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1 Some aspects of the theory of optimal stop-

ping in discrete time

Suppose that (Gn)n≥0 is a sequence of adapted non-negative random variables
on a filtered probability space (Ω,F , (Fn)n≥0,P), and interpret Gn as the gain,
or reward we receive for stopping at time n. Define Mτ as the set of almost
surely finite stopping times which are greater than τ (which itself may be a
stopping time). We are interested in solving the optimal stopping problem

V = sup
τ∈M0

EGτ .

That means we are interested in both the stopping time which optimizes the
expectation (if it exists) as well as the optimal value V . There is an obvious
assumption we should make here before we start our analysis. Namely

E

[
sup
n

Gn

]
< ∞. (1.1)

Essentially this ensures that all expectations are uniformly finite.
It seems sensible that the decision to stop must in some sense be based on

the future expectation of the return given what has been seen to date. So if
stopping has not occurred by step n then one should look at all the quanti-
ties E(Gτ |Fn) for stopping times τ ∈ Mn, which can be thought of as the
potential returns if not stopping at that step, and compare them against the
gain Gn which would be incurred if one stopped at that step. In particular
one would like to look at the quantity “supτ∈Mn

E(Gτ |Fn)” however there are
an uncountable number of stopping times in Mn and each of the objects in
the supremum is a random variable. It is therefore not entirely clear what one
means by “supτ∈Mn

E(Gτ |Fn)”. To get resolve this issue, we need to introduce
the concept of an essential supremum.

1.1 Essential supremum

This section is entirely devoted to the following theorem which gives us the
definition and functionality of the concept of an essential supreumum of random
variables.

Theorem 1.1 Let {Zα;α ∈ I} be a collection of real-valued random variables
in a probability space (Ω,F ,P), with I an arbitrary index set. Then there exists
a countable subset J ⊆ I such the random variable Z∗ : Ω → R ∪ {−∞,∞}
defined by

Z∗ = sup
α∈J

Zα

satisfies

(i) P(Zα ≤ Z∗) = 1, ∀α ∈ I,
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(ii) if Y : Ω → R̄ is another random variable satisfying (i), then

P(Z∗ ≤ Y ) = 1.

We call Z∗ the essential supremum of {Zα;α ∈ I}, and write

Z∗ = esssup
α∈I

Zα.

It is defined uniquely P-almost surely.

Proof. Mapping by a suitable mapping f : [−∞,∞] → [−1, 1] (eg. f(x) =
(2/π) arctanx), we may assume all Zα are bounded in [−1, 1]. Let C be the set
of countable subsets of I. Then by monotinicity

[−1, 1] ∋ a := sup
C∈C

E

[
sup
α∈C

Zα

]
= sup

n≥1
E

[
sup
α∈Cn

Zα

]

for some suitable sequence Cn ⊆ C.1 However,
⋃

n≥1 Cn is a countable set, so
we may define the random variable

Z∗ = sup
α∈

⋃
n
Cn

Zα

and thus we may take J =
⋃

n Cn.
We now need to confirm that Z∗ respects the properties (i) and (ii). Note

that the first property is clearly true for all α ∈ J . Suppose that β ∈ I\J
and P(Zβ > Z∗) > 0. Then, on the one hand, because of the latter positive
probability, we have a < E(Zβ ∨ Z∗) and on the other hand

E(Zβ ∨ Z∗) = E

[
sup

α∈J∪{β}

Zα

]
≤ sup

C∈C
E

[
sup
α∈C

Zα

]
= a,

where the inequality follows on account of the fact that J ∪ {β} is countable.
We therefore reach a contradiction. The property (i) thus follows.

The second property is a straightforward consequence of the fact that if for
all α ∈ I, Zα ≤ Y almost surely, then in particular for all α ∈ J , Zα ≤ Y and
hence by the countability of J ,

Z∗ = sup
α∈J

Zα ≤ Y

almost surely.

The following corollary is an important feature that will be of most interest
to us with regard to the definition of the essential supremum.

1Note that this statement can be derived from the fact that if an is a sequence of positive
numbers then there exists an increasing subsequence αn such that sup{an} = limn↑∞ αn =
sup

n
αn.

3



Corollary 1.1 If the family {Zα : α ∈ I} has the lattice property that for any
α, β in I there exists a γ ∈ I such that Zα∨Zβ ≤ Zγ in the P-almost sure sense,
then the countable subset J = {α0, α1, α2, · · · } may be chosen so that

Z∗ = lim
n↑∞

Zαn

where Zα0
≤ Zα1

≤ Zα2
≤ · · · in the P-almost sure sense.

Proof. Suppose that the countable set in the previous theorem is J =
{α0, α1, α2, · · · , · · · }. Then we replace it by a new sequence J∗ = {α∗

0, α
∗
1, α

∗
2, · · · }

where α∗
0 = α0 and the remaining elements in the sequence are inductively cho-

sen so that, making use of the lattice property, α∗
n+1 is such that Zα∗

n+1
≥

Zα∗

n
∨ Zαn

almost surely.
Since Zα∗

n+1
≥ Zαn

almost surely and since {Zα∗

n
} is an increasing sequence

whose elements which are each almost surely bounded by Z∗, it is now obvious
that

Z∗ ≥ lim
n↑∞

Zα∗

n
= sup

α∈J∗

Zα ≥ sup
α∈J

Zα = Z∗

in the almost sure sense. That is to say Z∗ = limn↑∞ Zα∗

n
almost surely.

1.2 Solution to the optimal stopping problem

Now that we understand how to define an essential supremum (ie a “supremum
over random variables”) we may proceed to look at putting our intuition into
rigour and showing how the process

Sn = esssup
τ∈Mn

E [Gτ |Fn] (1.2)

(the best gain one can expect by not stopping at time n) can be used in compar-
ison with Gn (the gain obtained by stopping at time n) to produce an optimal
stopping strategy. Note that since τ = n is a stopping time in Mn it is trivial
to see that Sn ≥ Gn almost surely. It is therefore conceivable that the opti-
mal strategy is to stop at the first time n such that Sn = Gn as otherwise,
when Sn > Gn not stopping would appear to have greater “value”. The pro-
cess {Sn : n ≥ 0} is called the Snell envelope; named after Laurie Snell, it
“envelopes” the gain process {Gn : n ≥ 0}.

