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Abstract

A Bernoulli free-boundary problem is one of finding domains in the plane on
which a harmonic function simultaneously satisfies linear homogeneous Dirichlet
and inhomogeneous Neumann boundary conditions. The boundary of such a
domain is called the free boundary because it is not prescribed a priori and,
despite appearances, the problem of determining free boundaries is nonlinear.
Existence, multiplicity or uniqueness, and smoothness of free boundaries are
important questions.

This paper examines an equivalence between Bernoulli free-boundary prob-
lems and equations for one real-valued function of one real variable. The equiva-
lence is global in the sense that it involves neither a restriction on the amplitudes
of solutions, nor on their smoothness. Since the equations in question have the
gradient structure of an Euler-Lagrange equation, a Morse index can be assigned
to free boundaries.

A significant observation is that these equations can be re-formulated as
nonlinear Riemann-Hilbert problems and the theory of complex Hardy spaces in
the unit disc is an important ingredient in the investigation.

Non-existence and regularity results, and bounds on solutions in terms of
their Morse indices, are obtained. Interesting questions, about precisely how
irregular a Bernoulli free boundary can be, are formulated; some of them remain
open.
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1. Introduction

We pursue in various directions the observation that the study of Bernoulli
free-boundary problems from harmonic-function theory is equivalent to the
study of a class of nonlinear pseudo-differential operator equations for periodic
functions of one real variable and we examine in some detail its significance
for the behaviour and properties of free boundaries.

The equations in question have gradient structure which can be used to
define a Morse index for free boundaries. Moreover they can be formulated as
nonlinear Riemann-Hilbert problems on the unit circle and the analysis makes
extensive use of classical Hardy-space methods. Although they are non-local,
because they involve the conjugation operator C which is a singular integral
operator, they have a great deal of structure some of which we will uncover
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here. (Subject to a sign convention, C is the Hilbert transform on the unit
circle; see the Appendix.)

This is not a perturbation theory and there are no a priori assumptions
on the geometry of free boundaries, or, equivalently, on the amplitudes or
smoothness of solutions of the equations under consideration. Indeed, the
classical example from hydrodynamics [35], in which a Bernoulli free boundary
is Lipschitz continuous but not C'', and far from a straight line, is covered by
the general theory.

We believe that this may be the first systematic account of these free-
boundary problems. Our approach yields regularity theory for Bernoulli free
boundaries and offers the opportunity to address questions about existence or
non-existence, and the properties of solutions, using global analytical, varia-
tional and topological methods on a class of equations for functions of one real
variable. We introduce a notion of non-singular solutions and show that non-
singular solutions give rise to real-analytic free boundaries. Then we show that
a set of non-singular solutions with bounded Morse index does not contain a
singular solution in its closure. So the Morse indices of non-singular solutions
grow without bound as they approach a singular solution.

We also examine how Bernoulli free-boundary problems, singular or not,
arise in pairs, via a nonlinear duality connected with the Riemann-Hilbert
theory (see [10] for a special case).

The prototypical free-boundary problem of the type under consideration
is the one which arises from Bernoulli’s theorem in the study of Stokes waves
in hydrodynamics — this is how problems of this type get their name. In
addition to placing recent results from that theory in a wider context, we
have obtained some new insights and developed the technical competence and
the motivation to address questions that are new even in the Stokes-wave
setting [10, 33, 34, 37, 39]. The result of Section 3.3 below, which shows that
a solution of our equation with denumerably many stagnation points gives
rise to a Jordan curve in the plane, is a case in point. The equations under
investigation generalize Babenko’s equation [5], and the relation between this
theory and a generalized Nekrasov equation [25] is explained. For other classes
of Bernoulli problems, see [1, 2].

The rest of the paper is in three parts. Part 2 begins with a description
of general Bernoulli free boundary problems and a discussion of the equivalent
nonlinear equations. We are particularly concerned to ensure that the theory
throughout covers the case when the boundaries, and therefore the solutions
of these equations, are not smooth. This effort leads us to study solutions in
the real Hardy class of functions on the unit circle and, in turn, to a Riemann-
Hilbert formulation of the problem. As corollary of this line of enquiry a duality
between two classes of problems, which we describe as of type (I) and of type
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(II), is uncovered. This means that only type-(I) problems need be studied
in the sequel.

Part 3 is devoted to the theory of type-(I) problems. We will see that
a major question to be answered for type-(I) problems is how to ensure that
solutions to the nonlinear equations lead to free boundaries that are non-self-
intersecting. Even for smooth solutions this is a subtle issue [39]. For non-
smooth free boundaries we obtain the same result, but only under the (weak)
hypothesis that the set of points where the boundary is not smooth is a closed,
countable set. The set of points where the boundary is not smooth is shown to
be closed with zero measure, and we give estimates on its Minkowski dimension,
but we do not yet know whether or not it is always countable.

We examine the Morse index of solutions at some length and show that a
sequence of non-singular solutions (Definition 2.4) with bounded Morse index
cannot converge to a solution that is singular. In this sense, singular solutions
can be thought of as having infinite Morse index.

An elementary example is used to illustrate many aspects of the theory in
Parts 2 and 3. This example is informative because general questions about it
can be answered by explicit calculation, and its construction raises the prospect
of finding other simple examples to illustrate different features of the general
theory.

The proofs of all these results are given under the same headings in Part
4 and the notation is collected in an Appendix.

2. Bernoulli Free Boundaries

We begin with a Dirichlet boundary-value problem. Let {2 denote the
domain below § in the (X,Y')-plane where

S :={(u(s),v(s)) : s € R}, (2.1a)
(u,v) is injective and absolutely continuous, (2.1b)
u'(5)? +1'(s)? > 0 for almost all s, (2.1c)
s+ (u(s) — s,v(s)) is 2r—periodic, (2.1d)

and consider the problem of finding ¢ with

Y € C(Q) NC*HQ), (2.1e)
A =0in Q, (2.1f)
1) is 2m—periodic in X, (2.1g)
Vi(X,Y) — (0,1) as Y — —oo uniformly in X, (2.1h)
p=0onS. (2.1i)

By classical theory a solution always exists and, by Lemma 4.2, ¢ < 0 and Vi
is nowhere zero on 2. A Bernoulli free-boundary problem is one of determining
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those curves § with the property that the solution of this Dirichlet problem
satisfies an additional inhomogeneous Neumann condition of the form

9% _
on

where h is given and n denotes the outward normal to 2 at points of S.

h(Y') almost everywhere on S,

As the outward normal derivative of 1) on S is non-negative, by the maxi-
mum principle, h > 0 on § is necessary for the existence of solutions. Because
formally the tangential derivative of 1 is zero almost everywhere it is conve-
nient to reformulate the Neumann condition as

IV(X,Y)|? = A(Y) almost everywhere on S, (2.1j)
where A\ = h%. We will consider only two types of functions A:
(I) A is continuous on R(v),
(II) M is integrable and 1/ is continuous on R(v),

where R(v) is the range of v, a compact interval. (A function A can be of both
types on R(v).) Moreover we suppose that A is real-analytic on the open set of
full measure where it is non-zero and finite. The real-analyticity hypothesis is
made for technical convenience and our results have analogues for other classes
of A [26]. Note that A may be unbounded.

An example: steady hydrodynamic waves

Problem such as (2.1) have their origins in steady hydrodynamic-wave theory
in which A\(Y') = 1—-2¢Y, where g > 0 is the acceleration due to gravity, 1 is the
stream function, (¢y, —1x) is the steady velocity field and the Dirichlet and
Neumann boundary conditions (2.1i) and (2.1j) mean that S is a streamline at
which the pressure in the flow is a constant. Starting with the work of Levi-
Civita [21] and Nekrasov [25] in the 1920s, there has developed a substantial
existence theory for some (but not all, see, for example, [6, 7, 36]) positive g
and Corollary 2.9 (a) below shows that there are no non-trivial solutions when
g<0.

In hydrodynamics, a point on & where the velocity is zero is called a
stagnation point. The existence of a wave with a stagnation point was predicted
by Stokes [35] and established in [3, 28]. Lewy [22] showed that except at a
stagnation point the profile of a Stokes waves is a real-analytic curve but it is
not known whether a Stokes wave can have more than one stagnation point
per (minimal) wavelength, and ‘can there be uncountably many stagnation
points?’ is also an open question. On the positive side, the existence of a
Stokes wave with a convex profile between stagnation points has recently been
established [30].
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2.1. The General Case

We begin the study of (2.1) by explaining the weak sense in which the trace
of V1) is expected to satisfy (2.1j).

Suppose we have a solution of (2.1). From Lemmas 4.2 and 4.3 we see
that ) has a harmonic conjugate —¢ in 2 for which ¢(X,Y) — X is 27r-periodic
in X for (X,Y) € Q. Moreover ¢+ i1 is a conformal bijection from € onto the
lower half (z + iy)-plane C_ which has a homeomorphic extension that maps
Q onto the closed half plane. Let Z : C_ — € denote the inverse of ¢ + i1, let

I, ={(X,)Y)eQ:¢(X,Y)=y}, T={(X,Y)eQ:¢(X,Y) € (—mm}

and let S, = II, N Y, y < 0. Note that So = SN Y. According to the
sentence that follows (4.9) in the proof of Theorem 2.5, for each fixed y < 0,
the mapping

r— Z(x +iy) = u(y;z) +iv(y; x), =z € (—mmn),
gives an absolutely continuous parameterization of the curve S,. Let
(W (y; 2)* + ' (y; 2)*)"/* da = ds,

denote the element of arc-length along Sy, where " denotes differentiation with
respect to x. Asin (2.1), we use (u,v) and ds instead of (u(0;-), v(0,-) and dsg
for the parametrization of Sp.

The Neumann boundary condition (2.1j) is to be satisfied as follows:

Vo (u(y; z),v(y; 2)) > — AMv(x)) — 0 almost everywhere, .
Js, Ve |log™ V| ds, — [q VA log™v/Xds, -

asy /0, where log™ 7 = max{log 7, 0}, 7 > 0. Note that (2.1j') is satisfied if
|VY(X,Y)|? — A(Y) and |V4| is bounded as (X,Y) - Sin Q,  (2.2)

and that (2.1j’) implies that

Ve (uly: ), v(ys ) log ™ [Veb(u(ys ), v(y; )l — VAlog™ VA in Ly, as y — 0.

DEFINITION 2.1. For a solution of (2.1), a point (Xo,Yp) € S is a stag-
nation point if A(Yo) = 0 for type (I), or if N(Y) — o0 as Y — Yy for type
(IT).

The description of S in (2.1) allows for the possibility of non-smooth S with
many stagnation points. With less generality the treatment could be made
simpler at the cost of being incomplete. Note that if A is of type (I) on R(v)
and there are no stagnation points, then A is also of type (II) on R(v), and
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vice versa. As a consequence of results in Section 2.6, type-(I) and type-(I1)
problems can be paired in a form of duality, whether or not there are stagnation
points.

Here is a summary of Theorems 2.6 and 2.7, which relate the free-boundary
problem (2.1) to an operator equation for functions on the unit circle, for the
two types of problem:

(I) There is a one-to-one correspondence between solutions w € H]}Q’l of (2.4)
and solutions of (2.1) with |V1)| bounded.

(II) There is a one-to-one correspondence between solutions w € Hﬂlgfl of (2.4)
with A\(w)w’ € H} and solutions of (2.1) and (2.6).

2.2. Formulation as a Single Equation

We assume throughout that A is of at least one of the two types in the previous
section. It is shown in Theorem 2.5 that every solution of (2.1) give rise to
solutions w € Hlﬁ’l of the equation

Aw){w + (1+Cw')?} =1, (2.3a)

in which C is the conjugation operator from harmonic analysis; see the Ap-
pendix. The extent to which this equation is equivalent to

Aw)(1+Cw') + C(A(w)w') =1, (2.3b)

which is a condition that must be satisfied by critical points of the functional
J in Section 3.5, is less obvious. Even less obvious is the fact that a solution of
the free-boundary problem (2.1) can be obtained from solutions of (2.3b) with
at most countably many stagnation points (Definition 2.4) provided A > 0 is
of type (I) and satisfies (3.1). Under this hypothesis a solution of (2.3) defines
a non-self-intersecting curve S by the formula (2.5) and (2.1) is satisfied in the
region below S.

We will see that if A is increasing on R (v) there are no non-trivial solutions.
In Section 2.6 it is shown that every solution of a problem of type (I) yields
a solution of a problem of type (I1), and vice versa. After this duality, which
generalizes [10], has been observed, we focus on problems of type (I).

2.3. Equations

The following theorems explain how the two equations (2.3a) and (2.3b) are
related. Standard notation and background material are collected in the Ap-
pendix. In brief, H%é, 0 < p < o0, is the usual Hardy class of holomorphic
functions in the unit disc D; for p € [1, o], Hﬁ is the usual real Hardy class of
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real-valued 27-periodic functions on R and Hﬂlgp is the class of absolutely con-
tinuous 2m-periodic functions u with weak derivative v’ € H%. The Nevanlinna-
Smirnov class of holomorphic functions on the unit disc is denoted by N and
U* denotes the boundary values of a function U € NT. The outer function
O(g) is defined in (A.3).

THEOREM 2.2. For w € H;kil let W € HE be such that W* = w' +i(1 +
Cuw').
(a) If w satisfies (2.3b) then A(w)w' € Hy if and only if N(w)|W*| € L.
(b) Suppose that w satisfies (2.3b) and that N(w)w' € Hi. Then w
satisfies (2.3a) if and only if N(w) > 0. In this case log\(w) € Li_ and
W =i0(1//A(w)).

(¢) Suppose w satisfies (2.3a), 1/W € NT and A(w)|W*| € LY . Then w
satisfies (2.3b).

Remark 4.6 expands on the hypothesis A(w)w' € Hg used in the above theo-
rem. The special case for type-(I) A is the following generalization of [33, 37,
39].

COROLLARY 2.3. Suppose that X is of type (I) and w € H[%kil. LetW € 'H}C
be such that W* = w' 4+ i(1 + Cw’). Then the following are equivalent.

(i) w satisfies (2.3b) and \(w) > 0;

(ii) log AN(w) € L and W =iO(1/\/A(w));
(iii) w satisfies (2.3a) and 1/W € Nt .

Note that formally (up to integrability of the integrands involved), every solu-
tion of (2.3b) satisfies the integrated form of (2.3a):

/ Aw) (w? + (1 + Cw')?) — 1dt = 0.
To see this, multiply (2.3b) by 1 + Cw’ and integrate on [—m,7]. Since the
integrand may not have one sign, this does not mean that (2.3a) follows from
(2.3b). (In fact this question is closely related to the integrability of the inte-
grands. See Theorem 3.2 (a) and (c).) The following is in line with Definition
2.1.

DEFINITION 2.4. When w satisfies (2.3) and Mw(tp)) = 0 for type (I),
or Mw(t)) — oo as t — to for type (II), to is called a stagnation point of
w. A solution w with stagnation points is called singular; otherwise w is non-
singular. The set of all stagnation points of w is denoted by N'(w).

From the definition of the two types of A and the continuity of w € Hﬂ{gl, it
follows that N (w) is closed. For type (I) problems we will see, in Theorem 3.1,
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that it has zero measure and, in Section 3.2, that it has fractal dimension less
than 1. The real-analyticity of A away from its zeros implies that a non-singular
solution is real-analytic. (This follows by the method of [37, Appendix].) For
type (II) problems the same results follow by duality (Section 2.6). We finish
this section with a simple example to which we will return to illustrate various
aspects of the theory.

2.3.1. Example of (2.3) with Explicit Solutions
For b > 0 define

1
Let w(t) = bsint. Note that 0 < Ay(w(t)) < oo except when t = —7/2

mod 27 and b = 1. Since an explicit calculation yields
(w'(6)” + (1 +Cu' (1)) Mp(w (1)) = 1,

w satisfies (2.3a) with A = )\p. Now consider the holomorphic function W
defined on the unit disc by W(z) = i + bz so that

W*(t) = bcost +i(1 + bsint) = w'(t) +i(1 + Cw'(t)).

