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Abstract

We consider a stochastic fluid queue served by a constant rate server and driven
by a process which is the local time of a certain Markov process. Such a stochastic
system can be used as a model in a priority service system, especially when the time
scales involved are fast. The input (local time) in our model is typically singular with
respect to the Lebesgue measure which in many applications is “close” to reality. We
first discuss how to rigorously construct the (necessarily) unique stationary version of
the system under some natural stability conditions. We then consider the distribution
of performance steady-state characteristics, namely, the buffer content, the idle period
and the busy period. These derivations are much based on the fact that the inverse of
the local time of a Markov process is a Lévy process (a subordinator) hence making the
theory of Lévy processes applicable. Another important ingredient in our approach is
the Palm calculus coming from the point process point of view.

Keywords: Local time, fluid queue, Lévy process, Skorokhod reflection, performance
analysis, Palm calculus, inspection paradox.
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1 Introduction

This paper extends the results of Mannersalo et al. [13] who introduced a fluid queue (or
storage process) driven by the local time at zero of a reflected Brownian motion and served
by a deterministic server with constant rate. The motivation provided in [13] is that the
system provides a macroscopic view of a priority queue with two priority classes. Indeed,
in such a system, the highest priority class (class 1) goes through as if the lowest one
does not exist, whereas the lowest priority class (class 2) gets served whenever no item of
the highest priority is present. In telecommunications terminology, class 2 only receives
whatever bandwidth remains after class 1 served. As argued in [13], if the highest priority
queue is, macroscopically, approximated by a reflected Brownian motion, the lowest priority
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queue is driven by the cumulative idle time of the first one, which is approximated by the
local time of the reflected Brownian motion at 0.

In view of Internet networking applications, such as the service provision amongst several
classes of service (e.g. streaming video and expedited data), the fluid or macroscopic model
is thus quite appropriate for obtaining a better picture of the situation and for performance
analysis and design. From a mathematical point of view, the model is a rare example of a
non-trivial fluid queue whose performance characteristics (such as steady-state-distribution)
can be computed explicitly. If, in addition, we take into account the heavy-tailed nature of
traffic on the Internet, it seems reasonable to consider a Lévy process as a model for class
1 queue. This provides motivation for studying a queue whose input is the local time of a
reflected Lévy process.

More generally, let X be a Markov process and L its local time at a specific point. The
fluid queue driven by X refers to the stochastic system defined by

Qi=CQo+Li—t+1;, t=>0,

where @y > 0 for all t > 0, and [ is a non-decreasing process, starting from 0, such that

[e.e]
/ 1(Qs > 0)dI, = 0.
0
Thus, @ is obtained by Skorokhod reflection and I is necessarily given by

Iy = — inf L — ;

t=—Inf [(Qo+Ls—s)A0;

see [8]. By considering, instead of 0, an arbitrary initial time, we can define a proper
stochastic dynamical system (see Appendix A for details) which, under natural conditions,
admits a unique stationary version. To this we refer frequently throughout the paper.

We remark also that in Kozlova and Salminen [10] the situation in which X is a general
one-dimensional diffusion is analysed. Moreover, Sirvié (née Kozlova) [16] studies the case
where L is constructed as the inverse of a general subordinator (without specialising the
underlying process X).

This paper follows ideas which were developed in [16] in the context of reflection of
the inverse of a subordinator. However, (1) it connects the abstract framework with the
case where the subordinator is the local time of a reflected Lévy process (motivated by
applications in priority processing systems) (2) it uses, as much as possible, a framework
based on Palm probabilities (see, in particular, Section 4-Theorem 3 and Section 5-Lemma
2), and (3) explicitly discusses the possible types of sample path behaviour of the process
of interest (Q); for illustration, see Figures 1, 2 and 3: Figure 1 concerns the case where @
has continuous sample paths but with parts which are singular with respect to the Lebesgue
measure. Figure 2 concerns the case where ) has paths with isolated discontinuities (positive
jumps) and linear decrease between them. Figure 3 concerns the case where @) has absolutely
continuous paths. The cases are exhaustive. Despite the wide variety of sample paths
(depending on the type of underlying Lévy process Y'), the mathematical framework and
formulae derived have a uniform appearance.

The paper is organised as follows. In Section 2 we construct the stationary version of
the underlying (background) Markov process X. In Section 3 we construct the stationary
version of stochastic fluid queue with input the local time of X, based on the stationary



version of X. In Section 4 we derive the stationary distribution of the buffer content and
present a number of examples. In Section 5 we examine the idle and busy periods, and, in
particular, characterise the distributions of their starting and ending times. The analysis
is carried out first under the condition that the time at which the system is observed is a
typical point of and idle or a busy period. Finally, the distributions of typical idle and busy
periods are derived.

2 The background Markov process and its local time

We first construct the underlying Markov process X which models the highest priority
class. This process will be taken to be the stationary reflection of a spectrally one-sided

Lévy process
Y =(V;, teR)

with two-sided time and Yy = 0 (see Appendix B). A Lévy process is called spectrally
negative if its Lévy measure II satisfies

II((—00,0)) >0 and TI((0,+00)) =0,
and spectrally positive if
II((—00,0)) =0 and II((0,400)) > 0.

Clearly, if Y is spectrally positive then —Y is spectrally negative, and vice versa. To avoid
trivialities we shall throughout assume that

Y does not have monotone paths

which rules out the cases that Y is an increasing or decreasing subordinator.

We also discuss the characteristics of its local time at 0. Appendix A summarises the
notation and results on the Skorokhod reflection problem and its stationary solution. Ap-
pendix B summarises some facts on Lévy processes with one sided jumps indexed by R. We
will throughout denote by P a probability measure which is invariant under time shifts, and
by P, the conditional probability measure when Xy = x. We define the Laplace exponent
of a spectrally one-sided Lévy process as a function ¢y : Ry — R given for § > 0 by

—0(Ye+1—-Ye)

Dy (0) = log EefYer1—Ye), if Y is spectrally negative ,
Y log Ee , if Y is spectrally positive.

Thus we insist that ¥y be defined on R, and define its right inverse

Py (q) :=sup{0 >0: Yy(0)=q}, ¢q=>0. (1)

We use also the notation

Y, = sup Y, and Y,:= inf Y. t>0
t ogsgt s L ¢ 0<s<t ER) - Y,

and recall the duality lemma for Lévy processes (see, e.g., Bertoin [2, p. 45]):

(V=Yg :0<s<t}2{Y,: 0<s<t}, (2)



where < means equality in distribution. Hence,

d_
sup (Y=Y, o) =Y,
ogsgt(t (t s)) t

which is equivalent with
d J—

Yi-Y, =Y. (3)
In this paper, we will mainly study the Lévy process Y with the time parameter taking
values in the whole of R (see Appendix B). The Skorokhod reflection mapping associated
with {Y; : ¢t € R} is defined (see Lemma 8 in Appendix A) via

X, = R,Y := sup (Y} —Y;), teR
—oo<s<t

In the remaining of this section we give conditions for the existence of the stationary process!

RY = (ﬁtY,t € R), compute its marginal distribution, and define the local time process L
of RY at 0 which will be used for the construction of the fluid queue. A few words about
the definition of L are in order. We adopt the point of view that L is a stationary random
measure on (R, %), i.e.

L(s,s +t] = L(0,t]ofs, t>0, seR,

where 6 is the shift on the canonical space (see Appendix B), which regenerates together
with X at each point ¢ at which X; = 0. It is known (see, e.g., Kyprianou [11, p. 144])
that L is a.s. continuous if and only if the point x = 0 is regular for the closed interval
(—00,0] for the process X, and this is equivalent to inf{t > 0 : Y; < 0} = 0, Py-a.s.
Furthermore, L is a.s. absolutely continuous if and only if, in addition to the above, the
point z = 0 is irregular for the open interval (0, 00) for the process X, and this is equivalent
to inf{t > 0: Y; > 0} > 0, Py-a.s. If L is a.s. continuous then it is not difficult to
attach a physical meaning to it as a cumulative input process to a secondary queue. For
mathematical completeness, we shall also consider the case where L is not a.s. continuous,
in which case it can be shown to have a discrete support. In the continuous case, L can be
defined uniquely modulo a multiplicative constant. We shall make the normalization precise
later. In the discontinuous case, there is more freedom; however, insisting that its inverse be
a subordinator, we are left with only one choice. The discontinuous case appears only once
below and the construction of L is discussed there. In all cases, the support of the measure
L is the closure of the set {t € R: X; = 0}.