Theorem 1.2 Fix n ∈ {0, 1, 2, · · · }. Suppose (1.1) holds. Let

τn = inf{k ≥ n : Sk = Gk}.

and assume that P(τn < ∞) = 1. Consider the optimal stopping problem:

Vn = sup
τ∈Mn

EGτ . (1.3)

Then,
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(i) Sn = max{Gn,E(Sn+1|Fn)};

(ii) The stopped process {Sk∧τn : k ≥ n} is a martingale;

(iii) Vn = ESn and the stopping time τn is optimal in (1.3);

(iv) The process {Sk : k ≥ n} is the smallest supermartingale which dominates
{Gk : k ≥ n}.

Proof. We begin by showing that Sn ≥ E[Sn+1|Fn]. Suppose that σ1, σ2 ∈
Mn+1 and let A = {E[Gσ1

|Fn+1] ≥ E[Gσ2
|Fn+1]} ∈ Fn+1. Then we can define

a stopping time2

σ3 = σ11A + σ21AC ∈ Mn+1.

Hence:

E[Gσ3
|Fn+1] = 1AE[Gσ1

|Fn+1] + 1ACE[Gσ2
|Fn+1]

= max {E[Gσ1
|Fn+1],E[Gσ2

|Fn+1]} .

This shows that the random variables {E(Gσ|Fn+1) : σ ∈ Mn+1} have the
lattice property. Now, by Corollary 1.1, we know there exists a sequence of
stopping times σk ∈ Mn+1 such that

Sn+1 = lim
k→∞

E[Gσk
|Fn+1]

where E[Gσk
|Fn+1] is a sequence of increasing random variables. Note that

since E[Gσk
|Fn+1] is Fn+1-measurable, it follows that, as an increasing limit,

Sn+1 is also Fn+1 measurable. So thanks to dominated (or indeed monotone)
convergence

E[Sn+1|Fn] = E

[
lim
k→∞

E[Gσk
|Fn+1]|Fn

]

= lim
k→∞

E [E[Gσk
|Fn+1]|Fn]

= lim
k→∞

E[Gσk
|Fn]

≤ Sn (1.4)

where the final inequality follows by virtue of the definition of Sn. Recalling
that Sn ≥ Gn we have shown that

Sn ≥ max{Gn,E(Sn+1|Fn)}

On the other hand, for all τ ∈ Mn, we get,

E[Gτ |Fn] = Gn1{τ=n} + 1{τ>n}E[Gτ |Fn]

= Gn1{τ=n} + 1{τ>n}E[Gτ∨(n+1)|Fn]

= Gn1{τ=n} + 1{τ>n}E[E[Gτ∨(n+1)|Fn+1]|Fn]

≤ Gn1{τ=n} + 1{τ>n}E[Sn+1|Fn]

≤ max{Gn,E[Sn+1|Fn]},

2It is a simple exercise to check that this is a stopping time.
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so that Sn ≤ max{Gn,E[Sn+1|Fn]}. We have thus established property (i) that

Sn = max{Gn,E[Sn+1|Fn]}.

It is now immediately obvious that Sn ≥ E[Sn+1|Fn] showing that it is a su-
permartingale (which, as earlier shown, dominates the gain). It is also obvious
that that if n ≤ k < τn then by definition of τn, Sk = E[Sk+1|Fk] a.s.. Since
Sτn = Gτn it follows that

Sk∧τn = E[S(k+1)∧τn |Fk], ∀k ≥ n, (1.5)

showing property (ii). In particular this implies that for N > n,

Sn = Sn∧τn = E[Sτn∧N |Fn] = E[Gτn1{τn<N} + SN1{τn≥N}|Fn].

Now note that for N > n,

SN = esssup
τ∈MN

E(Gτ |FN ) ≤ E(sup
n

Gn|FN)

and therefore

lim
N↑∞

E(SN1{τn≥N}|Fn) ≤ lim
N↑∞

EE(sup
n

Gn|FN )1{τn≥N}|Fn)

≤ lim
N↑∞

E(sup
n

Gn1{τn≥N}|Fn)

= 0

where we have used dominated convergence and the assumption that E(supn Gn) <
∞ ,and hence that E(supn Gn|Fn) < ∞ almost surely, together with the assump-
tion that . P(τn < ∞) to conclude that

Sn = E[Gτn |Fn].

Thus, on the one hand,

E[Sn] = E[Sτn ] = E[Gτn ] ≤ sup
τ∈Mn

E[Gτ ].

However, on the other hand, as Sn ≥ Gn and Sn is a supermartingale we have

sup
τ∈Mn

E[Gτ ] ≤ sup
τ∈Mn

E[Sτ ] ≤ E[Sn].

This gives us conclusion (iii) of the theorem.
To prove (iv) Suppose (Uk)k≥n is also a supermartingale dominating (Gk)k≥n.

Then
Sk = E[Gτk |Fk] ≤ E[Uτk |Fk] ≤ Uk,

where the final inequality follows from conditional Fatou, applied to Um∧τk .
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1.3 Markovian setting

Now consider a time-homogeneous Markov chain, X = (Xn)n≥0, Xn ∈ E for
some measurable space (E,B), defined on a probability space (Ω,F , (Fn)n≥0,Px),
with Px(X0 = x) = 1. Recall that the Markov property states that for all posi-
tive, continuous and uniformly bounded functions f , we have that

E(f(Xn+k)|Fn) = E(f(Xn+k)|Xn) = Ex(f(X̃k))
∣∣∣
x=Xn

where X̃ is an independent copy of X . Further, for simplicity, we will assume
that (Ω,F) = (EZ+ ,BZ+), so that the shift operators θn : Ω → Ω can be defined
by f ◦ θn(w·) = f(w·+n) for functionals f of the canonical process w·, and
F0 is trivial. We will typically use the shift operator on stopping times. For
example of τ ∈ M0 then τ ◦ θn ∈ Mn. In particular we could take for example
τBk := inf{n ≥ k : Xn ∈ B} for some appropriate B ∈ B. In that case

τB0 ◦ θk = inf{m ≥ 0 : Xm+k ∈ B} = inf{n ≥ k : Xn ∈ B} − k = τBk − k.

Of course, this is just a special case of the setting considered in the previous
section, so can we say anything extra? Consider an infinite horizon problem

V (x) = sup
τ∈M0

ExG(Xτ ) (1.6)

where we note that we have replaced the general process Gn by a process de-
pending only on the current state of the Markov chain, G(Xn), where it is usual
to take G as a continuous function. Assume that there is an optimal strat-
egy for the problem. The next result shows that we can make a more explicit
connection between the Snell envelope:

Lemma 1.1 Suppose that Px(τ0 < ∞) = 1 for all x ∈ E. Let Sn be the Snell
envelope as given by (1.2). Then we have:

Sn = V (Xn), (1.7)

Px-a.s., for all x ∈ E, n ≥ 0.