When b <1, 1/W € N and \y(w)|W*| € L}_. Hence, by Theorem 2.2 (c), w
satisfies (2.3b) with A = A\,. In this example the profile of S (see (2.5)) is

S={—-t+bcost,bsint) : t € R},

which is the locus of a point on a circle of radius b rolling on a horizontal
line with unit velocity. Although w is a real-analytic function for all b > 0,
when b = 1 there is a stagnation point at t = —m/2 corresponding to an
downward-pointing cusp on S.

When b > 1, equation (2.3a) is still satisfied and ) is positive and finite on
R(w). However, W has a zero in the unit disc and hence (2.3b) is not satisfied
when b > 1, because of Theorem 2.2 (b) or Corollary 2.3 (ii). Because of the
results of the next section, this example shows that a non-singular solution of
(2.3a) alone may correspond neither to a solution of (2.3b) nor of (2.1).

This example can be checked by direct calculation as follows. For z € D
(the open unit disc in C) and let f(z) = bz/(1 — ibz) so that

£ ) bcost L b% + bsint

= 7 .
1+ b2+ 2bsint 1+ b2+ 2bsint

Therefore, when |b| < 1

bcost B b2 + bsint
14062+ 2bsint 1+ b2+ 2bsint’

C(p(w)w') =C

and (2.3b) follows.
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2.4. Equivalence

The first observation relates (2.1) to holomorphic functions on the unit disc.

THEOREM 2.5. Let u, v, ¥ be a solution of (2.1) and let ¢ be a harmonic
conjugate of —. Then ¢ + ) is an injective conformal mapping of & onto
the open lower half-plane which has an extension as a homeomorphism from
Q onto the closed lower half-plane. Let Z be its inverse (a homeomorphism
of the closed lower half-plane onto Q). Then t — Z(iy —t) is an absolutely
continuous parametrization of the curve {(X,Y) : (X,Y) =y} for all y <O0.
Let

w(t) =Im Z(—-t), teR.

Then w € 'H]}Q’l satisfies (2.3a) and 1/W € NT where W € H} is such that
W* =w'+i(1+Cu').

The main results on equivalence are the following.

THEOREM 2.6. Suppose X in (2.1) is of type (I). Then, in addition to the
conclusions of Theorem 2.5,

w satisfies (2.3b); (2.4a)
AMw) > 0; (2.4b)
t— (—(t+Cw(t)),w(t)) injective on R. (2.4¢)

Conversely, suppose that w € Hl%gl satisfies (2.4). Let

(u(t), o(8)) = (~t - Cow(t), w(t)), t€R,
S={(—(t+Cw(t),wt)): t R}, (2.5)

and let Q) be the open domain below S. There exists a conformal mapping w of
Q onto C~ such that S, ¥, u, v give a solution of (2.1), where ¥ = Imw, and
|V4| is bounded on .

THEOREM 2.7. Suppose that X in (2.1) is of type (II) and, in (2.1), that
A(v) is integrable over one period of S with respect to arc-length:

/ Av) ds = / () (o (8)? + o (£)2) 2 dt < oo, (2.6)
S(] —T
Then, in addition to the conclusions of Theorem 2.5, w satisfies (2.4) and
Mw)w' € Hi,.

Conversely, suppose that w € H]E’I is a solution of (2.4) and A(w)w' € HE.
Then S, ¥, u, v, defined as above, give a solution of (2.1) that satisfies (2.6).



COMPLEX METHODS FOR BERNOULLI FREE-BOUNDARY PROBLEMS IN-THE-LARGE 11

2.5. Inequalities

Here we give simple identities and inequalities for A of both types which lead to
criteria for non-existence of solutions. Suppose that u € H]}{’ ! with A(u)u’ € L}
is such that, for almost all ¢, A is differentiable at wu(t). Let

L(u)(t) = Au(t))Cu'(t) — C(M(w)u') (), teR. (2.7)

The proof of [38, Prop. 3] shows that, if A is non-decreasing, then £(u)(¢) > 0
almost everywhere and £(u) is zero on a set of positive measure if and only if
u is a constant in which case £(u) = 0.

THEOREM 2.8. Suppose that w € H%’l is a solution of (2.3) and \(w)w' €
Hp. Then

L(w) + Mw){w” + (Cw')?} =0, (2.8)
£(w) <0 almost everywhere,
/7r (1—=A(w))dt <0 and /7r AMw)Cw'dt <0, (2.10)
™1
og/_M(w)—ldt. (2.11)

For a related identity, see (3.4).

COROLLARY 2.9. Suppose that w € H]ﬁil is a solution of (2.3).
(a) If X is non-decreasing on R(w) then w is a constant and \(w) = 1.
(b) If N(w) > 1, or A(w) < 1, on the whole interval [—m, ], then w is constant
and AM(w) = 1.

Proof. (a) If A is non-decreasing on R(w), then £(w) > 0 almost every-
where on [—m, 7] by the proof of [38, Prop. 3]. It follows from (2.3a) that
A(w) > 0 almost everywhere and hence, by (2.8), w'> + (Cw')? = 0 almost
everywhere. Therefore w is constant and (2.3b) implies A(w) = 1. Part (b) is
immediate from (2.10), (2.11) and part (a). O

2.6. Duality

Next we explain how type-(/) and type-(II) problems are related. It simplifies
matters, and there is no loss of generality if we assume that w(0) = 0. (If not,
let a = w(0), replace w by w — a and replace the nonlinearity A by A,, where
Aa(2) = Nz + a).)

THEOREM 2.10. (a) Suppose that
(i) X is of type (I) on R(w) and w € H%’l is a solution of (2.3) with w(0) = 0.
Let w(t) = — fg Mw(x))w'(z)dz. Then
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(ii) for some X of type (II) on R(W), 0 € Hﬂlgl is a solution of (2.3) with X
instead of A\, NW)@' € Hy and w(0) = 0.

(b) Conversely, if @ and X are as in (ii), let w(t) = — fg MN@(2))@ (z)dz.
Then w satisfies (i) for some .

In both cases
AMw(t)A(w(t)) = 1. (2.12)

2.6.1. Example of (2.3) with Explicit Solutions: Duality

In the notation of Section 2.3.1 let
14+ 0%+ 2w)

1
Ab(w):§log( T

which is the primitive of A, with A;(0) = 0. Let \y(u) = Ké(—u), where Ay is
the inverse of Ay. Then \p(u) = (1+ b%)e™2%. As a consequence of the duality
theory developed in Section 4.4

11 (1—+bz+—2b$nt

< .
> ) 0<b<l, (2.13)

is a non-singular solution of (2.3) with A\ = X,. Note that w(0) = @w(0) = 0.
However as b — 1,
wy(t) — w(t) = —1log(1l +sint),

which is unbounded and hence not in Hﬂlgl. Although w is not in the class
under consideration, it gives the parametrization of two unbounded smooth
curves which form an infinitely high upward-pointing cusp at t = —7 /2.

3. Type-(I) Problems

Because of the duality between type-(I) and type-(II) problems, from
now on we consider only problems of type (I).

3.1. Regularity

Without making any assumptions about the sign of A(w) we first observe how
Aw) # 0 relates to the regularity of solutions w of (2.3b).

THEOREM 3.1. Let w € H]ﬁ’l be a solution of (2.3b). Then log |A\(w)| €
Li_, M(w) > 0 on a set of positive measure, and w is real-analytic on the open
set of full measure where A\(w) # 0.

Next we observe how the behaviour of A at its zeros in R(w) affects the smooth-
ness of w.
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THEOREM 3.2. Let w € H]}Q’l be a solution of (2.3b). Suppose that o > 0
is such that for all xy € R(w) with A(xg) =0,

|A(z)] < constant |z — z¢|? for all x € R(w).

Let +2 +2
4% 4%
=—— and r(o) = ——.
plo) ==, (0 =77
(a) The following are equivalent:
(i) we W217;p(9) :
(ii) w is real-analytic on R;
(111) AM(w) >0 on R.
(b) The function w is real-analytic if
AMw) >0 and — (14 Cw') +iw' = ’ —(1+Cuw') + iw/’ e,

where ¥ = Y1 + 99 with V1 continuous and ||V2]|e0 < 7/(2p(0)).

(c) If w e W217’:(9) then A(w) > 0.

(d) If 0 = 0, which amounts to no additional hypothesis since X is contin-
uous and R(w) is compact, then A(w) > 0 if w € W217’r2.

When X is Lipschitz, o =1, p(1) = 3 and r(1) = 3/2.

It is not known whether there are solutions of (2.3b) which do not satisfy (2.3a)
for which A(w) changes sign (see [33]). There are however solutions w of (2.3)
for which A\(w) has zeros. Here is a family of examples.

Examples [30] For p > 1 there exists a constant § = §(0) > 0 and a solution

(S\,ﬁ)) € (07 OO) X {DP<P(Q)W2177TP}

of (2.3) with A(@) = |1 — 2¢w|? > 0 almost everywhere, for which @ is not
Lipschitz continuous at a discrete set of points t € R where 1 — 2gw(t) = 0.
Although w is not a Lipschitz continuous function, it is nevertheless true that
S in (2.5) is a Lipschitz, but not a C*, curve that gives a solution of (2.1). O

3.1.1. Example of (2.3) with Explicit Solutions: Regularity

Here we simply observe that, when b = 1, Example 2.3.1 is of type (/1) with
a stagnation point at ¢ = —m/2 even though w is real-analytic. This contrasts
with the conclusion of Theorem 3.2 for type-(I) stagnation points.

3.2. Dimension of the Set of Stagnation Points

It follows from Theorem 3.1 that N (w) in Definition 2.4 has measure 0. The
following result implies that its dimension is not greater than 2/3 if \ is Lip-
schitz continuous. Note that Minkowski dimension is sometimes refereed to
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as box dimension [14, page 42] and the lower Minkowski dimension, dimyy,
bounds the Hausdorff dimension from above, see [14, (3.17)] or [23, 5.3].

THEOREM 3.3. Let w € 'H]E’l be a solution of (2.3) where X is such that
C|l‘ - x0|g < )\(33’) < C|J) - xO’Qv G 07 0>0,

for all x in a neighbourhood of zo in R(w) when A(xg) = 0. Let q(0) = (0+2)/2
be the conjugate of p(o) in Theorem 3.2. Then

dimp N (w) < 1/q(0).
Ifwe Wzl;rp, p > 1, then

dimpy N (w) < 1= (p/p(0)), 1<p<plo), andN(w) =0 when p > p(p).

3.3. Jordan Curves

If the functional J in Section 3.5, or its Euler-Lagrange equation (2.3b), is to
be used in the study of free-boundary problems, it will be important to know
that (2.1) is equivalent to (2.3) without further qualification. This section
concerns problems of type (/) when w has at most countably many stagnation
points and shows, under quite general hypotheses on A, that (2.4c) follows
automatically from (2.3) when (3.1) holds. In that case, (2.3) gives a solution
of (2.1) with at most countably many stagnation points for which S is the
graph of a function. Suppose that

A >0, log) is non-constant, concave, and X' < 0 where A # 0 on R(w).

Let
I(t) = C(log \/)\(w))(t), t e R. (3.2)

THEOREM 3.4. Ifw € 'HI%Kfl satisfies (2.3), then

VAw)w' =sind and /Mw)(1+ Cw') = cos¥. (3.3)

Suppose that (3.1) is satisfied on R(w) and that N (w) is at most denumerable.
Then 9(t) € (— 7r/2,7r/2), and hence 1 + Cw' > 0, almost everywhere. For
smooth functions 1 + Cw' > 0 everywhere.

The hypotheses of this theorem are valid when A\(w) =1 — 2gw for any g > 0.
Unfortunately even in that case it is not known whether the requirement that
N (w) be denumerable is necessary. In fact no examples are known in which
N (w) N[0, 27) contains more than one point when w € H%{gl satisfies (2.3).
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REMARK 3.5. The following relates (2.7) to (3.2) and complements The-
orem 2.8. Let w € 'Hi’l be a solution of (2.3). Then we prove at the end of
Section 4.7 that

L(w) = Mw)z{2cos9 — A(w)z — A(w) 2 }. (3.4)

3.3.1. Example of (2.3) with Explicit Solutions: Jordan Curves

We observe that A\, defined in Section 2.3.1 is decreasing but (3.1) is not satis-
fied because log \y is not concave for 1+ 5% +2w > 0. On the other hand, from
Section 2.6.1, Xb(zjg) = (1+b%)e~27 and so log Ay is concave and decreasing for
w € R. Thus cos¥, and hence cos, is positive almost everywhere (see (3.9)),
because of the abstract theory applied to the dual problem, even though it
does not apply to the original problem.

REMARK 3.6. In this example log Ay is not concave, but log Xb s concave.
With this in mind, it is worth pointing out in general that concavity of one of
the functions log A\ and log \ is enough to draw the conclusion that S in (2.5)
is non-self-intersecting when N (w) is countable.

3.4. Nekrasov’s Equation

Let w € H%gl be a solution of (2.3) and suppose that o is defined in (3.2). By
the proof of (4.21), ¢ € L} for all finite p,  is infinitely differentiable on the
complement of a closed set of measure zero and, from its definition, ¥ has zero

mean on [—7, w]. As in Section 2.6 we may suppose, without loss of generality,
that w(0) = 0. Define

@) = [ VA dr, @ e RGw),
Since, by Theorem 3.4,
Aw(t))w'(t) = sind(t),
and w(0) = 0, it follows that
t
x(w(t)) :/ sind(s) ds. (3.5)
0
Every solution of (2.3a) has A(w(t)) # 0 for almost all ¢, w is continuous and

there is no interval in R(w) on which A is identically zero. Therefore x is
strictly monotone on R(w) and



COMPLEX METHODS FOR BERNOULLI FREE-BOUNDARY PROBLEMS IN-THE-LARGE 16

From Corollary 2.3, W(0) =i and
1= W) = |0 (1/v/Aw)) ()]

Consequently log \/A(w) has zero mean on [—m, 7] and therefore (see (3.2))

CY = —log /A(w) and
CY = —% log)\(x_l(/o sin¥(s) ds)). (3.6)

In the water-wave example A(y) = 1 — 2gy. Let w be a solution of (2.3).

To obtain the normalization that w(0) = 0 as in Section 2.6, let a = w(0),

we(t) = w(t) —a and put A\,(y) =1—2g(y+a). Then, in an obvious notation,
1

Xa(r) = 5 (1= 290)2 = (1= 29(z +))*/?). (3.7)

It follows, from (3.5), (3.7) and the definitions of A\, and w,, that

Mw(®) = (1 — 2gw(t)? = (1 — 2gw(0))>/2 — 39/0 sin ¥, (s) ds

where
Vg = Clog /Aa(wg) = Clog \/A(w) = 9.
Then
CYq = —log \/ A(w)
and

1 b
CY = —glog (1/—39/0 sin 9(s) ds),

where v = (1 — 2gw(0))%2. Let ¥ = —0 . Upon differentiating, where that is
allowed, we obtain the Nekrasov equation [25] from Stokes-wave theory :

gsinf
(CG)/ - t . :
v+ 3g [, sinf(s)ds

Here 6 is the function that appears in [7, page 255, equation (3.17)]. Thus (3.6)
extends Nekrasov’s equations from water-wave theory [24] to general Bernoulli
free-boundary problems.

Now we show how to obtain solutions of (2.3) from solutions to the gen-
eralized Nekrasov equation.

