−(Eλ−Eµ)t

≤ e−
1
2 ε2t

∑
u∈N−ρ

t

e(µ+ρ)Yu(t)−Eµt = e−
1
2 ε2tZµ(t),

where Zµ(t) is the martingale given in equation (3), which is positive and hence
almost-surely convergent. Hence, P x-almost-surely,

lim sup
t→∞

∑
u∈N−ρ

t

(
1− e−2λYu(t)

)
e(λ+ρ)Yu(t)−Eλt1(0<Yu(t)≤(λ−ε)t) = 0.
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The other bound can be proved similarly by setting µ := λ + ε and showing∑
u∈N−ρ

t

(
1− e−2λYu(t)

)
e(λ+ρ)Yu(t)−Eλt1(Yu(t)≥(λ+ε)t) ≤ e−

1
2 ε2tZµ(t)

as required.

Remark 20 It is implicit in the proof of Theorem 19 that we also have another
representation for Wλ(∞):

Wλ(∞) = lim
t→∞

∑
u∈N−ρ

t

e(λ+ρ)Yu(t)−( 1
2 (λ2−ρ2)+β)t.

That is, the limit of Wλ is the same as that part of the limit of Zλ contributed
from particles that avoided the origin.

Recall that P x(ζ = ∞) > 0 if and only if ρ <
√

2β, and note that if this
condition does not hold there can be no values of λ for which Wλ is uniformly
integrable. When ρ ≥

√
2β, the critical λ value of

√
2β − ρ in Theorem 4

corresponds to the right-most particle asymptotic of Lemma 2, tallying with
the intuitive notion that the Wλ martingale limit measures particles travelling
at speed λ.

Proof of Theorem 4. We note that, for λ, x > 0 and for each p ∈ (1, 2]:

(i) The martingale Wλ is Lp(P x)-convergent if p(λ + ρ)2/2 < β;

(ii) Almost surely under P x, Wλ(∞) = 0 when (λ + ρ)2/2 ≥ β.

This Lp-convergence result for Wλ follows from the trivial bound Wλ ≤ Zλ and
known results for Zλ.

It remains to check that process survival is equivalent to a strictly posit-
ive limit for Wλ. From the definition for Wλ, it is clear that {ζ < ∞} ⊆
{Wλ(∞) = 0}, so that P x(Wλ(∞) = 0; ζ < ∞) = P x(ζ < ∞). We can also
write P x(Wλ(∞) = 0) as

P x(Wλ(∞) = 0) = P x(Wλ(∞) = 0; ζ < ∞) + P x(Wλ(∞) = 0; ζ = ∞), (23)

and the the result follows if we can show that P x(Wλ(∞) = 0) = P x(ζ < ∞).
Define g(x) := P x(Wλ(∞) = 0), and then, by a similar argument to that used
in the proof of Theorem 13

g(x) = Ex

( ∏
u∈N−ρ

t

g(Yu(t))
)

, (24)

and hence g(x) satisfies the ODE in the system (4), and also the boundary
condition limx↓0 g(x) = 1. With the representation of Remark 20 in mind, con-
sidering the (−ρ, β; R)-BBM path-wise we see that g(x) is monotone decreasing
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in x, and so g(x) ↓ g(∞) as x → ∞. Now for any fixed time t > 0, we have
N−ρ

t ↑ N−ρ
t as x → ∞, and, looking at the process path-wise again, we also

have Yu(t) ↑ ∞ as x → ∞, for all u ∈ N−ρ
t . Thus we may take limits on both

sides of (24) to obtain g(∞) = E0(
∏

u∈N−ρ
t

g(∞)), whence g(∞) = 0 or 1. Since
Wλ is uniformly integrable for the values of λ under consideration we must have
g(∞) = 0. Hence g(x) satisfies the ODE and boundary conditions in (4), and
uniqueness of the one-sided travelling wave completes the argument.

Proof of Theorem 5. The key idea in the proof is to overestimate the
indicator functions in (6) by exponentials and then re-arrange the expression
to obtain martingale terms. We emphasise that the use of Wλ, as opposed to
Zλ, in the following arguments is absolutely essential but, otherwise, we closely
follow Git et al. [16]. Bounding N−ρ

t (λt,∞) above, we have

N−ρ
t (λt,∞) =

∑
u∈N−ρ

t

1(Yu(t)−λt≥0) ≤
∑

u∈N−ρ
t

e(λ+ρ)(Yu(t)−λt) = e∆(λ)tZλ(t).

