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Abstract Scale functions play a central role in the fluctuation theory of spectrally
negative Lévy processes and often appear in the context of martingale relations. These
relations are often require excursion theory rather than It6 calculus. The reason for the
latter is that standard It6 calculus is only applicable to functions with a sufficient degree
of smoothness and knowledge of the precise degree of smoothness of scale functions
is seemingly incomplete. The aim of this article is to offer new results concerning
properties of scale functions in relation to the smoothness of the underlying Lévy
measure. We place particular emphasis on spectrally negative Lévy processes with a
Gaussian component and processes of bounded variation. An additional motivation
is the very intimate relation of scale functions to renewal functions of subordinators.
The results obtained for scale functions have direct implications offering new results
concerning the smoothness of such renewal functions for which there seems to be very
little existing literature on this topic.
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692 T. Chan et al.

1 Spectrally negative Lévy processes and scale functions

Suppose that X = {X; : t > 0} is a spectrally negative Lévy process with probabil-
ities { Py : x € R}. For convenience we shall write P in place of Py. That is to say
a real valued stochastic process whose paths are almost surely right continuous with
left limits and whose increments are stationary and independent. Let {F; : ¢t > 0}
be the natural filtration satisfying the usual assumptions and denote by i its Laplace
exponent so that

E(X1) = ¢V ©)

where E denotes expectation with respect to P.

It is well known that v is finite for all & > 0, is strictly convex on (0, co) and
satisfies ¥ (0+) = 0 and ¢ (c0) = oo. Further, from the Lévy-Khintchin formula, it
is known that

1
v (6) = ab + 50292 + / (" — 1 — 6x1 (= 1)) TI(dx)
(—00,0)

where a € R, 02 > 0 and IT satisfies f(—oo,O)(l A x2)TI(dx) < oo and is called the
Lévy measure.

Suppose that for each g > 0, ®(g) is the largest root of the equation ¥/ () = g in
[0, 0o) (there are at most two). We recall from [2,3] that for each ¢ > 0 there exits a
function W@ : R — [0, 00), called the g-scale function defined in such a way that
W@ (x) =0 for all x < 0 and on [0, co) its Laplace transform is given by

o]

/e_g"W(q)(x) dx =

0

1

For convenience we shall write W in place of W(?) and call this the scale function
rather than the 0-scale function.

The importance of g-scale functions appears in a number of one and two sided
exit problems for (reflected) spectrally negative Lévy processes. See for example,
[1-3,5,7,16,19,21,22]. Notably however the g-scale function takes its name from the
identity

W(’Z)(x)
_qTaJr _ [ ——
Ex (e Lt < >) W@ (a) @

where tf = inf{r > 0: X; > a}, 7, = inf{t > 0: X; < 0} and E is expectation
with respect to P,. The latter identity provides an analogue to a similar situation for
scale functions of diffusions.
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Smoothness of scale functions for spectrally negative Lévy processes 693

Set g > 0. Under the exponential change of measure

d Px<1>(q)
dpP,

— ¢ P@Xi—x)—qt

Fi

it is well known that (X, P®@)) is again a spectrally negative Lévy process whose
Laplace exponent is given by

Vo) @) =¥ (O + Pg) —q 3)

for & > —®(q) and whose Lévy measure, [1¢ (), satisfies
Mo ) (dx) = e® D T (dx)

on (—00, 0). Note in particular that 1§, ( q)(0+) = /(P (q)) which is strictly positive
when ¢ > 0 or when ¢ = 0 and ¥'(0+) < 0. Using the latter change of measure, we
may deduce from (1) and (3) that

WD (x) = e® D We g (x) 4)

where Wo (4) (x) is the scale function for the process (X, P®@).
There exists an excursion theory argument given in [2] from which it is known that
forany 0 < x < oo,

a

W(x) = W(a)exp —/n(E > t)dt 5)

X

for any arbitrary a > x where n is the excursion measure of the local-time-indexed pro-
cess of excursions {¢; : ¢ > 0} of the reflected Lévy process {sup,., Xy — X; : t > 0}
and € is the excursion height of the generic excursion. Note that when v/ (0+) > 0
the scale function may also be represented in the form W(x) = P,(inf;<; Xy >
0)/v'(0+). From (5) it is immediate that on (0, 0o) the function W is monotone and
almost everywhere differentiable with left and right derivatives given by

Wix=)=n@E>x)Wx) and W (x+)=nE > x)W(x) (6)

so that W is continuously differentiable on (0, co) if and only if n(€ = ) = 0 for all
t > 0in which case W'(x) = n(€ > x)W (x). In [13] it is shown that the latter is the
case if for example the process X has paths of unbounded variation (and in particular
if it possesses a Gaussian component) or if X has paths of bounded variation and
the Lévy measure is absolutely continuous with respect to Lebesgue measure. More
recently, it has been shown in [11] that, in the case of bounded variation paths, W is
continuously differentiable if and only if IT has no atoms.
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694 T. Chan et al.

