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Stability of Numerical Solutions of SDEs

Numerical solutions of SDEs
EM method
Numerical solutions of hybrid SDEs

Linear scalar SDE

dx(t) = px(t)dt + ox(t)dB(t) (1.1)

on t > 0 with initial value x(0) = xo € R, where p and o are real
numbers.
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Stability of Numerical Solutions of SDEs

Numerical solutions of SDEs
EM method
Numerical solutions of hybrid SDEs

The classical result: Theorem 1

If Xog # 0, then

im %Iog(!x(t)]) =u— 3% as.
and .
lim = log(E[x(t)[?) = 2u + o°.

t—oo
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The Euler-Maruyama (EM) method

Given a step size A > 0, the EM method is to compute the
discrete approximations X ~ x(kA) by setting Xo = Xo and
forming

Xk+1 = Xk(1+MA+UABk), (12)

fork =0,1,---, where ABy = B((k + 1)A) — B(kA).
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Questions

QL. If « — 302 < 0, is the EM method almost surely
exponentially stable for sufficiently small A?

Q2. Ifa+ %az < 0, is the EM method exponentially stable in
mean square for sufficiently small A?
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Known results

@ Saito and Mitsui (SIAM J. Numer. Anal. 33, 1996) gave a
positive answer to Q2.

Chenggui Yuan Numerical Solutions
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Known results

@ Saito and Mitsui (SIAM J. Numer. Anal. 33, 1996) gave a
positive answer to Q2.

@ Higham (SIAM J. Numer. Anal. 38, 2000) gave a positive
answer to Q1 for the revised EM method

Xkt1 = Xk (1 + @A + ok),

where &'s are i.i.d. with P(§x = 1) = P(§ = —1) = 0.5.
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Numerical solutions of SDEs
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An example
dx (t) = (x(t) — x3(t))dt + 2x(t)dB(t). (1.3)
limsup % log(|x(t)]) < -1 as. (1.4)
t—o0

Applying the EM to the SDE (1.3) gives
Xip1 = Xk(1+ A — XZA + 2ABy).

Given any initial value Xy # 0 and any A > 0,

P(klim X | = oo) > 0.
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Numerical solutions of SDEs
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Theorem

If « — 302 < 0, then for any ¢ € (0,1) thereis a A; € (0,1)
such that for any A < A4, the EM approximate solution has the
property that

Jim E|og(|xk|) (1-e)(a—120%) <0 as. (1.5)
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Theorem

If 2a + 0% < 0, then for any ¢ € (0, 1) there is a Az € (0,1) such
that for any A < Ag, the EM approximate solution has the
property that

Jim Q|og(1@|xk| ) < (1 —¢)(2a+0?) <0. (1.6)
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Open guestion

When a — 302 > 0, by Theorem 1, the true solution obeys
.1
tI|m fIog(|x(t)]) >0 as.

namely |x(t)| will tend to infinity almost surely. However, we still
don’t know if, for a sufficiently small A, the EM solution obeys

1
I — log(|X S.
im -~ og(|Xk]) >0 as
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Hybrid SDEs

Backgroung

In control engineering, one frequently encounters dynamical
systems whose state is described by two variables, a) one is
continuous, b) one is discrete.

Example:

A thermostat (on/off). The temperature in a room is a
continuous variable, and the state of the thermostat is discrete.
The continuous and discrete parts cannot be described
independently since they interact.
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Hybrid SDEs

Backgroung

Consider n-dimensional hybrid Itd stochastic differential
equations (SDESs) having the form

dx(t) = F(x(t), r(t))dt + g(x(t), r(t))dB(t) 2.1)

on t > 0 with initial data x(0) = xo € L% (2;R") and
r(0) =ro € L5 (2;S). We assume that

f:R"xS—R" and ¢g:R"xS— R"™M

are sufficiently smooth for the existence and uniqueness of the
solution. We also assume that

f(0,i)=0 and g(0,i)=0 VieSs, (2.2)

so equation (2.1) admits the zero solution, x(t) = 0, whose
stability is the issue under consideration.
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Hybrid SDEs

