A SEMIGROUP APPROACH TO THE JUSTIFICATION OF KINETIC
THEORY
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ABSTRACT. This paper develops a method to rigorously show the validity of continuum de-
scription for the deterministic dynamics of many interacting particles with random initial data.
We consider a hard sphere flow where particles are removed after the first collision. A fixed
number of particles is drawn randomly according to an initial density fo(u,v) depending on
d-dimensional position v and velocity v. In the Boltzmann Grad scaling, we derive the va-
lidity of a Boltzmann equation without gain term for arbitrary long times, when we assume
finiteness of moments up to order two and initial data that are L°° in space. We characterize
the many particle flow by collision trees which encode possible collisions. The convergence of
the many-particle dynamics to the Boltzmann dynamics is achieved via the convergence of as-
sociated probability measures on collision trees. These probability measures satisfy nonlinear
Kolmogorov equations, which are shown to be well-posed by semigroup methods.

1. INTRODUCTION

Deriving continuum models as a scaling limit of atomistic particle dynamics is a fundamental
problem of mathematical physics. The aim is to prove the validity of continuum equations like
the Boltzmann equation to describe the effective behavior of many particle dynamics. The first
rigorous derivation was given by Lanford [Lan75] for short times using the BBGKY hierarchy.
The problem of convergence of this hierarchy was partially overcome by using sufficiently small
initial data on unbounded domains [IP89] or by considering linear variants, related results can
be found in [Spo78, BBS83, Spo91, CIP94].

In this paper we consider kinetic annihilation, a simplification of hard ball dynamics which
keeps two central features of the original evolution: The initial state is random, the evolution
is deterministic. We assume that the initial configuration of n particles in the phase space
U x R? (U = T? is the unit torus) are drawn independently with some density fo € L'(U x R9).
As long as they are intact the centres of the spheres move along straight lines with constant
velocity. When the centres of two spheres, which are still intact, come within distance a, then
both spheres are destroyed. Kinetic (or ballistic) annihilation has been studied extensively in
the physics literature, see [CDPTWO03, Pia95, DFPR95, PTDO02], including a proof that the
Boltzmann approximation does not hold in one space dimension [EF85]. The model can be
used e.g. to model growth and coarsening of surfaces, see [KS88]. The BBGKY hierarchy
could be used to prove the validity of the continuum description, but it would require stronger
assumptions on the initial distributions.

In this article we develop a novel approach based on semigroup theory. A preliminary version
was first introduced in [MT10]. We consider heterogenous initial distributions and have to deal
with the transport term in the emerging equation. Furthermore despite dropping assumptions
on Poissonian distributions, we are able to show stronger convergence results.

We analyze the evolution of n balls of diameter a and with position u(i,t) € U c R? for
i€ {1,...,n} with d > 2 and respective velocity v(i,t) € R% Our main interest is the kinetic
limit, when the number of particles n tends to infinity and the initial values (u(i,0),v(i,0))
are independent identically distributed random variables distributed according to some initial
distribution fy. The diameter a of the particles is coupled to the number n by the Boltzmann-
Grad scaling, which is in the easiest form

(1-1) na® 1 =1.
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The final aim is to analyze the situation, where the particles interact via some suitable potential,
like a hard-sphere one. Then for all open sets A C U x R% and any given time, the number
of particles in A divided by the total number of particles converges to [, f(u,v,t)dudv. It is
expected that the density f then solves the nonlinear Boltzmann equation

(12) 8tf +v- Vuf = _Q—[fa f]7

where Q_ > 0 is the collision operator accounting for the losses. The collision operator can be
easily derived for hard-core potentials in a situation of completely independent particles with
density f(u,v,t). Particles with velocities v and v’ collide at position u with a given probability
depending on v and v’ and impact parameter v € S¥1. In the density there is a loss at (u,v)
and (u,v’). The loss-operator has the form

Q-1 i) = [ [ ) fuo) o =)ol dvay

In the case of collisional dynamics the loss is balanced by the corresponding gain at (u,vs)
and (u,v}) with the consequence that the Boltzmann equation is augmented by the appropriate
gain-term.

In [MT10] we analyze a situation of spatially homogeneous initial data, which corresponds to a
version of (1.2), where the transport term v - V,, f vanishes. In the present paper we will allow
for heterogeneous initial data reintroducing the transport term. To handle the transport term
we will restrict our attention to initial densities fy which are absolutely continuous with respect
to the Lebesgue measure:

(1.3) fo e LYU x RY), with fo > 0 and / fo(u,v)dudv =1
U xRd

and have finite total energy:
(1.4) / (1 + o) % fo(u,v) dudv = K < oo.
UxR?

We require the u-marginal of fo to be in L4(U) to ensure that particles overlap at any given
point only with probability zero, see Section 7 and that the energy density and its transported
versions are also bounded in L>(U)

(1.5) Koo = €88 SUD(y ) (0,1)xU /Rd(l + [v]%) fo(u — tv,v) dv < oco.

The main result (Theorem 2.1) is a rigorous justification of (1.2), if fo fulfills (1.3), (1.4) and (1.5).
A key element in the proof is an intermediate layer of description between the complicated n-body
evolution and the one-body distribution f(-, -,t). This layer consists of trees which describe
the history of collisions of an individual particle and its potential scattering particles. This extra
layer allows on one hand a relatively easy description of the limiting (idealized) distribution P,
see the definition in (4.34). On the other hand we can estimate the error between the empiric
distribution P; created by the n-body evolution and the idealized distribution P;, see Proposition
5.4.