THEOREM 3.7. Suppose that 9 € LSS is a solution of (3.6) with zero mean

such that
—1/2

t
‘)\(Xl(/o sinﬁ(s)ds))’ / is integrable. (3.8)
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Let :
w(t) = x! sin¥(s) ds).
(0 =x( [ simis)ds

Then w € H]%g’l is a solution of (2.3) with
w' 4 i(1+Cuw') = iexp (—i(J +iCV)).
REMARK 3.8. Hypothesis (3.8) is not required if
(ess sup ¥ — ess inf 19) < m,
since it is then a consequence of (3.6) and [40, I, VII (2.11)].
3.4.1. Nekrasov Duality
It follows from (2.12) and (3.2) that
20(t) = C(log A(@)) (t) = —C(log A(w))(t) = —20(t). (3.9)

Since w(0) = w(0) = 0, in an obvious notation,
t) ¢
@0 == [ Ay == [ G () ds
:/0 VA w(s))w'(s)ds = x(w(t)), by (4.13).

This shows that —x(R(w)) = x(R(w)) and, from (4.13), for y in this set,
o
AXH(=y))

It now follows from (3.9) that, in the generalized Nekrasov equation (3.6),

—% log )\(X1</Ot sinz?ds)) = ;logX(jzl(/ot sin@ds)). (3.10)

That (3.9) is a statement of the duality of Section 2.6 in terms of the Nekrasov’s
independent variable 9 is illustrated by the following example.

Ax ) =

3.4.2. Example of (2.3) with Explicit Solutions: Nekrasov Duality

We illustrate this with the example in Section 2.3.1. When A(y) = M\p(y) =
1/(1+b%+2y), b e (0,1), it is easy to see, from explicit calculations using the
definitions, that

—% log (A(x () = log(V1+ b +y),
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and, with A(y) = \(y) = (1 + b?)e™ 2,

~ 5108 (AT (1) = ~los(v/1 112 — ).

This illustrates the equality (3.10). Differentiation of (3.6) in these cases yields
the generalized Nekrasov equation

( c 19), _ sin ¢ .
V1402 + fg sin 9(s)ds
and its dual _
( Cg)/ _ sin ¥ _ .
V1402 - fg sin 9(s)ds
Note that each of these equations is obtained from the other by changing the
sign of the dependent variable, and in that sense they are different versions of

the same equation. Nevertheless they correspond to different Bernoulli prob-
lems (2.1), with distinct functions A\ given by A\, and . In general, changing
the sign of ¥ in a Nekrasov equation leads, surprisingly, to a solution of the
dual problem.

3.5. Morse Index of Non-singular Solutions

We develop a Morse index theory for non-singular type-(/) solutions of (2.3).
But since non-singular type-(11) solutions are also of type (I), there is no need
to make the distinction in this part of the theory. It is almost trivial to confirm
that critical points w of J defined on H]ﬁ’l by

™
J(w) = {Aw)(1+Cuw') —w}dt, we H]}Q’l,

—T
where X is of type (I) and A is a primitive of A, satisfy (2.3b). Despite the
simple and attractive form of 7, the global variational theory remains largely
unexplored. For the hydrodynamic example there is some variational theory
[8, 9]; by contrast the theory based on topological degree and real-analyticity
is extensive [6, 7]. For the case of general A, the latter approach has been
developed to some extent in [26].

Here we are interested in the Hilbert space theory of J considered as a

functional on W217’r2. The corresponding Euler-Lagrange equation is (2.3b):

AMw)(1 + Cw') + CA(w)w') =1 =0, we W2,

From Theorem 3.2 (d) and Corollary 2.3, every critical point of J on VV;;F2 has
A(w) > 0 and satisfies (2.3). For a non-singular solution w, the hypotheses on
A ensure that A is real-analytic on R(w) and the linearization of the left side
of (2.3b) is

Lyu = {N(w)(1 + Cw)u+ Mw)Cu' + C(N (w)w'u + A(w)u')}. (3.11)
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Clearly L, : VVQI;F2 — L2 and, for u € W217’T2,
s
Qu(u) = (Lyu,uyrz = [ {N(w)(1+Cuw)u® + 2X(w)uCu'}dt  (3.12)
—T

defines a quadratic form on W217’r2. For a non-singular solution w of (2.3b) we
define the Morse index

M(w) =sup {dimE : Qu(u) <0, ue E\{0}}, (3.13)

where E denotes a linear subspace of W217’r2.

Following Plotnikov [29], in Section 4.10 it is shown that the Morse in-
dex (3.13) of a non-singular solution w of (2.3) is given by the much more
convenient formula

M(w) =sup {dimE : Qu(u) <0, ue E\{0}}, (3.14)

. 1,2
where E denotes a linear subspace of W, 7,

O (1) = / " fued + qutydt

-

and, with ¥ defined by (3.2), the potential

N (w)
2\ (w)

Observe that if w, a solution of (2.3), is replaced by w, = w — a while simul-
taneously A is replaced A, = A(- + a), a € R (as at the beginning of Section
2.6), then w, is a solution of (2.3) with A, in place of A, and the potential g,
determined by w and A, is the same as the potential ¢,, determined by w, and
Aa-

Counted in increasing order of size, the n'" distinct eigenvalue of u — Cu/
is n — 1, n € N, with multiplicity 2 when n > 2 and multiplicity 1 when
n = 1. This observation gives the Morse index of a non-singular solution
when the potential ¢ = ¢., a constant (but see Theorem 3.13). In that case
M(w) = 2n + 1 if and only if —(n + 1) < ¢. < —n, n a non-negative integer;
otherwise the Morse index is zero. When ¢ is not constant, it gives simple
bounds on the Morse index as follows.

qg=-9"+

1
(1+Cuw') =0+ iA'(w))\(w)_?’ﬂ cos V. (3.15)

LEMMA 3.9. For any non-singular solution w of (2.3) with q not constant
and n, m integers,

Gmin > —n = M(w) < 2n —1, (3.16)

Gmax < —m = M(w) > 2m + 1. (3.17)

Therefore, because of (4.35), if (3.1) holds there are no non-singular local

minimizers w of J. (From the remark preceding the lemma, (3.16) also holds
for constant q.)



COMPLEX METHODS FOR BERNOULLI FREE-BOUNDARY PROBLEMS IN-THE-LARGE 20

REMARK 3.10. It is easy to see that if w and w are solutions of dual
problems with potentials q and q, respectively, where q is given by (3.15), then

~ ~/ o ~ ~ ~ ~
G0+ 29 (L eaty = 3+ AN @) @) cos D
2\ (w) 2
Y, 1 / —3/2 _ )‘/(w) /
=39+ 2)\(w))\(w) cost =1 + 2)\(w)(1 +Cuw') (3.18)
—q+20. (3.19)

This observation follows from (4.13) and (3.2) since they imply (3.9) and that

N (w()A(w ()32 = N (@) Aa(t)) /2.

Define an operator R on 2w-periodic functions by Rw(t) = w(—t). Then, by
(A.1) and the definition of C, CRw = —RCw and C(Rw)’ = R(Cw'). Hence w
is a solution of (2.3) if and only if Rw is a solution of (2.3). Let 9 be given
by (3.2) with Rw instead of w. Then ¥g(t) = —9(—t) = —RI(t) and hence,

in the same notation,

qr(t) = =0 (—t) + L X(w(—t))2 osV(—t)

EWC t) = q(—t) = Rq(?).

It follows from this and (3.14), or indeed from (3.11), that a non-singular
solution w has the same Morse index as Rw. A more significant relation
between Morse indices is the following.

THEOREM 3.11. Suppose that w is a non-singular solution of (2.3) and
let w denote the solution of the dual problem from Theorem 2.10. Then the
Morse indices of w and w are equal.

When A is globally real-analytic, the linearized operator L, is well-defined
at any W;&Q—solution w of (2.3b) irrespective of the smoothness of w. But the
Morse index may be infinite if w is singular. The next result says that if the
Morse indices of the elements of a set of non-singular solutions are bounded,
then none of them is close to a singular solution. In fact, our result is for
families of systems (2.3) with possibly different nonlinearities.

THEOREM 3.12. Suppose that (H) from Section 4.11 is satisfied by a se-
quence {wy} of non-singular solutions of systems (2.3) with {M(wy)} bounded.
Then, for some a > 0,

Mo(wp(®)) > @, te[-mn], keN.
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3.5.1. Example of (2.3) with Explicit Solutions: Morse Index

We return to the example of Section 2.3.1 where, by (3.3),

w(t) = bsint, w'(t) =bcost, 1+ Cw'(t) =1+ bsin(t),

w' bcost

tanf = = .
an 1+Cw 1+ bsint

Therefore,
9 (t) = —(bsint + b*) \p(w)

where \p(w) = (1 + b* 4+ 2w) ™. Note also that \(w) + 2A?(w) = 0, whence

1 A (w)
2 Ap(w)

(1+Cw') = =Xp(w)(1 + bsint).

When substituted in (3.15) and (3.19) this gives
q=M(w)(? —1) and §= —1.

This shows that in non-trivial examples ¢ can be constant. But Theorem 3.13
shows that there is essentially only one case where this occurs.

It also follows, for the dual problem, that the Morse index of every solution
(2.13), 0 < b < 1, of (2.3) when A = Xy, is 1. Theorem 3.11 now implies that
the Morse index of the solution bsint of (2.3) with A = Ay, b € (0, 1), is also 1.
Since ¢ <0, ||qllz;. = 27 for all b € (0,1), by (3.19), but ||q||s= is unbounded
asb 1.

THEOREM 3.13. Suppose that w is a non-constant, non-singular solution
of (2.3) and that the corresponding potential q is a constant, o/2 say. Then
a < 0 and there exists 3 > 0 such that A\(w) = Be™™.

4. Proofs of Main Results

Standard results and definitions used below without citation are summa-
rized in the Appendix.

4.1. Equations: proofs of Theorem 2.2 and Corollary 2.3

Proof Theorem 2.2

(a) This is immediate from equation (2.3b) and the definition of H.

(b) Let u = A(w)(1 + Cw’) where w satisfies (2.3b) with A(w)w’ € Hj.
Then u = 1 — C(A(w)w') € H. Since A(w)w’ has zero mean on [—m, 7] (see
Remark 4.6), this can be written in complex notation as

u+ iCu = A(w)(1+ Cw' + iw'). (4.1)
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Let W, U € HL be such that U* = —i(u + iCu) and W* = w’ +i(1 + Cw').
Then (4.1) is equivalent to the following nonlinear Riemann-Hilbert problem

U* = MNw)W*, U, W € HE. (4.2)

LEMMA 4.1. Suppose that &, ¥ € H(IC, U #£0,a€ LY, a>0, and

- 27
U* = a®*. Then loga € L%w ® and ¥ are outer functions and

a|®* > = W(0)®(0) almost everywhere.
The same result holds if 1/a € LY.

Proof. Tt is clear that ¥ # 0 implies ® # 0 and a # 0. Moreover, log|a| €
Li_, since log |¥*|, log|®*| € Li_. Let F := ¥/O(y/a), G := ®O(y/a). Then
F* = G* almost everywhere, and ®, ¥ € H{, O(va) € HY and 1/0(/a) €
NT imply G € H(1C and F € Nt. Since F* = G*, it follows from Smirnov’s
theorem that F' € H}C. Hence F' = const =: ¢ # 0, G = ¢ by Carleman’s
theorem (see, e.g., [20, 2°, E, Ch. III]). Thus ¥ = cO(y/a) and ® =¢/O(y/a) =
¢O(y/1/a) are outer functions and

a|®* > = T*d* = cO*(Va)¢/O*(Va) = cc = ¥(0)®(0) almost everywhere.

To deal with the case when 1/a € LSS, note that now ®* = (1/a)¥* and the
previous result applies. O

To complete the proof of (b) suppose that (2.3b) holds, A(w)w’ € Hg and
AMw) > 0. Let U, W € H} be as in (4.2). Since

U)W (0) (2_7: /0 %u(t)dt) <217r /0 : w’(t)dt+i>

L[ (1~ cwy)(0)dt = 1, (4.3)

U, W # 0 and, since A is of type (I) or (IT), Lemma 4.1 implies that W is an
outer function and A\(w)|W*|?> = 1 almost everywhere. Thus (2.3a) holds. In
fact, from the proof of Lemma 4.1, W = cO(1/y/A(w) for some ¢ € C and,
since W* = w' +i(1 + Cw') it follows that ¢ = i. Conversely A(w) > 0 if w
satisfies (2.3a).

(c) Suppose w satisfies (2.3a), 1/W € N* and A(w)|W*| € L _. Then

:%0

1/W* = Nw)W* € L}, (4.4)

which implies that 1/W € HE, since 1/W € N . Therefore there exist u € H},
and v € R such that 1/W* = u + i(y + Cu). Since W(0) = ¢ (cf. the proof
of part (b)), 1/W(0) = —i, and hence v = —1. So 1/W* = u + i(—1 + Cu),
and (4.4) implies that u = AM(w)w’ and Cu = 1 — A(w)(1 + Cw'). Thus (2.3b)
is satisfied. O



COMPLEX METHODS FOR BERNOULLI FREE-BOUNDARY PROBLEMS IN-THE-LARGE 23

Proof of Corollary 2.3

If A is of type (1), then hypothesis A(w)w’ € Hg in part (b) and A(w)|W*| €
Li_in part (c) of the theorem follow automatically from the fact that w € Hﬂlgfl
[18, 38]. That (i) implies (ii) follows from Theorem 2.2 (b). That (ii) implies
(iii) is immediate from the properties of an outer function and the observation
that 1/W = —iO(y/A(w)) € HF C N*. That (iii) implies (i) is a consequence
of Theorem 2.2 (c). O

4.2. Equivalence: proofs of Theorems 2.5, 2.6 and 2.7

We begin with technical observations in a little more generality than is required
for the proofs. Let C_ = {z = x +iy : € R, y < 0}, the open lower half
plane.

LEMMA 4.2. Let S = {(u(t),v(t)) : t € R} be a non-self-intersecting con-
tinuous curve such that u(t) — oo as t — oo and let Q denote the domain
below S in the (X,Y)-plane. Suppose 1 # 0 is harmonic and bounded above
in ), continuous in QUS and v =0 on S. Let ¢ be a harmonic conjugate of
—1).

Then p+iv is a conformal bijection from £ onto the lower half-plane C_ which
maps 0o onto oo. Moreover ¢ + 1) can be extended as a homeomorphism of
the closure QU S of 2 onto the closure RUC_ of C_.

Proof. 1t follows from the maximum principle that ¥y < 0 in €. Indeed,
let ¢ € C be such that the distance from ¢ to QUS is greater than 1. Then for
any € > 0, the function . (X,Y) := ¢(X,Y) —elog | X +4Y — (| is harmonic in
€, continuous in QUS, ¥. <0on S, and ¢.(X,Y) — —oco as X2 +Y? — +oo0.
Hence 9. < 0in Q by the maximum principle. Therefore ¥(X,Y) < elog|X +
iY — (| for all (X,Y) € Q and all € > 0 which yields ¢ < 0 in Q.

Let F be a conformal bijection of C_ onto 2 which maps oo onto co. Then
F has an extension as a homeomorphism of C_ UR onto QUS (see [16, Ch. II,
Section 3, Theorem 4]). Since 1 o F' is harmonic in C_, continuous in C_ UR
and non-positive, there exist a constant ¢ > 0 and a Borel measure ¢ > 0 on
R such that (see [20, A, Ch. VI] or [4, Theorem 7.26])

du(t) L 1 ydu(t)
/Rl+752 < oo and ¢oF(x+zy)—cy+7r/R(x_t)2+y2,

y <0. (4.5)

Let f be an arbitrary continuous function on R with bounded support
B C R and note that

1 1
7 Jrl(x—t)2 +y2 1+t
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uniformly for y € [—1,0]. Since 9 o F(z + iy) — 0 uniformly for z € B as
y—0,

/f(:v)i/}oF(:I:+iy)da:—>0 as y /0.
R

From (4.5), Fubini’s theorem and the dominated convergence theorem,
1 t
0= lim/ f(x)/ %daz
v/ 0 Jr T Jr (@ —t)*+y

—tin [ (2 [ o ) aut) = [ fauto

Consequently = 0 and v o F(x + iy) = cy for some ¢ € R. Since ¢ # 0 and
(p+ i) o F is analytic on C_ |

(p+ip)oFlx+iy) =clr+iy)+c, c¢#0, ¢ €R.