The principle objective of this paper is to investigate further the smoothness prop-
erties of scale functions. In particular we are interested in providing conditions on the
Lévy measure IT and Gaussian coefficient o such that, for all g > 0, the restriction of
W@ to (0, co) belongs to C*(0, o0) for k = 2, 3, ... (henceforth we shall write the
latter with the slight abuse of notation W@ e Ck(0, c0)).

2 Motivation and main results

Before moving to the main results, let us motivate further the reason for studying the
smoothness of scale functions. From (2) it is straightforward to deduce by applying
the Strong Markov Property that fora > 0

{e*‘f’W(W(X,) r <A ro—}

is a martingale. In the spirit of the theory of stochastic representation associated with
one dimensional diffusions, this fact may in principle be used to solve certain boundary
value problems by affirming that W@ solves the integro-differential equation

C—gWPx) =0 on (0,a)

where I' is the infinitesimal generator of X.

The latter equation would follow by an application of 1t6’s formula to the aforemen-
tioned martingale providing that one can first assert sufficient smoothness of W@ In
general, a comfortable sufficient condition to do this would be that W@ e C 2(0, 00),
although this is not strictly necessary. For example, when X is of bounded variation,
knowing that W@ e C1(0, oo) would suffice.

In general it is clear from (1) that imposing conditions on the Lévy triple (a, o, IT),
in particular the quantities o and IT, is one way to force a required degree of smooth-
ness on W@ It is also possible to get some a priori feeling for what should be expected
by way of results by looking briefly at the intimate connection between scale functions
when ' (0+) > 0 and ¢ = 0 and renewal functions.

Suppose that X is such that ¥/ (0+) > 0, then thanks to the Wiener—Hopf factorisa-
tion we may write ¥ () = 6¢ (0) where ¢ is the Laplace exponent of the descending
ladder height subordinator (see for example Chapter VI of [2] for definitions of some
of these terms). Note that in this exposition, we understand a subordinator in the
broader sense of a Lévy process with non-decreasing paths which is possibly killed
at an independent and exponentially distributed time. A simple integration by parts in
(1) shows that

~ox _ b
/e W(dx)_¢(9) (7

[0,00)

which in turn uniquely identifies W (dx) as the renewal measure associated with the
descending ladder height subordinator. Recall that if H = {H, : t > 0} is the subor-
dinator associated with the Laplace exponent ¢ then a very first view on smoothness
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Smoothness of scale functions for spectrally negative Lévy processes 695

properties could easily incorporate known facts concerning smoothness properties of
renewal measures.

For example, [8] formalise several facts which are implicit in the Wiener—Hopf
factorisation. Specifically it is shown that given any Laplace exponent of a subor-
dinator, ¢, there exists a spectrally negative Lévy process with Laplace exponent
Y (0) = 0¢(0) if and only if the Lévy measure associated to ¢ is absolutely continu-
ous with non-increasing density. In that case the aforementioned density is necessarily
equal to

TI(x) := I1(—o0, —x).

A sub-class of such choices for ¢ are the so called complete Bernstein functions.
That is to say, Laplace exponents of subordinators whose Lévy measure is absolutely
continuous with completely monotone density. A convenience of this class of ¢ is
that, from Theorem 2.3 of [18] and Theorem 2.1 and Remark 2.2 of [20], the potential
density associated to ¢, that is to say W', is completely monotone and hence belongs
to C*°(0, 0o). This way, one easily reaches the conclusion that whenever ¥/ (0+) > 0
and TI(x) is completely monotone, then W’ is completely monotone.

The above arguments show that a strong smoothness condition on the Lévy measure
I, namely complete monotonicity of I, yields a strong degree of smoothness on the
scale functions; at least for some particular parameter regimes. One would hope then
that a weaker smoothness condition on the Lévy measure I1, say IT € C" (0, co) for
n = 1,2, ..., might serve as a suitable condition in order to induce a similar degree of
smoothness for the associated scale functions. Another suspicion one might have given
the theory of scale functions for diffusions is that, irrespective of the jump structure,
the presence of a Gaussian component is always enough to guarantee that the scale
functions are C2(0, 00).

Let us now turn to our main results which do indeed reflect these intuitions. We
deal first with the case of when a Gaussian component is present.

Theorem 1 Suppose that X has a Gaussian component. For each fixed g > 0 the
function WD belongs to the class C*(0, 00).

Theorem 2 Suppose that X has a Gaussian component and its Blumenthal-Getoor
index belongs to [0, 2), that is to say

inff{B>0: / Ix|PTI(dx) < o0 } € [0, 2).

|x]<1

Then for each ¢ > 0 andn = 0,1,2,..., WD e C"3(0, 00) if and only if TI €
C"(0, 00).