Associated to the measure (L(B), B € #) we can define a cumulative local time process,
denoted (abusing notation), by the same letter, and given by:

L(0,¢], t >0,
Lt =
—L(t,0], t<O.
The right-continuous inverse process is

(4)

1. inf{t >0: L(0,t] >z}, x>0
" |sup{t<0: L(t,0] <z}, = <0.

In case L is P-a.s. continuous, the process (L;!,z € R) has, under Py, independent in-
crements and a.s. increasing paths (i.e. it is a, possibly killed, subordinator). This is an
additional requirement that needs to be imposed when L is not P-a.s. continuous.

IThat this process is Markov is easy to see due to the independence of the increments of Y.



2.1 Stationary reflection of a spectrally negative Lévy process

Suppose that the process Y is a spectrally negative Lévy process with non-monotone paths;
see expression (53).

Proposition 1. Let Y = {Y; : t € R} be a spectrally negative Lévy process with two-sided
time. Assume that its Laplace exponent 1y (0) = log Ee®*1, 0 > 0, is such that Y4 (0+) < 0.
Then B

X ={Xy:=RY : teR}

is the unique stationary solution of SDS (the Skorokhod dynamical system, see Appendiz A)
driven by Y. The marginal distribution of X is exponential with mean 1/®y (0).

Proof. Since E[Y;1—Y;] = 93 (0+) < 0, existence and uniqueness of the stationary solution
is guaranteed by Corollary 2 of Appendix A. That ®y(0) > 0 is a direct consequence of the
definition of ®y (see (1)). To derive the marginal distribution of X consider for g > 0

Ble~#%0] = lim Eole 0i"X0] = lim Bole "]
—00 —00

Since Y is spectrally negative its over all supremum, sup,> Y5, is exponentially distributed
with mean 1/®y (0) (see, e.g., Bertoin [2, p. 190] or Kyprianou [11, p. 85]). O

In view of Proposition 1, we assume that
Uy (04) € [-00,0),

which is equivalent to
®y(0) > 0.

It is easily seen that, for a non-monotone spectrally negative Y, a necessary and sufficient
condition for continuity of L is that Y has unbounded variation paths. This is further
equivalent to: o > 0 or ffl ly|T(dy) = oo.

In the alternative case, when the paths of Y are of bounded variation, the number of
visits of Y to its running infimum forms a discrete set. So n(s,t] := > p 1(X, = 0) is
finite for all —oco < s <t < 0co. Let ny :=n(0,t] if ¢ > 0, and n; := —n(t,0] if ¢ < 0, and let
(¢j,J € Z) be a collection of i.i.d. exponentials with mean 1, independent of Y. We adopt
the following construction for L.

L(s,t] = Z e, —00<s<t<oo.

ns<i<ng

In both cases, the process (L, !,z € R) is a subordinator under Py, with Lal =0, Py-a.s.
If L is continuous, this property is immediate from the definition of L. If L is discontinuous,
L~! has independent increments due to our choice of the exponential jumps of L. Since
4-(0+) < 0, we have Y; — Foo, as t — %00, P-a.s., and this implies that L; — +oo, as
t — +00, P-a.s. Thus, it is not possible for L;! to explode for finite .

Regardless of the continuity of the paths of L, we always have the following:

Proposition 2. Let Y and X be as in Proposition 1 and L the local time at 0 of X.Then
the local time L can be normalized to satisfy

E, [equ;l] _ e*xQ/‘bY(Q)7 qg>0, (5)



and, moreover,
EoL;' = 2/®y(0), zcR, EL; =t®y(0), tecR. (6)

Proof. For the Laplace exponent of L;! in (5), we refer to Bingham [3, p. 731] (a result
due to Fristedt [5]) and Kyprianou [11] and Kyprianou and Palmowski [12]: The “ladder
process” (L1, X L;l), x > 0) is a Lévy process with values in R and Laplace exponent

7aL171*ﬁXL1_1:| _ o — ’()Dy(ﬂ)
Oy () —

obtained by Wiener-Hopf factorisation for a spectrally negative process; see Bertoin [2, p.
191, Thm. 4]. Setting 8 = 0 we obtain Ej [e‘o‘Ll_l] — ¢~ /®v(9) a5 claimed. From this, we
obtain EgL,;! = 2/®y(0), by differentiation. Using the strong law of large numbers, we
have lim, . L;!/z = 1/®y(0), Py-a.s., and, given that (L', 2 > 0) is the right-continuous
inverse function of (L, t > 0)-see (4), we have lim;_, o, L/t = ®y(0), Py-a.s., and P-a.s.
Since L is a stationary random measure, we have EFL; = C't for some constant C. Hence,
we immediately have that C' = ®y(0), and this proves (6). O

We shall later need the P-distribution of the random variable

k(a, B) = log Ey [e

D :=inf{t >0: X; =0}. (7)

Since X is exponential with rate ®y (0), we have P(Xy > 0) = 1. Soif 0 < ¢t < D, we have
X; = Xo +Y;, P-a.s. Therefore

D=inf{t>0: Y, < —Xo}, P—as.

Let
T_g:=inf{t >0:Y; < —x}.
Therefore,
EleP] — / ~ P(Xo € da) B[]
0
_ [T o0z (70— 0 wo ) g
= [Te@e 0 (200 - G LW ) a
— By (0) Yy (@y (0))Py () — 6Py (0)
By (0) @y (0) vy (2y(0)) — 6]
Dy (0)
= a0) )

where the overshoot formula (61) given in the Appendix B (see also Bingham [3, p. 732])
and the Laplace transforms (56), (57), for the scale functions W, Z() were used.

2.2 Stationary reflection of a spectrally positive Lévy process

We can repeat the construction in the subsection above for a spectrally positive Lévy process
Y with non-monotone paths. We shall be using the formulae of Appendix B with —Y in
place of Y.



Proposition 3. Let Y = {Y; : t € R} be a spectrally positive Lévy process with two sided
time and Laplace exponent 1y . Assume that its Laplace exponent 1y (0) = log Ee=™ g
such that 5, (0+) > 0. Then the process {X; = RY :te R} is the unique stationary
solution to the SDS driven by Y. The stationary distribution of X is given for 3> 0 by

Ele™P%0) = lim Egle ?M Y] = lim Egle "]

t—o00 t—o00

o p
=¥ (04 8 (9)

Proof. Notice that in this case, by the assumption on vy,
E[Yi1 = Yi] = ¢y (0+) <0,
and, hence, Y drifts to —oo. Let Z := —Y. Clearly, Z is spectrally negative,
X, =Y =Y, =7 - 7,

and Z drifts to +o00. The classical result due to Zolotarev [18] (see also Bingham [3] Propo-
sition 5 p. 725) says that the stationary distribution of X is as given in (9). O

We shall therefore assume that
Yy (04) € (0, 00).

Hence ¢y = 1/1;1 and so
Oy (0+) = 1/¢y (0+) € (0, 00).

It is easily seen that, starting from 0, the process Y hits (—oo,0] immediately, P-a.s.,
and this ensures continuity of the local time L. Moreover, we may and do normalize L so
that

L(s,t] = — inf Y(s,ul. (10)

s<u<t

The continuity of L implies that
(L' c2>0)={r, : x>0}, (11)

x

where 7_, = inf{t > 0:Y;, < —a} = inf{t > 0: Z; > x}. Note that (L;!,z € R) is
a subordinator under I, with Ly L= 0, Py-a.s. Furthermore, since Y; drifts to Foo as
t — 400, L~! is proper (not killed).

Let us briefly comment on the special case where, starting from Xy = 0, the interval
(0,00) will be first visited by X at an a.s. positive time. It is known [2, Ch. 7] that this
occurs if and only if Y has bounded variation, i.e.

Y (s, t] =dy(t —s) —i—/( . /(0 )y n(du, dy), (12)

where dy is the drift, and fol y II(dy) < co. Since we exclude the case where Y is monotone,
we must have dy < 0. In that case, with (10) as the definition of L, it is known that for all
s <t,

L(s,t] = |dy| /t 1(X, = 0)du. (13)

A rewording of the first part of Lemma 10 in Appendix B gives the first part of the
following proposition.