In contrast to [MT10], where we used explicit formulae for the distributions, we derive nonlinear
Kolmogorov equations for the evolution of the probability measures P; and P, with time t. As we
are essentially describing the evolution of low-dimensional marginals the Kolmogorov equations
are quadratic in the measure. A key result is the derivation of the Kolmogorov equation for B
which accounts for the correlations caused by the history of the evolution.

By fixing one of the arguments of the Kolmogorov operator it will be possible to apply general
semigroup theory to the idealized evolution. A fixed-point argument then provides the existince
of a nonlinear semigroup. The desired convergence of the multi-body empiric distribution to
the idealized one in the Boltzmann-Grad limit then follows with relative ease. The final step
is to derive the density description f;(-, -) as a marginal from the distribution of trees. The
Boltzmann equation will appear then naturally from the differential equation for the distribution

on trees.
2



Allowing heterogenous initial data requires a number of additions to the methods in [MT10],
because several new error terms are created by the spatial heterogeneity. A careful analysis of
regularity of the initial data (1.3) fo is needed to deal with concentration phenomena in position
space and to obtain solutions to (1.2). We will consider here a bounded domain with periodic
boundary data, i.e. U = T? = (R/Z)%.

On the level of partial differential equations several formulations of (1.2) are relevant. In a
particular form this equation is well-defined for L'-data with respect to the space coordinate .
We require higher spatial regularity in the derivation, such that we can obtain standard mild and
weak solutions of (1.2). Following ideas in [MT10], L? regularity is enough to prove tightness of
the self-similar tree measure by deriving bounds on the expected number of nodes in the trees.
We need L? to obtain good bounds on the initial overlap of particles. In the current paper we
impose L assumptions on the spatial energy density for simplicity of presentation.

It is noteworthy that the well-posedness of the Boltzmann equation in some function space
does not imply that the limit of the single-particle distribution is a solution of the Boltzmann
equation; an explicit counterexample has been constructed in [MT10].

In the current paper we prove all required regularity for finite times through a simple a priori
bound of the solutions of (1.2) due to the sign of the right-hand side. However, we expect that
with growing complexity more involved estimates will be required. The analytical understanding
of various aspects of kinetic equations has progressed significantly within the last 25 years. A
crucial tool is the gain of regularity and compactness through velocity averaging lemmas for
various equations [Ag84, GLPS99, Ge90, GG92, DP01], for further references see the review
[Per04]. The existence of renormalized solutions to the full Boltzmann equation [DL89a] uses
transport theory as in [DL89b]. These tools are also relevant when the aim is to derive the
incompressible Navier Stokes equation through scaling of solutions of the Boltzmann equation
[BGL93, LMO01a, LM01b, GS04].

The paper is organized as follows. In Section 2 we will describe the set-up and formulate the
main result. In Section 3 the collision trees and various probability distributions are intoduced.
The main theorem will be proved in Section 6, by deriving the effective single particle dynamics.
In Section 7 we discuss spatial concentrations.

2. SET-UP AND MAIN RESULT

We define the multi-body evolution in the following way. Let fo € L'(U x R?) be a density of
initial conditions. For each n € N consider the random variable

(2.1) (u®,v°) = (z1,...,2,) € (U x RH)™,

with 21, ..., 2z, independent, identically distributed according to fy and a determined by (2.8)
giving a probability measure Prob,. The particles evolve by force-free Newtonian dynamics with
initial conditions (uo UQ) cUxRfori=1,...,n

[
(2.2) ui(t =0) = u?, vi(t = 0) = v)
according to the differential equations
ui(t) = vi(t)
(2.3) 0;(t) =0
The scattering state (1 for unscattered, 0 for scattered and removed) for each particle:i = 1,...,n
and time ¢ is defined by
0 if there exists i’ # i such that |u) — uY| < a,
(2.4) Bi(a)(t) =<0 if min{d(zi,zi/,s) - aﬁi(,a)(s) ’ s€[0,t],i # i’} <0,
1 else,
where a will depend on n and where the distance of particles on the torus U with data z; = (u;, v;)
and zy = (uy,vy) 18
Az, 20, 8) = lua(s) — g ()| = [u? — u + 5 (v — o)
3
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This means in particular, that particles are removed if they overlap at time ¢t = 0. See [MT10] for

a proof, that ﬂi(a) (t) is well-defined. We compare the multi-body evolution with the single-body
description f: U x R? x [0,00) — R

(25) 8tf+vvuf = _Q*[fvf]v
f(u,v,O) = fO(u7v)a

where
(2:6) Q-11,91(0) = L) 1) = ( [ oymalo = vl ) f0)

is the loss term and kg is the volume of the (d—1) dimensional unit ball, in particular k9 = 2 and
kg = 7. We will consider mild solutions of (2.5), which are functions f € C°([0,T), L*(U x R%))
with

¢
(2.7) fe=5tfo — /0 St-sQ-[fs, fs] ds

in LY(U x R?) for all t € [0,T) where S; is the strongly continuous linear semigroup given by
Sih(u,v) = h(u — tv,v).

Theorem 2.1. Let fo € L' (U x R?) with d > 2 be an initial distribution fulfilling (1.3), (1.4),
(1.5). For n € N, consider the evolution of (2.3) with initial conditions (2.2) as in (2.1). The
diameter a is coupled to n via the Boltzmann-Grad scaling

(2-8) na® 1t =1.