Backgroung

r(t), t > 0, is a right-continuous Markov chain taking values in a
finite state space S = {1,2,...,N} and independent of the
Brownian motion B(-). The corresponding generator is denoted
M= ('Yij)N <Ny SO that

Pt =100 {4 5T

where § > 0. Here +; is the transition rate fromi to j and ; > 0
if i #] while Yii = — Zj;«éi Yij -

Chenggui Yuan Numerical Solutions



Hybrid SDEs

Backgroung

Let A be the stepsize, ty = kA and for k > 0 and the discrete
approximation Xy ~ Xx(tx) is formed by simulating from
Xo = Xo, 1§ = 1o, 12 =r(kA) and, generally,

Xk+1 = Xk +f(Xk,rkA)A+g(Xk,rkA)ABk, (23)

where ABy = B(tk+1) — B(tk).
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Linear hybrid SDEs Lyapunov exponent
Stability of numerical solutions

Lyapunov exponent

dx(t) = p(r(t))x(t)dt + o(r(t))x(t)dB(t), x(0) A0 as.,
(3.1)
ont > 0. Here we let B(t) be a scalar Brownian motion.

Chenggui Yuan Numerical Solutions



Linear hybrid SDEs Lyapunov exponent
Stability of numerical solutions

Lyapunov exponent

It is known that the linear hybrid SDE (3.1) has the explicit
solution

t t
X(t) = %o exp{/o (r(s)) - ;az(r(s))]ds+/o o(r(5))dB(s) ).
(3.2)
In the following, we assume that the Markov chain is irreducible.
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Linear hybrid SDEs Lyapunov exponent
Stability of numerical solutions

Moment Lyapunov Exponent Theorem

The second moment Lyapunov exponent of the SDE (3.1) is
. 1 2 2
Jim = log(E[x(t)|?) = J%Sj (21 + of), (3.3)

where we write u(j) = 1 and o(j) = 0j. Hence the SDE (3.1) is
exponentially stable in mean square if and only if

> (2 +0f) <O. (3.4)
jeS
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Linear hybrid SDEs Lyapunov exponent
Stability of numerical solutions

Stability of the numerical solutions

Given a stepsize A > 0, the EM method (2.3) applied to (3.1)
gives X (0) = xp and

X1 = Xk [1+ p(r®)A + o(r2)ABy], k> 1. (3.5)
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Linear hybrid SDEs Lyapunov exponent
Stability of numerical solutions

Stability of the numerical solutions

The EM approximation (3.5) satisfies

lim —E[Xz] Z?Tj(Zuj+Uj2)

n—oo N JES
+A Y m(3of = (i +0f)?)) + O(A%),
asA — 0. (3.6)

Hence, the numerical method matches the exponential
mean-square stability or instability of the SDE, for sufficiently
small A.
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Nonlinear systems

Nonlinear systems

Extend the numerical method to continuous time. Thus, we let
X(t) =Xy, F(t)y=r2, forte [t,tr1), (4.1)
and take our continuous-time EM approximation to be
t t
X(t) = Xo +/O f(X(s),r(s))ds +/0 g(X(s),r(s))dB(s). (4.2)

Note that X () = X (t) = X, that is, X (t) and X (t) interpolate
the discrete numerical solution.
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Nonlinear systems

Nonlinear systems

Definition

The hybrid SDE (2.1) is said to be exponentially stable in mean
square if there is a pair of positive constants A and M such that,
for all initial data xo € L% (€;R") and r(0) = ro € L7, (2:S),

E[x(t)]?2 < ME|xo2e ", vt > 0. (4.3)

We refer to A as a rate constant and M as a growth constant.
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Nonlinear systems

Nonlinear systems

Definition

For a given stepsize A > 0, the EM method (4.2) is said to be
exponentially stable in mean square on the hybrid SDE (2.1) if
there is a pair of positive constants v and H such that for all
initial data xo € L% (2 R") and ry € Lz, (:S)

E|X(1)[> < HE[x[?e ™, Wt >O0. (4.4)

We refer to v as a rate constant and H as a growth constant.
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Nonlinear systems

Nonlinear systems

Assumption (Global Lipschitz)
There is a positive constant K such that

[f(x,1) = f(y. D) VIg(x,i) —g(y,i)? <Kx —y[?  (4.5)
forall (x,y,i) € R" x R" x S.