Now if λ ≥
√

2β−ρ then Zλ has an almost-sure zero limit and ∆(λ) ≤ 0, whence∑
u∈N−ρ

t
1(Yu(t)≥λt) = 0, eventually, with probability 1. On the other hand, if

0 < λ <
√

2β − ρ then Zλ(∞) > 0 almost surely and ∆(λ) > 0 so

lim sup
t→∞

t−1 lnN−ρ
t (λt,∞) ≤ ∆(λ), a.s.

For the reverse inequality, let ε > 0 be small and 0 < λ <
√

2β − ρ. Then∑
u∈N−ρ

t

(
1− e−2λYu(t)

)
e(λ+ρ)Yu(t)−Eλt1((λ−ε)t<Yu(t)≤(λ+ε)t)

≤ e((λ+ρ)λ−Eλ)teε(λ+ρ)t
∑

u∈N−ρ
t

1((λ−ε)t<Yu(t)).

Noting that (λ + ρ)λ− Eλ = −∆(λ), we obtain

t−1 ln
∑

u∈N−ρ
t

(
1− e−2λYu(t)

)
e(λ+ρ)Yu(t)−Eλt1((λ−ε)t<Yu(t)≤(λ+ε)t)

≤ −∆(λ) + ε(λ + ρ) + t−1 ln
∑

u∈N−ρ
t

1((λ−ε)t<Yu(t)).
(25)

Now as t → ∞, it follows from the crucial facts that Wλ(∞) > 0 (from The-
orem 4) and that the limit only ‘sees’ particles of speed λ (from Proposition 19)
that, on {ζ = ∞}, the left-hand side of (25) tends to zero, and since ε > 0 is
arbitrary, we find that

lim inf
t→∞

t−1 ln
∑

u∈N−ρ
t

1(Yu(t)≥λt) ≥ ∆(λ), a.s.

which completes the proof.
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9 Proof of Theorem 6

The proof of Theorem 6 rests on the close links between branching diffusions
and partial differential equations; essentially, the assertion of Theorem 6 is that
for large times t the solution of the non-linear equation

∂u

∂t
=

1
2

∂2u

∂x2
− ρ

∂u

∂x
+ βu(1− u), (26)

with u ∈ C1,2(R+×R+) and u(·, 0+) = 0, is asymptotically equal to a constant
multiple of the solution of the linearised equation

∂w

∂t
=

1
2

∂2w

∂x2
− ρ

∂w

∂x
+ βw, (27)

for w ∈ C1,2(R+ × R+) and w(·, 0+) = 0. Considering x, y, t > 0, it is clas-
sical theory that u(t, x, y) := P x(Rt > y) solves (26) with initial condition
u(0, x, y) = 1(x>y). This link can be seen from the product martingales in
McKean’s work [31, 32]. A simple Feynman-Kac argument yields the following:

Proposition 21 Let w(t, x, y) be the solution of the linearised equation (27)
with the same initial condition, that is w(0, x, y) = 1(x>y). Then u(t, x, y) ≤
w(t, x, y) for all t, x, y > 0.

Remark 22 The probabilistic interpretation of Proposition 21 is that, for all
t, x > 0,

P x(Rt > λt + θ) ≤ Ex
(
N−ρ

t (λt + θ,∞)
)
.

Proof of Theorem 6. Let {Bt
x1,x2

(φ) : s ∈ [0, t]} be a Brownian bridge that
travels from point x1 to x2 over time period [0, t], and let τ t

0 to be the first
hitting of the origin by the bridge. Then we have

u(t, x, y) = Ex
−ρ

{
1(Yt>y)e

β
R t
0 (1−u(t−φ,Yφ,y)) dφ; τ0 > t

}
= eβt

∫ ∞

0

Px
−ρ(Yt − y ∈ dz)E

{
e−β

R t
0 u(t−φ,Bt

x,z+y(φ),y) dφ; τ t
0 > t

}
.