Then the density of the unscattered particles converges to a solution of the Boltzmann equation
in the sense that for all ¢ > 0 and all open A C U x R% uniformly for t in a compact set

(2.9) lim Prob, (‘;# {z (us(t), vi(t) € A, B (t) = 1} - /Adft(u,v) > 5> —0,

where fi(-, ) = f(-,-,t) is the unique mild solution of (2.5). Furthermore, there exists a
sequence ap, — 0 and corresponding particle numbers ny, such that with probability 1

(2.10) ?;Z@mww—wmmmmﬁﬁ
=1

weak-* in M(U x R?) (the space of unsigned Radon measures) as k — oo, with § denoting the
Dirac-distribution.

Remark 2.2. (i) The number of particles n is fized for given diameter a in difference to
[MT10], where it was a random number given by a Poisson distribution with intensity
a'=%. So here we consider a canonical ensemble as opposed to a grand canonical ensemble
in the easier case. As we meed some control of correlations to prove convergence in
probability (2.9), proofs would not be much easier for a grand canonical ensemble.

(ii) For other notions of solutions of equation (2.5) see Proposition 4.9.

(iii) Some effects of spatial concentration are analyzed in section 7, concentration effects in
velocity are ruled out via the absolute continuity with respect to Lebesque measure.

(iv) A larger class of initial distributions like fo € LU, BC°(RY)*) with some additional
non-concentration assumptions in velocity space seems to be conceivable, but is not con-
sidered for presentational reasons.

(v) The convergence of k-particle distribution functions to a product of f; can be shown for
every fixed k using the same method. This gives a connection to the classical derivation
for short times using the BBGKY hierarchy, which was applied to the simpler problem
of coagulation by Lang and Nguyen [LN80|. Here the spheres move along Brownian
paths and two intact spheres annihilate each other if the distance between the centers
drops below a. Although the series generated by the BBGKY hierarchy does not converge

globally, a rigorous justification of the corresponding Boltzmann equation was obtained
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by restarting the procedure at small positive time. The BBGKY hierarchy could also
be applied to the ballistic annihilation model, but would require bounds on exponential
momenta.

3. COLLISION TREES

We introduce now the important intermediate layer of collision trees to understand the multi-
body dynamics. In the collision tree with root (u,v), we will collect information of collisions
and potential collisions up to time ¢ for particle 1 with initial data (u,v). Collisions happen in
the gainless case, considered here, if |u + sv — (v’ + sv')|y < a for some time s € [0, ] and some

(u/,v") = (u?,0?) for some particle . So on the second level of nodes we will note all particle,

R )

which intersect the path of the root particle up to time ¢. In the tree we collect the velocity v;,
collision time s; and impact parameter v; of the particle ¢. Such an intersection will only lead to
a collision in (2.3), if both particles were not scattered before, e.g. the particle at the root might
not collide at the smallest potential collision time, because this particle was scattered earlier.
Therefore to determine this, we will also collect all information about potential collisions of the
particles ¢ on level 2 up to the collision time s;. Of course, the potential collisions with ¢ cannot
occur, if there are earlier collisions of particles i’ on level 3 before the collision time s;. We will
iterate this procedure to collect all possible collision events. Due to the finiteness of the number
of particles and number of possible collisions in finite time for given velocities, the trees have
finite size. We will later show, that the size of the trees relevant in the description of (2.3) is
uniformly bounded as n — oo in our scaling. To compare the dynamics of several particles, we
will consider “trees” with « roots, which is a forest in graph theory language. The number «
is fixed, in particular the behavior with @ = n will not be considered. We use the following
notation.

Definition 3.1 (Marked Trees). The set of trees T is the set of acyclic directed graphs m =
(V, E) with a root node root’. We adopt the standard convention that two trees (V, E), (V',E') €
T are identical if there there exists a bijective map @ : V. — V' which maps the root to the root
and conserves the connectivity ((p(1), p(I')) € E" if and only if (1,I') € E).
Each tree induces a partial order on the set of nodes. For a node l € m \ root the predecessor of
l is denoted by . We say that | <, k if either | =k orl <, k.
Let Y = R x [0,00) x 891 be the set of child-markers and Y* = U x RY be the set of root
markers. The collision trees MT is the set of mappings from trees to Y U Y™ such that the
collision times respect the order of the vertices:

MT = {(m, (u,v), (vi, 51, V)iem\root) * M €T and s < s if | < k}.
Each marked tree ® € MT induces a partial order ‘<’ on the set of vertices:

1 < k if there exists I <p 1, 4 <p k such that I'=Fk and sy < spr.

The number of vertices in a marked tree ® is #P. The distance between two trees ® and ¥ is
defined as

A(®, 7) = mln{l,lérrlné%)@l—\lll\oo} if m(®) = m(¥),
1 else.
By 7(®) we denote the final collision time
7(®) = max {s; : [ =root},
and
MT, ={P e MT : 7(P) =t}
1s the set of trees where the final collision takes place at t. For each node | € m the initial
position u; € T is computed via the recursive formula

W — u if | = root,
L= uj+ si(vp —v) +av;  if L is the ancestor of I.
5
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FiGURE 1. Initial positions and velocities of four particles. The bullets indicate
the positions where the particles are potentially scattered. The collision at time
s4 can be ignored in the tree of with root particle 1, as s4 > s3 and s4 > s9. The
tree with root particle 2 is atypical (or not ’good’ in the sense below), because
the collision event at time so appears in separate branches of the tree.