Thus the inverse of F' is given by F~! = ¢7!(p — ¢; + i9p). Therefore both
c Yo —c1 +irp) and o +itp are conformal mappings of Q onto C_ which map
oo onto oo and extend as homeomorphisms of 2 U S onto C_ UR. O

LEMMA 4.3. Suppose the hypotheses of Lemma 4.2 and (2.1d) are sat-
isfied. Then (a) 1 is 2m—periodic in X and there is a constant @ > 0 such
that

o(X +2mY)=9o(X,Y)+w foral (X,Y)eQUS.

(b) If (2.1h) is also satisfied, then w = 2w in part (a).

Proof. (a) According to Lemma 4.2, w := ¢ + i1} is a bijective conformal
mapping of  onto C_ which maps oo onto oco. It follows from (2.1d) that
(X +2mm,Y)eQforallme Zif (X,Y) € Q. It is clear that wy (X +4Y) :=
w(X +27+14Y) is also a bijective conformal mapping of € onto C_ which maps
oo onto co. Hence wy ow™! is a conformal automorphism of C_ which maps oo
onto co. Therefore there exist & > 0 and @ € R such that wjow™!(2) = az+w

for all z € C_ UR. In other words,
wX+2r+iY)=aw(X +iY)+w forall (X,Y)eQUS. (4.6)

To show that a = 1, suppose first that 0 < a < 1 and let (Xp,Yp) € QUS. It
follows from (4.6), by induction, that

m—1
w(Xo 4 2mm +1iYp) = w Z o 4+ w(Xo + iYp)a™
k=0

1—a™

+w(Xo +iYp)a™, for all m € N.

=w
l—«
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Hence w(Xo+2mm +iYy) — w/(1 —a) as m — oo, which contradicts w(oco) =
oo. Now suppose « > 1. Then (4.6) implies

wX —2r+1iY) =w(X +iY)/a—w/a, forall (X,Y)eQUS,

and so w(Xy — 2mnm + 1Yy)) — —w/(a — 1) as m — oo, which contradicts
w(00) = 0o. Thus e =1 and

wX +2r+1iY) =w(X +iY) +w for all (X,Y) e QUS.

Since the conformal mapping w is one-to-one and preserves the positive di-
rections of the boundaries of Q and C_ [11, Section 137], @ > 0 and (a) is
proved.

(b) The Cauchy-Riemann equations and (2.1h) imply that Oxp(X,Y) — 1
as Y — —oo uniformly in X. Hence

w = Ylilzloo((p(27r7 Y) —¢(0,Y))

27

2
= lim Ixp(X,Y)dX :/ 1dt = 2m.
Y —>—cc 0 0

O

REMARK 4.4. (a) It is easy to see that if ¢ € C(QUS) N C?(Q) satisfies
(2.1g) and (2.1h), then it is bounded above. Conversely, Lemma 4.3(a) implies
that if the conditions of Lemma 4.2 and (2.1d) are satisfied, then 1) is 2m—
periodic in X.

(b) If it is assumed that ¢ satisfies (2.1g), then the property of ¢ in Lemma
4.8 (a) is more easily established. Indeed, if 1) is 2m—periodic in X, by the
Cauchy—Riemann equations, so are the partial derivatives of . Therefore the
partial derivatives of (X +2m,Y) — p(X,Y) are identically zero and (X +
2m,Y) — o(X,Y) is a constant.

Proof of Theorem 2.5

That ¢ + 47 leads to a homeomorphism from Q onto the closed half plane is
the result of Lemma 4.2. To prove the rest of the theorem we use notation
from the proof of Lemma 4.3. Since, by Lemma 4.3, w(X +1iY) — (X +4Y) is
2m-periodic in X and (2.1h) holds, there exists a constant C' > 0 such that

1
§\X +iY| - C <|w(X +1iY)| <2|X +iY|+ C for all (X,Y) e QUS.
Consequently

1
QIZ(Z)| —C<|z|<2/Z(2)|+ C forall z=2+1iy € C_UR, (4.7)
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where Z : C_ — Q) is the conformal mapping which is the inverse of w. Since,
by Lemma 4.2, Z has a continuous extension onto RUC_, Lemma 4.3 implies
that Z(z) — z is a 2r—periodic function of z in RUC_. Moreover, the analytic
function V' : D\ [-1,0] — C (D is the open unit disc with centre 0 in C)
defined by

V(¢) = Z(ilog() — ilogC, (4.8)

has an analytic extension to D \ {0}. It follows from (4.7) that
[V (Q)] < 3|log (| + constant for all ¢ € D\ {0}.

Hence 0 is a removable singularity of V' which therefore has an analytic ex-
tension to all of D. It is clear from Lemma 4.2 that V is continuous in D.
Let

w(t) ;= Im V*(t) = lim V (re'),

r,/'1

for all t € R. Then
—(y+Cw(t)) +iw(t) =V*(t) = Z(—t) +t, teR,

where v € R is a constant. In particular, w(t) = Im Z(—t), t € R. Since
T +— Z(7), 7 € R, is a parametrization of the locally rectifiable curve S (see
(2.1b)), V* has bounded variation over [0,27]. Therefore V' € H{ and
d * - 1: ity s/ it
—V*(t) =ilimre"V'(re") almost everywhere (4.9)
dt r,/'1
(see [13, Section 3.4]). Thus w € H]ﬁ’l and z — Z(z,y) is an absolutely
continuous parametrization of the curve {(X,Y): ¢¥(X,Y) =y} for all y < 0.
Moreover,

Cwl(t) + i (1) = ieit,lni/ni (é_(Z’(z’logC) - 1))’

=1— lim Z'(—t + iy),
lim ( Y)

(=reit

whence

—(1+Cu'(t)) +iw'(t) = — 15% Z'(—t +1iy) almost everywhere. (4.10)
y

The formula for the derivative of an inverse function and the Cauchy—Riemann
equations imply

|Z'(—t +iy)| 7% = [ (Z(—t +iy))]* = [VO(Z(~t +y))[*.

Now (4.10) and (2.1j') imply that w € H]k’l satisfies (2.3a) and (2.4b), and
(2.4c¢) follows from (2.1b). Let W € H{ be the function which is analytic in D
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such that W* = w' +i(14Cw’). Then W (0) = i and it follows from (4.8)—(4.9)
that

W(C) = V() +i = Cé(Z’(z’ log () — 1) +i = iZ'(ilog (), for all ¢ € D\ {0}.

(This formula for W in terms of Z follows directly from (4.10) if we invoke the
Lusin—Privalov uniqueness theorem [20, D, Ch. III].) Since Z is a conformal
mapping, W({) #0 for all ( € D and

11
WO [2'(ilog Q)]

Therefore, with y = logr for r € (0, 1),

= |w'(Z(ilog Q)| = [V1)(Z(ilog Q)] (4.11)

K 1 ™
logt ———— dt = log™ Z(— ]
[ 1o = [ o IVu(Z (-t + i)

= /7r |Z'(—t +iy)[[VY(Z (=t + iy)|log™ [V (Z(~t + iy))|dt

—Tr

= / |Vl log™ [Vp| dsy —>/ VAlogt Vads asr /1
Sy So

10g+ ‘W*’fl /7r 1
= 2121 gs= [ logt dt,
/so (W —x [W*(t)]

by (2.1j'), since w satisfies (2.3a). Therefore 1/W € NT by (A.2). This
completes the proof of Theorem 2.5. O

Proof of Theorem 2.6

If A is of type (I), it is immediate from Corollary 2.3 and Theorem 2.5 that w
is a solution of (2.3b). Hence (2.4) is satisfied.

To prove the converse suppose that w satisfies (2.4). Since w and Cw are
absolutely continuous, there exists a function V' which is continuous on the
closed unit disc D, analytic in D and absolutely continuous on its boundary,
with V*(t) = i(w(t) +iCw(t)), t € R. Let Z be defined in C_ UR by

Z(x+iy) =z +iy+ V(e @) zeR, y<O0. (4.12)

It is clear that Z(z) — z is a bounded continuous 27—periodic function of z
in C_ U R which is analytic in C_ and locally absolutely continuous on R.
Further,

Z(x +iy) — (x +iy) — V(0), Z'(z+iy) — 1,

as y — —oo, uniformly in z. Now (4.12) with y = 0 and = = —t gives

Z(—t) = —t+V*(t) = —(t+ Cw(t)) + iw(t).
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According to (2.4¢), Z is injective on R. Let
S={Z(x): veR}={Z(—t): te R} ={(—(t+Cw(t)),w(t)): t € R}.

It follows from [6, Lemma 2.2] that Z is a conformal bijection from C_ onto
the region  below S and a homeomorphism of C_ UR onto Q US. Let
w = @+ : Q@ — C_ be the inverse of this conformal mapping. Then
w(X +14Y) — (X +1Y) is 2r—periodic in X, bounded and continuous in QU S.
It is clear that ¢ € C(Q) N C?() satisfies (2.1f), (2.1g), and (2.1i). The
properties of Z and the formula for the derivative of the inverse function imply

V(X +iY)—1 as Y — —oco uniformly in X,

and hence 1 satisfies (2.1h).

Since w € H]ﬁ’l satisfies (2.3b) with A(w) > 0, it also satisfies (2.3a), by
Corollary 2.3. Let W € H{ be such that W* = w’ 4 i(1 4+ Cw’). According
to Corollary 2.3, W is an outer function. Hence it follows from (2.3a) that,
almost everywhere,

_ (w’2 +(1 +Cw’)2>_1/2 =V A(w)

(W]
and, since A is of type (1), 1/W € H° . Since (4.8) and (4.12) are equivalent,
it follows, as for (4.11), that
_ 1
o |W (e—ile+iy))|’
Thus (2.2) holds and so (2.1j’) is satisfied. It remains to observe that (2.1b)

and (2.1d) follow from the definition of S, while (2.1c) is a consequence of
(2.3a). This completes the proof of Theorem 2.6. O

IV(Z(z +iy))| reR, y<O.

Proof of Theorem 2.7

We indicate briefly the adjustments needed in the proof of Theorem 2.6. They
amount to the use of Theorem 2.2 and hypothesis (2.6) here where there we
used Corollary 2.3. When A is of type (II), under the additional hypothesis
that (2.6) holds, we find that A(w)|W*| € Li_. Now it follows from Theorem
2.2(c) that w, defined in Theorem 2.5, is a solution of (2.3b). Hence (2.4) holds
and, by Theorem 2.2 (a), A(w)w’ € Hg.

For the converse when X is of type (I1), AM(w)w’ € Hg for solutions of
(2.3b) is equivalent to A(w)|W*| € L3 . Therefore (2.6) holds in this case.
Note that Theorem 2.2 (b) implies that W is an outer function and hence, as
r /1, -

/ logt [W| — log™t |[W*| dt.
|z|=r -7

Now (2.1j’) follows from a calculation similar to the one following (4.11). O
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REMARK 4.5. For any w, the example A(w) = 1—2gw from hydrodynam-
ics is of type (I) on R(w) and (2.2) is natural from a physical viewpoint because
it means that the fluid velocity is bounded irrespective of whether or not there
18 a stagnation point. Mathematically, this simplifies the proof of Theorem 2.6
by implying that W is an outer function, which allows application of Corollary
2.8 to show that w is a solution of (2.3b). In general, for functions \ of type
(I) this simplification is available and there is a one-to-one correspondence
between solutions of (2.4) and solutions of (2.1) and (2.2).

Lemma 4.2 implies that |V| is the modulus of the derivative of a con-
formal mapping of Q onto C_. It follows from (2.1g), (2.1h) and (2.1j) that
Vi (X,Y)| is 2r—periodic in X, [VY(X,Y)| — 1 as Y — —oo uniformly in
X, and |VY| has a limit almost everywhere on S, which is a 2w—periodic func-
tion. In the case when this limit is bounded one might think that the mazimum
modulus principle should imply the boundedness of Vi in Q. This matter is
not so easy, and is related to the notion of a Smirnov domain.

Let Qg be the bounded inner domain of a closed rectifiable Jordan curve
and let Zy be a conformal mapping of D onto Qo . Then Z|, € H%: (see, for
example, [31, Theorem 6.8]) and Q is called a Smirnov domain [31, 7.1] if Z|,
is an outer function. By a result by Keldys—Lavrentiev [31, 7.3] there exists a
non-Smirnov domain Qo with |(Z})*| = 1 almost everywhere. In this case Z|,
is not an outer function and hence 1/|Zj)| is not bounded. Consequently the
modulus of the derivative of the inverse conformal mapping wg : Q9 — D is
not bounded, even though on 0y it has non-tangential limit equal to 1 almost
everywhere. See also [13, Notes on Ch. 10)].

4.3. Inequalities: proof of Theorem 2.8
To obtain (2.8), note from (2.3) that
)\(w){w’2 + (1 +Cw)?} — {\(w)(1 + Cw') + C(AM(w)w')}

Aw){w” + (Cw')?} — C(M(w)w') + A(w)Cuw’
Mw){w” + (Cw')*} + L(w).

0

Since, according to (2.3a), A(w) > 0, (2.8) implies (2.9). The second inequality
in (2.10) follows from (2.9) because A(w)Cw’ = £(w) + C(A(w)w'), while the
first follows from integration of (2.3b) in the light of the second. Finally (2.11)
follows by re-writing (2.3a) and integrating over the set B, = {t : ¢! >
AMw(t) > €}, € > 0, to obtain, from Jensen’s inequality, that

1 / 2 1 9 1 1
1+Cw’dt) + /w’ dt < / ——dt.
<\Ee! E. |Ee| JE. |Ee| Jp. Mw)

When €\ 0, the result follows since the first term on the left tends to 1. [
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4.4. Duality

In general, the composition of two absolutely continuous functions need not
be absolutely continuous, see [17, Exercise (18.37)]. However, in the context
of type-(I) and type-(I1) functions A, the following naive remark is what we
need.

REMARK 4.6. Let w be absolutely continuous and 2m-periodic, and let A
be a primitive of —A on R(w). When X is of type (I), A is continuously
differentiable. Therefore A(w) is absolutely continuous and 2m-periodic, and
Mw)w' is integrable with zero mean on [—m, 7|.

Suppose that X is of type (II) on R(w) for some w € Hﬁgl and A(w)w' €
Li_. Let

t v
w(t) = —/ Mw(s))w'(s)ds and A(v) = —/ AMu)du, v e R(w).
0 0
To see that w(t) = A(w(t)), let Ay be a sequence of functions with

0 < M(w) <min{k, A(u)} and Ap(u) — A(u) for almost all u € R(w).

Since X is integrable on R(w) and A\(w)w' € L_, two applications of the domi-

nated convergence theorem, with the observation that the composition of a Lip-
schitz continuous function and an absolutely continuous function is absolutely
continuous and satisfies the chain rule (see Remark A.3), yields the required
result:

w(t) t
Alw(t)) = — lim Ap(u)du = — lim Mk (w(s))w'(s)ds = w(t).

k—oo Jo k—oo Jo

This shows that if X is of type (I), or of type (II) and N(w)w' € Hy, then it
is automatic that A(w) € H]ﬁ’l and (A(w)) = =A(w)w’ has zero mean.