Recalling (2.2) we observe from this assumption that the linear
growth condition

[, D)7 Vg (x,1)[? < Kx|? (4.6)

holds for all (x,i) € R" x S.



Nonlinear systems

Nonlinear systems

Lemma

If (4.6) holds, then for all sufficiently small A the continuous EM
approximate solution (4.2) satisfies, for any T > 0O,

sup E[X(t)|* < By, T, (4.7)
0<t<T

where By, 1 = 3E|xo[2e3(T+1KT Moreover, the true solution of
(2.1) also obeys

sup E[x(t)[* < By, 1- (4.8)
o<t<T
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Nonlinear systems

Nonlinear systems

Lemma

If (4.6) holds, then for all sufficiently small A, X (t) in (4.1) obeys
/ (X —F(X(s). (s))Pds < BrA sup EIR ()12
o<t<T
(4.9)
/ o(X — 9(X(s). F(5))ds < Br A sup B ()2
o<t<T
(4.10)
forany T > 0, where St = 4KTN([1 + maxi<j<n(—7ii)]-
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Nonlinear systems

Lemma

Under (2.2) and Assumption GL, for all sufficiently small A the
continuous EM approximation X (t) and true solution x(t) obey

sup E|X(t) —x(1)]2 < ( sup E\X(t)|2> CrA (4.11)

0<t<T 0<t<T

forany T > 0, where

Cr =4(T +1)[Br + K2T (1 + 2K)]eBKT+1)T,
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Nonlinear systems

Lemma

Let (2.2) and Global Lipschitz condition hold. Assume that the
hybrid SDE (2.1) is exponentially stable in mean square,
satisfying (4.3). Then there exists a A* > 0 such that for every
0 < A < A* the EM method is exponentially stable in mean
square on the SDE (2.1) with rate constant v = 1 and growth

constant H = 2Mez[1+(4logM)/].

Chenggui Yuan Numerical Solutions
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Nonlinear systems

Lemma

Let (2.2) and Assumption (9) hold. Assume that for a stepsize
A > 0, the numerical method is exponentially stable in mean
square with rate constant v and growth constant H. If A
satisfies

Core”(A+VA)+1+VA<esT and CrA<1, (4.12)

where T := 1+ (4logH)/~, then the hybrid SDE (2.1) is
exponentially stable in mean square with rate constant = 1~

and growth constant M = 2He2"T .
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Nonlinear systems

Nonlinear systems

Theorem

Under (2.2) and global Lipschitz condition, the hybrid SDE (2.1)
is exponentially stable in mean square if and only if there exists
a A > 0 such that the EM method is exponentially stable in
mean square with rate constant -, growth constant H, stepsize
A and global error constant Ct for T := 1+ (4logH)/~
satisfying (4.12).
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Stochastic theta method

Given a step size A > 0, with Xg = Xg and r& =ro the STM is
defined fork =0,1,2,--- by

Xk+1 - Xk + [(1 - 0)f (Xk7 rkA) + Hf (Xk+17 rlkA)]A + g(Xk, rkA)ABk7

(5.1)
where 6 € [0, 1] is a fixed parameter. Note that with the choice
# = 0, (5.1) reduces to the EM method.
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Stochastic theta method

Define the continuous approximation.
X(O) =0+ [ (1= 0)f(za(5).F(s)) + 0F(z2(5).F(s))lds
/ g(z1(s),7(s))dB(s), (5.2)

where

71(t) = Xk, Z2(t) = Xeq1 and F(t) = r2 fort € [KA, (k 4+ 1)A).
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Stochastic theta method

Under GL condition, if A is sufficiently small that AVK < 1,
then equation (5.1) can be solved uniquely for Xy 1 given Xy,
with probability 1.
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Stochastic theta method

Lemma

Under (4.6), for all sufficiently small A (< 1/(2 + 2K) at least),
the continuous approximation X(t) defined by (5.2) satisfies

sup EX(t)[? < arElxo[?, VT >0, (5.3)
0<t<T

where ar = 3 + 12K (T + 1)e2(E+4K)(T+1),
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Stochastic theta method