Proof. We first note that

Sn = esssup
τ∈Mn

E(G(Xτ )|Fn)

≥ esssup
τ∈M0

E(G(Xn+τ◦θn)|Fn)

= esssup
τ∈M0

Ex(G(X̃τ ))

∣∣∣∣
x=Xn

= V (Xn),

where X̃ is an independent copy of X . The inequality is a result of the fact that
for τ ∈ M0, n+ τ ◦ θn belongs to Mn but not all stopping times in Mn can be
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written in this way. We also note that for all x ∈ E

V (x) ≥ sup
τ∈M1

Ex[G(Xτ )] as M1 ⊆ M0

≥ sup
τ∈M0

Ex[G(X1+τ◦θ1)]

= sup
τ∈M0

Ex[E[G(X1+τ◦θ1)|F1]]

= sup
τ∈M0

Ex

[
ExG(X̃τ )]

∣∣∣
x=X1

]

≥ Ex

[
ExG(X̃τ0)]

∣∣∣
x=X1

]

= Ex

[{
sup

τ∈M0

Ex[G(X̃τ )]

}∣∣∣∣
x=X1

]

≥ Ex[V (X1)].

where we have used the optimality of the stopping time τ0 from (1.2). This
implies that {V (Xn) : n ≥ 0} is a supermartingale. Indeed note that

E(V (Xn+1)|Fn) = Ex(V (X1))|x=Xn
≤ V (Xn)

It is also clear from its definition that V (x) ≥ Ex(G(Xτ )) for any stopping
time in M0. If in particular we take the stopping time τ = 0 then we observe
that for all x ∈ E, V (x) ≥ G(x). This means that {V (Xn) : n ≥ 0} is a
supermartingale dominating the gain and hence by Theorem 1.2 (iv) it follows
that V (Xn) ≥ Sn. Combined with our observation at the beginning of the proof
we deduce the claim of the lemma.

We are now in a position to state an analogue of Theorem 1.2. Given the
value function V , we define the continuation region:

C = {x ∈ E : V (x) > G(x)}

and the stopping region

D = {x ∈ E : V (x) = G(x)}.

The candidate optimal stopping time is then

τD = inf{n ≥ 0 : Xn ∈ D}. (1.8)

Theorem 1.3 Suppose that Px(τD < ∞) = 1 for all x ∈ E. Then

(i) the stopped process {V (Xn∧τD) : n ≥ 0} is a Px-martingale for every
x ∈ E;

(ii) the stopping time τD is optimal in (1.6);
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(iii) the process {V (Xn) : n ≥ 0} is the smallest supermartingale dominating
{n ≥ 0 : G(Xn).

Proof. This follows directly from Theorem 1.2, having made the identifica-
tion Sn = V (Xn) in (1.7)

We conclude by noting that the requirement that Px(τn < ∞) = 1 for all x ∈
E may appear to be an unnatural requirement. Indeed in the Markovian setting
the process X may simply never visit the domain D with positive probability on
account of D consisting of transient states. It is possible however to adapt many
of the arguments above to accommodate for the adjustment that M contains
optimal stopping times which may be infinite-valued with positive probability.
In that case one needs to be more specific about the the meaning of limn↑∞ Gn.
We shall see later in our examples that we will need to be able to accommodate
such stopping times and indeed we shall give an operational sense to the above
limit.

9



2 Continuous time and a change of perspective

Given what we have seen for discrete time, one would expect that one may make
a direct translation to the case of continuous time stochastic processes. Indeed
this is possible, although one needs to be somewhat more careful about path
continuity of the underlying (super)martingales as well as some other measure-
theoretic considerations.

We could easily fill some additional pages laying out this theory, however, at
this point it is worth stepping back to the discrete time case and asking oneself
how one would realistically go about solving a given optimal stopping problem.
Let us consider just the Markovian case which, in principle, should be slightly
easier. In this case we note from Theorem 1.3 that the optimal stopping time,
τD, turns out to require prior knowledge of the value function V (x). This is
potentially a tautology as one could argue that in fact since V (x) = Ex(G(XτD ))
one needs prior knowledge of τD in order to know V (x). This dependency makes
it hard to see how one might systematically approach any Markovian optimal
stopping problem.

This brings us to a technique known as “guess and verify”. This is an
approach in which one uses intuition to guess a solution to an optimal stopping
problem and then verify that it is indeed optimal by checking a number of
sufficient conditions that are inspired by the probabilistic features that we would
expect to see given what we have learnt in Theorem 1.3.

We need a platform on which to exemplify this “hands-on” method of guess
and verify. The optimal stopping problems we consider in this chapter will be
of the form

v(x) = sup
τ∈T

Ex(e
−qτG(Xτ )) (2.1)

where X = {Xt : t ≥ 0} under Px a Lévy process started from X0 = x. Further,
G is a non-negative measurable function, q ≥ 0 and T is a family of stopping
times with respect to the natural filtration generated by X , F = {Ft : t ≥ 0}.
We recall below the definition of a Lévy process.

Definition 2.1 (Lévy Process) A process X = {Xt : t ≥ 0} is said to be a
Lévy process if it possesses the following properties:

(i) The paths of X are almost surely right continuous with left limits.

(ii) X0 = 0 almost surely.

(iii) For 0 ≤ s ≤ t, Xt −Xs is equal in distribution to Xt−s.

(iv) For 0 ≤ s ≤ t, Xt −Xs is independent of {Xu : u ≤ s}.

A Lévy process started from X0 = x is simply defined as x+Xt for t ≥ 0.

Note that the properties of stationary and independent increments implies
that a Lévy process is a Markov process. Thanks to almost sure right continuity
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of paths, one may show in addition that Lévy processes are also Strong Markov
processes.

Henceforth we keep to the standard notation that (X,Px) is a Lévy processes
issued from x ∈ R. For convenience we shall write P in place of P0. Here we give
sufficient conditions with which one may verify that a candidate solution solves
the optimal stopping problem (2.1). In effect we will be considering the gain to
be a function of the two dimensional Markov process (t,Xt) (ie. a function of
space and time).

2.1 Sufficient Conditions for Optimality

Lemma 2.1 Consider the optimal stopping problem (2.1) for q ≥ 0 under the
assumption that for all x ∈ R,

Px(there exists lim
t↑∞

e−qtG(Xt) < ∞) = 1. (2.2)

Suppose that τ∗ ∈ T is a candidate optimal strategy for the optimal stopping
problem (2.1) and let v∗(x) = Ex(e

−qτ∗

G(Xτ∗)). Then the pair (v∗, τ∗) is a
solution if

(i) v∗(x) ≥ G(x) for all x ∈ R,

(ii) the process {e−qtv∗(Xt) : t ≥ 0} is a right continuous supermartingale.