Hence

u(t, x, λt + θ) =
e−( 1

2 (λ+ρ)2−β)t

√
2πt

e(λ+ρ)(x−θ)

∫ ∞

0

e−(λ+ρ)z exp
(
−(x− θ − z)2

2t

)
× E

{
e−β

R t
0 u(t−φ,Bt

x,z+λt+θ(φ),λt+θ) dφ; τ t
0 > t

}
dz,

and then, by dominated convergence, to complete the proof of (7) it suffices to
show that there exists some function g : (0,∞) → (0, 1] such that

E
{

e−β
R t
0 u(t−φ,Bt

x,z+λt+θ(φ),λt+θ) dφ; τ t
0 > t

}
−−−→
t→∞

g(z)(1− e−2λx),
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since this would ensure that∫ ∞

0

e−(λ+ρ)z exp
(
−(x− θ − z)2

2t

)
× E

{
e−β

R t
0 u(t−φ,Bt

x,z+λt+θ(φ),λt+θ) dφ; τ t
0 > t

}
dz −−−→

t→∞
C(1− e−2λx).

Although we are essentially following the strategy of Chauvin and Rouault [9]
here, extra effort is required to deal with the complications arising from the
introduction of the absorbing barrier. In particular, Lemma 23 below uses a
similar argument to show that a certain expectation converges, but additional
work is needed to identify the limit; after this, a careful chosen construction of
the family of Brownian bridges from two independent Brownian motions allows
us to give intuitive proofs of the remaining new results that yield Theorem 6.

Let B := {B(s) : s ≥ 0} be a standard Brownian motion started at the
origin, then recall the fact that a Brownian bridge {Bt

x1,x2
(φ) : φ ∈ [0, t]} from

positions x1 to x2 can be constructed by taking

Bt
x1,x2

(φ) = B(φ)− φ

t
B(t) + x1 +

φ

t
(x2 − x1) (0 ≤ φ ≤ t).

Also define
ũ(t, x, y) := P x(Rt > y),

where Rt is the right-most particle in the unkilled (−ρ, β; R)-BBM. Note that
ũ(t, x, y) is a solution of (26) as a function of (t, x) ∈ R+ × R with the same
initial condition as u, that is ũ(0, x, y) = 1(x>y). We find:

Lemma 23 As t →∞,

E
(
e−β

R t
0 u(t−φ,Bt

x,z+λt+θ(φ),λt+θ) dφ
)
→ E

(
e−β

R∞
0 ũ(φ,B(φ)+z−λφ,0) dφ

)
(28)

where the limit is independent of θ and x.

Proof of Lemma 23. The proof requires only a slight modification of the
argument in Chauvin and Rouault [9, Lemma 3.1]. Since the effect of the killing
vanishes as the particle’s start position tends to infinity, we can show that

1[0,t](φ)u(φ, Bt
z+λt+θ,x(φ), λt + θ) −−−→

t→∞
ũ(φ,B(φ) + z − λφ, 0).

Then a dominated-convergence argument shows that the right-hand side of (28)
is strictly positive.

Construction of the Bridges. We make the following simultaneous construc-
tion of all the Brownian bridges Bt

x,z(·) with indices t > 0, x, z > 0 using two
independent Brownian motions started at the origin, W = {W (s) : s > 0} and
X = {X(s) : s > 0}:

Bt
x,z(φ) :

{
W (φ)− φ

t W (t) + x + φ
t (z − x) for φ ∈ [0, τ t

0)

B̃t−τt
0

z,0 (t− φ) for φ ∈ [τ t
0, t]

(29)
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where

τ t
0 = τ t

0(x, z) = inf{φ ≥ 0 : W (φ)− φ

t
W (t) + x +

φ

t
(z − x) = 0}

and for any s > 0

B̃s
z,0(u) : X(u)− u

s
X(s) + z − u

s
z for u ∈ [0, s]. (30)

Note that τ t
0 is determined entirely from the path of W , and, almost surely as

t →∞, we have

τ t
0(x, z + λt + θ) → τ0 := inf{φ : W (φ) + λφ + x = 0}.

Also
Bt

x,z+λt+θ(φ) → W (φ) + λφ + x (31)

uniformly on any interval [0, s] where s < τ0.

Lemma 24 On the event {τ0 < ∞},∫ τt
0

0

u(t− φ, Bt
x,z+λt+θ(φ), λt + θ) dφ → 0

almost surely as t →∞.