Proposition 4. Let Y be as in Proposition 3 and L the local time at 0 of X. Then

Eole %' = @7 g >0, (14)

Moreover,
EoL;t = a®y(0+), x>0,  EL =tyy(0+), t>0. (15)

Proof. Formula (14) follows from (11) and the well known characterisation of the distribution
of the first hitting time 7.1, see, e.g., Bingham [3] p. 720. By differentiating (14), we obtain
the first part of (15), and using an ergodic argument—as in the proof of the second part of
(6)—we obtain the second part of (15). O

We now compute the P-distribution of D = inf{t > 0: X; = 0}, by arguing as earlier:
we have D = inf{t > 0: —Y; > Xy}, and, since —Y is spectrally negative, we use the hitting
time formula (60) of Appendix B to obtain

Dy (0)

Ble0?) = Ble 0% = g (04) 2O — gt 04) 200,

Yy (Py (0))

where we also used (9) and the fact that ®yoty is the identity.

(16)

3 Construction of (the stationary version of) the fluid queue
with local time input

We wish to construct a fluid queue driven by

~

L(s,t] = L(s,t] — (t — s),

where L is the local time at zero of the Markov process X. The process X is a stationary
Markov process which is the reflection of a spectrally negative (Section 2.1) or a spectrally
positive (Section 2.2) Lévy process. In either case, L is a stationary random measure with
rate (see (6) and (15))

Dy (0), it Y is spectrally negative

pw=FEL(s,s+1] = { (17)

Y4 (0+), if Y is spectrally positive -
The fluid queue started from level z at time 0 is, as explained in Appendix A, the process
(RosL(x), t > 0).

From Corollary 2 in Appendix A we immediately have:
Theorem 1. If u < 1 there is a unique stationary version of the fluid queue driven by L

and is given by

Q=RL= sup (L,—L,), teR. (18)

—oco<u<t

Thus, the following assumptions will be made throughout the paper:

[Al] p <1

[A2] In case Y is spectrally positive and of bounded variation then dy < —1



Assumption [A1] is so that we can construct a stationary version of @ (as in Theorem 1).
If Y is spectrally positive and of bounded variation non-monotone paths then its drift dy
must be negative. If, however, |dy| <1 then-see (13)-L(s,t] <t — s for all s <t and so @
will be identically equal to 0.

Physically, we think of @) a stationary fluid queue whose cumulative input between times
s and t is L(s,t] and whose maximum potential output is ¢ — s. Unlike X, the process @ is
not Markovian. However, since () has been built on the probability space supporting X, it
makes sense to consider, for each x > 0, the probability measure P, defined as P conditional
on {Xy = z}.

Since L is a random measure allows us to consider the Palm distribution with respect
to it, namely the probability measure defined by

Pp(A) = ,uilE 1 400 L(dt).
(0,1]
Since Py, is also given as the value of the Radon-Nikodym derivative

_ ,u_l ElAL(dt)

Pr(A) il

t=0

it follows that Pp expresses conditioning with respect to the event that ¢ = 0 is a point of
increase of L. But L is the local time of X at zero. Therefore, the support of L is the set
of zeros of X. We thus have

Theorem 2. The Palm measure Py, coincides with Py.

This observation allows us to use the formulae of Appendix A involving Palm probabil-
ities.

4 Stationary distribution of the fluid queue

We are interested in computing P(Q; € -), a probability measure which is the same for all
t. We will use three properties of L. First, duality, i.e. that Y has the same distribution
when time is reversed, see (2), implies that

d

(L(0,t], t > 0) = (L[t,0), t <0), under P and under Pp.

Second, the process
L' =inf{t >0:L(0,t] >z}, x>0

x
is a subordinator under Fy. Third, the Palm measure Pj, coincides with Fy.

Recall that ¢y (0) has been defined as log Ee?(Yit1=Y1) when Y is spectrally negative and
as log Ee 1Y) when Y is spectrally positive. The reason is that it is customary to
have 6 > 0 in both cases. Recall also that ®y(q) = sup{f > 0 : 1y () = ¢}. The stationary
distribution of ) will be expressed in terms of 1y. For earlier works on this problem, we
refer to [15] for diffusion local times and [16] for the inverse of a general subordinator. The
present formulation in Theorem 3 is in particular tailored for the local time of X. The proof
makes use of the Palm probability which is a new ingredient.

First, since we allow discontinuous local times, the following simple lemma is needed.
We omit the proof.



Lemma 1. Let R := RU {400, —cc}, If h : R — R is right-continuous and non-decreasing
then h=Y(x) := inf{t : h(t) > 2}, © € R, is right-continuous non-decreasing, h~! : R — R,
and, for allt € R,

h= (h(t=)=) < hH(A(t)=) <t < h7'(h(t=)) < BT (h(t)). (19)

Furthermore, (h=1)~! = h.

Theorem 3. (i) If X is the reflection of a spectrally negative Lévy process Y with ¢ (04) <
0, ¥y (1) > 0 then

Po(Qo >a)=eWa P(Qy>a)=dy(0)e M >0,

(ii) If X is the reflection of a spectrally positive Lévy process Y with 0 < ¢, (0+) < 1 and
dy < —1 in the case of bounded variation, then

Po(Qo>a)=e""  P(Qo>a) =ty (0+)e " a>0,
where 0* > 0 is defined by 1y (6*) = 6*.

Proof. By the construction of @ and duality, we have P(Qo < a) = P(sup,>o(Ly —u) < a).
At this point we note that our assumptions imply that the process {L; — ¢ : ¢t > 0} does not
have monotone paths. The event {sup;o(L¢ —t) < a} can be expressed in terms of L1

{sup(L; — t) < a} = {sup(z — L; ') < a}.
t>0 x>0

To justify this (recall that in case (i) L is not necessarily continuous), we first assume that
L; <t-+aforall ¢t >0. Hence LL;1 < L;!'+afor all z > 0. Since (Lemma 1)

LL;1 >x, x>0.

we have < L;' + a for all # > 0 and thus sup,>o(z — L;') < a. Assume next that
x—L;' <0 forall > 0. Then lim.oL,!, = L;! > 2 —a for all x > 0. Therefore,

L(_th)_ > L; —a for all t > 0. Since (by Lemma 1 again)

-1
Ly <t t>0,

we obtain L_th _>t—aforall t >0 and this gives sup,>o(L; —t) < a. We first compute
the Py-distribution of Qq:

Py(Qo > a) = Py(sup(z — L;') >a), a>0.
x>0

Under Py, the process
Ay :=2—L;': >0}, (20)

is a spectrally negative Lévy process with bounded variation paths. Letting
0o :=1inf{z : A, > a},
and applying Lemma 10 of Appendix B, we have

Py(Qo > a) = Py(o, < 00) = lifg Eyle™7¢] = liﬁ]l e~ Pal@a — =P 0)a (21)
q q

10



The function ®,(q) is given by

Pa(q) =sup{0 >0:9pr(0) =q}, ¢=>0

(see (55)), where
¥a(8) = log Eo[e" ] = 6 + log Eg[e %1 ].

If Y is spectrally negative, then we use Proposition 2 for an expression for log Ey [e_GLl_l].
If Y is spectrally positive we use Proposition 4. We obtain:

0— L2 ifY is spectrally negative,

0 — ®y(0), if Y is spectrally positive.

In both cases, (g is exponential under Py. with parameter ®,(0), which has different value
in each case. Let p be the rate of L (see (17)). Using equation (51), we have

P(Qo > a) = puPL(Qo > a) = uPy(Qo > a) = pe~ 2@ 4> 0. (23)

The proof will be complete, if we show that

O, (0) = Yy (1), if Y is spectrally negative,
M 0%, if Y is spectrally positive.