Proof. The definition of v∗ implies that

sup
τ∈T

Ex(e
−qτG(Xτ )) ≥ v∗(x)

for all x ∈ R. On the other hand, property (ii) together with Doob’s Optional
Stopping Theorem3 imply that for all t ≥ 0, x ∈ R and σ ∈ T ,

v∗(x) ≥ Ex(e
−q(t∧σ)v∗(Xt∧σ))

and hence by property (i), Fatou’s Lemma, the non-negativity of G and assump-
tion (2.2)

v∗(x) ≥ liminft↑∞Ex(e
−q(t∧σ)G(Xt∧σ))

≥ Ex(liminft↑∞e−q(t∧σ)G(Xt∧σ))

= Ex(e
−qσG(Xσ)).

As σ ∈ T is arbitrary, it follows that for all x ∈ R

v∗(x) ≥ sup
τ∈T

Ex(e
−qτG(Xτ )).

In conclusion it must hold that

v∗(x) = sup
τ∈T

Ex(e
−qτG(Xτ ))

3Right continuity of paths is implicitly used here.
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for all x ∈ R.
When G is a monotone function and q > 0, a reasonable class of candidate

solutions that one may consider in conjunction with the previous lemma are
those based on first passage times over a specified threshold. That is, either
first passage above a given constant in the case that G is monotone increasing
or first passage below a given constant in the case that G is monotone decreasing.
An intuitive justification may be given as follows.

Suppose that G is monotone increasing. In order to optimise the value
G(Xτ ) one should stop at some time τ for which Xτ is large. On the other
hand, this should not happen after too much time on account of the exponential
discounting. This suggests that there is a threshold, which may depend on time,
over which one should stopX in order to maximise the expected discounted gain.
Suppose however, that by time t > 0 one has not reached this threshold. Then,
by the Markov property, given Xt = x, any stopping time τ which depends only
on the continuation of the path of X from the space-time point (x, t) would
yield an expected gain e−qt

Ex(e
−qτG(Xτ )). The optimisation of this expression

over the latter class of stopping times is essentially the same procedure as in the
original problem (2.1). Note that since X is a Markov process, there is nothing
to be gained by considering stopping times which take account of the history of
the process {Xs : s < t}. These arguments suggest that threshold should not
vary with time and hence a candidate for the optimal strategy takes the form

τ+y = inf{t > 0 : Xt ∈ A},

where A = [y,∞) or (y,∞) for some y ∈ R. Similar reasoning applies when G
is monotone decreasing.

It is quite difficult to make the above intuition rigorous. Indeed in many
situations, it may simply be wrong as montonicity is not the only issue at stake
for a threshold strategy to be optimal. Optimal stopping is not a categorical
theory in the sense that, aside from the general theorems we have addressed
in the previous section, the specific nature of optimal strategies for individual
problems can vary tremendously in their nature. Experience shows that there
are families of problems which exhibit similarities in their solutions and the
method of solution. However, for every example of a principle which appears to
lie behind several optimal stopping problems, it is never too difficult to construct
another optimal stopping problem for which this principle is not applicable.

We therefore continue our exposition by looking at two concrete examples of
optimal stopping problems which can be solved using similar ideas and which
appeal to the intuition given above; however, we also add the additional warn-
ing that this is but a small taste of the techniques and types of mathematical
structure that one can expect to see.

2.2 The McKean Optimal Stopping Problem

This optimal stopping problem is given by

v(x) = sup
τ∈T

Ex(e
−qτ (K − eXτ )+), (2.3)
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where q > 0 and T is all F-stopping times. The solution to this optimal stopping
problem was first considered by [9] for the case that X is linear Brownian motion
in the context of the optimal time to sell a risky asset for a fixed price K and
in the presence of discounting, where the value of the risky asset follows the
dynamics of an exponential Brownian motion.

In [5] a solution to a discrete-time analogue of (2.3) was obtained. In that
case, the process X is replaced by a random walk. Some years later and again
within the context of the the optimal time to sell a risky asset (the pricing of
an American put), a number of authors dealt with the solution to (2.3) for a
variety of special classes of Lévy processes.4 Below we give the solution to (2.3)
as presented in [11]. The proof we shall give here comes however from Alili and
Kyprianou (2005) and remains close in nature to the random walk proofs of [5].

Theorem 2.1 The solution to (2.3) under the stated assumption is given by

v(x) =

E

((
KE

(
e
X

eq

)
− e

x+X
eq

)+
)

E

(
e
X

eq

)

and the optimal stopping time is given by

τ∗ = inf{t > 0 : Xt < x∗}

where
x∗ = logKE

(
e
X

eq

)
.

Here, the symbol eq denotes an independent random variable which is indepen-
dent of X and exponentially distributed. Further, Xt = infs≤t Xs.

Before proving this theorem, we need to establish and auxiliary lemma which
will help us establish the value of stopping on a first passage strategy. To this
end, define for x ∈ R the first passage times

τ+x := inf{t > 0 : Xt > x} and τ−x := inf{t > 0 : Xt < x}

and let Xt = sups≤t Xs.

Lemma 2.2 For all q > 0, β ≥ 0 and x ≥ 0 we have

E

(
e
−qτ+

x −βX
τ
+
x 1(τ+

x <∞)

)
=

E

(
e−βXeq1(Xeq>x)

)

E

(
e−βXeq

) . (2.4)

4[6] dealt with the case of bounded variation spectrally positive Lévy processes; Bo-
yarchenko and Levendorskǐi (2002) handled a class of tempered stable processes; [3] covers the
case of spectrally negative processes; [2] deal with spectrally negative Lévy processes again; [1]
look at Lévy processes which have phase-type jumps and [4] again for the spectrally negative
case.
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Proof. First, assume that q, β, x > 0 and note that

E

(
e−βXeq1(Xeq>x)

)

= E

(
e−βXeq1(τ+

x <eq)

)

= E

(
1(τ+

x <eq)
e
−βX

τ
+
x E

(
e
−β(Xeq−X

τ
+
x
)
∣∣∣Fτ

+
x

))
.

Now, conditionally on Fτ
+
x

and on the event {τ+x < eq} the random variables

Xeq
−Xτ

+
x

and Xeq
have the same distribution thanks to the lack of memory

property of eq and the strong Markov property. Hence, we have the factorization

E

(
e−βXeq1(Xeq>x)

)
= E

(
e
−qτ+

x −βX
τ
+
x

)
E

(
e−βXeq

)
.