We will often write u(®) and v(P) instead of uroot (P) and vioet(P) as well as T instead of T(P).

Remark 3.2. We can define a total order on the nodes for a generic subset of MT. We
consider trees ® € MT if s; # sy for all I,k € m(®) such that | = k. It is easy to see that
for each generic tree the relation ‘<’ defines a total order and thus we can enumerate the nodes
[ € m(P).

We will also consider trees generated by several particles, in this case ® € M7T“, o € {1,2,...}.
The set Y = R? x [0, 00) x S%~! denotes initial velocity v, collision time s and impact parameter
v. The root marker Y* = U x R? characterizes the initial position and velocity of the root
particle. Some examples of collision trees are given in figure 1. For a wider discussion of such
tree structures see [MTO8].

The definition of the evolution of the set of trees is based on two elementary operations: extrac-
tion of subtrees and pruning.

Definition 3.3. Let ® € MT; (ie. 7(®) = t) and let | € m be the node which cor-
responds to the final collision in the sense that | = root and s; = 7. The subtree ®, =
(0 (), (W), S ) i defined by

m'={kem : k<,1}, (W)= (u,v), (g, s,) = (Vk, vk, sk) if k <.

The pruned tree ®; = (m, (u,v), (Vg, Vg, Sk)kem) 18 defined by m = m\ m' ift =7 and &, =

ift #r.
The impact parameter vy is defined as vy := vy = 2 (u — ' + t(v — ")) with the convention that
u=u(®), v =u(d}) etc.

Recall that MT is a metric space and denote for each ¥ € M7 by
By(¥)={® e MT : d(®,¥)<L}.

the ball with diameter h centered at W. For 0 < h < 1 the ball By (¥) is a 2d#¥-dimensional,
smooth set.

Definition 3.4. The standard Lebesgue-measure on MT is denoted by d\.

We will now describe several probability measures on M7 to first describe the idealized dis-
tribution P, closely related to the Boltzmann equation, and then the empiric distributions P,
related to the annihilation flow. We collect several properties of these to prepare Proposition

5.4 which delivers the convergence of P, to P, as n — 0.
6



4. IDEALIZED DISTRIBUTION

The idealized distribution P, is characterized by a differential equation (4.4). Before stating the
equation we give a simple example which motivates the form and the analysis of the equation.
Then we show that (4.4) admits a unique solution P;. Finally we study the properties of P;
which will be instrumental when we demonstrate in section 5.1 that for each ¢ the probability
distribution P; is very close to the empiric tree distribution Pt, which is generated by the
annihilation dynamics.

To motivate the analytical setting we consider first a simple example which illustrates the no-
tation and the way semigroup theory applies. Recall that § denotes the Dirac distribution and
consider the linear system of differential equations

ult) = pu, u(0) =1,
b { d(s t) =6(t—s)u+pv, v(s,0)=0 foralls,

with a parameter p < 0 and time-dependent variables (u,v) € X = R x M (]0,00)). The Banach
space M () is the set of all finite unsigned measures, or alternatively, the dual space of C(Q).
The solution is given by u(t) = exp(ut) and

| exp(ut) ift>s,
v(s,t) = { 0 else.
The generator takes the form L; = < S(t— ) ) it is easy to see that L, is stable for each u < 0, i.e.

has a continuous resolvent for each A > 0. Indeed, (A—p)f1 = g1 and —0(t— - ) fi+(A—p)fa = g2

implies that
1
(4.2) fi=

A—p

(4.3) fngLL(Ag_lua(t_.)—ugz),

which is clearly a continuous map from X to X. In the case of the example, the operator L; is
actually continuous

[Lef Il =lul 1 f1] + 1 F16(8 = - ) + pf2llaro,00))
<lpl 1 fol+ A0 = ooy Hied Lf2lla1(0,00)) < max{T, 20} [|f]lx,

=1

g1,

this is not true for the operator which is defined below.
Now we consider a setting which is more closely linked with annihilation dynamics.

4.1. Existence and uniqueness of the idealized distribution. We now introduce the dis-
tribution P;* via the Kolmogorov equation

(4.4) { a% - ?? [Pf, P, pi [PE]],

where the collision rate uf[P] MT) is defined by

(4.5)  uiP /Sd 1 dv /MT dP(¥)0(u — u(¥) + t(v —v(¥)) + av) [(v — v(¥)) - V4,
and QF[P, P', u] is given by

(4.6) QY[P, P!, )(®) = P(®) LY[F](®),

(4.7) LE[P', p)(®) = 6(t — 7(2)) P'(®) [(v = ) - ]y — (@),

with the convention v = v(®), v' = v(®}) etc. Note that the operator L extracts subtrees which

collide with the root particle. The initial position u(®}) varies with a as in (3.1) and provides

the sole mechanism how L® depends on a. The dependency on a will be mostly suppressed in

the subsequent analyis. As the dependency of Q on u is rather trivial it will often not be shown
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explicitly. The evolution defined by (4.6,4.7) will assign the probability P(®;)P'(®}) [(v—v")-v]+
to the new formed tree ® at time ¢, while u(®) is the loss rate at later times.

We use the notation P, = PP and refer to P, as ’idealized’ distribution.