Note that ®,(0) is the positive solution of 5 (0) = 0. If Y is spectrally negative, we see,
from the first of (22), that ¥4 (0) = 0 iff &y (0) = 1 and, by the definition of @y, the latter
is true iff & = ¢y (1). Thus, ®o(0) = ¥y (1). If Y is spectrally positive, ¥p(0) = 0 iff
By (0) = 0 iff 0 = Py (). 0

11



TABLE SHOWING THE BASIC CHARACTERISTICS OF THE SYSTEM IN BOTH CASES

Y spectrally negative Y spectrally positive
b, (8) : v, ()
S ‘
b, (1)
| v (0)
° S8 0 -
0 @, (0) 1 0 o-
Eo [equ;l] — e~ %a/®y(q) Eo[e—qLil] — 7Py (q)
= rate of L = ®y(0) p = rate of L = ¢} (0+)
Py(Qo >a) =e @ Py(Qo > a) =e @
0* =y (1) 0* = 1y (6%)
P(Qo=0)=1-2y(0) P(Qo=0) =1-1¢54(0)
Ele” %] = @y (0)/(6 + @y (0)) Ble="%0] = ¢4, (0+) /4y (0)
Ele™"P] = &y (0)/®y (9) Ble"P] = ¢4, (0+) ®y(0)/0

4.1 Example 1: Fluid queue driven by the local time of a reflected Brow-
nian motion

Consider Y to be a Brownian motion with drift (see also [15], [13], [10]):
Y,:=0B; —ut, teR,

where 0 > 0, u > 0. Here B = (B,t € R) is a standard Brownian motion with two-sided
time. In other words, (B, t > 0), (B_¢,t > 0) are independent standard Brownian motions
with By = 0 (although specification of By does not affect the results below). The Lévy
measure here is 0. Consider Y as in Section 2.2 and let

1
Yy (0) = log E[e 1] = 50292 +uf, 0>0.

Define _
Xy =RyY = sup (c(Bi—Bs)—pult—s)), teR.

—oo<s<t

Lemma 3 gives the distribution of Xy under P:

Be 0% — gl (04) -0 = N

vy (B) 2028+ p

12



i.e. exponential with rate 2u/0?. Let L be the local time at zero of X. The rate of L—see
(17)-is ¥, (0+) = p. Assume p < 1. Let L(s,t] = L(s,t] — (t — s) and let Q be defined by

Qi = ﬁti, t € R.
Theorem 3 gives the distribution of Q)¢ under P:
P(Qo > a) = iy (0+)e " = pe 27197 a > 0.

Here, 6* was found from ¢y (0*) = 0*. Thus Qo is a mixture of an exponential with rate
2(1 — p1)/0? and the constant 0 which is assumed with probability .

4.2 Example 2: fluid queue driven by the local time of a compound Pois-
son process with drift

Suppose that, for a > 0,
Y, =5 —at, teR,

where S is a compound Poisson process with only positive jumps, jump rate A and jump
size distribution F. For simplicity, we take F to be exponential with rate § > 0, i.e.
F(dz) = 6e~%*dx. Then

Y.
Yy (0) = log Be 00er1=Y) — o9 — /\/ (1—e %) F(dz) = af — 0> 0.

[0,00) S+6’

The assumption 0 < ¢'(04) < 1 implies that 1+ A/J > a > \/d. Moreover, the assumption
|dy| > 1 implies additionally that o > 1. We can define the background stationary Markov

process by B
Xi=RY = sup (Si—Ss—a(t—s)), teR.

—oco<s<t
We have
Ee_ﬁXO _ o — )\m
1—e— Bz :
a— A f[O,oo) —5— F(dx)

Unlike the previous example, here P(Xo = 0) = limgjoo Fe #X0 = o — A/ > 0. The local
time L of X at 0 has rate
=y (04+) = a = A/d.

The assumptions on « imply that ¢ <1 and hence we can construct the stationary process
Q by Q: = RL, where L(s,t] = L(s,t] — (t — s). We have

P(Qo > x) = pe

where 0* = 1y (0*) = A(a — 1)1 — 6. Note that the latter is positive since @ > 1 and
1+ A0 > .

4.3 Example 3: fluid queue driven by the local time of a risk-type process

Let
Yi=0bt—-S5;, teR,

13



where b > 0, S is an a-stable subordinator, 0 < o < 1, with

Be0Sen=50) = ¢~ g5 0,

and c is a positive constant. Thus, S is a (1/«)-self-similar process, i.e. (Sgi,t € R) 4
(ﬁl/o‘St,t € R). We here have ES; = +oo for t > 0 and Sy — oo faster than linearly, so
Y; — —o0, as t — o0, a.s. Similarly, S; — —o0 as t — —o0, a.s. So the stationary reflection
of Y

X, =R,Y = sup (b(t —s)— (St — Ss)), teR,

—oco<s<t

exists uniquely, due to Lemma 8. Physically, X; is the content of a queue with linear input
(arriving at rate b) and jump-type service represented by S. Alternatively, X is a so-called
risk process in the theory of risk. We have

Yy (0) =log Be /0en17Y0) — pg — 4, 6> 0.

We refer to Section 2.1 and, specifically, Lemma 1, for the distribution of X which is
exponential with rate p > 0 where u satisfies ¥y (n) = 0, i.e.

GO

The local time L of X at zero is such that ¢t — L(0,t] is a.s. right-continuous (but not
continuous) with rate p. Assuming that p < 1, or

c<b,
we can further let E(s,t] = L(s,t] — (t — s) and let @ be defined by
Qt = jit./[/\, teR

(see Lemma 1.) Theorem 3 gives the distribution of Qg under Py and under P. We have,

1
Py(Qo > ) =e " P(Qy>x) = (Z) Trer T g >0,

4.4 Example 4: fluid queue driven by the local time of a risk-type process
with a Brownian component

Take
Y;g = 3bt—|—0’Bt —St,

where S is the inverse local time of an independent Brownian motion. Assume o2 > 0. We
have 1
Yy (0) = log Ee?1=Y0) — 3p9 4 50292 —2¢0"%, >0,

where cisa scaling parameter. Since lim;_,,, Y; = —00, a.s., Lemma 8 allows us to construct
Xy =R.Y. Here, Y is spectrally negative, and so, as shown in Lemma 1

P(Xo>z)=e ", x>0,

where > 0 and

Yy () = 0.

14



Letting
§=1+0b0"2c2,
we find

c 2/3(57+1)1/3+(57_1)1/3
p=2{— 52 :

o
Here, P(Xy = 0) = 0. As in Proposition 2, this p is the rate of the local time L of X. Note
that, since Y has unbounded variation paths, the local time L is a.s. continuous. Assuming
that p < 1, which is equivalent to

1
1/1y(1):b+§02—c>0,

we construct ) as before: Q; = ﬁtf,t € R. From Theorem 3 we have that

P(Qo>x) = ,ue_(b"'%"Q_c)gE, x> 0.

5 Idle and busy periods

In this section we study idle and busy periods of the fluid queue process {Q; : t € R} as
defined in (18). We work under the assumptions that Y is either spectrally negative or
spectrally positive and that 0 < p < 1, where u is the rate of L—see (17). Under these
assumptions, the process ) constructed above is stationary and the sets

{teR: Qi—>0, Qr=0}={g(n): neZ}
{teR: Q1= =0, Q >0} ={d(n): neZ}

are a.s. discrete, with elements denoted g(n), d(n), respectively. We need a convention for
their enumeration, and here is the one we adopt.

First,

-<g(=1) <g(0) <0<yg(1) <g(2) <---,
Second,
g(n) <d(n) <gn+1), neZ.

Let Ny (resp. N2) be the random measure (point process) that puts mass 1 to each of the
points g(n) (resp. d(n)). Notice that the point processes N1, Ny are jointly stationary.

The intervals (g(n),d(n)) are called idle periods, while the intervals (d(n),g(n + 1)) are
called busy periods. An observed idle period is, by definition, equal in distribution to an idle

period, given that the idle period contains a fixed time ¢ of observation. By stationarity, we
may take the time of observation to be ¢ = 0. In other words,

observed idle period := ( (g(0),d(0)) | Qo = 0) < ( (g(0),d(0)) | g(0) < 0 < d(0)).
Here, 4 Jenotes equality in distribution under measure P. Similarly,
observed busy period := ( (d(0), g(1)) | Qo > 0) 4 ((d(0),9(1)) | d(0) <0< g(1)). (24)

In this section we identify the distribution of observed idle (and busy) periods (see
Propositions 5, 6). In both cases we shall appeal to the result of Lemma 2 below a short
proof of which is provided. Note that formula (25) below and related facts are also proved
in Kozlova and Salminen [10, Section 5] and Sirvié (Kozlova) [16].
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sample path ofQ

% x
d(-1) 9(0) d(0) 9(1) d(2)

sample path of X

g(0) g(1)

Figure 1: Typical behaviour of () and the background Markov process X when the underlying
Lévy process Y has unbounded variation paths. By convention, the origin of time is contained
between g(0) and d(0). Note that excursions of X away from 0 correspond to intervals over
which () decreases.