Proof of Theorem 2.10

Suppose that (i) holds. Let
A(u) = —/ A(v)dv, u € R(w).
0

Then A is continuously differentiable and A(w) € Hlﬁ’l, by the main result of
[18, 38], since w € Hﬁil. So A(w) is absolutely continuous and

Since, by (2.3), A(w) > 0, it follows that A is strictly decreasing and continuous.
Therefore its inverse, A, is also strictly decreasing and continuous, and hence
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A has a classical derivative almost everywhere on R(w@). Let A(u) = —A’(u) at
points u € R (@) where it exists. Note that A > 0 and, although A need not be
absolutely continuous, \is integrable (see [19, Theorem 1, Chapter VI, Section
4]). Moreover, by the analytic version of the inverse function theorem, A is
analytic at all points v where v = A(u) and A(u) # 0 and, at all such points
v, A(v) = 1/A(u). Thus X is of type (II) on R(@). According to Corollary 2.3
(ii), A(w(t)) # 0 almost everywhere and therefore

MN@(t)) = 1/A(w(t)) for almost all t € R. (4.13a)
When this observation, and the fact that
w'(t) = —A(w(t))w'(t) for almost all t € R, (4.13b)

are substituted into (2.3b), we find that @ also satisfies (2.3b), but with X in
place of . N

That w satisfies (2.3a) now follows from Theorem 2.2 (b) since A(w) > 0
almost everywhere. Hence (i) implies (ii).

If (ii) holds let

t . v
w(t) = /0 AMw(s))w' (s)ds and A(v) = /0 AMu)du, v € R(w).

Then w _has period 27 and A s strictly decreasing and continuous. That
w(t) = A(w(t)) follows from Remark 4.6. Now let A be the inverse of A and
let A = —A’, which is defined almost everywhere. As in the first part,

A(u) = 1/A(v) when A(u) = v and |A(v)| # .

Hence A is of type () and A(w(t)) > 0 almost everywhere. Since w is 27-
periodic and, from the definition of w, w' = —X(@)@’ € Hi, by (ii), it is
immediate that w € Hﬂlgl. Since [A(@)| < oo almost everywhere it follows that
A, w satisfy (2.3b), and hence (2.3a), by Corollary 2.3. This completes the
proof. O

4.5. Regularity: proofs of Theorems 3.1 and 3.2

We need an extension, to systems of equations rather than to a single equation,
of a special case of Lewy’s theorem [22].

LEMMA 4.7. Let D, = {z +iy : 22> +y> < 72, y > 0} € C. Suppose
F=U+iV : D, — C™ is an analytic function such that U, V € C*(D,; R™)

and
i;gw,m = A U(,0),V(@,0)), o] <7, (4.14)
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where A, an analytic C™-valued function of all its arguments in a neighbour-
hood of (0,U(0,0),V(0,0)) in C**! takes values in R™ on R*™ 1. Then there
exists a disk D centred at (0,0), and an analytic function U + iV : D — C™
such that

U+iV=U+iV on D,ND.

Proof. The proof is almost identical to that of Lewy’s theorem (see [22] or
[36, Section 4]). In fact there is a slight simplification because the right-hand
side of (4.14) does not depend on U,(z,0), and hence there is no need to use
the implicit function theorem. O

Proof of Theorem 3.1

From the first line of the proof of Lemma 4.1, (4.2) implies that log|\(w)| €
7

Suppose A(w) < 0 almost everywhere. Then it follows from (4.2) and
Lemma 4.1 that U(0)W(0) < 0. On the other hand, U(0)W(0) = 1 by (4.3).
This contradiction shows that A(w) > 0 on a set of positive measure.

Let I be an arbitrary open interval upon which the continuous function
Aw) does not have zeros. It follows from (4.2) that the functions

F:=U/O(y/[]MNw)]) € NT and G := WO(y/|\(w)]) € HE

satisfy the equality F* = sG* almost everywhere on I, where s := sgn{A(w)}
is a constant =1 on I. As in the proof of Lemma 4.1 it follows from Carleman’s
theorem that F' and G are analytic on I, as also is 'G = UW. Hence U*W* =
A(w)|[W*|? is real-analytic on I.

Now re-write equation (2.3b) as

2A(w)Cw' = Aw)Cw' — C(AN(w)w') + 1 — A(w) = £(w) +1 = A(w),

where £(w) is defined by (2.7). A simple bootstrap argument, using the reg-
ularising properties of £ as in the proof of [37, Theorem A.l], yields that
w € CY(I), a > 0 (see also [26, Theorem 2.6]).
Further,
G* G* 1
w +i(1+Cuw') =W* = = exp (iC(log ———) ).
OWIMw))*  VIAw)| ( [A(w)] )
Let g = —log \/|\(w)|. Then ¢ = =N (w)w'/(2X\(w)) and
w’ = e9(Re G* cos(Cg) — Im G* sin(Cy)),

J = 7; X (w)e* (Re G* cos(Cg) — Im G* sin(Cg)),

where, as above, s = sgn{A\(w)}. Since w is a C1*-function on I, so is g, and
hence Cg (cf. [37, Appendix]). Since G is analytic on I, it follows from Lemma
4.7 that w and g are real-analytic on I. O
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To prove Theorem 3.2 we begin with a technical lemma.

LEMMA 4.8. Let o € [0,1] and a : R — R be a continuous 2mw—periodic
function such that

la(t)| < const p(t)* for all t € R,

where p(t) := dist(t, Ng), Ny := {s € R| a(s) = 0}. Suppose that a changes
sign. Then the Riemann-Hilbert problem

" =al*, ®,¥eH,, 1<p<oc, (4.15)

does not have solutions with W # 0 if

2
1+a

p> (4.16)

Proof. Suppose (4.16) is satisfied and (®, V) is a solution of (4.15) with
U £ 0. Since a # 0, we have ® # 0 and log |a|] = log |®*| — log |¥*| € L} .
Let
E*f ={teR: +a(t) > 0}.

The function p(t)* (the composition of 7 — 7 and the Lipschitz contin-
uous function ¢ — p(t)) belongs to C. . Let

where s(t) := sgn{a(t)}. Then a¢ changes sign and ayp € Cg, because, for
t1,ta € E*, since a € [0, 1],

lao(t1) — ao(t2)| = [p(t1)* — p(t2)| < const [t1 — 12|
If t1 € ET and ty € E—, then there exists tg € N, between t; and t9, and

lao(t1) — ao(t2)| < [ao(t1) — ao(to)| + |ao(t2) — ao(to)|
< const ([t; — to|™ + |[t2 — to]|*) < const [t — ta]“.

It is clear that a = agh, where h(t) := |a(t)|/p(t)* > 0, h € LS and
logh € L. Let

, G:=0(Vh)".

Then
F* = qoG*. (4.17)

Since (’)(\/E) € HE is an outer function, G € H% and F € N*. Hence it
follows from Smirnov’s theorem and (4.17) that F' € Hf.. Therefore F = G =0
by [33, Theorem 2.2]. So ® = ¥ = 0. This contradiction proves the lemma. O
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REMARK 4.9. The reference to the M. Riesz theorem in the penultimate
sentence of [33, Proof of Theorem 2.2] should be changed by the following
argument, in the notation of [33], to include the case o = 1.

Hence if ®, U € HY. is a solution of (2.1) then Im ¥* L%Zr(l_o‘),
Since (—i®,1V) is obviously a solution of (2.1) as well, the same
argument gives an = Re U* = Im (4¥*) e L¥(1-2),

The proof continues as in [33].

Proof of Theorem 3.2

(a) If A(w) > 0 on R then w is real-analytic on R by Theorem 3.1. Thus
(iii) implies (i) and (ii). Now suppose that (i) holds. Then w € 0217/51(9),
p(@)fl + Q(Q)fl =1, by Holder’s inequality,

Aw(t) — Aw(s))| < const |t — 5[/,

and hence the hypotheses of Lemma 4.8 hold with O = U € HY, ® = W € HZ,
from (4.2), and p = p(p), o = min{l, 0/q(0)}, a(t) = A(w(t)). Therefore
A(w) > 0, by Lemma 4.8, and (2.3a) holds, by Corollary 2.3. Now if A(w(tg)) =
0, then |A(w(t))| < const |t—t|®/9(@). Since op(0)/(2¢(0)) = 1 and (2.3a) holds,
and since w’, Cw' € ngrg), it follows that A(w) is nowhere zero. This proves
that (i) implies (iii) and (ii). Since (ii) implies (i), the proof of (a) is complete.

(b) In the light of (4.2) and part (a), the proof of part (b) is identical to that
of [33, Theorem 1.7 (d)].

(c) As in the proof of part (a), if w € W217’rp, then |[A(w(t))| < constant |t — to|*
when A(w(tg)) = 0, where a = o(1 — p~1). Since p > 2/(1 + «) is equivalent
top > (o), (4.2), (4.3) and Lemma 4.8 imply that A(w) does not change sign.
Hence A(w) > 0 by Theorem 3.1.

(d) One proof of (d) is almost identical to that of [33, Prop. 2.1] or [37,
Theorem 5.1]. Here we give a different proof in Section 4.10.1. O

4.6. Dimension of the Set of Stagnation Points: proof of Theo-
rem 3.3

Let t € [0,27] \ M(w) and let ty be a closest point of N(w) to t. Then the
equality \/A(w)w' = sind (see (4.20)) and the hypotheses of the theorem
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imply

Aw())@t2/2¢ < const |w(t) — w(ty)| @t/

w(t) w(t)
= const / |z — w(to)|?/? dz| < const / VA(z) de
'UJ(t()) w(to)
t
< const VA (w(s))|w'(s)] ds| < const |t — to],
to

where the constant changes from line to line. Therefore
A(w)(t) < const (dist(t,./\/'(w)))g/(2+g) for all t € [0,27] \ M (w). (4.18)

Let p. be the Lebesgue measure of the e—neighbourhood N of N (w).
Since log A(w) € L3, the Lebesgue measure of NNz = N (w) is 0. Therefore,
for w € WQIT’rp, and with p=1if w € H]ﬁ’l, (2.3a) implies that

1 P
/NE (A(w)(t)) dt -0 as €\, 0.

On the other hand, if the lower Minkowski dimension of NV (w) is greater than
1 — op/(2 + o), then there exists 9 > 0 such that (see [14, Prop. 3.2 and
remark following proof] or [23, 5.5])

pe > el Umep/2H0) — cop/(2F0) - for all & € (0, ], (4.19)

and (4.18) and (4.19) imply that

p
/ _ dt > const 5*9”/(%“’),1;(E > const > 0.
N\ VA w)(t)

This is a contradiction. Since

o P
240 p(o

~—~

this completes the proof when w € Hﬁ{l UW,?. That N'(w) = () when p > p(o)
is a result of Theorem 3.2. O

4.7. Jordan Curves: proofs of Theorem 3.4 and (3.4)

Suppose that w € H]ﬁ’l is a solution of (2.3b) with A(w) > 0 and recall that
N (w) denotes the zero set of A(w). We know that log A(w) € Li_ and w is
real analytic on R\ N (w). By Corollary 2.3,

W =1i0(1/v/Aw)), O(1//A(w))(0) =1 and [W*| = 1/y/A(w).
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It follows that
—i
W* = w' +i(1+Cu') =i O*(1/y/ANw)) = ze)\() , (4.20)
w
where ¥ = Clog v/A(w), as in (3.2). Then ¥ € C*(R\ N (w)) and (3.3) holds.
Since W € HE, it follows from (4.20) that 1/y/A(w) € L3 and, since A(w) is
bounded, log A(w) € LY _ for all p < co. Therefore

Y e Lh_for all p < cc. (4.21)
Suppose that ty € AN (w). Then for all § > 0
N (w) WP & L ((to = 6,t0)), N (w)|W** & L ((to, to + 6))- (4.22)
Indeed, let (c,d) C (to — d,t9) be such that (c,d) NN(w) =0 and d € N (w).
Since ,
[N (w)|

N (w)[[W*]? = Nuw) L=

[N (w)]
(w)

jw'l

>

we have

d—e d—e y/ w
[ WP | [ 3D v
A

Aw(d=—e))|
Nuw(e)) ‘ " 0

> ‘ln

The second inequality in (4.22) is proved similarly.

Since, by (3.1), A is continuous and non-increasing, the set {x € R(w) :
A(z) = 0} is a closed interval, which may be empty or may consist of only one
point. Since w is continuous and log A(w) € L1, A has at most one zero in the
closed interval R(w).

Fix t € R\ N (w) and let w,, € CS2, m € N, be such that R(w,,) C R(w),
Mwp,) > 0, wy, = w in a neighbourhood of ¢, with

|wm —w| i — 0 and H log | A(wp,)| — log |)\(w)|HL1 — 0 as m — o0.

Let f(z) = logA(x), z € R(w). By (3.1), f is non-increasing and is not
constant on R(w). Note that if f is affine then X'/A < 0 on R(w), since f is
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not constant. Now with ¢ fixed as above,

N(wn(t) , ’
mcwm(t) — (C log )\(wm)) (t)

L[ Lm0l S ),

T 2tan L(t —s)

wm(s
3 ' wn(®) dz
/Tr X / 2tan2(t—s) ds

W (8)
Lo @ Flun(®) ds

= — W () ds
A J_. sin? (¢ — s)

_ 17 log (Mwm(9))/A(win(1))) = (win(s) = win(£) (A" (win (£)) /A (win (?))
dr J_. sin? 1(t — s

)
() (N (w®)/Nw(®) |

1 /“ log A(w(s)) —log A(w(t)) — (w(s) — w

T sin? 1(t — s)
as m — oo. It is easy to see that

Cwl, (t) — Cw'(t) and (Clog A(wn,)) (t) — (Clog A(w))'(t).
Since log A is concave on R(w) we have proved that, for all t € R\ M (w),

N (w(t))
Aw(t))

or, equivalently, from (3.3) and (4.20),

N(w(t)) [ cosd -\
A(w(t»( ) 1) =0

and the inequality is strict if log A is not affine on R(w). On the other hand if
log A is affine on R(w) then, as observed earlier, (3.1) implies that A’ < 0 on
R(w). Therefore, when (3.1) holds,

cw' ()~ (Clog A(w)(t))/ <0,

V' — %)\'(w)|W*\3 cos? > 0 on R\ NV (w). (4.23)

This is a simple extension of the inequality used in [39], and the argument
there leads immediately to the result required here when w, and hence ¥, are
Cl-functions. The treatment of less smooth w is more complicated and the
following estimate with its corollary will be one of the keys.

LEMMA 4.10. Let ¥V € HY., p < oo . Then, for any to € R,
(W (re')| = o((1 - rYPY asr 1.
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Proof. If ¥ € Hf there exists a Blaschke product B, and a function

Ve H%: with no zeros in the open unit disc, such that ¥ = Ul/PB. Hence it
suffices to prove the required result when ¥ € H(IC.
Let € > 0. Since ¥* € Li_, there exists § > 0 such that

19 (| 21 ([to—s.t0+8)) < 27E.

The Cauchy integral formula implies

. 1 to+m U (¢ '
) = | [ e
27T to—m elt - frelto
[ O L LG
T 27 Jy—s |et —retto| 271 Jo<|t—to|<n et — retto|

1 PR B 1 2 (Y
< %H‘I’*HLl([tra,tow])(l —r) 7 — -

<e(l—r)t+C., 0<r<1,

27 sind

where C; is a constant. The result now follows. O

COROLLARY 4.11. Suppose that, for some p < oo, ¥ = exp(—i®) € HE
where ® € N, ®* = 9 +iCV with 9 € L and, for some 6 > 0,

H=t) —9(t) >k, 0<t<.
Then k < 1/p. In particular if, for some ty € R,
I(tg+1) < Mtr and 9(tg—t) >m m, te(0,6),
for some § >0, then m~ < M +1/p.

Proof. It is immediate from its definition (see [15, Ch. III, Sect. 1]) that

|qwrﬂ::exp<2;(/w 2r sin(—1) ﬁ@ﬁﬁ)

_x 1 —2rcost+1r?