For fixed @ the time evolution of P(®) is rather simple:

Pi(®) = 0if t < 7(D),

and for ¢t > 7(®) the function ¢t — P;(®)/P-(P) is non-negative and monotonously decreasing.
To see that Q; conserves the total probability we have to show that the delta-distributions in
(4.5) and (4.7) are equivalent.

Lemma 4.1. Let ® € MT then
(4.8) St —7(®) =6 (u— (@) +t(v— ' (®)) + av(P)),

1.€e.

| @)@, 25 - (@)
MT

:/MT AN(®) /Sdl dv /MT AN(®) g(®, B) § (u(c1>) — (@) + t(o(®) — v(®)) +a1/) .

for all g € Co(MT x MT) (the set of continuous functions with compact support) such that
g=0ifmax{r, 7} >t or (v—20) - (u—u+t(v—"20))<O0.

Proof. Let MTy = {® € MT : ot = 0} and define for each & € M7 and u € U the
translated tree £(®,u) € MT as

g — (u, Vroot)  if I = root,
L= ®; else.

Then we find that the left hand side of (4.8) can be rewritten as

@)@ 05—
= /MT d\(®) /MTO dA\(D) /Sd1 dv /[T(@,T} d7g (<I>, (P, u+7(v—10)+ au)) S(t—7)

:/ dA(®) / d\(®) / dvg (@,g(cﬁ,u +t(v—10) + au)) .
MT MTy Sd—1
Similarly we obtain for the right-hand side of (4.8)

/MT A\(®) /S o /MT ANE) g(®, 8) 5 (u(®) — u(®) + 1(0(®) — (@) — a)

- /MT dA(®) /Sdl v /MTO A(®)g (cI),g ((i)’ ut v =9) - W)) .

Hence, both sides of the equation (4.8) coincide and the proof is finished. O

An immediate consequence of Lemma 4.1 is that the average of Qf[P, P'] is zero in the sense
that

(4.9) /Mngg[P, P(®)p(®;) =0 for all ¢ € Co(MT).

The relation to the Boltzmann equation will become apparent in Proposition 4.8. To study the
existence of solutions of (4.4), we first introduce the appropriate function spaces. We define
spaces of integrable functions on M7 with general weights

(4.10) X¢:={f € M(MT) | |fllx, <ocand f(-|7=t) € L'(MT,) Vt>0}
with

T
1f1lx, ZSUP{/O ds /MTd\fl(‘I’)W(UvLSU,S)(lJr\v!)z

8
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and let X = X;. Note that X is a Banach space but it is not a subset of L'(MT) because the
T-marginal can have concentrations.

Remark 4.2. If P € X, and the T-marginal is in L*([0,T]), then P € LY(MT).

To see that X, is a Banach space we suppose that f,, is a Cauchy sequence in X, then f,, — f
in M(MT). Since the sequence f,, converges it is also tight. The absolute continuity follows
from the disintegration theorem [DMT78], which provides the existence of o € M([0,7]) and a
family of measures f; = f(- |7 =t) € L}(MT) such that for all g € C(MT) the formula

/Mngf = /OT do(t) /Mﬂ afi(®) g(®)

holds. Then for E; C M7, of measure zero f;(E;) = 0 for o-almost every ¢, such that we have
f € X, after a modification on a set of measure zero.

After this preparation we can derive an existence and uniqueness result for the linearized evo-
lution.

Lemma 4.3. For each P' € C°([0,T], X) the operator Q%[ - , P/] is the generator of a strongly
continuous evolution U%(s,t) on X, i.e. there exits a unique solution of the equation

(4.11) ;Pﬁ = Q[P P]], Po= fo

For each t > 0 the solution P{ has the following properties

1) P? has a density, i.e. P, € LY(MT).

2) Pf is nonnegative, i.e. [, dPy(®) >0 for all @ C MT measurable.
3) Pf is normalized, i.e. [, dP(®) = 1.

4) The Lagrangian root marginal w|[Pf] which is defined by

(
(
(
(

| P ot = [ dP@) gu(@).v(@)
U xR4 MT
is independent of a and t, i.e. w[P}] = fo.

Remark 4.4. As a consequence of Lemma 4.3.4 we obtain the following formula for the collision
rate which involves only fo but not P} :

(4.12) we [P (u,v) = pe(u,v) = /Sd—l dv /Rd dv’ fo(u +t(v — ') + av, ') (v =0") - v.

Proof of Lemma 4.3. As the role of a is irrelevant for this proof it will not be shown. We
show that Q[ - , P'] generates an evolution on X with Xs being a subset of the domain of the
unbounded operator Q[ - , Pf], for this we use general results of [Paz83, chap. 5|. The aim
is to prove the existence of an evolution operator, which is the non-autonomous version of a
semigroup. We study the following resolvent equation

(4.13) Af=g

with Ayf = Af — Q[f ,P'] for A > 0 and g € X. It suffices to establish the existence of
nonnegative solutions f if g > 0. Indeed, for general g we can decompose f and g into positive
and negative parts: f = fi — f-, g = g4 —g-; if Afy = g& then A(fy — f-) = g4 —g-.
We consider two separate cases depending on whether the time coincides with the final collision

time of a tree.
Then for t # 7(®), we obtain

(114) A (®) + p(®)f(8) = g(®),
(415) 1(®) = 1 579(®)

For t = 7(®) the solution to
(4.16)  (Af = QLf, P'N)(®) = Af(®) + u(@) f(®) — f(@e) P'(2}) (v — vroot (D)) - )+ = g(®),
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is given by

(4.17) F(@) = A+1M(<I>) (g(q)> +4(@, )p/(cp/) (A - Zggp/)) - u+> _

The key observation in (4.15) and (4.17) is that f is non-negative for non-negative g and A > 0.