Lemma 2. Let (Q2,.%, P) be a probability space endowed with a P-preserving flow (6¢,t € R)
[see Appendix A]. Let Ny, Ny be jointly stationary simple random point processes (Njof,(B) =
Ni(B+t),teR, Be BR),i=1,2) with points {t;(n),n € Z}, i = 1,2, such that

<t (1) <t (0) <0< t(1) <t(2) <

and
ti(n) <ta(n) <ti(n+1), forallneZ.

Let M be the random measure which is defined through its derivative with respect to the
Lebesgue measure as

M(dt)/dt = " L(t(n) <t < ts(n)).

nez

Assume that N1 has finite intensity. Let Py; be the Palm measure with respect to M. Then

aByle 0] — BEy[eP20)]
a—p ’

Proof. Tt is easy to see that M is also stationary, i.e. Moby(B) = M (B +t). Let Py, be the
Palm measure with respect to N;, i = 1,2 and let A be the intensity of N (which is—due to
the law of large numbers—the same as the intensity of Ns). It follows easily from Campbell’s
formula that M has finite intensity: Ay = AEN, [t2(0) — ¢1(0)] < oco. The Palm exchange
formula? between Pj; and Py, yields

Eple=ot0+500)] = o, >0. (25)

t1(1) t2(0)
Yol M(dt) = \Ew, / Yoty di, (26)

A EplY] = )\ENl/ o
t1(0

t1(0)

*In [1] p. 21 the formula is given and proved for point processes but the generalization for arbitrary
jointly stationary random measures is straightforward.
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d(-1) g(0)  d() a(1)

““L% sample path of Y

%M/%%

Figure 2: Typical behaviour of Q) and the background Lévy process Y, in case that Y 1is
spectrally negative with bounded variation paths.

for any bounded random variable Y. Apply (26) with Y = e~ ®2(0)+51(0) " Since ¢1(0) =
sup{t < 0 : N1({t}) = 1}, t2(0) = inf{t > ¢1(0) : Nao({t}) = 1}, and Py, (t1(0) = 0 <
tQ(O)) = 1, we have tl(O)Ogt = —1, tQ(O)Oet = tQ(O) —t, PNl—a.S. on {tl(O) <t < tQ(O)}.
Therefore, Yoy = e~ 1 0el@=0)t Py _as. on {t1(0) < t < t5(0)}, and so

En, [e*ﬁtz(o)] — By, [e*atz(o)]
a—f3 '

Arguing in a similar manner, through the exchange formula between M and Ny, we obtain

AngEp[e 02O+ — ) (27)

AMEM[G_ﬁtQ(O)J'_atl (0)] _ )\EN2 [eatl (0)] — EN2 [eﬁtl (0)] . (28)
8-«
Setting 3 = 0, and then o = 0, in (27) we obtain:
1—FE —at2(0)
My leoa0)] = AT, (20)
a
1 — En [e—Bt2(0)
ArEn[eP 0] = A Nlée l (30)
On the other hand, with & = 0 in (28), we have
1 — Ep, e (0
Anr Earle 2] = A Nzﬁ[e ] (31)
The exchange formula between N; and N3 shows that the right hand sides of (30) and (31)
are equal. Substituting these and (29) into (27) we obtain the result. O

5.1 Observed idle periods

We are interested in the distribution of the idle period (g(0),d(0)), given that Qo = 0.
The rationale used for this computation is as follows: We can always assume that Xy > 0,
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sample path ofQ

d(-1) 9(0) d(0) 9(1)

sample path of y

Figure 3: Typical behaviour of Q@ and the background Lévy process Y, in case that Y is
spectrally positive with bounded variation paths. Here, only the case where the jump part of
Y is compound Poisson is depicted. When @QQ; > 0 and Xy = 0, we see that Q; increases at
rate |dy| — 1, where dy < —1 is the drift of Y.

since this is an event with probability 1. If Q¢ = 0 then @Q; will remain 0 at least until X
hits 0, since Q cannot increase unless there is an accumulation of local time L, and this
can happen only when X is 0. Recall that the first hitting time of 0 by X is denoted by
D =inf{t > 0: X, =0}. If Qyp = 0, the first time that @) becomes positive has been denoted
by d(0). Our claim is:

Lemma 3. Given that Qg = 0 the ending time of the idle period is a.s. equal to D, i.e.,
P(d(0) = D | Qo = 0) = 1.

Proof. From the argument above we have that D < d(0) a.s. on {Qo = 0}. Suppose that
there is Q¢ C Q with P(y) > 0 such that Qg = 0 and D < d(0) a.s. on Qp. If Qp = 0 and
D < d(0) then

Q¢ = sup {L(u,t]—(t—u)} =0, forallte (D,d(0)).
D<u<t
This implies that
L(u,t] <t—wu, foral D<u<t<d0),

which means that, for w € Qq, L(w, -) is absolutely continuous on some right neighbourhood
of D. If Y is spectrally negative or if Y is spectrally positive but not of bounded variation,
then L is a.s. singular on any right neighbourhood of D, and we obtain a contradiction. If
Y is spectrally positive with bounded variation paths then L is absolutely continuous and
is given by (13). In this case, @) increases at rate |dy| — 1 > 0 whenever it is positive and
this shows immediately that here, too, D = d(0) a.s. on {Qp = 0}. O

Remark 1. The result in Lemma 3 can alternatively be expressed by saying that the process
(Lt —t : t > 0) is under Py initially increasing. In [13] Proposition 6.3 this is proved in
the case X is a reflecting Brownian motion, and the proof therein could have been modified
to cover the present case. However, we found it motivated to give the above proof which
highlights other aspects than the proof in [13].
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Using Lemma 2, we shall reduce the problem to that of finding the distribution of
D = inf{t > 0: X; = 0} given that Qp = 0. Let N (resp. Na) be the point process with
points {g(n} (resp. {d(n)}). Then M(dt)/dt = 1(Q; = 0), and so

Py = P(-| Qo = 0).
Formula (25), together with Lemma 3, then gives

e *P|Qo = 0] = BE[e™"P|Qo = 0]

Blee 0550 | o = 0] = 22 — @)

To compute the distribution of D given QQg = 0 we need the following two lemmas.
Lemma 4. Let

G:=sup{t<0: X; =0}
Then it holds

{Qo =0} ={Q¢ + G < 0}.
Proof. Since X; > 0 for all t € (G, D), we have

L(s,t]=0, G<s<t<D.
Recall that R R R

Qe =RasL(Qs) = sup L(u, 8]V (Qs +L(s,4])
So, if G < s <t <D, we have E(s,t] = L(s,t] — (t —s) = —(t — s), i.e.
Qu=(Qs—(t—9)" G<s<t<D.

If we assume that Qg = 0, we have G < g and so

0=0Qy=(Qc~(9-G)",
which implies that Qg + G = g < 0. O

Lemma 5. (i) Conditional on Xg, the random variables Qa, G, D are independent (under
P).
(ii) For all x >0, t >0,

P(Qg >1)=Pu(Qg >1t) = Py(Qo >t) =e L.

where 0% = 1y (1) if Y is spectrally negative or is equal to the unique positive solution of
0* =y (0%) if Y is spectrally positive.
(i1i) Q¢ is independent of (G, D) (under P).