Next we have a result concerning the case of bounded variation paths.
Theorem 3 Suppose that X has paths of bounded variation and —T1 has a derivative

7(x), such that w(x) < Cx~'=% in the neighbourhood of the origin, for some o < 1
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696 T. Chan et al.

anﬁC > 0. Then for eachq > Oandn = 1,2, ..., W@ e (0, 0o) if and only
if I € C"(0, c0).

Remark 4 Note thatif TI(0) < oo (thatis to say X has acompound Poisson jump struc-
ture), then the Blumenthal-Getoor index is zero. As a consequence Theorem 2 implies,
without further restriction on I1, that, if in addition a Gaussian component is present
in X, then, forn =0, 1,2,..., W@ e C"3(0, 0o) if and only if TT € C"(0, 00).

Remark 5 In [11,12] and [15] related results exist. In particular the latter two papers
show thatif T is log-convex, then forall g > 0, W9 is log-convex and if moreover, I
is absolutely continuous with log-convex density (which implies that IT is log-convex)
and there is a Gaussain component, then W@ e C 2(0, 00). Also as an elaboration
on some of the discussion in Sect. 2, it was shown in [14] that if T has a completely
monotone density, then for all ¢ > 0, W@ is convex and W@ ¢ C>(0, 00).

The various methods of proof we shall appeal to in order to establish the above three
theorems reveal that the case that X has paths of unbounded variation but no Gaussian
component is a much more difficult case to handle and unfortunately we are not able
to offer any concrete statements in this regime.

We conclude this section with a brief summary of the remainder of the paper. In
the next section we shall look at some associated results which concern smoothness
properties of a certain family of renewal measures. These results will form the basis
of one of two key techniques used in the proofs. Moreover, this analysis will also lead
to a new result, extending a classical result of [9], concerning smoothness properties
of renewal measures of subordinators with drift.

We then turn to the proofs of our results on renewal equations and finally use them,
together with other probabilistic techniques, to prove the results on scale functions.

3 Renewal equations

Henceforth the convolution of two given functions, f and g mapping [0, co) to R, is
defined as

S *gx) Z/f(x —y)dg().
0

In the subsequent analysis it will always be the case g is absolutely continuous with
respect to Lebesgue measure. When appropriate, we shall also understand g*" to be
the n-fold convolution of g on (0, co) where n = 0, 1, .. .. In particular, on [0, c0),
¢*%(dx) = 8p(dx), g*! = gand forn =2, 3, ...,

X

g (x) = / gV (x — y)g' (»)dy.
0
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Smoothness of scale functions for spectrally negative Lévy processes 697

We note that in the following theorems, the issue of uniqueness of solutions to the
renewal equation is already well understood, see e.g. [6]. However we include the
statement of uniqueness for completeness.

Theorem 6 Letr g be a negative, decreasing function on (0, 00) with g(0) = 0 such
that |g' (x)| is continuous and decreasing with g’ (00) = 0. Then the solution on (0, 00)
of the renewal equation

J)=1+7f*gx) ®)

is unique in the class of functions which are bounded on bounded intervals and has
the usual form

f) =D g"). ©)

n>0

Also the series in (9) is uniformly and absolutely convergent on any finite inter-
val. Moreover, the first derivative f' € C(0,00), f'(x) = > ,.08" (x) and
> 08" (x) is uniformly and absolutely convergent on any finite interval, which
does not contain 0.

Theorem 7 Let g be as in Theorem 6. Also assume that g € C*(0, o0) and

max {sup{x €10, b) : 1™ (x)]}; sup {x €[0,b) : |g*k0”(x)|}} < A(b) < 00
(10)

forany interval [0, b) and some positive integer ko. Then, foranyk =0,1,2,..., f €
C*2(0, 00) if and only if g € C*2(0, 00).

Remark 8 In view of the fact that g € C2(0, 00), (10) follows by a straightforward
application of the definition of convolution if [g’(x)| < C1x ™!, |g”(x)| < Cax ™
on some neighbourhood of 0, where C and C; are positive constants and 0 < o < 2.

Although the above two theorems will be used to address the issue of smooth-
ness properties of scale functions, we will also deduce some new results concerning
renewal functions of subordinators. Indeed this is the purpose of the next corollary
which generalises a classical result of [9]. The latter says that whenever U (dx) is the
renewal measure of a subordinator with drift coefficient § > 0 then U is absolutely
continuous with respect to Lebesgue measure with a density, #(x) which has a con-
tinuous version (which in turn may be identified as ! multiplied by the probability
that the underlying subordinator crosses the level x by creeping) for x > 0.