The case that β or x are equal to zero can be achieved by taking limits on both
sides of the above equality.

Proof of Theorem 2.1. First note that the assumption (2.2) is trivially
satisfied. In view of the remarks following Lemma 2.1 let us define the bounded
functions

vy(x) = Ex

(
e−qτ−

y (K − e
X

τ
−

y )+
)
. (2.5)

We shall show that the solution to (2.3) is of the form (2.5) for a suitable choice
of y ≤ logK by using Lemma 2.1.

By replacingX by−X in the previous lemma, we get the following analogous
result for first passage into the negative half line.

Ex

(
e
−ατ−

y +βX
τ
−

y 1(τ−

y <∞)

)
= eβx

E(eβXeα1(−X
eα

>x−y))

E(eβXeα )
(2.6)

for α, β ≥ 0 and x− y ≥ 0 and hence it follows that

vy(x) =
E

(
(KE(e

X
eq )− e

x+X
eq )1(−X

eq
>x−y)

)

E(e
X

eq )
. (2.7)

Lower bound (i). The lower bound vy(x) ≥ (K − ex)+ is respected if and
only if vy(x) ≥ 0 and vy(x) ≥ (K−ex). From (2.5) we see that vy(x) ≥ 0 always
holds. On the other hand, a straightforward manipulation shows that

vy(x) = (K − ex) +
E

(
(e

x+X
eq −KE(e

X
eq ))1(−X

eq
≤x−y)

)

E(e
X

eq )
. (2.8)

From (2.8) we see that a sufficient condition that vy(x) ≥ (K − ex) is that

ey ≥ KE(e
X

eq ). (2.9)
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Supermartingale property (ii). On the event {t < eq} the identity X
eq

=
Xt ∧ (Xt + I) holds where conditionally on Ft, I has the same distribution as
X

eq
. In particular it follows that on {t < eq}, Xeq

≤ Xt + I. If

ey ≤ KE(e
X

eq ) (2.10)

then for x ∈ R

vy(x) ≥
E

(
1(t<eq)E

(
(KE(e

X
eq )− ex+Xt+I)1(−(Xt+I)>x−y)

∣∣∣Ft

))

E(e
X

eq )

≥ E
(
e−qtvy(x +Xt)

)

= Ex

(
e−qtvy(Xt)

)
.

Note that what we have thrown away from the expectation in the first line
is positive on account of (2.10) thereby justifying the inequality. Stationary
independent increments now imply that for 0 ≤ s ≤ t < ∞,

E(e−rtvy(Xt)|Fs) = e−rs
EXs

(e−r(t−s)vy(Xt−s)) ≤ e−rsvy(Xs) (2.11)

showing that {e−qtvy(Xt) : t ≥ 0} is a Px-supermartingale. Right continuity of
its paths follow from the right continuity of the paths of X and right continuity
of vy which can be seen from (2.8).

To conclude, we see then that it would be sufficient to take y=logKE(e
X

eq )
in order to satisfy conditions (i) and (ii) of Lemma 2.1 and establish a solution
to (2.3).

2.3 Smooth Fit versus Continuous Fit

It is clear that the solution to (2.3) is lower bounded by the gain function G and
further is equal to the gain function on the domain on which the distribution
of Xτ∗ is concentrated. It turns out that there are different ways in which the
function v “fits” on to the gain function G according to certain path properties of
the underlying Lévy process. The McKean optimal stopping problem provides
a good example of where a dichotomy appears in this respect. We say that there
is continuous fit at x∗ if the left and right limit points of v at x∗ exist and are
equal. In addition, if the left and right derivatives of v exist at the boundary
x∗ and are equal then we say that there is smooth fit at x∗. The remainder of
this section is devoted to explaining the dichotomy of smooth and continuous
fit in (2.3).

Consider again the McKean optimal stopping problem. The following The-
orem is again taken from Alili and Kyprianou (2005).

Theorem 2.2 The function v(log y) is convex in y > 0 and in particular there
is continuous fit of v at x∗. The right derivative at x∗ is given by v′(x∗+) =
−ex

∗

+KP(X
eq

= 0).
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Proof. Note that for a fixed stopping time τ ∈ T the expression E(e−qτ (K−
ex+Xτ )+) is convex in ex as the same is true of the function (K − cex)+ where
c > 0 is a constant. Further, since taking the supremum is a subadditive
operation, it can easily be deduced that v(log y) is a convex function in y. In
particular v is continuous.

Next we establish necessary and sufficient conditions for smooth fit. Since
v(x) = K − ex for all x < x∗, and hence v′(x∗−) = −ex

∗

, we are required to
show that v′(x∗+) = −ex

∗

for smooth fit. Starting from (2.7) and recalling that

ex
∗

= KE(e
X

eq ), we have

v(x) = −KE

(
(e

x−x∗+X
eq − 1)1(−X

eq
>x−x∗)

)

= −K(ex−x∗

− 1)E
(
e
X

eq1(−X
eq

>x−x∗)

)

−KE

(
(e

X
eq − 1)1(−X

eq
>x−x∗)

)
.

From the last equality we may then write

v(x) − (K − ex
∗

)

x− x∗
=

v(x) +K(E(e
X

eq )− 1)

x− x∗

= −K
(ex−x∗

− 1)

x− x∗
E

(
e
X

eq1(−X
eq

>x−x∗)

)

+K
E

(
(e

X
eq − 1)1(−X

eq
≤x−x∗)

)

x− x∗
.

To simplify notations let us call Ax and Bx the last two terms, respectively. It
is clear that

lim
x↓x∗

Ax = −KE

(
e
X

eq1(−X
eq

>0)

)
. (2.12)

On the other hand, we have that

Bx = K
E

(
(e

X
eq − 1)1(0<−X

eq
≤x−x∗)

)

x− x∗

= K

∫

(0,x−x∗]

e−z − 1

x− x∗
P(−X

eq
∈ dz)

= K
ex

∗−x − 1

x− x∗
P(0 < −X

eq
≤ x− x∗)

+
K

x− x∗

∫ x−x∗

0

e−z
P(0 < −X

eq
≤ z)dz,

where in the first equality we have removed the possible atom at zero from the
expectation by noting that exp{X

eq
} − 1 = 0 on {X

eq
= 0}. This leads to

limx↓x∗ Bx = 0. Using the expression for ex
∗

we see that v′(x∗+) = −ex
∗

+
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KP(−X
eq

= 0) which equals −ex
∗

if and only if P(−X
eq

= 0) = 0; in other
words, if and only if 0 is regular for (−∞, 0).