Proof. (i) The independence follows from the strong Markov property at G (at which
Xg = 0) and Markov property at 0. Indeed, first observe that G is a stopping time with
respect to the filtration {%; = o0(X_5,0 < s < t), t > 0}. Second, Q¢ = RglL =
SUPg< L(s,G] = sup,< (L(s, G] — (G —s)) and so Qe1(G < t) is measurable with respect
to .#/ := o(X_s,s > t) for all t. This proves independence between Qg and G. Third, D
is measurable with respect to .Z# = o(Xs,s > 0). So, conditionally on X, the random
variable D is independent of the pair (Qg,G). (ii) The distribution statement about Qg
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follows from the strong Markov property at G. Let, as usual, Z_¢ = {A € o(X_4,5 >
0): AN{-G <t} e .F_;}. Since Qg = Qop°bg,

P(Qg > t) = P(Qoobc > t) = EP(Queflc >t | F_q) = EPx,(Qo > 1) = Py(Qo > 1) = e

where the latter follows from Theorem 3. (iii) This is immediate from (i) and (ii). O

Proposition 5 (distribution of observed idle period). Fiz o, >0, « # 3.

(1) When'Y is spectrally negative we have

E[e—ad(0)+ﬂg(0) | Qo = 0]

__%v(0) 1/)Y(1)< a  Py(a)-1 p ‘I’Y(ﬁ)—1>
1-3y(0) a—8 \a—uvy(1) @y(a) B-uvy(1) @y(@B) /-

(i) When Y is spectrally positive we have

B 10 = £ 5 (e )

where 6* > 0 is defined by ¥y (6%) = 0*.

Proof. From Lemma 5 we have that D, Qg are conditionally independent given Xy and G.
Hence

Ele P1(Qq + G <0) | Xo,G] = E[e %P | Xo,G] P(Qg < -G | X0, G).
= Ele " | Xo,G] (1 —¢"°)
_ Ble0 — ¢ 9DH0G | X, @),
where the second line was obtained from the facts (all consequences of Lemma 5) that (i)

D, G are conditionally independent given Xy, (ii) Q¢, G are also conditionally independent
given Xy, and (iii) Q¢ is independent of X and exponentially distributed with parameter

(33)

o — Yy (1), if Y is spectrally negative
Yy (6%), ifY is spectrally positive

Taking expectations we get
Ele"P1(Q¢ + G < 0)] = E[e 0D — ¢~0D+0°G),
and, using Lemma 4,
Ele=0P] — E[e=0D+0"C]
P(Qo =0)

We now use a version of Lemma 2, formulated for excursions of general stationary processes;
Pitman [14, Corollary p. 298; references therein]. The random measures N1, Ny correspond
to the beginnings and ends of excursions of the stationary process (Xy,t € R), and, since
there is never an interval of time over which X is zero, the random measure M coincides with

Ele™ Qo =0] =
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the Lebesgue measure, while Py; = P. Applying Pitman’s result—an analogue of formula
(25)—gives
—aD —6D
E[e—aD-I—,@G] _ aE[e “ ] - ﬁE[e p ] (34)
a—p
The joint Laplace transform of D, G is thus expressible in terms of the Laplace transform
of D. Combining the last two displays we obtain:

Ele™ | Qo =0] = P(Qolz 57 ﬁ*a* {E[efe*D] _ E[e*HD]}'

Using this in (32) results in

1 0*
P(QO = O) o — ﬂ
a —0*D —aD p —0*D —BD
{2 B Bl - 52 (Bl P - B} 39)
So far, the arguments are general and hold for both spectrally negative and positive Lévy
processes Y, as long as 6* is taken as in (33). Substituting next the expression for the

Laplace transform of D from (8), (16) for the spectrally negative, respectively positive,
case, we obtain the result. O

E[efad(O)Jrﬁg(O) | Qo =0] =

5.2 Observed busy periods

In this section we follow ideas in [16]. We are interested in the distribution of the observed
busy period, as defined in (24). On the conditioning event {Qy > 0}, we have, by our
enumeration convention,

9(0) <d(0) <0<g(l), P—as.

Using Lemma 2 with Nj (resp. N2) the point process with points {d(n)} (resp. {g(n}), we

have

aE[e_o‘g(l) | Qo > 0] — BE[G_ﬁg(l) | Qo > 0]
a—p ’

Ele~29(M+5d0) | 0 > 0] = a,f>0. (36)

Recall the evolution equation for Q:
Qi= Qs+ Lisyt] — (t—s)— inf {Qu+L(s,u] - (u—s)} (37

Let s = 0 and assume @y > 0. Since Xy > 0, P-a.s., we have L(0,t] =0 forall0 <t < D =
inf{r > 0: X, =0}, and so,

Qt:Qo—t—Oinf;t{Qo—u}:Qo—t, a.s.on {Qp >0, t <D},

which implies that

Qo, a.s. on {0 < Qo < D},
g(1)efp, a.s.on {Qo > D}.
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Now, if Qo > D, we have Qp_ = Qo — D, so from (37), @ evolves as
Qpit=Qo—D+LID, D+t —t, t>0,
ans as long as Qp4¢ > 0. This implies that, a.s. on {Qy > D},
g(1)ep — D =inf{t >0: Qo — D+ L[D,D+t] —t=0}.

Therefore (38) becomes

g(1) = {QO, a.s. on {0 < Qy < D}, (39)

D+inf{t >0: Qo— D+ L[D,D+t]—t=0}, as.on{Qy> D}
Consider now the inverse local time process, with the origin of time placed at D, i.e.
Ly, :=inf{t >0: L[D,D+t] >}, x>0,

By the strong Markov property for X at the stopping time D we have that the P-distribution
of (Lpt,, = > 0) is the same as the Py-distribution of (L3 !, @ > 0), which has been identified

x

in Propositions 2 and 4: Thus, (L}, = > 0) is a (proper) subordinator. Consider next the
spectrally negative Lévy process

Ayi=2—L;, >0

Notice that P(Ag = 1). The Laplace exponent of A is the function ¥a of (22). Define the
hitting time of level —a by A

o(Asa) :==inf{z >0: Ay < —a}, a>0,

Formula (61) gives us the Laplace transform of o(A;a) in terms of the scale functions of A,
defined in (56) and (57). Combining them, we obtain

U NGO R B W
[ st a s o (U - i) =00 W)

As can be easily seen from Lemma 1, for any a > 0,

inf{t >0: t—L[D,D+1t] >a}=inf{z >0: A, < —a} +a =o(A;a) +a.
Using this in (39), we obtain

(1) = Qo, a.s. on {0 < Qo < D},
7V Qo+ 0(R: Qo — D), as. on {Qo > DY.

It is useful to keep in mind that Ais independent of Qg — D, by the strong Markov property
of X at D. We are now ready to compute the Laplace transform appearing on the right
hand side of (36):
Ele=*M: Qo > 0] = E[e=*;0 < Qo < D] + E[e~*); Qg > D]
= E[e™90,0 < Q) < D] + E[e~Qoto(}AQ=D). o) > p)
= E[e%;Q) > 0] — E[e % (1 — e 2@®Q-D)). 0y > D] (41)
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Recall that P(Qp > z) = ue~?"%, and so

9*
o+ 6%

Ele™%; Qo> 0] = p (42)

To compute the second and the third terms we need some elementary properties of expo-
nentially distributed random variables which we state without proof.

Lemma 6. Let T be an exponentially distributed r.v. with parameter X and (X,Y), X >0,
Y >0, be a two-dimensional r.v. independent of T'. Then X and T — X —Y are independent
given T'> X +Y. Moreover,

A

Ble ®T=XY) 7> X +Y] = —
(0%

Ele™X, T > X 4+ Y] = Ele” (@)X,

Use (37) once more with s = G =sup{t < 0: X; =0}, and ¢ = 0, taking into account
the fact that L is not supported on (G, 0), to obtain

Qo=Qc+G, as. on{Qy>0}.