Corollary 9 Suppose that U is the renewal measure of a subordinator with positive
drift § and a Lévy measure u which is also assumed to have no atoms. Then the renewal
density has the form

u(x) = ”B—ff) (11)

n>0
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698 T. Chan et al.

where n* "D (x) = — [T (x — PEMy, 1(x) = = [§ Ay and Ti(x) =
w(x, 00) and it is continuously differentiable with
n*n/(x)
I
n>0

Proof Assume that the underlying subordinator is not subject to killing. Then the sub-
ordinator crosses a level x by creeping or jumping over this level. With the help of [9]
this can be written as

X

Su(x) + / u(x — IOy = 1 (13)
0

(see for example Chapter 3 of [2]). Let f(x) = du(x) and g(x) = -1 f(;‘ w(y)dy.
Thus the conditions of Theorem 6 are satisfied and the statement follows.

Now we turn to the case when the underlying subordinator is killed. In that case,
suppose that it has the same law as an unkilled subordinator, say Y with Laplace expo-
nent n(0) = —log E(e=?1) for 6 > 0, killed at rate ¢ > 0. The result of [9] tells us
that

1
Udx) = 5P (e—qr;; Yy = x) dx

where 7,7 = inf{r > 0 : ¥; = x} (see for example Exercise 5.5 in [10]). We may thus
write

| R - 1 -
Udx) = e’ v p (e*" @l y = x) dx = e’ XY, g ()

where Uy @ (dx) is the renewal measure of the subordinator ¥ when seen under the

exponential change of measure associated with the martingale {e‘”_] @Yi=qt . t > 0}
and ! is the right inverse of 1. Note that the Laplace exponent of process Y under
the aforementioned change of measure is given by (8 4+ n7'(¢)) — ¢ for & > 0 and
it is straightforward to deduce that there is no killing term and the Lévy measure is
given by e’"il(q”‘,u(dx). Since U, -1, (dx) is the potential measure of an unkilled
subordinator and since the behaviour at the origin of the measure e @ u(dx) is
identical to that of p with regard to the role it plays through the function g, the result
for the case of killed subordinators follows from the first part of the proof. O

4 Renewal equation proofs

We start by the following auxiliary lemma.
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Smoothness of scale functions for spectrally negative Lévy processes 699

Lemma 10 Let g be a negative, decreasing function on (0, co) with g(0) = 0 and
let |g'(x)| be decreasing. Then |g*" (x)| = (—1)"g* (x). Moreover |g*"'(x)| =
(=1)"g*"(x) and

X X

gt (x) = /g/(x — g™ (ydy = /8*"’(x — g (ydy. (14)
0 0

In conclusion g*" (x) is increasing for n even and decreasing otherwise.
Proof The first statement is obvious from the definition of convolution

X

g*(n+1)(x) = /g*"(x - y)g/(y)dy
0

Next we prove |g*" (x)| = (—1)"g*"(x) and (14). Note that g’(x) is absolutely inte-
grable and write, for & > 0,

18" (x +h) — g ()| < / lg(x +h —y) — g(x — Y)Ilg’(»)Idy
0

+1gMllg(x + h) — g(x)|.

Since |g’(x)| decreases then |g(x +h—y) —g(x —y)| < hlg'(x —y)| = —hg'(x —y).
Finally from the existence of [ ¢’(x — y)g’(y)dy, the nonpositivity of g’(x) and the
dominated convergence theorem we deduce that

X
*2 *2
i (x+h)—g"(x)
g2 (P = g2 (c4) = lim % Wl _ / g'(x — g (y)dy.
h—0+ h
0

Similarly we show that |g*% (x—)| = Jo & =g’ (»dy.
Thus the induction hypothesis states that |g*"' (x)| = (—1)"g*"(x) and the identity

X X

g (x) = / gx— gV (ydy = / gV (x — y)g'(y)dy.
0 0

To show these statements for n 4+ 1, we use the induction hypothesis, the preceding
part of the proof and

87D (k) — g "D ()]

< / 1g(x +h—y) —gx — W™ WIdy + IgMIIg™ (x + h) — g™ (x)].
0
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700 T. Chan et al.

Finally an application of the dominated convergence theorem completes the
proof. O

Proof of Theorem 6 Pick an interval (0, a). Next we show that >, ¢*"(x) is uni-
formly convergent and therefore ¢ (x) is continuous on (0, a). B

From the conditions of the theorem, i.e. g(0) = 0, |g(x)| < 1 on some interval
(0, b]. From Lemma 10, |g** (x)| is increasing, for each k > 1. Hence

X

lg*" (x)| = / gV — g dy| < 18" P )llg)] < Ig)”,  (15)
0

and the series D, ., g*"(x) is uniformly convergent on (0, b].

Uniformity can be extended to the interval (0, 25]. Set up an induction hypothesis
that, foreachn > 1, |g*"(2b)| < n|g(b)|"~'|g(2b)|, which holds for n = 1. We prove
this hypothesis by using Lemma 10 and (15). Indeed we have

b 2b
gD b)) < / 187 (2b — )]1g/(0ldx + / 187 (2b — x)|1g ()ldx
0 b
< 187D 15 B)] + [ BB < (1 + DIgB)" 2B

Since |g(b)]| < 1, ano g™ (x) < oo is uniformly convergent on (0, 2b].