1 [° 2r sin(—t)
= exp <27r /—6 1 — 2rcost + 12 ﬁ(t)dt)
1 2r sin(—t)
2 9(t)dt
X exp (27r /(_Tr,_a)u(gﬂr) 1 —2rcost + r? (t) )

> Cexp <1 /05 (O(—t) — 9(t))r sintdt>

T 1—2rcost+1r2

5 .
rsint
>C dt | .
- exp(n/o 1—2rcost+r? )
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) : 6 it
t —
/ P dgt=Tm / _© gt
o 1—2rcost+r g et —r

e —r 1
- ‘Zc—f—log(!l—r\ )

as r /' 1, where c is a constant. Therefore

But

= log

|W(r)| > constant (1 —r)~".
That x < 1/p follows now from Lemma 4.10, since ¥ € H{.. The particular

case follows from this by translating the origin of ¢ to . O

Recall, from Section 3.4 (see also Section 4.8), that log/A(w) and 9,
defined in (3.2), have zero mean and, from (4.21), ¥ € L8 for all p < oo.
Moreover,

e = O(1/y/MNw)) € HE and € = O(/\(w)) € HE, (4.24)
where ® € H} is such that ®* = 9 + iCv.
LEMMA 4.12. Suppose that for t € (0,9), 6 > 0,
mtn <I(tg+t) < MTn and m 7 <O(tg—t) < M.

Then
mT <M~ andm~ < M'T +1.

Proof. This follows from Corollary 4.11 using (4.24). O

LEMMA 4.13. Suppose that ¢ € (a,b) C R\ N (w) and let ¢ € Z be such
that 9(c) € [(€ — 1)m, (0 + L)7|. Then

9(t) > (€ — )7 fort € (c,b) and I(t) < ({+ )7 fort e (a,c).  (4.25)

1
2

Proof. Suppose that the set £ = {t € (¢,b) : ¥(t) < ({—%)m} is non-empty
and let ¢y € [c,b) denote its infimum. Then 9¥'(¢y) < 0 and cosd(ty) = 0.
Since this contradicts (4.23), the set E must be empty, which proves the first
inequality in (4.25). The second one is proved similarly. O

LEMMA 4.14. Suppose that a,b € N(w) and (a,b) C R\ N(w). Then
either ¥(t) — 400 ast /' b or there exists § > 0 such that
cos¥(t) >0 fort e (b—46,b).
Similarly, either ¥(t) — —oo as t \, a or there exists 6 > 0 such that

cosV(t) > 0 fort € (a,a+9).



COMPLEX METHODS FOR BERNOULLI FREE-BOUNDARY PROBLEMS IN-THE-LARGE 40

Proof. Take an arbitrary ¢ € (a,b). Suppose that ¥(t) / +oo ast / b.
Then o is bounded above on (c,b) by Lemma 4.13. Let sup;c(.p) 9(t) = M <
0.

Suppose there exists d € [¢,b) such that ¥(d) = M. Then ¥'(d) = 0 if
d # cand ¥ (d) < 0if d = c. In both cases (4.23) implies that cos¥(d) > 0 and
I(d) € (20 — L)m, (20 + L)m) for some ¢ € Z. By Lemma 4.13, 9(t) > (20— )7
for any ¢t € (d,b) and 9(t) < M =9(d) < (20+ .)m. Hence cos¥(t) > 0 for any
t € (d,b) in this case.

Next suppose that 9 < M on [c,b) and that ¢ has a sequence of zeros
tending monotonically upwards to b. There exists a sequence d; with ¥'(d;) =
0,d; /' band ¥(d;) — M as j — oco. By (4.23), cos¥¥(d;) > 0 and therefore
M € ((2¢ — Y7, (20 + L)7] for some ¢ € Z and V(d;) € ((2¢ — 1), (20 + 1)7)
for sufficiently large j. Since M is not attained on (¢, b) it follows from Lemma
4.13 that 9(t) € ((2¢ — L)m, (20 + 1)) and cosd(t) > 0 for any ¢ € (d;,b) in
this case.

Finally suppose 9 < M on [c,b) and ¢ has no zeros on (d,b) for some
d € (¢,b). Then 9 is increasing on (d,b) and M = lim; »J(t) =: 9(b—).
Suppose cos¥(b—) < 0. Then there exist ¢, § > 0 such that cos?(t) < —e,
for all t € [b—4,b). It follows from (4.23) that ¥ > £ [N|[W*[?> on [b — 4,b).
Therefore (4.22) implies

t
M > 9(t) =9(b—0) + V' (z)dz — o0 as t b,
b—o
which is a contradiction. Hence cos(b—) > 0 in this case.

Since A > 0 is non-increasing and A(w(b)) = 0, w attains its maximum
at b. Since, by (3.3), sin? = /A(w)w" and lim; » 9¥(t) = ¥(b—), it follows
that sin?(b—) > 0. Hence ¥(b—) € [2¢m, (20 + L)7] for some ¢ € Z and there
exists d € [c,b) such that J(t) € ((2¢ — )7, (20 + 1)) and cos I(t) > 0 for any
t € (d,b). This proves the existence of § such that cos¥(t) > 0 for t € (b—4,b).

The second statement is proved similarly. The main difference is that
instead of M one needs to consider m := infyc (4 V(%) O

Let g : R — C be measurable. Then we call ( € C a right cluster value of
g at t € R (written ¢ € g{t+}) if

meas ((t,t +e)Ng '(B)) >0

for every open ball B C C with centre ¢ and every € > 0, and ( is a left cluster
value (¢ € g{t—}) if the same is true with (¢,¢+¢) replaced by (t—e,t). Cluster
values are the same for functions that are equal almost everywhere. Let

g{t} = g{t—} U g{t+}.
For any t € R\ N(w) there exists £(t) € Z such that
() € ((0(t) — ), (£(t) + )]
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Lemma 4.13 says that ¢ is non-decreasing on any interval (a,b) C R\ N (w).
Since N (w) has measure zero, the function £ is defined almost everywhere on
R and is clearly 2m—periodic and integer-valued.

From now on in this Section we suppose that N'(w) is at most countable.

LEMMA 4.15. For [o, f] C R, suppose ¢ € L>®[c, (], Ly = maxqa<i<g (1)
and ¢ € [a,B] \ N(w) is such that £(c) = Li. Then £(t) = Ly for any
t € e, B\ N(w).

Proof. First let Ly be odd so that cos ¥(c) < 0. Let d = min(N (w)N(c, 4]),
assuming that this set is non-empty. Then d > ¢ and cosd(d — s) > 0 for
all s > 0 sufficiently small, by Lemma 4.14. Therefore, since cos¥(c) < 0,
¥(d —s) > (Ly + im) for all s > 0 sufficiently small, by Lemma 4.13. Since
this contradicts the definition of Ly, no such d exists, N'(w) N (¢, 5] is empty
and the result holds by Lemma 4.13

Now suppose that Ly is even so that cos?d(c) > 0. Let

Nw)y:={reNw)na, 8] : Ly ct{r}#{L+}}.

At points of N (w), ¢ has at least two distinct cluster values one of which is
L. Since ¢ is integer-valued and bounded, N (w)4 is closed. We now show
that M (w)4 is a perfect set. Suppose that ty is an isolated point of N (w)
and that (t_,t4) "N (w)y = {to}.

Suppose that Ly € ¢{to+}. Then there exists a sequence {d,,} C (to,t+)\
N (w) such that ¢(d,) = L+ and d,, \, ty as n — oo. Fix n and let

d=sup {7 € (dy,t3) \N(w) : {t} ={Ly} forallte [dy,7]}.

The set on the right is not empty because it contains d,—1. If d < t; then
Ly € ¢{d—} and there exists £ with L, # ¢ with {L,¢} C ¢{d} which implies
that d € N(w). This contradicts the fact that tg < d < t4. Since d,, \, to as
n — oo it follows that £(t) = Ly for all t € (tg,t4) \ N(w) if Ly € ¢{to+}.

If Ly > ¢ € ¢{to—} then (by a similar argument) ¢(t) < L4 for all
t € (t—,to) \ N(w) and therefore Ly & ¢{to—}.

If max (¢{to} \ {L+}) = ¢+, since typ € N'(w);+ there are only two possibil-
ities:

(i) l{to+} = {L+} and max {tp—} < {4
(i) ¢{to—} = {L+} and max ({to+} < 44,

It follows from Lemmas 4.13 and 4.14 that ¢ is even. This contradict Lemma
4.12, since Ly and ¢, are distinct even integers.

This shows that the closed set A (w)y4 does not have isolated points and
so is a perfect set. Therefore N(w)y is either uncountable or empty. Since
N(w)y C N(w), which is at most countable, N (w), = (.
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Now a repeat of the main argument in the proof shows that ¢(¢) = L, for

any t € [c, 8] \ N (w). O

COROLLARY 4.16. Let £ € L[, f]. Then ¢ is non-decreasing on [a, ]\
N (w),
t1,t9 € [Ck,ﬁ] \N(w), thh <ty — g(tl) < g(tg).

Proof. 1t is sufficient to apply Lemma 4.15 to the interval [t1, ¢]. O

LEMMA 4.17. ¢ is bounded.
Proof. Let
N(w)oo := {7 € N(w) : £ is unbounded in every neighbourhood of 7} .

It is clear that N (w)eo is closed. Let ty be an isolated point of N (w) and let
t_ <tp <ty besuch that [t_,t. ] NN (w)so = {to}

It is easy to see that, for any d € (to,t4), £ is bounded on [d,t] and if ¢
is not bounded on (¢, 4], it follows from Corollary 4.16 that £(t) \, —oo as
t \\ to. Similarly, if ¢ is not bounded on [t_,tg), then £(t) /" +oo as t / tp.
Both cases contradict Lemma 4.12.

Hence N (w)s has no isolated points and, as in the case of N (w)4 (see
the proof of Lemma 4.15), N'(w)s is empty. Thus ¢ is bounded, since it is
periodic. O

Proof of Theorem 3.4

Since ¢ is bounded, there exists d € R\ M (w) such that

Ud) =Ly = ot .
(d) = Ly teﬁ%w)()<+“

Then Lemma 4.15 with [a, 8] = [d,d + 27| implies that ¢(t) = Ly for any
t € [d,d+ 27] \ N(w). Since ¢ is 2r—periodic, £(t) = L for any ¢t € R\ N (w).
Since 9 has zero mean on [—, 7| (see Section 3.4) it follows that L™ = 0 and
cosV(t) > 0 for any t € R\ N (w). O

Proof of the Identity (3.4)

Every solution w of (2.3) has A(w) > 0 almost everywhere and

;1 n) 1L / £(w)
1+Cw —W(l—C(/\(w)wD 7)\710)(1_)\(1”)&0)4_%
—1+A(1w)—(1+6w’)+§(zg.
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From this and (3.3),

W=
+

cos¥ = A(w) (1+ Cu') = %{)\(w)

This may be rearranged to give formula (3.4) for £(w). O

4.8. Nekrasov’s Equation: proof of Theorem 3.7

Let ® be such that ®* = 9 +iC¥ and let W = i exp(—i®P). Note that W(0) =1
and that W € HZ for some p > 0 since ¥ is bounded (see [40, vol. I, ch. VII,
(2.11)], [15, Corollaries 2.5 and 2.6, Ch. III]). Since, by (3.6),

/7; W™ (¢)|dt = /7; {\A(Xl(/otsinﬁ(s) ds))\}_l/th < 0,

by hypothesis, it follows that W € HL. Also

s 1 s
log |[W(0)| =0= Co(t)dt = o log [W*(t)| dt,
T

—T —T

from which it follows that W is an outer function (see remarks in Appendix
after definition (A.3)) and there exists w € H%gl such that

w +i(1+Cw') = W*.

(So far w is determined only up to an additive constant.) Now let

t
u(t) = X1</ sin¥(s) ds).
0
In the light of equation (3.6), it follows from the definitions of v and w that
Mu()?w' (t) = sind(t),

and A(u(t)) # 0 almost everywhere because of (3.8). Now differentiation of
the formula for u gives

sin (1) = X' (u(t)'(t) = Mu(t)) /(1)

Hence v/ = w’ almost everywhere and we may now fix w by putting w = u.
Thus . ,
iexp(—iv)

w' +i(1 + Cw') = W* = iexp(—i®*) =
A(w)

(4.26)

We have shown that W € ‘H{ is an outer function and w € H]ﬁ’l satisfies (2.3a).
Hence (2.3b) holds by Corollary 2.3. O
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4.9. Morse Indices

We begin our study of the Morse index of non-singular solutions of (2.3) defined
in (3.13) with a proof that solutions in duality have the same Morse index.

4.9.1. Duality: Proof of Theorem 3.11

Suppose that w is a non-singular solution of (2.3) (where we have assumed,
without loss of generality, that w(0) = 0, see Section 2.6) and that w is the
non-singular solution of the dual problem given by Theorem 2.10. Since A(w)
is nowhere zero, \ is a real-valued function on a neighbourhood of R(w). As
in Section 4.4, let A denote the primitive of —A with A(0) = 0. Let A be
the inverse of A and let X(u) = —A'(u), . Then @(t) = A(w(t)). Now define

nonlinear operators H and H on neighbourhoods of w and w, respectively, in
Wy, by

H(v) = A(v)(1+Cv') + C(A(v)v') — 1,

H(v) = A(v) (1+cCv)+ C(X(v)v') - 1L

Let v be a function in VVQI;F2 with range R(v) in the neighbourhood of R(w) in
which A is analytic. From the identities in Section 4.4,

H(v) = =A(v)H(A(v)). (4.27)

By (2.3b), H(w) = 0 = H(w). Taking the Fréchet derivative of both sides of
(4.27) at a solution w of (2.3) in the direction u leads to the identity

dH[wlu = —A(w)dH[A(w)] o dA[w]u = A(w)dH [A(w)]A(w)u,

since the Fréchet derivative of the mapping v — A(v) at w is u — —A(w)u.
Therefore, for all u € W217’r2,

(dH[wlu,u) s = (dH @\ (w)u, Nw)u) s .

Since A(w) is nowhere zero, dA[w] is a homeomorphism on W,? and therefore
the Morse index of w as a solution of H(w) = 0 and the Morse index of w as
a solution of H(w) =0, in Wzlf, are equal. This proves Theorem 3.11. O

4.10. Plotnikov’s Transformation

Here we generalize Plotnikov’s method [29], which transforms the quadratic
form Q,, given by (3.12) at a non-singular solution into (4.33). For u € L _let

1 ™
[u]:%/ udt, Eu=u+iCu,

—Tr
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and, for w € W217’r2, let W € HZ be such that
W* =i+ &, W(0)=i.
Then |W*| # 0 almost everywhere on [—, 7).

LEMMA 4.18. (a) For any w € I/V217’T2 and v € HY, there exists u € L

with P - -
U
U—IH](W) and/_ vdt—/ udt.

(b) For w € H]ﬁ’oo, the range of the map
Eu
u +— Im (W)’ UGL%W,
is L2 and [v] = —[u] in that case also. If, in addition, 1/W is bounded, this
mapping is a homeomorphism on Lgﬂ.

Proof. (a) Suppose that v € HZ, so that Ev = V* of some V' € HZ with
V(0) = [v]. Let U = iWV € HZ. Then U(0) = —[v] € R and U* = u +iCu for
some u € L2 with [u] = [~v]. Hence

iW*Ev = Eu and v = Im <;/Zi>

For part (b) simply note that v € L2_and w € HIEJOO implies that, in the proof
of (a), W € HY and V, U € HZ. It is clear that if 1/W is bounded then the
mapping is a bijection. O

The following simple application is motivated by the proof of [8, Prop. 1].