Since Q¢ is exponentially distributed with parameter * and independent of (G, D) (from
Lemma 5), we have, applying Lemma 6, the following result:

Lemma 7. Given Qg > D, the r.v.’s Qo — D and D are independent. Moreover,
0*

E[e—a(Qo—D) ‘ QO > D] = pyrs

E[eiaD; Qo > D] _ E[e*(a+9*)D+9*G]'
Using Lemma 7, we write the last term of (41) as follows:

Ele @ (1 — e Q=D)y; g > D]
= P(Qo > D) Ele™P e7(@=D) (1 — e=o7(Qo=D)) | gy > D]
= P(Qo > D) E[e™P | Qo > D] E[e™@~P) (1 — ¢morNQ=D)y | g > D]
_ E[e—(aw*)Dw*G] E[efaV (1— efaa(f\;V))]’ (43)
where, in the last term, we introduced a random variable V', exponentially distributed with
parameter *, independent of everything else (due to the fact that Qo — D, conditionally on

being positive, is exponential with parameter #*, independent of 1~\) The first term of (43)
can be computed as in (34). We have, for all a, 3 >0, « # [,

Cu vy (0) a B
Ble*?+%] = aY— 3 (@Y(a) - @Y(ﬁ))’

and for the spectrally positive case, for all a;, 3 >0, « # 3,

Py (o) — Py (B)
a—pf '

Ele~*PH0%) = g, (0+)
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Note that taking account of the definition (22) of ¥ for both the spectrally negative and
positive cases, and the fact that 15 (0*) = 0, one sees that generically for both cases, for all
a >0,

E[e—(a—l—@*)D-I—G*G] _ g(a _ wA(a + 0*)) (44)

For the second term of (43) we have, using (40),

~ 0* o0 . ~
—aVi1 _ —ac(AV)\) _ px —0*v _—av —ao(Aw)
Ele " (1-e )] T 0 /0 e’ Ve “Ele |dv

o*

_ - *H(a) *

P 0 (a+6%)

e <¢A(a+9*) _a )

S a+ 0 Ya(a+6*) —a a+ 0% D) ()
0 a+0"—dp () «

T a+ o D) () Yala+6%) —a (45)

Multiplying (44) and (45) we obtain the following expression for (43):

po* o
a+6*  Dp(a)

E[efaQo(l _ G*OZU(K;QO*D)); Qo > D] =

This, together with (42) and (41), yields:

(PA(Oz) '

Using (36), we finally come to rest at the following main result.

Ele=9W | Qo > 0] =

Proposition 6 (distribution of observed busy period). For «, 5 >0, a # f3,

9*
E[efag(l)Jrﬁd(O) |Qo > 0] = a—3 ((I)Aoza) B (I)Aﬂ(ﬂ)>

where @y is the right inverse of ¥ which is given in (22) and (cf. Theorem 3)
(1) 0* > 0 is defined by ¥y (1) in the case that Y is spectrally negative,

(ii) 0* > 0 is defined by 1y (0*) = 0* in the case that Y is spectrally positive.

5.3 Typical idle and busy periods

We now consider the problem of identifying the distribution of a typical idle and a typical
busy period of ). We place the origin of time at the beginning of such a period, by
considering the appropriate Palm probability. Let N, (resp. N;) be the point process with
points {g(n)} (resp. {d(n)}), the beginnings of idle (resp. of busy) periods, and let P, (resp.
Py) be the Palm probability with respect to Ny (resp. Py).

« S

g0) d() 9(1)
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Using (29) we have

1—
EEaBle 101y = 0] = 1 - Byl 1),

where 1 = P(Qo > 0) and A is the common rate of N, and Ng. The right side is precisely
what we need. Everything in the left side is known (see Prop. 5) except the rate X\. Consider
first the case when Y is spectrally negative. Using Prop. 5(i) with 5 = 0 we get

1—p @y(0) a Oy (a) — 1
A 1— @y(O)¢Y(1)a — Yy (1) Py (a)

Taking limits as o — oo—and since @y () — oo—we find the value of A and so the Laplace
transform E,[e~40)] of the typical idle period. The result is in Proposition 7(i) below.

=1— Eyle ),

We repeat the procedure for the spectrally positive case and, using Proposition 5(ii), we

obtain:
L—p Yy (0) , a—®y(a)
A1 wg/(O) o — 0*

=1— E,[e”d0),

Note that limg_, o ¥y (6)/0 = oo if Y is of unbounded variation, and so limg,—c Py (a)/a =
0. Thus, we can find A and E,[e=*40)]-see Proposition (7)(ii) below.

But if YV is spectrally positive (with non-monotone paths) and of bounded variation then
L is absolutely continuous and has a drift dy-see (13). We can easily see, e.g. from (12),
that

(o)
wy (6) =log Ble™ "™ ) — jay[o — [ (1~ e )ay)
0
and, since [;~(y A1)II(dy) < oo, we obtain limg_.oc 1y (6)/6 = |dy|. So lima—.cc Py ()/ox =
1/|dy|. Again, we can find A\ and E,[e~*%?)]-see Proposition (7)(iii) below.
Proposition 7 (distribution of typical idle period). Fiz a > 0. Let P, be Palm probability
with respect to the beginnings of idle periods of Q).

(1) When'Y is spectrally negative we have

a  Py(a)—1

A=y Oy, Byl =1- g0 S

(ii) When Y is spectrally positive and fol yll(dy) = oo, we have

a— dy(a)
a—60* 7

A=44(0)0%,  Eyle ) =1-

where 0* > 0 satisfies 0% = 1y (67).

(iii) When Y is spectrally positive and fol yII(dy) < oo, we have

1 _ dy| o= ®y(a)
)\: / 0* 1__ E ad(O) :1_
¢Y(0) < |dY‘>7 g[e ] ‘dY‘—l o — 0* )

where 0* > 0 satisfies 0* = 1y (6%), and dy is the drift defined in (12)-(13).

Remark 2. By Assumption [A2]-see Section 3-we have dy < —1 and so the constant above
is positive.
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In the same vein, we obtain the Laplace transform Ey[e=®9(D] of a typical busy period.
Notice that, under P;, we have d(0) = 0, and so the first busy period to the right of the
origin of time is the interval (d(0),g(1)). We have,

%aE[e*ag(l)\Qo > 0] =1 — Eyle9D)],

Using Proposition 6 with 3 = 0, we have

uo*  «

= _1_ —ag(1)
N @A(Oz) 1 Ed[e ]

From the expression (22) for ¢ (0) we find limg_. ¥a(0)/0 = 1. So, limy_,o0 /P p () = 1.
Therefore:

Proposition 8 (distribution of typical busy period). Fix o > 0. Let P; be Palm probability
with respect to the beginnings of busy periods of Q. Let 15 be defined as in (22), and let Py
be its right inverse function. Then

N, Baleos] =1
:u ) d[€ ] @A(O{) b
where p = ®y(0), 0* =y (1), if Y is spectrally negative; and p = 14, (0), 0* > 0 is defined
through 0* = 1y (0%), if Y is spectrally positive.

Corollary 1. The mean duration of a typical idle period is (1 — )/, while the mean dura-
tion of a typical busy period is p/\, where p is given by (17) and X\ is given in Propositions
7, 8.

Remark 3. By the relation between P and the Palm probability P; it follows that the
typical idle (respectively busy) periods are stochastically smaller than the observed idle
(respectively busy) periods, see [1]. In particular, the means of the former are shorter than
the means of the latter. (This is usually referred to as the “inspection paradox”.) This gives
us several inequalities between different quantities associated with the Lévy process Y. To
give an example, we compare the mean durations of idle periods in the spectrally negative
case. From Proposition 5 we have

e @ (0) _ o ‘I’Y(O)'(ﬂy(l) (I)Y(Oé) —1
E[ a0 |Q0—0]_ (@Y( )

1=y (0) a)(a =1y (1))
_ Oy (0)yy (1)
= Ty (0) F(a).
It follows that By (0)by (1)
E[d(0) | Qo =0] = —%WY(O) F(0).
Since d(0) and —g(0) are identical in law, the mean duration of the observed idle period is
By (0)y (1)
B[d(0) - 9(0) | Qo = 0] = ~2 2O o)

Notice that, using the function F, we may write from Proposition 7

Eyle 0] =1 — a F(a).
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and

Now, by the “inspection paradox”,
E,d(0)] < E[d(0) — g(0) | Qo = 0],
which, after some manipulations, is equivalent with
(1= @y (0))* <2(2y(0)* = By (0) + B4 (0)¢y (1)) -

Example 5 (continuation of Example 1): Consider Y; = 0B; — put, and assume 0 <
i < 1. Here the rate of beginnings of idle (or busy) periods is

L 2p(l—

3= oy = 2021
o

The mean duration of a typical idle period of @ is

0_2

ﬂa

while the mean duration of a typical busy period of @ is

0.2

2(1—p)

To find, e.g., the distribution of a typical busy period, we use Proposition 8. We have, see
(22),
¥alq) = g — Py (q),

where @y is the inverse function of ¥y, i.e.

V2 +20%¢2 —

o2 ’

Dy (q) =

and ®, is the inverse function of 1y, i.e.