Let us now discuss intuitively the dichotomy of continuous and smooth fit
as a mathematical principle. The first thing we need to address is whether the
atom in the distribution of −X

eq
ever occurs (otherwise the previous theorem

would say there can only ever be smooth pasting). It is quite easy to construct
examples for which the atom is present. Indeed, only only needs to consider
Lévy processes of the form

Xt = ct+

Nt∑

i=1

ξi

where c > 0, {Nt : t ≥ 0} is a Poisson process and {ξi : i ≥ 1} are independent
and identically distributed random variables. For such processes, if we denote
by T1 the time of the first jump, then we can even lower estimate

P(−X
eq

= 0) ≥ P(T1 > eq) > 0.

Compound Poisson processes with positive drift are not the only examples
of Lévy processes which have this property. A full examination of such Lévy
processes is beyond this text, however we note that they are more generally
known as Lévy processes for which 0 is irregular for (−∞, 0) or just irregular
for short. (A process which is not irregular will be called regular). Moreover,
the property of irregularity of 0 for (−∞, 0) is equivalent to the property that

P(τ−0 > 0) = 1.

(It is important to note that the only alternative value this probability can take
is 0 which is a consequence of Blumenthal’s 0− 1 law for Markov processes).

Reconsidering the general expression (2.5) for the candidate value function
vy where y ≤ logK (before optimizing the value of y) we see the relevance of
irregularity. Indeed, when x < y we have that Px(τ

−
y = 0) = 1 and vy(x) =

(K − ex)+ showing that vy(y−) = (K − ey). On the other hand, if x ≥ y

vy(y+) = Ey

(
e−qτ−

y (K − e
X

τ
−

y )+
)
= E

(
e−qτ

−

0 (K − e
y+X

τ
−

0 )+
)
.

The right hand side is equal to (K−ey) when there is regularity. However, when
there is irregularity, the expectation on the right hand side may be greater or
less than (K − ey) thereby destroying the property of continuity of the function
vy. This is also clear from (2.8) when we think of irregularity in terms of the
possible atom at zero in the distribution of −X

eq
. Indeed note that

vy(y+) = (K − ey) +
(ey −KE(e

X
eq ))

E(e
X

eq )
P(−X

eq
= 0)

showing there is a positive discontinuity at y when ey > KE(e
X

eq ) and a nega-
tive discontinuity when this strict inequality is reversed.
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Figs. 1 and 2 sketch what one can expect to see in the shape of vy by
perturbing the value y about x∗ for the cases of regular and irregular Lévy
processes. With these diagrams in mind we may now intuitively understand the
appearance of smooth or continuous fit as a principle via the following reasoning.

For the case 0 is irregular for (−∞, 0) for X. In general vy has a discon-
tinuity at y. When y < x∗, thanks to (2.8) we know the function vy does
not upper bound the gain function (K − ex)+ due to a negative disconti-
nuity at y and hence τ−y is not an admissible strategy in this regime of y.
On the other hand, from (2.8) and (2.9) if y ≥ x∗, vy upper bounds the
gain function. Again from (2.8) we see that there is a discontinuity in vy
at y when y > x∗ and continuity when y = x∗. By bringing y down to
x∗ it turns out that the function vy is pointwise optimised. Here then we
experience a principle of continuous fit and from Theorem 2.2 it transpires
there is no smooth fit.

For the case 0 is regular for (−∞, 0) for X. All curves vy are continuous.
There is in general however a discontinuity in the first derivative of vy at
the point y. When y < x∗ the function vy cannot upper bound the gain
function (K−ey)+ as v′y(y+) < v′y(y−) and hence τ−y is not an admissible
strategy in this regime of y. As before, if y ≥ x∗, vy upper bounds the
gain function. There is a discontinuity in v′y at y if y > x∗ and otherwise
it is smooth when y = x∗. It turns out this time that by bringing y down
to x∗ the gradient v′y(y+) becomes equal to v′y(y−) and the function vy is
pointwise optimised. We experience then in this case a principle of smooth
fit instead.

Whilst the understanding that smooth fit appears in the solutions of optimal
stopping problems as a principle dates back to [10], the idea that continuous
fit appears in certain classes of optimal stopping problems as a principle first
appeared for the first time only recently in the work of [13, 14]).

2.4 An interesting peculiarity

Suppose that X is a compound Poisson process with two sided jumps which
have no atoms (this excludes the possibility that X can jump exactly onto a
prescribed point). For this class of processes we note that

inf{t > 0 : Xt < y} = inf{t ≥ 0 : Xt ≤ y}

Px- almost surely unless y = x. In that case, the stopping time on the left
is strictly positive Px-almost surely and the stopping time on the right is zero
Px-almost surely. In other words, for all x, y ∈ R, the optimal stopping time
on the left is Px-almost surely greater than the optimal stopping time on the
right. Suppose we re-define τ−y = inf{t ≥ 0 : Xt ≤ y} and take τ−x∗ (under
this new definition) as the candidate optimal stopping time to the McKean
optimal stopping problem instead of the one given in Theorem 2.1. Revisiting
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Figure 1: A sketch of the functions vy(log x) for different values of y when X is
irregular. Curves which do not upper bound the function (K − x)+ correspond
to examples of vy(log x) with y < x∗. Curves which are lower bounded by
(K − x)+ correspond to examples of vy(log x) with y > x∗. The unique curve
which upper bounds the gain with continuous fit corresponds to vy(log x) with
y = x∗.

Figure 2: A sketch of the functions vy(log x) for different values of y when X is
regular. Curves which do not upper bound the function (K−x)+ correspond to
examples of vy(log x) with y < x∗. Curves which are lower bounded by (K−x)+

correspond to examples of vy(log x) with y > x∗. The unique curve which upper
bounds the gain with smooth fit corresponds to vy(log x) with y = x∗.
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the proof of Theorem 2.1 one easily finds that the value function is the same
with this new stopping time. In showing this, one needs to start by making
the strict inequality in (2.6) a weak inequality and working the consequence
of this change through the computations. One may also perform the analysis
concerning continuous fit with the re-defined stopping times τ−y and find that
in general there is a discontinuity in vy, however, unlike before the function vy
is now left continuous with a right limit at y instead of right continuous with
a left limit at y. None the less when y = x∗, with either definition of τ−x∗ , the
value function emerges as the same.