Next, we extend uniformity to the interval (0, 4b]. Since >, o g*" (x) is uniformly
convergent on (0, 2b], we find k such that | g*k (2b)| < 1 and similarly as before we
deduce that >, ¢* (x) is uniformly convergent on (0, 4b]. For a series of the type
Zl>0 g*(lk+j )(x), for 0 < j < k — 1, we get uniform convergence using the trivial
estimates |g* %+ (x)| < |g*™ (x)]1g(x)|7, |g(x)|/ < |g(4b)|/ and the uniform con-
vergence of >, ¢*® (x). Finally note that ¢ (x) = Z];;} >~0 g*+) (x). This
process can be continued ad infinitum. -

Next we wish to show that ¢'(x) = >, _; ¢*""(x). Note that since g’ is integrable
and monotone then |xg'(x)| < C(a) < oo on any finite interval [0, a]. Pick an interval
(e, b], where b is chosen in a way that |g(b)| = ¢ < 1/4. From (14) in Lemma 10
and monotonicity of |g’| = —g’, we obtain, for each x > 0,

¢ Gl

This allows us to set up the following induction hypothesis :

, X
& (2ﬂ-1)

lg* (x)] <2

*n/ x|l
g™ (x)] <n ‘g (5) , for eachx > 0.
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Smoothness of scale functions for spectrally negative Lévy processes 701

From (14), the induction hypothesis and (15), we check that

% X
g*‘”“)’(x)‘ = / g™ (x = y)llg'(y)Idy +/ g™ (x = y)llg"(»)Idy
0

¢ ()l (3)]
(kGG )]

(3

(SR

IA

.l ol]s (3)]+

X
= <g<
7 <s<x

=l (3)

wenl(2)

n—1

A

From the conditions of Theorem 6 and the choice of b, we have |g'(x)| < C(b)/x
and |g(x)| < ¢, for each x € (e, b). Therefore

> le ol = S Y+ 2" < oo

n=1 n>1

Thus, we conclude that, for each € > 0, the series >, ¢*"(x) is uniformly con-
vergent on (e, b) and hence by the dominated convergence theorem ¢’(x) exists and
equals Zn>1 g™ (x). Since € is arbitrary, the latter conclusion holds for x € (0, b].

Next we extend this identity to (0, 2b]. Fix an interval (e, 2b]. Due to the uniform
convergence of Zn>0 g™ (x) on (0, b] we choose k such that

. 1
£= max sup [g"CT(9)| < -
0=j<k se(0.b] 4

It can directly be estimated using (16) that, for each x > 0,

X
2

g*(2k+./>/(x)‘ < /

0

¢ (x — y)‘

g ()| dy
X

«

X
2

g - )|

g*(k”)/(y)‘ dy

< sup

)

g+ (%) + sup

X X
<5< <<
5 <s=<x 5 <s=<x

GG e Q)

(X x\ |k+i—1
& (2k+j)’ ‘g (E)‘

g (s)|

«(3)

<k

+ &+ )

<)l
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702 T. Chan et al.

¢ (%_)) (gmx | (3)])
(max [l ) e () )-

Therefore, for each x € (0, 2b], we get

=2(k+j)

g ()| < 26k + HOWE

, X
g (2k+j)

where Q(x) = Q(k, j,x) = max{lg(%‘)|k+j—1,0 < j < k} is a non-decreasing
function in x.

This allows us to set up the following induction hypothesis. Foreach 0 < j < k —1
and x € (0, 2b],

’

(0| < nlk+ OwE!

, X
g (2k+./+n )‘ '

Then we write using the latter

X

g*((n+1)k+j)/(x)‘ _ /g*(nk+j)’(x — g™ (y)dy

=<

g*(nk+j)/(x _ y)‘

g™ )] dy

O\NM S

X

+

g*(nk-i-j)/(x _ y)‘

g™ dy

*(nk+j)/(s)

g g*k/(s)

g*(nk+j) (f) )

Q) ;

X
= <g<
3 Ss<x

=S+ Dk + HOx)E"

, X

where the second inequality uses |g*" (x)| = (—1)"*1g*"(x) (cf. Lemma 10) for
the integration, and the third inequality (16) follows from the induction hypothesis
and [g*"* I ($)] < [g* ()" g** ) (3)| < &", for x < 2b. Finally, recall that
g’ G| < C(2b)25H /x holds on x € (0, 2b] with some C(2b) > 0 to deduce
that

D1 )| < 12(:1 +1)Q(2b)C(2b)E" 2" < o0,
€

n>1 n>1

for each x € (¢, 2b] (taking account that |g’(0+)| can be inﬁniﬁy) and j < k —
1. Hence we conclude that >, ., g (x) = Zl;;(l) 2 >0 g ki (x) is uniformly
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Smoothness of scale functions for spectrally negative Lévy processes 703

convergent on (€, 2b] and by the dominated convergence theorem it follows that ¢’ (x)
equals an 1 &7 (x). Since this procedure can be repeated forever and e is arbitrary,
then ¢'(x) = >, .1 £ (x) on (0, 00). O

Proof of Theorem 7 Since g(x) satisfies all the conditions in Theorem 6 we can
readily use the conclusions therein.