4.10.1. Another proof of Theorem 3.2 (d)

For w € WQIT’F2 and u € L, let

21

I(w,u) = /TF w{A(w)(1 + Cw') + C(M(w)w') — 1}dt.

—Tr

When w € W217’r2 is a solution of (2.3b), I(w,u) = 0 for all u € L3_. This can
be written

0=—I(w,u) = /7T Mw){w'Cu — u(1 + Cw')} + udt

- /_7; (A(w)|W*|21m (%) + u) dt.

Let v € L be arbitrary and choose u € L3 as in Lemma 4.18 (a). It follows
that

I(w,u) = _ﬂ (W2 (W72 = A(w)) v dt = 0. (4.28)
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Since |[W*|2(|W*|72 — A(w)) is integrable when w € W217’r2, and since v € LY
is arbitrary, w satisfies (2.3a) and A(w) > 0. O

For definiteness, let @ denote a non-singular solution of (2.3) and /V[:/\e
H]E’OO the corresponding holomorphic function on the disc with i + Ew' = W*.

Since A(w) is bounded, 1/]/W7*| is bounded by (2.3a). Let W be a neighbour-
hood of @ in Hy™ with the property that 1/|W*| € L5 for all w € W. Let

bo(w) = [W*|72 = A(w),
note that by(w) = 0 at a solution of (2.3a) and, from (4.28),
N Eu
I(w,u) :/ﬂ|w 2 bo(w) T (5 ). (4.29)

We denote the t-derivatives of the real-analytic functions w and W by w" and
W*'. Since by(@) = 0, differentiation with respect to t, followed by multiplica-
tion by —|W*|?, gives

9Re (W — oW =, 27
0= ZRe OV W) 3y |2 = Re { & + N(@)WPW*}. (430
W2 w
Hence /\
*/ 1 o Py
{?}[/7* + 5)\/(13)|W"‘|2VV”‘} = 1q almost everywhere,
where

g {/W* N (@) W} (4.31)

is a real-valued, real-analytic function of a real variable. Therefore the Gateaux
derivative of by : W — L3° at @ in the direction u € H%’OO is
2(w'u + (1 4+ Cw')Cu')

e

dbo @) (1) = — N (@)u —

_ Trrx|—2 1A\ TA7% (2 gu,
= W Re{)\(w)|W | 5u+2(ﬁ)}

’

= —’W*\‘QRG{(X(@)\W*PW* n 2”/{4;) (%) N 2(;;)/}
_ !W*‘—2Re{2(%)/+2i@(%>}

_ _’W*‘—Q{QRG (%)’ —2¢Tm (%)} € Lss.

Since Eu/W* € LS for u € HI%KJOO, it follows from (4.29) that the quadratic
form 0y, I(W,w)u, u € Hﬂlgjoo, gives a new formula for Qg (u) in (3.12):

Qa(u) = 2/_7; { ~ Im (fW"i)Re (%i)’ +2j<1m (EWZ))Q}dt. (4.32)
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This leads to the following result which, in the Stokes-wave problem when
A(w) = w — gw?, is due to Plotnikov [29].

LEMMA 4.19. Suppose that W is a non-singular solution of (2.3). Then,
foru e W217’r2,

Qo) :2/7;{_ Im(fWZ)Re(EWZ)/—FE(Im(%))Q}dt.

Proof. Since H%&JOO is dense in Wle’r2, the result follows from (3.12) and
(4.29), by taking limits in both sides of (4.32). O

Suppose that @ is a non-singular solution of (2.3) and define P : W2177T2 —
W,,? by
Eu )
)

From Lemma 4.18 (b), P is a homeomorphism on W217’r2. We refer to P as

Pu:Im(

Plotnikov’s transformation which reduces the quadratic form Qg to
Qotw) =2 [ {ucw'+au)de, v =Pu (4.3)

where ¢ is given by (4.31). Since Q3 is negative on a subspace E \ {0} if and
only if Qg is negative on PE\ {0}, we can use Qg to calculate the Morse index
of a smooth solution w. The linear operator on W217’r2 which corresponds to the
quadratic form @@,

C' +qu

is much simpler than the corresponding operator (3.11) for Q.

4.10.2. Sign of the Plotnikov Potential

To simplify notation, let W, W* and the potential ¢ be defined in terms of a
non-singular solution w € VV217’T2 of equation (2.3) with the ~ notation omitted,
and note that the Morse index (3.13) of w is given by

M(w) =sup {dimE : Qu(u) <0, ue E\{0}}, (4.34)

where E denotes a linear subspace of W217’r2 and
™
Qu(u) == {uCu’ + qu*}dt.

By the formula (4.26) for W* we have (recall that A(w) > 0)

* gl *_z)‘/(w)w/e_m__ X lAl(w) / *
W W - S = <u9—|—2>\(w)w>W.
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Therefore

W*l _ ',19/ A,(w) /

we T a(w)
and, from (4.31) without the ~,

N (w) 1 _
— a9 N — .9/ S/ 3/2
q ¥+ 2)\(w)(l%—Cw) ¥+ 2)\ (w)A(w) cos ¥
1
_ _(19’ — SN (W)W cos 19) <o, (4.35)

by (4.23), when (3.1) holds on R(w).

4.10.3. Constant Plotnikov Potentials: Proof of Theorem 3.13

The observation following (3.15) means that we may assume, without loss of
generality, that w(0) = 0 and invoke the duality theory of Sections 2.6 and
4.4. Recall the relations, (3.15), (3.18) and (3.19), between the potentials for
primary and dual problems and note that if w is a non-constant solution of
(2.3b), then neither A(w) nor A(@) is a constant, where @ is the solution of
the dual problem.

For simplicity with notation, let ¢ = La, a constant, and let g denote the
potential for the dual problem. Then, from (3.2) and (3.18),

a=2q= C()\’(w)w’) + ))\\'(w) (1+cCw').

Aw) (w)
Suppose first that o = 0 and let A(w) = N(w)/(A(w)). Then
Aw)w' +iCA(w)w') = Aw) (v —i(1 + Cw')).

From Lemma 4.1 it follows, by the argument used to prove Theorem 2.2 (b),
that A (w)|w'|?/A(w) is zero almost everywhere. This is false since A(w) is not
constant. Hence o # 0.

Now let X(w) = N(w)/(aA(w)). Then w satisfies (2.3b) with A = X, as
well as with the original A. Since w is non-singular, it follows from Corollary
2.3 that w satisfies (2.3a) with A(w) and with A(w). Therefore

0 < Aw(t)) = Muw(t) = W

Since A(w) > 0, it follows from Corollary 2.9 (a) that A’ < 0 and hence o < 0
and

Aw) = Ag(w) := 3 —1aw for some 5 > 0.

Since the problem dual to Ag has A(w) = Xg(w) := Be*” the proof of Theorem
3.13 is complete. O
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4.10.4. Simple Morse-Index Estimates: Proof of Lemma 3.9

The two implications follow from (4.34), the minimax characterization of the
n'h eigenvalue [12, (4.5.1), page 88)] and the remark preceding the statement
of the lemma. Note that, since ¢ is not constant, for all u # 0,

™ s ™
/ uCu' + qminu2 dt < / uCu’ + qu2 dt < / uCu’ + qmaxu2 dt.

-7 -7 —T

Since ¢min is a constant, ffﬁ uCu' + qminu® dt < 0 on a (2n + 1)-dimensional
space where n is the largest integer with 2n < M(w). Since it is a constant, it
follows that gmin < —n. This proves the first implication. On the other hand,
if gmax < —m and ¢ is not constant, it follows that [ fﬂ uCu’ + qu? dt is negative
on a 2m + 1 dimensional space. This proves the second.

Now if (3.1) holds, then ¢ < 0 for any non-singular solution w of (2.3)
and hence M(w) > 0 by (3.17). O

4.11. Morse Index and Stagnation Points

Now we study the functional J from Section 3.5 in the Hilbert space W217’r2, with
a view to controlling non-singular solutions using bounds on Morse indices.
DEFINITION 4.20. When w is a non-singular solution of (2.3) let

1
v(w) = max

R(w) A(a)
The following estimates ¢ in terms of A and w .

LEMMA 4.21. Let (3.1) hold on R(w) where w is a non-singular solution

of (2.3). Then
lallzy, < mmax Y]
1 T X —
iz, = R(w) A

Proof. It follows from (3.2) and formula (4.35) for ¢ that

2g = AA/((Z)) (1+Cw') — C(XA(EQ;U/) <o0. (4.36)

Since, by Theorem 3.4, 1 + Cw’ > 0,

T s ‘)\/(w)‘ . ’)\/‘
1 = — = 1 + < —_.
HqHLz“ /_7T alt)dt /_,r 2\ (w) (14 Cul)dt Rm(?j; A
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Conversely, v(w) can be bounded in terms of ¢/ s , as the next result
shows. Note that the hypotheses for the next result implies the hypotheses
Theorems 3.2 and 3.3 for the same p > 0.

LEMMA 4.22. For a non-singular solution w of (2.3) satisfying (3.1) sup-
pose, for some o > 0 and positive constants my(w) and My(w), that

mo(w) _ N(a)| _ My(w)

MNaoe = Na) = Maye 17 a € R(w). (4.37)

Then, for some constant C,,

o+2

e (TMyw)ees ) ¥
log (1 + 251/(10)72 (QQ> )

S
+

2My(w)eass gl g, o2

Z){ e } ©(4.38)

where, ¢, is the norm of C as an operator on Lf_, 1 < p < .

© ‘

<Co(l+e,

'c‘-f—

According to [27], ¢, = tan(7/2p) if p € (1,2] and cot(7/2p) if p € [2, 00).
Proof. Since q is negative, (4.35) and (2.3a) give

L[y o) [ LG
1= — 1 >
oz, = 5 [ S 1+ cutar = e [ TS

> m@éw) /W (1+Cw) % dt > mmy(w), (4.39)

—Tr

by Jensen’s inequality. Let o = (¢ +2)/p. Then

s (o}
s, <3 [ (4 cw)de <2 g, (1.40)

- m@(w)

and

iy 1 g
(w7 + |1+ Cu|7} dt < 2-Co
—T mQ(w)

Relocating the origin if necessary suppose, without loss of generality, that
v(w) =1/A(w(0)). Then

lallry, - (4.41)

w Ve < y(w) Ve M twls S
0 < Mw()!/e < vw) et 2 /Or<>rd

l/w—l/g MQ(w)
<v(w) + .

lw'llg, [tz (4.42)
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For any r > 0, let K, = max{1, 2"~'}. Then (|a| + |b])" < K,(|a|" + |b|") for
all a, b € R. Let Co = Ket2 Ko+2. Then (2.3a) and (4.42) give
L= {Aw(t)(w' @)+ (1+Cuw'(t )}
_ox2 M,(w) =
< 20 Q / oz / o .
< Cofwlw)™ 5 + (FE ' lag, ) * o + 11+ e o)
(4.43)

Therefore, by (4.41), (4.43), (4.40) and (4.39), in turn,

2 2 g > / ﬂ 5
mel) T o ) (M ) )

>

/” 2 dt
o i) 4 (M) S (2] gy () Bt
 2log (14 v(w) 5 (M=) 5 (2])g| 1y fmy(w)) P
Co( Moo )52 (21| 1y /mg(w))?
2log (1 + w(w) 5 (Meltdee) 5 (27) i)
Cp(Mel)e) 52 (9]l g | 1y frg(w))®

Now multiplying through by the denominator on the right yields (4.38). O

>

COROLLARY 4.23. Let w be a non-singular solution of (2.3) and K, o > 0
such that )

7 <mp(w) < My(w) < K. (4.44)

Suppose ||q|| 1y < K1. Thenv(w) < C(K, Ky, 0) for some constant C(K, K1, 0).

The rest of this section concerns the behaviour of non-singular solutions
of (2.3) when a uniform bound on the Morse index is known. It can happen
that such results are needed for families of equations, rather than for a single
equation, for example, when A in (2.3) depends on parameters. To cover this
possibility, suppose that {\;} is a sequence of functions and {wy} is a sequence
of non-singular solutions of the corresponding equations

Ne(wp) {w, + (1+ Cuwp)?} =1, (4.45a)
Ae(wi) (1 + Cwl) + CA(wp)w)) —1 =0, wy € Wy (4.45D)
Let {gr} denote the corresponding sequence of potentials in (4.33) (without

the ™) and let M, denote the Morse index of the non-singular solution wy, of
(4.45b), for each k € N. The aim is to show that when their Morse indices are
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bounded, the solutions wy are not close to stagnation. The following are the
main hypotheses.

wy, is a non-singular solution of (4.45) for each k;
A satisfies (3.1) on R(wy) for each k;

for some K and p, (4.44) is satisfied with w = wy, for all £k € N;

Ar converges uniformly to A on R := UgenR(wy)

where \ satisfies (3.1) and (4.44) for the same g and K;

Me(ag) — 0as k— oo, ap € R(wg), implies {ax} is bounded;
for any compact interval I on which A is bounded away from 0,

{\} converges to A in C1%(I), for some « € (0,1).

Let 9 = Clog v/ Ax(wg). Since (3.1) holds and there are no stagnation points,
cos¥ >0 and 1+ Cwj, > 0, for all £ € N, by Theorem 3.4.

THEOREM 4.24. Suppose that (H) holds, { M.} is bounded and {||qx|/13 }
is unbounded. Then qs ¢ L} _ where

—(Qoo(z) = liminf —qg(z). (4.46)
k—o0
Proof. The proof proceeds via a sequence of lemmas.

LEMMA 4.25. Suppose that (H) holds and {||qx||rs_} is unbounded. There
exists a subsequence of {wy} which converges uniformly on [—m,x].

Proof. Since {q} is not bounded in L and (4.44) holds uniformly for
k € N, it follows from Lemma 4.21 that, for a subsequence,

Ai(wg(ty)) — 0 for some ty, € [—m,]. (4.47)

From (H), {wi(tx)} is bounded. From (4.45a), the sequence {gx o wy} is
uniformly bounded and Lipschitz continuous on [—m, 7], where

ao) = [ x(t VRl

Therefore, by the Ascoli-Arzela Theorem, {gx o w} has a subsequence which
is uniformly convergent, to v say, on [—m,7]. Now suppose (seeking a con-
tradiction) that {wy} is not a bounded sequence of continuous functions. Say
|wi(sk)] — oo as k — oo. Since {gr(wk(sk))} is bounded, for k sufficiently
large there exists y; between lwg(sg) and wg(sg) such that |A\g(yx)| — 0 as
k — oo. By (H), this implies that {y}, and hence {wg(sk)}, is bounded. This
contradiction shows that {wy} is a bounded sequence of continuous functions.

By (H), the sequence {\;} converges uniformly on compact intervals, to
A say, where A\ # 0 almost everywhere. Extracting a subsequence if necessary,
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suppose that, for {tx} in (4.47), wi(tx) — a* and let

@) = [ VIl = Jim gu(a)

Now define w : [—m, 7] — R by

Then
gr(wr) — g(wr) + (9(wr) — g(w)) = gr(wy) —v — 0
uniformly on [—m, 7] as k — oo. Since the first term on the left tends uniformly
to zero we conclude that
g(wg) — g(w) — 0
uniformly on [—7, 7] as k — oo. Since g is a strictly monotone continuous

function, {wy} (a subsequence of the original sequence) converges uniformly
on [—m,m|. O

Henceforth suppose that {wy} converges uniformly to w on [—m,x]. In
the proof of Lemma 4.29 it will be important to know that w is continuous.