Hence then for nonnegative f
/ dudsw(u,s) =1
Ux[0,T]

(without the | . |-bars) implies with (4.13) and (4.9) that for each w € L' (U x [0, T) the equation

[fllx = sup { /MT df(®) (1 + [v]) wlu + sv, 5)

T
[ as [ as@) s phwar so,s)
0 MT

T
- /0 ds /Mng<<1>><1+|v|>w<u+svvs>
1 r T / /
+/\/0 ds /MTdf((I)t) (1+ |v]) w(u + sv, s) /MTst[P](é)

T
-5 e /de<<1>><1+rv\>w<u+sv,s>

holds. The first equation is due to (4.13), the second equation follows from (4.9). Nonpositive
right-hand sides f can be treated analogously. Thus

1
1£1lx = S llgllx.
This shows that Q[ - , P/] is a stable family of generators with exponential growth rate w = 0
and bound M = 1. Furthermore as (4.9) also holds when restricting to ® with given root data,
then also f € X, if g € X,.
We will demonstrate now that for each f € Xa (cf. eqn. (4.10)), t € [0,7] and P’ € X

(4.18) 1Qelf, PIII < 26a || f pue[P]]I-

Indeed, for fixed ¢ € [0, T one obtains that

1Q:[f, P']llx

/ ds [ Al @)] 1+ o) w0,

X / dv / dP (@) d(u—u' +t(v—0)+av) (v —20") vy
Sd—1 MT

T

s [ @) mlP)@) (14 o wlat so,s)

0 MT
It is immediate that the first term and the second term coincide:
T
[ as [ ar@lasphutussos)
0 MT

X / dv / dP (@) d(u—u' +t(v—0)+av) (v —20") vy

Sd—1 MT

T
‘/ ds / d|f (@) (1 + |v]) w(u+ sv,s) w [P (),
0 MT

10



and thus inequality (4.18) is established. Hence, we obtain for each t € [0, T
T
[ as [ an@ st ss) [ anp)@)
0 MT MT
T
< [Cas [ ap@) @ o)t se,s)
0 MT

X /MT dP/(®")6(u — u" + t(v — V") +av) (v —0") - vy
§2/0Tds /Wdyf@)y(Hyv|)w(u+sv,s)
« sup {/S dv /m AP/(@") b — 0"+ Hv — o) + av) (v — ") - vs /Uw(u) du = 1}

T
K 0 2w
<oy [ as [ A1) 0+ P

T
X sup {/ ds / P/(®") (1 + ["])) w(u" + sv",s)) : / dudsw(u,s) = 1}
0 MT Ux[0,T]

T

=2f€d/ dS/ d[fI(®) (1 + [v))*w(u + sv, s) | P']| x
0 MT

This implies that

(4.19) 1Q:1f, Plllx < 26a [[fIlx. 1Pl x

hence Xy C D(Q[ -, P[]).

We are now in a position to check conditions (Hi), (H2), (H3) in [Paz83, Theorem 5.3.1]. The
first two conditions are satisfied as Q[ - , P] is a stable family of generators with exponential
growth rate w = 0 and bound M = 1 both on X and Y = X5. By (4.19) and linearity in the
second argument we also obtain that t — Q[ -, P/] is continuous in the || - ||y x norm as long
as t — P/ is continuous in X. Then there exists a unique evolution system U (t,to) by [Paz83,
Theorem 5.3.1] on X.

Next we show that P, > 0. The construction of U(t, s) is based on repeated applications of
Id — hQ[-, P!] with h > 0 and s € [0,7T], all these operators are multiples of the resolvent in
(4.13). Hence they map positive functions to positive functions by the observation after (4.17).
Thus we have P; > 0.

Together with (4.9) this implies that for each ¢t > 0 the measure P, characterizes a probability
distribution on M7T.

Next we show that the measure P, has a density with respect to the Lebesgue measure if £ > 0.
Following Remark 4.2 it suffices to show that there exists a function f € L'([0,00)) with the

property

(4.20) dP(®) g(7(D)) = / df(t)g(t)  for all g € L=([0,00)).
MT t

First note that (4.20) is an immediate consequence of the stronger bound
/MT dP(®) g(r(®)) < Cllgllpiory  for all g € LY([0,00)).

As P solves (4.11) strongly, 6;P € C°((0,T), X) and we have that for each ¢ € [0, 7]

t
/ dP;(®) g(7(®)) < / drdQf(®) (1) < llgllzrqory sup [10:P(7)l|x.
MT 0 7€[0,T
Finally part (iv) follows from (4.9) by letting ¢(®;) = g(u(®y), v(®;)) = g(u(®), v(P)). O

We will also need an L! version of (4.19).
11



Remark 4.5. Lemma 4.3 also holds if X is replaced with the Banach space
Z={f e L"MT) | ||fllz < oo}

with || fllz = [z AIfI(®) (1+]v]) since estimate (4.19) follows with X replaced by Z, as u;(u, v)
is an LY(T9) function for the argument (u + tv), whereas f € Xo is L°(T%) for the same argu-
ment, such that the estimate of the product term Qy[f, P'| follows by the Hélder inequality. Note
however that Z is not a suitable space for establishing the existence of a nonlinear semigroup.