Next we move on to the higher order smoothness properties. Set the following
induction hypothesis: g € C ! (0, co0) implies that f € C"(0,00), for all r < [,
d" f(x)/dx" = > ,-0d" g™ (x)/dx" and each of these series is uniformly and abso-
lutely convergent on any interval (e, a). Note that Theorem 6 implies the induction
hypothesis, for / = 0 when g € C(0, 00). Assume that g € C'*1(0, co). Next take
an arbitrary interval (2¢, a), and recall that for a fixed index ko, (10) holds with some
constant A(a). Then, for any x € (2¢, a),

Wg*(n+k°)(X)
d! 0
=g | & =g dy
0
di+1 o e N
=/dx,+1 g (x — g (y)dy + / ") g™ (= dy
0 0

o dl+l—m «ko)
+Z—g ©F s =€

€ X—€

dl R dl+l .
/
= / T8 =g (ndy + / g T = ndy
0 0
+Z =S g (17
dx mg dx I+1— m :

Next, we sum the left and right hand side of (17) with a view to establishing the
induction hypothesis, i.e. that

dl+1

o dl+1 o dl+1 *(nHho)
2 g0 =2 e W+ 3 e W) (18)

nxl J=ko nx1

is uniformly and absolutely convergent on any interval (e, a), which allows us to
interchange differentiation and summation.

Note that the derivatives in the finite sum on the right hand side of (18) are well
defined since one may follow a similar procedure to the justification given above for
the continuous (/ 4+ 1)th order derivatives of g*(”+k0) (x). Indeed in the aforementioned
argument, the role of g*%0 is played instead by g’. Uniform and absolute convergence
on any interval (e, a) for the finite sum in (18) thus follows.
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Next we turn to the second sum on the right hand side of (18). Note that the first
term on the right hand side of (17) is absolutely and uniformly summable with respect
ton on x € (2¢, a) due to the induction hypothesis, i.e. g € C! (0, oo) implies that
f e Cl0,00), d f(x)/dx! = D us0 d’(g*"(x))/dx! and the series is uniformly and
absolutely convergent on any interval (¢, ). Similarly the third term on the right hand
side of (17) is uniformly and absolutely summable with respect to n on (2¢, a) and
defines a continuous function on (2¢, a). Finally note that f'(x) = > ., g (x) is
absolutely integrable at zero. The latter is a consequence of (10), the fact that

X

gHh () = / g (x — y)g* " (y)dy, (19)
0
X
D187 ) < / D I8 @ = »llg* " (y)ldy
n>0 o n=l
< > Ig" ()l sup |4 ()
n>1 Y=

and the uniform convergence of anl |g**(x)| on (0, a). Therefore

e dl+1 ”
Z/g*”/(y)mg*( )(x — y)dy,
0

n>1

and hence the sum with respect to n of the second term on the right hand side of (17),
is uniformly and absolutely convergent on (2¢, a). Thus we have completed the proof
of the claim that g € C**1(0, 0o) implies that f € C!*1(0, o). Since, in the above
reasoning, € may be taken arbitrarily small, we may finally claim the validity of the
the induction hypothesis at the next iteration.

For the converse of the latter conclusion, assume that f € C!12(0, 00). We know
that g is at least C 2(0, 0o) thanks to the conditions of the theorem and therefore from
the proof so far f € C 2 (0, 00). Put z(x) = f(x) — 1 and check by rearrangement that
g = 7+ g * (—z) and therefore

g =z + Z(_l)nz*(n+l)-

n>1

Also note that z'(x) = >, & (x). Then similarly to (19), for m = ko + j, on
©, a), -

()] < D pIg™ ()] < A@) D p(n + ko)lg™ (x),

I>m n=j

where p(n) is the number of partitions of n in terms of sums of positive integers. Note
that since » ., g*" (x) is absolutely convergent, then there is an index n¢ such that
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on (0, a), |g*(x)| < 1/2. Then, for j > ng, we have, for some C > 0,

)l < C D pn+ g™ (o).

n>j

From [17] asymptotically lim,_, p(n)e_ﬁ = 0. Therefore |z*"(x)| is bounded on
[0, @). Similarly we can deduce the same for |z*""/(x)| and the arguments used for
studying smoothness of f given smoothness of g, via the equation f = 1+ f * g,
are applicable to the series above and we conclude that f € C!*2(0, 0o) implies that
g € C*2(0, 00). O