We therefore see that, although there is a unique value for the solution to
the optimal stopping problem. The optimal strategy is not necessarily unique.
Indeed we have found, at least in the compound Poisson case, that there is
another optimal stopping time which is almost surely smaller than the optimal
stopping found in the proof of Theorem 2.1.

2.5 The Novikov–Shiryaev Optimal Stopping Problem

The following family of optimal stopping problems was recently solved by [12]
in an analogous random walk setting. Consider

vn(x) = sup
τ∈T

Ex(e
−qτ (X+

τ )n), (2.13)

where T is the set of F-stopping times and it is assumed that X is any Lévy
process, q > 0 and we may choose n to be any strictly positive integer. The
solution we shall give is based on the arguments of [12]5. We first need to
introduce a special class of polynomials based on cumulants of specified random
variables.

Recall that if a non-negative random variable Y has characteristic function
φ(θ) = E(eiθY ) then its cumulant generating function is defined by logφ(θ).
If Y has up to n moments then it is possible to make a Taylor expansion of
the cumulant generating function up to order n plus an error term. In that
case, the coefficients {κ1, ..., κn} are called the first n cumulants. If the first n
cumulants are finite, then they may be written it terms of the first n moments.
For example,

κ1 = µ1,

κ2 = µ2 − µ2
1,

κ3 = 2µ3
1 − 3µ1µ2 + µ3,

...

where µ1, µ2, ... are the first, second, third, etc. moments of Y .
For a concise overview of cumulant generating functions, the reader is re-

ferred to [8].

5The continuous time arguments are also given in Kyprianou and Surya ([7])
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Definition 2.2 (Appell Polynomials) Suppose that Y is a non-negative ran-
dom variable with nth cumulant given by κn for n = 1, 2, ... Then define the
Appell polynomials iteratively as follows. Take Q0(x) = 1 and assuming that
|κn| < ∞ (equivalently, Y has an nth moment) given Qn−1(x) we define Qn(x)
via

d

dx
Qn(x) = nQn−1(x). (2.14)

This defines Qn up to a constant. To pin this constant down we insist that
E(Qn(Y )) = 0. The first three Appell polynomials are given for example by

Q0(x) = 1, Q1(x) = x− κ1, Q2(x) = (x− κ1)
2 − κ2,

Q3(x) = (x− κ1)
3 − 3κ2(x− κ1)− κ3,

under the assumption that κ3 < ∞. See also Schoutens (2000) for further details
of Appell polynomials.

In the following theorem, we shall work with the Appell polynomials gen-
erated by the random variable Y = Xeq

where as usual, for each t ∈ [0,∞),

Xt = sups∈[0,t]Xs and eq is an exponentially distributed random variable which
is independent of X . As a condition to the next and several subsequent results
we will see the condition E((X+

1 )n) < ∞. This turns out to be a sufficient

condition under which E(X
n

eq
) < ∞, however we will not give a proof of this

fact.

Theorem 2.3 Fix n ∈ {1, 2, ...}. Assume that E((X+
1 )n) < ∞. Then Qn(x)

has finite coefficients and there exists x∗
n ∈ [0,∞) being the largest root of the

equation Qn(x) = 0. Let

τ∗n = inf{t ≥ 0 : Xt ≥ x∗
n}.

Then τ∗n is an optimal strategy to (2.13). Further,

vn(x) = Ex(Qn(Xeq
)1(Xeq≥x∗

n)
).

Similarly to the McKean optimal stopping problem, we can establish a nec-
essary and sufficient criterion for the occurrence of smooth fit. Once again, it
boils down to the underlying path regularity.

Theorem 2.4 For each n = 1, 2, ... the solution to the optimal stopping problem
in Theorem 9.6 is convex, in particular exhibiting continuous fit at x∗

n, and

v′n(x
∗
n−) = v′n(x

∗
n+)−Q′

n(x
∗
n)P(Xeq

= 0).

Hence there is smooth fit at x∗
n if and only if 0 is regular for (0,∞) for X.

The proofs of the last two theorems require some preliminary results given
in the following lemmas.
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Lemma 2.3 (Mean value property) Fix n ∈ {1, 2, ...} Suppose that Y is a
non-negative random variable satisfying E(Y n) < ∞. Then if Qn is the nth
Appell polynomial generated by Y , we have that

E(Qn(x+ Y )) = xn

for all x ∈ R.

Proof. Note the result is trivially true for n = 1. Next suppose the result is
true for Qn−1. Then using dominated convergence we have from (2.14) that

d

dx
E(Qn(x+ Y )) = E

(
d

dx
Qn(x+ Y )

)
= nE(Qn−1(x+ Y )) = nxn−1.

Solving together with the requirement that E(Qn(Y )) = 0 we have the required
result.

Lemma 2.4 (Fluctuation identity) Fix n ∈ {1, 2, ...} and suppose that E((X+
1 )n) <

∞. Then for all a > 0 and x ∈ R,

Ex(e
−qT+

a Xn

T
+
a
1(T+

a <∞)) = Ex(Qn(Xeq
)1(Xeq≥a)),

where T+
a = inf{t ≥ 0 : Xt ≥ a}.

Proof. On the event {T+
a < eq} we have that Xeq

= XT
+
a

+ S where S is

independent of FT
+
a

and has the same distribution as Xeq
. It follows that

Ex(Qn(Xeq
)1(Xeq≥a)|FT

+
a
) = 1(T+

a <eq)
h(XT

+
a
),

where h(x) = Ex(Qn(Xeq
)) = xn and the last equality follows from Lemma 2.3

with Y = Xeq
. We see, by taking expectations again in the previous calculation,

that
Ex(Qn(Xeq

)1(Xeq≥a)) = Ex(e
−qT+

a Xn

T
+
a
1(T+

a <∞))

as required.

Lemma 2.5 (Largest positive root) Fix n ∈ {1, 2, ...}. Suppose that E((X+
1 )n) <

∞ and that Qn is generated by Xeq
. Then Qn has a unique strictly positive root

x∗
n such that Qn(x) is negative on [0, x∗

n) and positive and increasing on [x∗
n,∞).

Proof. First note that the statement of the lemma is clearly true for Q1(x) =
x − κ1. We proceed then by induction and assume that the result is true for
Qn−1.