Using a hierarchy of approximations we are now able to obtain the idealized distributions.

Proposition 4.6. (i) For each a > 0 the nonlinear Kolmogorov equation (4.4) has a unique
solution P € C1([0,T), X) N C°([0,T], X2) for every fo satisfying (1.5).
(ii) For given initial data and for eacht the measure P} converges to P, = P in Z as a — 0.

Proof. As the role of a is not relevant for (i) we will not show the dependency on a in this part
of the proof. We prove (i) by approximating P; by a sequence of probability measures P, j, which
are defined recursively by the equation

(4.21) P,y = fo,

OP; .
8; = [Pk, Pii—1),  Por = fo

The existence of evolution operator for (4.21, 4.22) if P, € C1([0,T7],X) N C°([0,7],Y) is a
consequence of Lemma 4.3. To have classical solutions of the operator equation we have to use
some more semigroup theory. The evolution system in Lemma 4.3 is constructed through an
implicit Euler approximation, i.e. using a resolvent as in (4.13), then as the resolvents leave
Y invariant, U(t,tp) maps Y and also any other X, to itself, giving condition (E,) in [Paz83,
Theorem 5.4.3].

To check the strong continuity condition in Y, condition (FEs5), we start with initial data in
f € Xs, and use the previous results with X replaced by X2 and Y by X3. Then Theorem 5.3.1
in [Paz83] implies that there is a unique Y-valued solution of

(4.22)

OP; /
G =l P,
(4.23) { - o

Replacing P’ by P, ;—1 and P; by Py gives that P, € C([0,7],X)NC%([0,T),Y) for all k € N
by induction.

Next we will prove that P, = limy_.o P} exists by showing that the solutions of the non-
autonomous linear equation (4.23) are a contraction of P’ € C°([0,T], X) with respect to the
norm

[P, = sup exp(—pt)|| P x-
t€[0,T]

To consider a solution of (4.23), we replace P’ with P}:

a£t - Qt[ptvptqv
(4.24) 7
Py = fo,
then P, — P, satisfies
(4.25) { G~ G = QP P Pl) + QulP P~ F)
Po—F =0.

Then the strong solution P, — P, € C([0,T], X) N C°([0,T], X3) constructed above can rep-
resented as a mild solution of (4.25). Lemma 4.3 gives the evolution U(t,s) generated by P’,
thus

t
p_B :/ U(t,s) Qu[Ps, P! — P!] ds.
0

12



Then (4.19), the boundedness of U(t, s) and the fact that || Ps||x, < K for all s > 0 gives the
estimate

~ t ~
1P =P, = sup exp(—pt) H/ U, s) Qu[Py, P — P] ds
t€[0,7] 0

X

t
< 204 sup exp(—pt) / 1Pullsa |P. — Pl ds
te[0,7) 0

¢
< 2Kkq Sup exp(—pt)/ Ky exp(ps)||P' — P'|,ds
te[0,T] 0

< 264K 5

< ( sup (1 — exp(—m))) P~ P,

P t€[0,7]

i.e. this is a contraction for p > 2k4Ks. Thus P j converges in C°([0,T], X) to a unique fixed
point P. Setting P/ = P; in (4.23) and using Lemma 4.3 then gives the desired regularity.
To prove (ii), we reintroduce the parameter a with the convention that P, = P?. The difference
PP — P, satisfies

oPf  OP,
LSk = QP — P B+ QFIPY, P — P+ PAIAIR] - LP).
Denoting the evolution generated by Q[ -, P;] as U(t, s), we obtain

p-n= Ut 5) {QU[P2, PP — P + PA(LAIP) — LP.)} ds.

By Remark 4.5 we obtain the bound

(4.26) 1Q[P, P']llz < 2ka || P x| P 2-

Using (4.26) and that U(t, s) is a bounded operator on Z we arrive at
1P — Fillz

t t
— /0 |U(t 5) Q[P P — P|, ds + /0 |PE(LEIP,] - LR, ds

t
<C /0 PN xal1Ps = Psllz + (1P (LS[Ps] = Ls[Ps])[| 2} ds

Due to strong continuity of spatial shift in L' norm used for Z the last term converges to 0 as
a — 0. Gronwall’s inequality gives the required convergence in (ii). ([l

4.2. Properties of the idealized distribution. The existence result Proposition 4.6(i) deliv-
ers a tightness bound on the number of nodes in P; of the form: There exists a function M (¢)
such that

(4.27) P({#0 > M(e)}) < e

for all € > 0.

We will show next that it is possible to find marginal distributions which satisfy closed evolution
equations. The fact that P; itself is a Markovian process is trivial since P; is historical, i.e. for
each tree ® € M7 and t > 0 the past trees ®, are still visible for ®;, cf. [DP91]. The complexity
of the tree increases monotonously in time, i.e. information does not get lost. On the other hand,
it is possible to find Markovian random variables with constant complexity. As an intermediate
step towards constructing Markovian random variables we show that the subtrees with collision
times ¢t > s are Markovian with respect to (u(s),v(s)).

Definition 4.7. For each tree ® € MT the random variable 3(®) € {0, 1} is defined recursively
by

= 1 if #d =1,
o) = { B(®-)(1 - B(DL))  else.

13
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The random variable 3(®) is the indicator function of those trees where the root particle has
not undergone a collision. We will show now that the expectation of this observable satisfies a
closed evolution equations.