5 General remark on scale function proofs

Before we proceed to the proofs of Theorems 1, 2 and 3, we make a general remark
which applies to all three of the latter. Specifically we note that it suffices to prove these
three theorems for the case that ¢ = 0 and ¥/(0+) > 0. In the case that ¥’ (0+) < 0
and/or g > 0, we know from (4) that smoothness properties of W@ reduce to smooth-
ness properties of We (). Indeed, on account of the fact that ®(g) > 0 (and specifically
®(0) > 0 when ¥/ (0+) < 0and ¢ = 0), it follows that w&)(q)(0+) =y’ (®(q)) > 0.
The smoothness properties of Wg(,) would then be covered by the proofs of the
smoothness properties of W under the assumption that ¥ (0+) > 0 providing that the
Lévy measure I1g ) (dx) = @1 (dx) simultaneously respects the conditions of
the Theorems 1, 2 and 3. However, it is clear that this is the case as it is the behaviour
of I1g(4) in the neighbourhood of the origin which matters. Note that any statement of
equivalence for smoothness of W (%) in relation to the smoothness of I valid for a fixed
q will extend itself to any ¢ > 0. Henceforth we assume that ¢ = 0 and v’ (0+) > 0.

6 Proof of Theorem 1

Assume that X oscillates (equivalently ¥'(0+) = 0). Then from (7) W(x) is the
potential measure of the descending ladder height process. Then (13) holds with

u(x) = W'(x),§ =o0?/2and g(x) = — [y @(y)dy = — [, TI(y)dy, where

o0

ﬁ(x) ::/ﬁ(y)dy.

X

On the other hand when X drifts to infinity, that is to say ¥'(0+) > 0, W is again the
renewal function of the descending ladder height process and moreover, from the Wie-
ner-Hopf factorization one also deduces that W (x) = P(infs>0 X; > —x)/v¥/(04),
see for example Chapter 8 of [10]. The probability that the descending ladder height
subordinator crosses level x > 0 is now equal to 1 — P (infs>0 X; > —x). Therefore
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(13) is slightly transformed to
2 X X
%mmm+/wv—wﬁww=l—WmH/WUMy (20)
0 0

Putting f(x) = 02W'(x)/2 and g(x) = —20 2 [; TI(y)dy — 2¢(0+)o ~2x in (20)
we get f = 1 + f * g. Note that the latter also agrees with the case ¥’'(0+) = 0.

In either of the two cases (oscillating or drifting to infinity) we may now apply
Theorem 6 in a similar way to the way it was used in the proof of Corollary 9 to
deduce the required result.

7 Proof of Theorems 2, 3

Proof of Theorem 2 Recall from the proof of Theorem 1 the identity (20) and the
choices f(x) = 0?W'(x)/2 and g(x) = —20 2 [ TI(y)dy — 2y (0+)o ~2x which
transform it to the renewal equation f =1+ f % g.

Our objective is to recover the required result from Theorem 7. Clearly all we need
check is that (10) holds for the given g(x). The assumption on the Blumenthal-Getoor
index implies that there is a ¥ € (1, 2) such that f?l |x|? TI(dx) < oo. Therefore

kﬁﬁ@—mms/mﬁww<w
-1

and it f(ﬂows that |€|’TI(e) < C, for each ¢ < 1. This and the fact that
limy_, oo IT(x) = O show that |g_”(x)| < C(a)x~?, for each interval (0, a).

Next, from the definition of TI(x) and the bound just obtained for TT(x), we get for
x <1,

1

() < / &ﬂl)dy-i-ﬁ(l) <
y

D(1)
xﬂ—l

X

f_or an appropriate constant D(1) > 0. Since limx_moﬁ(x) = 0 we conclude that

TI(x) < C(a)x'™” on every interval (0, a) where C(a) > 0 plays the role of a
generic appropriate constant. Then using these bounds on g’ and g”, and Remark 8
we check that

mmswmwmmwaWmﬂstJQ“*M for some D(l) < oo.

s<a s<a

Hence (10) holds for some / big enough and Theorem 7 is applicable. The proof is
complete. O
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Proof of Theorem 3 Suppose as usual that 1/(0+) > 0. In this case it is well known
that the Laplace exponent can be rewritten in the form

V() =ch — e/efexﬁ(x)dx for 6>0 @21)
0

where necessarily ¢ > 0 and f(_oo’o)(l A [xDIT(dx) < oo; see Chapter VII of [2]. On
account of the fact that ¥'(0+) > 0, it follows from (21) that

o0 o0
c> / T(x)dx > / e T (x)dx
0 0

for all & > 0. Using the above inequality to justify convergence, we may write

00 n
0 1 1 R / e
_— = — = - — e Tx)dx ) . (22)
(@) e\ 1-1[Fe0TI(x)dx cie )
From (7) we deduce that
1
W) == g"x), (23)
¢ n>0

where g(x) = % Jo T(x)dx. Taking f(x) = cW (x) we see that we are again reduced
to studying the equation f = 14 f *xg. The proof now follows as a direct consequence
of Theorem 7 with the conditions on g following as a straightforward consequence of
the fact that g”(x) = ¢~ (x) together with the assumption on the latter density. 0O