The first step is to prove that Qn(0) ≤ 0. Let

η(a, n) = E(e−qT+
a Xn

T
+
a
1(T+

a <∞)),
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where T+
a = inf{t ≥ 0 : Xt ≥ a} and note that η(a, n) ≥ 0 for all a ≥ 0 and

n = 1, 2, .... On the other hand

η(a, n) = E(Qn(Xeq
)1(Xeq≥a))

= −E(Qn(Xeq
)1(Xeq<a))

= −P(Xeq
< a)Qn(0)

+E((Qn(0)−Qn(Xeq
))1(Xeq<a)),

where the first equality follows from Lemma 2.4 and the second by Lemma 2.3.
Since by definition

Qn(x) = Qn(0) + n

∫ x

0

Qn−1(u)dy (2.15)

for all x ≥ 0 we have the estimate
∣∣∣Ex((Qn(0)−Qn(Xeq

))1(Xeq<a))
∣∣∣ ≤ na sup

y∈[0,a]

|Qn−1(y)|P(Xeq
< a)

which tends to zero as a ↓ 0. We have in conclusion that

0 ≤ η(a, n) ≤ −P(Xeq
< a)[Qn(0) + 0(a)]

and hence as a may be made arbitrarily small it necessarily follows that Qn(0) ≤
0.

Under the induction hypothesis for Qn−1, we see from (2.15), together with
the fact that Qn(0) ≤ 0, that Qn is negative and decreasing on [0, x∗

n−1). The
point x∗

n−1 corresponds to the minimum of Qn thanks to the positivity and
monotonicity of Qn−1(u) for x > x∗

n−1. In particular, Qn(x) tends to infinity
from its minimum point and hence there must be a unique strictly positive root
of the equation Qn(x) = 0.

We are now ready to move to the proofs of the main theorems of this section.

Proof of Theorem 2.3. Fix n ∈ {1, 2, ...}. Thanks to the assumption
E((X+

1 )n) < ∞ we have E(X1) ∈ [−∞,∞) and hence the Strong Law of Large
Numbers for Lévy processes6 implies that (2.2) is automatically satisfied since
q > 0. Indeed, (X+

t )n grows no faster than Ctn for some constant C > 0.

6The version of Strong Law of Large Numbers for Lévy processes that we need says that
whenever E(X1) is defined in [−∞,∞] then limt↑∞ Xt/t = E(X1).
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Define
van(x) = Ex(e

−qT+
a (X+

T
+
a

)n1(T+
a <∞)), (2.16)

where as usual T+
a = inf{t ≥ 0 : Xt ≥ a}. From Lemma 2.4 we know that

van(x) = Ex(Qn(Xeq
)1(Xeq≥a)).

Again referring to the discussion following Lemma 2.1 we consider pairs
(van, T

+
a ) for a > 0 to be a class of candidate solutions to (2.13). Our goal then

is to verify with the help of Lemma 2.1 that the candidate pair (van, T
+
a ) solve

(2.13) for some a > 0.

Lower bound (i). We need to prove that van(x) ≥ (x+)n for all x ∈ R. Note
that this statement is obvious for x ∈ (−∞, 0) ∪ (a,∞) just from the definition
of van. Otherwise when x ∈ (0, a) we have, using the mean value property in
Lemma 2.3, that for all x ∈ R,

van(x) = Ex(Qn(Xeq
)1(Xeq≥a))

= xn − E(Qn(x+Xeq
)1(x+Xeq<a)). (2.17)

From Lemma 2.5 and specifically the fact that Qn(x) ≤ 0 on (0, x∗
n] it follows

that, provided
a ≤ x∗

n,

we have in (2.17) that van(x) ≥ (x+)n.

Supermartingale property (ii). Provided

a ≥ x∗
n

we have almost surely that

Qn(Xeq
)1(Xeq≥a) ≥ 0.

On the event that {eq > t} we haveXeq
is equal in distribution to (Xt+S)∨

Xt where S is independent of Ft and equal in distribution to Xeq
. In particular

Xeq
≥ Xt + S. It now follows that

van(x) ≥ Ex(1(eq>t)Qn(Xeq
)1(Xeq≥a))

≥ Ex(1(eq>t)Ex(Qn(Xt + S)1(Xt+S≥a)|Ft))

= Ex(e
−qtvan(Xt)).

From this inequality together with the Markov property, it is easily shown as
in the McKean optimal stopping problem that {e−qtvan(Xt) : t ≥ 0} is a su-
permartingale. Right continuity follows again from the right continuity of the
paths of X together with the right continuity of van which is evident from (2.17).
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We now see that the unique choice a = x∗
n allows all the conditions of Lemma

2.1 to be satisfied thus giving the solution to (2.13).

Proof of Theorem 2.4. In a similar manner to the proof of Theorem 2.2
it is straighforward to prove that v is convex and hence continuous.

To establish when there is a smooth fit at x∗
n we compute as follows. For

x < x∗
n,

vn(x
∗
n)− vn(x

n)

x∗
n − x

=
(x∗

n)
n − xn

x∗
n − x

+
Ex(Qn(Xeq

)1(Xeq<x∗

n)
)

x∗
n − x

=
(x∗

n)
n − xn

x∗
n − x

+
Ex((Qn(Xeq

)−Qn(x
∗
n))1(Xeq<x∗

n)
)

x∗
n − x

,

where the final equality follows because Qn(x
∗
n) = 0. Clearly

lim
x↑x∗

n

(x∗
n)

n − xn

x∗
n − x

= v′n(x
∗
n+).

However,

Ex((Qn(Xeq
)−Qn(x

∗
n))1(Xeq<x∗

n)
)

x∗
n − x

=
Ex((Qn(Xeq

)−Qn(x))1(x<Xeq<x∗

n)
)

x∗
n − x

−
Ex((Qn(x

∗
n)−Qn(x))1(Xeq<x∗

n)
)

x∗
n − x

(2.18)

where in the first term on the right-hand side we may restrict the expectation
to {x < Xeq

< x∗
n} as, under Px, the possible atom of Xeq

at x gives zero mass
to the expectation. Denote by Ax and Bx the two expressions on the right hand
side of (2.18). We have that

lim
x↑x∗

n

Bx = −Q′
n(x

∗
n)P(Xeq

= 0).

Integration by parts also gives

Ax =

∫

(0,x∗

n−x)

Qn(x + y)−Qn(x)

x∗
n − x

P(Xeq
∈ dy)

=
Qn(x

∗
n)−Qn(x)

x∗
n − x

P(Xeq
∈ (0, x∗

n − x))

−
1

x∗
n − x

∫ x∗

n−x

0

P(Xeq
∈ (0, y])Q′

n(x+ y)dy.
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Hence it follows that
lim
x↑x∗

n

Ax = 0.

In conclusion we have that

lim
x↑x∗

n

vn(x
∗
n)− vn(x)

x∗
n − x

= v′n(x
∗
n+)−Q′

n(x
∗
n)P(Xeq

= 0)

which concludes the proof.
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