Proof of Lemma 24. Let s < τ0 < ∞. Then since τ t
0 → τ0 almost surely,

there exists some t0 such that s < τ t
0 for all t ≥ t0. Recalling the function w

from Proposition 21, we note that

w(t, x, y) = eβtEx
−ρ(1(Yt>y); τ0 > t)

≤ eβtE0
0(1(Yt>y−x+ρt)) =: w̃(t, y − x), (32)

and Chernov’s inequality gives

w̃(s, z) ≤ exp
(

βs− z2

2s

)
, ∀s, z > 0. (33)

Using Proposition 21 and the inequalities (32) and (33) we have, for any
B ∈ R,

u(t− φ,B, λt + φ) ≤ e(β− 1
2 (λ+ρ)2)t × e−βφ− 1

2 (λ+ρ)2φ+(B−θ)(λ+ρ).

Then, combining these facts with (31), we see that

e( 1
2 (λ+ρ)−2β)t

∫ s

0

u(t− φ, Bt
x,z+λt+θ(φ), λt + θ) dφ

≤
∫ s

0

e−βφ− 1
2 (λ+ρ)2φ+(Bt

x,z+λt+θ(φ)−θ)(λ+ρ) dφ

→
∫ s

0

e−βφ− 1
2 (λ+ρ)2φ+(W (φ)+λφ+x−θ)(λ+ρ) dφ < ∞
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as t → ∞. Since λ >
√

2β − ρ and the above holds for all s < τ0 < ∞, the
lemma follows.

Define
I(z) :=

∫ ∞

0

ũ(φ,X(φ) + z − λφ, 0) dφ

and note that this definition is independent of W (hence also of each τ t
0 and τ0).

Lemma 25 On the event {τ0 < ∞},∫ t

0

u(t− φ, Bt
x,z+λt+θ(φ), λt + θ) dφ → I(z),

almost surely as t → ∞. In particular, note limit I(z) ∈ (0,∞) is independent
of θ and x.

Proof. Using the construction at (29), we see that∫ t

τt
0

u(t− φ,Bt
x,z+λt+θ(φ), λt + θ) dφ

=
∫ t

τt
0

u(t− φ, B̃t−τt
0

z+λt+θ,0(t− φ), λt + θ) dφ

=
∫ t−τt

0

0

u(φ, B̃t−τt
0

z+λt+θ,0(φ), λt + θ) dφ. (34)

We now note that, because of our construction of B̃t−τt
0

z+λt+θ,0 at (30), we may
almost exactly mirror the argument required for Lemma 23 to show that (34)
converges to I(z) as t →∞.

Immediately from Lemma 25, we see that

E
{

e−β
R t
0 u(t−φ,Bt

x,z+λt+θ(φ),λt+θ) dφ; τ t
0 < t

}
−−−→
t→∞

E
(
e−βI(z); τ0 < ∞

)
To complete the proof of (7), we note that I(z) and τ0 are independent by
construction, Px(τ0 < ∞) = e−2λx and the right-hand side of equation (28) is
the same as E(e−I(z)), hence

E
{

e−β
R t
0 u(t−φ,Bt

x,z+λt+θ(φ),λt+θ) dφ; τ t
0 > t

}
−−−→
t→∞

(1− e−2λx)E
(
e−βI(z)

)
as required. Finally, we note that the equivalent statement of equation (8) can
be deduced from equation (7), the many-to-one lemma (9), and the one-particle
calculation

Px
−ρ(Y (t) ≥ λt + θ; τ0 > t) ∼

t→∞

1
(λ + ρ)

√
2πt

(1− e−2λx)e(λ+ρ)(x−θ)− 1
2 (λ+ρ)2t.

This completes the proof of Theorem 6.
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problem biologique. Mosc. Univ. Bull. Math., 1:1–25, 1937. Translated and
reprinted in Pelce, P., Dynamics of Curved Fronts (Academic, San Diego,
1988).

[26] D. Kuhlbusch. On weighted branching processes in random environment.
Stochastic Process. Appl., 109(1):113–144, 2004.

25



[27] A. E. Kyprianou. Travelling wave solutions to the K-P-P equation: al-
ternatives to Simon Harris’ probabilistic analysis. Ann. Inst. H. Poincaré
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