Acknowledgments We gratefully appreciate extensive discussions with Renming Song and Ron Doney,
both of whom brought a number of important mathematical points to our attention. An earlier version of
this paper has been cited as [4]. AEK acknowledges the support of EPSRC grant number EP/D045460/1.
All authors are grateful to two anonymous referees for numerous helpful suggestions.

References

1. Avram, F.,, Kyprianou, A.E., Pistorius, M.R.: Exit problems for spectrally negative Lévy processes and
applications to Russian, American and Canadized options. Ann. Appl. Probab. 14, 215-238 (2004)

2. Bertoin, J.: Lévy Processes. Cambridge University Press, Cambridge (1996)

3. Bertoin, J.: Exponential decay and ergodicity of completely asymmetric Lévy processes in a finite
interval. Ann. Appl. Probab. 7, 156-169 (1997)

4. Chan, T., Kyprianou, A.E.: Smoothness of scale functions for spectrally negative Lévy processes.
Preprint (2006)

5. Chiu, S.K., Yin, C.: Passage times for a spectrally negative Lévy process with applications to risk
theory. Bernoulli 11, 511-522 (2005)

6. Durrett, R.: Probability: Theory and Examples. Wadsworth and Brooks/Cole Statistics/Probability
Series, Belmont (1991)

@ Springer



708 T. Chan et al.

7. Emery, D.J.: Exit problems for a spectrally positive process. Adv. Appl. Probab. 5, 498-520 (1973)
8. Hubalek, F., Kyprianou, A.E.: Old and new examples of scale functions for spectrally negative Lévy
processes. In: Sixth Seminar on Stochastic Analysis, Random Fields and Applications May 19—May
23, 2008. Birkhduser, Basel (2008, to appear)
9. Kesten, H.: Hitting probabilities of single points for processes with stationary independent increments.
Mem. Am. Math. Soc. 93, pp. 129 (1969)
10. Kyprianou, A.E.: Introductory lectures on fluctuations of Lévy processes with applica-
tions. Springer, Berlin (2006)
11. Kyprianou, A.E., Rivero, V., Song, R.: Convexity and smoothness of scale functions and de Finetti’s
control problem. (2008). arXiv:0801.1951v3 [math.PR]
12. Kyprianou, A.E., Rivero, V., Song, R.: Convexity and smoothness of scale functions and de Finetti’s
control problem. J. Theor. Probab. (2010, to appear)
13. Lambert, A.: Completely asymmetric Lévy processes confined in a finite interval. Ann. Inst. H. Poincaré
Probab. Statist. 36, 251-274 (2000)
14. Loeffen, R.: On optimality of the barrier strategy in de Finetti’s dividend problem for spectrally negative
Lévy processes. Ann. Appl. Probab. 18, 1669-1680 (2008)
15. Loeffen, R., Renaud, J.E.: De Finetti’s optimal dividends problem with an affine penalty function at
ruin. Insur. Math. Econom. 46, 98—108 (2010)
16. Pistorius, M.R.: On exit and ergodicity of the completely asymmetric Lévy process reflected at its
infimum. J. Theor. Probab. 17, 183-220 (2004)
17. Rademacher, H.: Collected Papers of Hans Rademacher, vol. II, pp. 100-107, 108-122, 460-475. MIT
Press, Cambridge (1974)
18. Rao, M., Song, R., Vondracek, Z.: Green function estimates and Harnack inequality for subordinate
Brownian motions. Potential Anal. 25, 1-27 (2006)
19. Rogers, L.C.G.: The two-sided exit problem for spectrally positive Lévy processes. Adv. Appl. Pro-
bab. 22, 486-487 (1990)
20. Song, R., Vondracek, Z.: Potential theory of special subordinators and subordinate killed stable pro-
cesses. J. Theor. Probab. 19(4), 817-847 (2006)
21. Suprun, V.N.: Problem of destruction and resolvent of terminating processes with independent incre-
ments. Ukranian Math. J. 28, 39-45 (1976)
22. Takécs, L.: Combinatorial Methods in the Theory of Stochastic Processes. Wiley, New York (1967)

@ Springer



	Smoothness of scale functions for spectrally negative Lévy processes
	Abstract
	1 Spectrally negative Lévy processes and scale functions
	2 Motivation and main results
	3 Renewal equations
	4 Renewal equation proofs
	5 General remark on scale function proofs
	6 Proof of Theorem 1
	7 Proof of Theorems 2, 3
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