(1—p) +20%a+ /(1 — p)? + 402«

Pa(a) = 202 '

and so the Laplace transform of the typical busy period is

(1= p) + /(1 = p)? + 40%a
(1 —p) +20%a+ /(1 — p)? +40%a

Egle 9] =

A On Skorokhod reflection, fluid queues, and stationarity

In this section we review some facts about the Skorokhod reflection of a process with
stationary-ergodic increments. We carefully define the system, give conditions for its stabil-
ity, and recall some distributional relations based on Palm calculus, see [1], [8]. Although
the setup is much more general than the one used in later sections for concrete calculations,
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it is nevertheless interesting to isolate those properties that are not based on specific dis-
tributional assumptions (such as Markovian property or independent increments) but are
consequences the more general stationary framework.

Let (2,.7, P) be a probability space together with a P-preserving flow (6;,¢ € R). That
is, for each t € R, 0; : @ — € is measurable with measurable inverse, 0y is the identity
function, 04005 = Ogyy, for all s,t € R, and P(6;A) = P(A) for all t € R, A € .#. Consider a
process W = (W¢, t € R) with stationary increments, i.e. (W; — Wy)of, = Wiy, — Wy, for
all s,t,u € R. We let E denote expectation with respect to P.

Following [8], we define the “Skorokhod Dynamical System” (abbreviated SDS henceforth)
driven by W as a 2-parameter stochastic flow:

Rs:W(z) = [z + Wy — W] — éﬂf<t[(l‘ + Wy — W,) A0 (46)
= sup Wy —=W,)V(z+W,—W,) >0, s<t. (47)
s<u<t

Thus, for each s < t, we have a random element R, W taking values in the space of C'(R.)
of continuous functions from Ry into itself. The family (Rs:W, —oo < s <t < 00) is a
stochastic flow because the following composition rule (semigroup property) holds for each
w e

RsiW =Ry tWoRs )W, s <u <t,
RiW(z) =2, teR,xz>0,

It is a stationary stochastic flow because, for each x € R+, we have:
R iW(x)oby = RspuruW(x), —o0o <s<t<oo, ueR.

We say that the process Z = {Zt, te R} constitutes a stationary solution of the SDS driven
by W if Z is W-measurable and if

Zt = Rs,tW(Zs)’ S S t,
Zt09u = ZtJru, t, u € R.

Existence and uniqueness is guaranteed under some assumptions:

Lemma 8. Assume that sup_, . ,<oWs < 00, and lim, , . W; < oo, P-a.s. Then there is
a unique stationary solution to the Skorokhod dynamical system driven by W. This is given
by B
Zy = sup (W;—W,)=RW. (48)
—oco<u<t
Quite often, in addition to stationarity of the flow, we also also assume ergodicity, namely
that each A € % that is invariant under 6; for all ¢, has P(A) equal to 0 or 1. Owing to
Birkhhoff’s individual ergodic theorem Lemma 8 immediately yields:

Corollary 2. Under the ergodicity assumption, and if EW; < 0, then there is a unique
stationary solution Z to the Skorokhod dynamical system driven by W. The process Z is
given by (48) and Z is an ergodic process.
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For the purposes of this paper, assume that W is of the form
W, — Wy = A(s, t] — B(t —s), s<t, (49)
where A is a locally finite stationary random measure, and
0<fB<a:=FEA,1). (50)

Let P4 be the Palm probability, see [1], [6], with respect to A:

PA(C) = lE[ /( . lCoHtA(dt)] .

(%

The following is a consequence of Theorem 3 of [8]:

Lemma 9 (distributional Little’s law). Let Z be the unique stationary solution to the SDS
driven by W of the form (49). Assume that (50) holds. Then, for any function 1 : [0,00) —
R, which is continuous on (0,00), we have (Theorem 3 of [8])

EY(Zo) = (1 — %) »(0) + %EAw<zo)-

In particular,

P(Zy > 2) = %PA(ZO >z), ¢>0, P(Zy>0)= (51)

@l

It should be noted that the decomposition (49) of W is not unique; nevertheless, (51)
holds, regardless of which decomposition of W we choose.

B Exit times for spectrally negative Lévy processes

In this section we consider a spectrally negative Lévy process and some facts regarding the
first time the process exits an unbounded interval. Let Y = (Y;,t € R) be a spectrally
negative Lévy process and Lévy measure II. In other words, let B be a standard Brownian
motion, 1 an independent Poisson random measure on R x R_ such that

En(dt,dy) = dtIl(dy), TI{0} =0, / (y* A DII(dy) < oo, (52)

let a € R, o0 > 0, and define, for —co < s <t < oo,
Y(s,t]=a(t—s)+o(B: —

/st]/oo,_l n(du, dy) /St]/(lo n(du, dy) — dull(dy)]. (53)

Notice that we have thus defined only the increments of Y'; the exact value of Yy is unim-
portant; we may, arbitrarily, set
Yy = 0.
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(The reason that increments are more fundamental than the process itself is amply explained
in Tsirelson [17].) If we set

Y (0,t t>
Y—{ (0,4, 20 teR,

T v, t<0’

we have
Y(s,t] =Y —Y,, —oc0o<s<t<oo.

(In case that fBl ly[II(dy) < oo, and ¢ = 0, the process Y has bounded variation paths and
can also represented as

Y (s,t] = dy(t — s) —i—/( ; /( ) y n(du, dy), (54)

for some constant dy known as the drift of Y".)

To be more precise, especially for the construction of the stationary versions of processes
in this paper, we introduce shifts. Assume that (B,n) is defined on a probability space
(9, .7, P) taken, without loss of generality, to be the canonical space Q = C(R) x N(R?),
where C(R) are the continuous functions on R, and N (R?) are the integer-valued measures
R2. Let P be the product measure on the Borel sets® of C'(R) x N(R?) that makes B a
standard Brownian motion and 1 a Poisson random measure with mean measure as in (52),
and to each w = (¢, ) € C(R) x N (R?), let B(yp, 1) = ¢, n(p, ) = p. Consider also the
natural shift (6;,¢ € R) on Q defined by

Ou(0, 1) (s, A) = (p(t +5),u(A+5)), se€R, Aec B[R,

where A + s := {(t +s,y) € R? : (t,y) € A}. By construction, Y has cadlag paths, and,
under P, it has stationary (and independent) increments. Henceforth we shall denote by P,
the conditional probability of P given Yy = x and FE, expectation with respect to it. All of
the following facts are standard results which can be found, for example, in [2, 11] See also
[12] for a review which is more convenient for the setting at hand.

Let Uy : R — C denote the characteristic exponent of Y
E[eieyl] = ef\I’Y(e), 0 € R,
and let ¢y : [0,00) — R denote the Laplace exponent of Y:

Uy (B) =log E[™1], 8> 0.

It is well known that vy is infinitely differentiable, strictly convex, ¥(0) = 0, limg_.o ¢y (5) =
oo, and
s (04+) = EY) = E(Yi41 — V) € RU{—00}.

For each ¢ > 0 let
Py (q) = sup{B > 0: ¢y () = q}. (55)

Since Y drifts to infinity, oscillates, drifts to minus infinity accordingly as ¢4 (04+) > 0,
P (0+) = 0 and ¢4 (0+) < 0, it follows that ®y(0) > 0 if and only if ¥} (0) < 0 and
otherwise ®y (0) = 0. It is also easy to see that ®y(q) > 0 for all ¢ > 0.

3The space N (R?) is endowed with the topology of weak convergence; see, e.g., [7].
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Define also the scale functions W@ (z), Z(@(z) via their Laplace transforms

/0 T B @ () — m, (56)
e e_ﬂg; (q) 2)de — Q/)Y(ﬁ)
|| A = g (57)

defined for all § > ®y(g). The functions ®y, WD, Z(@ appear in the expressions for the
Laplace transform of the first passage times

. i=1inf{t > 0:Y; >z}, (58)
7o, =inf{t >0:Y; < —z}, (59)

as follows (cf. Theorem 8.1, p. 214 of Kyprianou [11]):
Lemma 10. For all g > 0, x > 0,

E[equj] _ €*<PY(Q)$’ (60)

E[e ] = Z2((z) — @yq(q)W(Q)(x)' (61)
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