Under (4.6), for all sufficiently small A (< 1/(4 + 6K) at least),

E[Xg41[> < 2E[Xk|?, Vk >0.
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Stochastic theta method

Lemma

Under (4.6), for all sufficiently small A (< 1/(4 + 6K) at least),
the continuous approximation X (t) defined by (5.2) satisfies

sup {EIX(t) - z2(t) 2 VEIX (t) - zo(t) 2 |

0<t<T
<2(K +1)A sup E[X(1)|?, (5.4)
0<t<T
forall T > 0.
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Stochastic theta method

Nonlinear systems

Theorem

Under (2.2) and global Lipschitz condition, the hybrid SDE (2.1)
is exponentially stable in mean square if and only if there exists
a A > 0 such that the STM method is exponentially stable in
mean square with rate constant -, growth constant H, stepsize
A and global error constant Cy for T := 1+ (4logH)/~
satisfying (4.12).
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Numerical solutions of SDEs with jumps

X1 = Xk + F(Xi, Xjka—r)/a) A + 9(Xk, Xjka—r)/a]) ABk

[ A0 X a1 2D AR (d2),

where ANy (dz) = N((k +1)A,dz) — N(kA, dz).
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Numerical solutions of SDEs with jumps

Local Lipschitz condition

ForeachR =1,2,--- , there exists a constant Lg such that
[FO6y) = F K9 +19(x,y) — 9(X,9)I?
+ [ 10cy.2) = 2(&.9. 2)P(d2) < La(x =52 + Iy 9P,
(6.2)

with [x| vV [y[ v [X] V[Y] < R.
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Numerical solutions of SDEs with jumps

Under a local Lipichitz condition and linear growth condition, if
there exists a constant « such that L3 < «(T)log R, then

E [sup x(t) — X(1)]?| <CA. (6.3)

0<t<T

v
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Numerical solutions of SDEs with jumps

Sketch of the proof for Lyapunov exponent

There is a sequence of finite stopping times
O=7mp <1 <- - <7 — oo such that

oo

() => r(m)lpn.n®), t=0.

k=0
For any integer z > 0, it then follows from (3.2) that

X(t A 72))?
t/\Tz

= pole{ [ lutre) - (s Nlas+ [ 20(r(9)aB(s)
z—-1

= ¢tam) ][]
k=0
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Numerical solutions of SDEs with jumps

where

tATz
E(t A 72) =0l exp /0 [2(r(s)) + o2(r(s))]ds },
Ge :exp{ —202(r(t A )t A T — t AT

+20(r (t A))[B(t A Tipr) — Bt A Tk)]}.
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Numerical solutions of SDEs with jumps

Let Gt = o({r(u)}u>0,{B(S)}o<s<t), i-€. the o-algebra
generated by {r(u)}y>0 and {B(s)}o<s<t). Compute

z-1
Elx(tam)? = E(¢tnm) [])
k=0

= E{ {é(t ATz) 21_[2 Ck] E(Cz—l)gth,l) }(6-4)
k=0

Define

Goa(i) = exp {—ZUF(I/\TZ—I/\TZ_l)—i—ZUi[B(t/\Tz)—B(t/\Tz_l)]},i €s.
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Numerical solutions of SDEs with jumps

By the well-known exponential martingale of a Brownian motion
we have E¢,_1(i) =1, foralli € S. Then

E (szl‘gt\/fz,l) = E( Z L (thry _1)=iyCz—1(1 )‘gthZ,l)

ieS

- Z|{r(t/\rz,1):i}E<Cz_1(i)’QWTH> =1.

ieS
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Numerical solutions of SDEs with jumps

Substituting this into (6.4) yields

z-2
Elx(t A 7)? =E[&(t Arz) [T -
k=0

Repeating this procedure implies E[x(t A 72)|? = E£(t A 7).
Letting z — oo we obtain

B0 = E6() = B{ o exp | [ 20(r(5)) + o2 (5D }65)

Now, by the ergodic property of the Markov chain, we have

lim 1/0 [20(r(s)) + 0*(r(s))lds = > (2 +07) :=7 a.s(6.6)

t—oo .
jeS
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