LEMMA 4.26. Suppose that M < N, N € N, for all k € N. Then there
are at most m < N distinct points t; € (—m,w|, 1 < j < m, with the property
that, for all € > 0 sufficiently small,

tj+e
lim sup/ —qi(t)dt = oo. (4.48)
k—o00 tj—e

Proof. Suppose that there are N + 1 such points. Choose £ > 0 such that
(4.48) holds and the intervals [t; —2¢,t; 4 2¢], 1 < j < N +1, are disjoint. Let
1; be a non-negative smooth function with compact support in (t; —e,t; +¢),
with ;(t;) > 0 and with [|¢);]|;2 = 1. Then span{¢; : 1 <j < N + 1} is an
(N + 1)-dimensional space. Now let aé? eR, 1 <5< N+1, k€N, be such

that Zj.v:ﬁl(a?)Q =1 and let

N+1

G = > afiy.
j=1

Then |[¢kllzz, =1.
Now the (N + 1)st eigenvalue of the linear operator Ly defined by Lyu =
Cu' + qru is non-negative. Therefore, for all k¥ € N, there is a unit vector

(o/f, e ,aé“vﬂ) € RN*1 such that the corresponding function ¢y, has the prop-
erty that

{prCP, + anop }dt > —1.

—T
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Therefore
N+1

1 s ™
3 E (04?)2/ —qeidt <1+ [ ¢pColdt.
j=1 -

—T

But this is impossible since the right side is bounded independent of k
and the left side is unbounded above as kK — oo, because of the choice of the
points ¢; and the properties of the functions ;. O

LEMMA 4.27. Under the hypotheses of Theorem 4.24, let E be a compact
interval in the complement of {t; : 1 < j < m} in (—m, x|, where the points t;
are defined in Lemma 4.26. Then there exists § > 0 such that

Me(wi(t)) >0, te E, keN.

Proof. Let E' be a compact interval which contains none of the points ¢;
and which contains F in its interior. According to Lemma 4.26, there exists a
constant M (E’) such that, in the notation of (4.35),
St — L [ 1+ Cwp){w),” + (1 + Cw})?}dt < M(E'
LR g k(W) (1 + Cwp ){wy,” + (1 + Cwy) " }dt < M(E'),
since E’ is compact and disjoint from the points t;. Therefore, by Theorem
3.4, since wy has no stagnation points,

;/E W(l + Cwp)dt < M(E') + .
It now follows from (4.44), (4.45a) and (H) that, for all k € N,
1
2K /4
Therefore, by Lemma A.1 in the Appendix, {w},} and {1+ Cw} } are bounded

in L%Z(E) Recall that A\ > 0 and suppose, for contradiction, that (for a
subsequence) as k — 00

Bk = M (wi(m)) W0, 7, € E.

(1+Cw}) s dt < M(E') + . (4.49)

Then for any t € E,
M t
() < 61/ + M [ 1as
Q Tk

< ﬂ,i/g + const |t — Tklﬁ

Therefore, for t € E,
2\ %0
1= { () (jw/ (O + 1+ Cuf )}

42

< const (B, + [t — 7|) (Jwh(8)] = + |1+ Cu' (1)),
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and so
o+2 ot2 dt
/(yw;(t)| oL+ cw () )dthonst/ S
E BB+t — 7l
as k — oo since G \, 0. This is a contradiction which proves the result. O

LEMMA 4.28. Let E be the interval in Lemma 4.27. Then the sequence
{wg}, which is uniformly convergent to w on [—m,w|, has a subsequence which
converges in C*P(E) for all B € (0,a), where a is as in (H). Moreover, {qx}
is bounded in L®°(E) and w € C*P(E).

Proof. Equations (4.45b) satisfied by wy imply that

2\ (wi)Cwy, = — A (wi) 4+ A (wy)Cwy, — C (A (wi)wy,) + 1
= —Ar(wr) + 14 L (wr)

where £ is defined in (2.7) with A = A\x. Now the sequence {wy} is bounded
with A\g(wy) uniformly bounded away from zero on E.

From (H), there exists N € Nsuch that [A—=\;| < d/20onRpif k > N, with
0 from Lemma 4.27. Therefore A > 6/2 on Up>nwy(E). Since A is continuous,
A > §/3 in some neighbourhood R of Up>ywi(E), and it follows from (H)
that \x converges to A in C1*(R), a € (0,1). The smoothing properties of
the commutators £; on E (similar to those of Q in [6, 7, 37]; see also [26]),
the compactness of the embedding of C**(E) in C1#(E) when 8 € (0, ), and
a bootstrap argument, yields the required compactness of {wy} in C?°(E).
That w € C*P(E) is now immediate. To see that {gz} is bounded in L*®(FE)
we use formula (4.31):

W' N (wp) Wrw A (w) (1 4 Cwy.)
—Tm { b DR gyl oy (TR Y T )
qk m{ W]: + 2>\k(wk) k} m{ \W,:|2 ZAk(wk)
N (wg)(1 4+ Cw})
=\ LCw — wil(1+ Cu, : :
k(wk)(wkzcwk wy( +ka)) + 20k (wy)

The result follows from these observations and Remark A.2 in the Appendix.
|

LEMMA 4.29. Suppose that (H) holds, {My} is bounded, ||qx|/ry — oo
and oo 1s integrable. Then A(w) # 0 on [—m, 7.

Proof. Let E be any compact interval of (—m, ]\ {t; : 1 < j < m}. Then

1
[ 9= 5w+ Cu) (uf” + (1 +Cuf )t = [ i,
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and therefore, by Theorem 3.4 and Lemma 4.28, the classical derivatives of w
and Cw exist on E and satisfy

;/E—/\’(w)(l + (Cw)’)(w'2 +(1+ (Cw)')Q)dt < —/EqOodt +m < 00,

and 14 (Cw)’ > 0 on E. By the argument for (4.49),

1/7r(1+(cw)’)2§”dt</7r —(oo dt + mm

2K J_, — ). ’

where Cw is continuous except possibly at ¢;, 1 < j < m. If it is not continuous
at tj, then Cw has a simple jump discontinuity there because the classical
derivative (Cw)’ is integrable on a neighbourhood of ¢;. If there is a simple
jump discontinuity at ¢; then it is easily seen, from the Cauchy-principle-
value formula for C, that C(Cw) is unbounded in every neighbourhood of ;.
But C(Cw) = —w + [w], which is continuous by Lemma 4.25. Hence Cw is
continuous and 2m-periodic, and differentiable except at a finite number of
points of [—7,7]. Thus, by Remark 4.6, Cw and therefore w, is in whzto/e,
Hence A\(w) is nowhere zero, by Theorem 3.2 (a). O

Proof of Theorem 4.24 concluded. If ¢ is integrable, A(w) is nowhere
zero by Lemma 4.29. This is a contradiction since (4.47) implies that A(w) has
a zero on [—m, 7w|. This completes the proof of Theorem 4.24. O

4.11.1. Proof of Theorem 3.12
LeEMMA 4.30. If (H) holds and { My} is bounded, then {||qx||r1 } is bounded.

Proof. We argue by contradiction. Suppose without loss of generality that
lgrllzy — oo and let Lyu = Cu’ + qru. Since, by assumption, at most N of
the eigenvalues of Ly are negative we may, extracting a further subsequence if
necessary, suppose that the first [ < N eigenvalues of Ly, tend to —oo as k — oo
and that all the remaining eigenvalues of Ly, lie in the interval [— K, 0o) for some
K > 0. Let the eigenvalues of Ly, arranged in increasing order, be denoted by
{ Mf}ieN and let the corresponding L3, _-orthonormal sequence of eigenfunctions
be {ef }ien.

Let t;, 1 < j < m < N be the points identified in Lemma 4.26 (m # 0
since ¢ < 0 and ffﬂ qrdt — —o0 as k — o0). For ¢ > 0 sufficiently small let
E. denote the e-neighbourhood of the set {t; : 1 < j < m}. Now let ¢ be any
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Wa?-function which is zero on E. for some € > 0. Then
2

l

(L, ¢) = }j;% (@, €5)? = (1) HLeg,ef)? + D ul(g,el)?

=1 i=l+1

> Z /'Lz Lk¢7 1> _KH¢H%§T,

= Z ()7 (1€6.¢8) + anoeb))” — Kol

where angle brackets denote the L% -inner product. Since | < N < oo and
e rz_ = 1, and since, by Lemma 4.28, gi(t) is uniformly bounded, indepen-
dently of k, for ¢ in the complement of E., and since ¢ is zero on FE., it follows
that

lim inf(Lyo, ¢) > —K||6l|7; , K >0, (4.50)

where the constant K is independent of ¢ and of € > 0. Now for each € > 0
let
0 if |t] > 2¢
g:(t) = ¢ 1lif |t| <e on [—m,l.
linear otherwise

Let he =1 — g on [—7,m|. Then, by the Cauchy-Schwarz inequality and the
M. Riesz lemma on L3_,

8 2 4
0 < (he, ChL) = (9e, Cgz) < llgllrs 19 lls, <4/ 3 \/; =7 (4.51)

For € > 0 sufficiently small let
N
t) =[] r(t - ;).
j=1

Then 0 < ¢ < 1lis a W;%Q—function which is 0 in E.. Since ¢. — 1 almost

everywhere, ||¢5H%2 — 27 as € — 0, by the dominated convergence theorem.
27

Now, for an absolutely continuous 27-periodic ¢ (see, for example, [37,

Section 3]), o0
(¢, Ce) / / sin 1 s—t)}ddt

and therefore, for f, g € Wzr} with |f], |g] <1,

(fg.C( /_7r/_7r sin 1 s—tg}ddt—i_{s(n)( (i}det
(f7Cf +2<9,CQ>
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Since 0 < ¢ < 1 is a product of m translates of h. and since (4.51) holds,
it follows by induction on m that, independent of ¢,

<¢sac¢la> < ¢,, where ¢, = (4/\/§)(2m 4ogm=1 _ 2).

Hence, by (4.50),

k—oo

s
hmM/‘%ﬁﬁz—Kwﬂé—wme—%K—%
—T
as € — 0. But, because of Theorem 4.24 and Fatou’s lemma,

™
mmm/‘%ﬁﬁ
k—oo J_ .
can be made arbitrarily large and negative by choosing € > 0 sufficiently small.
This is a contradiction which proves Lemma 4.30. O

Theorem 3.12 now follows from Lemmas 4.22 and 4.30. O

A. Appendix — Background Material

The conjugate function Cu is defined almost everywhere for any 2m-periodic
locally integrable functions u by the Cauchy Principal Value integral

Cu(z) = - / " uy) cot(3(z — y))dy.

Alternatively,

Csinkx = —coskx, Ccoskr =sinkr, keN, (Cl=0, (A.1)

defines C for square-integrable functions.

The following notation is from [33, 37]. Let Lf . p > 0, denote the space
of 2m-periodic locally p’-power summable real-valued functions. For p > 1,
let W217’rp be the space of functions w € L5 with weak first derivatives w’ € L
and let Hé{’ ! be the real Hardy space of functions w € VV;,’T1 with w’ in the usual
Hardy space Hi, := {u € L} : Cu € L}_}. The space H]ﬁ’l is a Banach algebra
and A(u) € H%’l when u € H]}Q’l, if A is Lipschitz continuous [18, 38]. Let Hg’
denote the real Hardy spaces of 2m-periodic functions u such that u, Cu € L5S
and let HIEJOO be the space of absolutely continuous functions with w' € Hg.
The usual space of k-times continuously differentiable functions on an interval
I is denoted by C*(I).

The following background material is from [13, 15, 20, 32, 40]. Let D C C
denote the open unit disc. For a holomorphic function f: D — C, let f,.(t) =
f(re?t) fort € R and r € (0,1).
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We need a little more notation. The Nevanlinna class N consists of com-
plex analytic functions f : D — C such that

2
b | 108" 17 (re)ldt < oo,

If feN,lim, ~ f (re'), denoted by f*(t), t € R, exists almost everywhere and
log |f*| € Li. if f #0. A function f € N belongs to the Nevanlinna—Smirnov
class Nt if

2w 2m
lirr%/ log™ | f(re™)|dt —/ log™ | £*(¢)|dt. (A.2)
r—1Jo 0
It is well known that, for any p € (0, o],
1l = i 15lg, = supreqo 1 oz,

is well defined. The Hardy class HZ. is the set of f with ||f||, < co. Note that
HE C NT and, for f € HL, f* € b, ||f*lrz. = |Ifl|lp and log|f*| € L3, if
f #0. By a theorem of Smirnov, F € Nt and F* € Lf_ together imply that
F € HY (see, e.g., [13, 2.5]). Moreover u € Hj, if and only if u 4+ iCu = U* for
some U € H.

An outer function H is a holomorphic function on D which can be written
in the form H = a O(g) where a € C with |a| =1 and

0(9)() :exp{l/w g ygy(t)dt}, zeD, (A.3)

2 J_ et — 2z

for some 27-periodic function g : R — C with log|g| € L} . Outer functions
have the following properties [32, Theorems 17.16 & 17.7]:

O(g) € N has no zeros in D and O(g)(0) € R;

[(O(9))*| = |g| for any g with log|g| € Léﬂ, and, for p € (0, o0],
lg| € L5 if and only if O(g) € HE ;

for f € HE, p € (0,00] and z € D, |O(f*)(2)] > | f(2)];

for f € Hfé, p >0, f is an outer function if and only if

1 [" .
5= [ log|f*[ds =1log|f(0)];

27 J_,

if W and 1/W are in H%é, p > 0, then W is an outer function.

We used the following technical observation in the proof of Lemma 4.27.
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LEMMA A.1. Suppose that u is continuous on [—m, 7] with u(w) = u(—m),
and absolutely continuous on E" with ' € LP(E'), 1 < p < 0o, where E' is an
open interval. Let E be a compact sub-interval of E'. Then Cu is absolutely
continuous on E and

/
1(Cu) Loy < K(B, E")(ullpge + 14| Lo 1),
where K(E, E') is a constant.

Proof. Let E C E” C E’, where E" is a compact interval with end points
midway between those of F and E’. Let ¢ be a smooth function on [—m, 7]
with g =1on E’, $ =0 on [, 7]\ E' and write u = ¢u + (1 — ¢)u. Then

Cu = C(¢pu) +C((1 — p)u).
It is clear that (C(¢pu)) = C(¢u') +C(¢'u) € LE_, 1 < p < oo with

I(C(¢w) g, < K(¢, B, E')(lullzz, + 1/l Lo (1))-
Moreover, for x € E,

C((1—¢)u)(z) = % /[M]\E,, mdy’

which is clearly continuously differentiable on F with

(1 = ¢)w) ()] < K (&, B, E)|lul| .-

Combining these observations yields

1(Cu) o) < K (@, BBl + 1 ogen)-

Now taking the infimum over ¢ completes the proof. O

REMARK A.2. Almost the same argument leads to the following conclu-
sion (similar to [37, Lemma A1 (i)]). Suppose that wu is integrable on [—m, 7]
and its restriction to an open interval E' is in C*(E'). Let E be a compact sub-
interval of E'. Then Cu‘E € CY(E) and ||Cul|ca(gy is bounded by a constant
that depends only on the Ly _-norm of u and ||u|ca (g

REMARK A.3. If f: R(u) — R is Lipschitz continuous where u is abso-
lutely continuous on [—m,w], then f ow is absolutely continuous. Moreover,
(fouw)(t) exists for almost all t € [—m, x| and coincides with the weak deriva-
tive of f ou. Here' denotes the classical derivative at points where it exists.
If f'(u(t)) and u/(t) exist, then the chain rule (A.4) holds at t. If u'(t) = 0,
then (fou)'(t) =0 and the chain rule (A.4) holds at t whether or not f'(u(t))
exists, no matter what finite value is assigned to f'(u(t)).
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In the remaining case, f'(u(t)) does not exist but u'(t) exists and is non-
zero. Then it is easily to see that fou is not differentiable at t, and so t lies in
a set of zero measure. It follows that, no matter what finite value is assigned
to f'(v) at points v where f is not differentiable,

(fou)(t) = f(u(t)u'(t)  for almost all t € [—7, 7). (A.4)
Therefore this formula gives the weak derivative of f ou on [—m,x].
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