Proposition 4.8. Consider P, = P as in Proposition 4.6. The marginal distribution
ft(ua U) = Pt(ﬂ =1 and (urootﬂ]root) = ('LL — tv, U))

satisfies the closed equations and initial conditions

0
(429) O vVl = Q1) freo(u ) = folusv),
in the weak sense, where Q_| -, -] is defined in (2.6).

The appearance of the transport term v - V, f is a result of the change from Lagrangian to
Eulerian coordinates: P; provides the distribution of the initial positions and velocities and
ft(u,v) characterize the densities of particles with velocity v at position u at time ¢. An analogous
statement is also true if @ > 0, but this is irrelevant for our purposes.
Proof. Let g € C*(U x R?) be a testfunction. Then

d

G [an oo = 5 [ 4@ s@) glu+ w0

z/ dQ[P, PJ(P) ﬂ(‘b)g(uﬂv,v)+/dPt(‘1>)B(<1>)v-Vg(U+tv,v)
MT

:/ dQy[P;, B)(®) B(®) g(u + tv,v) +/ dfi(u+tv,v)v-Vg(u+tv,v)
MT UxR4
=0 + .

A change of variables in I, yields that

I, = / dfe(u,v)v-Vg(u,v).
U xR4

We analyze now I;. The definition of 3 implies that

I = / 4047, (D) B(®7) g(u + tv,0) 1<
MT
+ / dQu[P;, PJ(®) B(®) g(u + tv, v) B(B¢) (1 — B(D}))
MT,
_ / AQ,[P,, P)(®) 5(®,) g(u + tv, v)
MT

_/ dQu[Ps, P](®) g(u + tv,v) B(®;) B(P}).
MTy

Thanks to formula (4.9) the first term vanishes. The definition of Q; implies that

/ AQ,[Py, P)(®) 5(8,) H(®]) g + tv, v)
MT

—/ dQ-[fe, fil(u + tv,v) g(u + tv,v) = / dQ-[f, fil(u,v) g(u, v).
UxR4

U xR4
The last equality follows from a change of variables. Putting everything back together we find
that
d

5 [ dntwvgue)

i / dg(u,0) Q—Lfu, fil(u,v) + / dfi(u,0) v - Vaug(u, v).
UxRd UxRd

for all testfunctions g € C1(U x RY), which is the claim. O
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The link between the mild solutions in Proposition 4.6 and weak solutions in Proposition 4.8 is
provided by the following proposition. We derive a formula that can be evaluated for a wide
class of measures.
Proposition 4.9. Let f; € L?(U, L*(R?)).

(i) The equation

(4.30) fi(u,v) = fo(u — tv,v) exp <— /Ot » fs(u—(t = 8)v,0") kg |v — o' V' ds> ,

is satisfied for allt € (0,T), if and only if f is the unique mild solution of (2.5).
(ii) Equation (4.30) implies that f; is also a distributional solution. Furthermore, every

distributional solution with Q_[f, f] € L ((O,T) x U, LL‘U'(Rd)) is a mild solution.

Proof. An equivalent formulation for f; being a mild solution (2.7) is

(4.31) F(uy0,) — folu,v) = - /0 (Q_Lfor fu]) P ds

with h# (u,v,t) = h(u + tv, v, ).
First we show (i). Let f; be a mild solution, then

F#(uy0,) — folu,v) = - /0 (Lfe]fo)#ds = — /0 (LUf* fds

(4.32) =— /tg(u,v, s)f#ds.
0

with g(u,v,s) = (L[fs)7(u,v) = f]Rd fs(u + sv,v")kglv — v'|dv” such that g(u, ',s)ﬁ €
L? (R%). A solution to (4.32) is given by

loc

(4.33) FH(u,0,t) = exp <— /0 t g(u,v, ) ds) Folu,v),

as for each u, v the equation decouples to a single scalar ordinary differential equation, so f; fulfills

(4.30). For fixed u, the integral equation (4.33) has a unique solution in C’O([O,T],L%HU‘(RUZ))

by a simple contraction argument for finite times as in the spatially homogeneous case [MT10,
Lemma 5]. This observation also shows that f; given by (4.30) is a mild solution, completing
the proof of (i).

For part (ii), we observe that mild and distributional solutions coincide following [Ba77], for

Of+v-Vuf =h

as long as h = —Q_|[fi, fi] € Ll((O,T),LiHv'(U x R?)), which immediately shows the second

part of (ii). For solutions given by (4.30), we first observe 0 < fi(u,v) < fo(u — tv,v) by (4.33).
Hence

0 < Q-[ft; fi] = LIfil(u, v) fr(u,v) < L{fo(u = tv, - )](v) fo(u — tv,v),
such that Q_[f:, fi] € L%HU'(U x R?) as
ILloo el fooplly, = ILIfo] folly,, < o
with ¢(u,v) = (u — tv,v). The last equation is due to (1.5), this completes the proof. O

Remark 4.10. Interestingly there exists an explicit solution of the nonlinear Kolmogorov equa-
tion (4.4), but this fact is not relevant for our analysis. Let Q C MT and t € [0,00). Then the
idealized distribution is given by

(4.34) P(Q) = /Q exp(—[t(@)> AN(®)
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where the integrated collision rate is Iy is defined recursively

(4.35) I,(®) :/Otl“s(@) ds+ Y I(®)),

s€[0,t]
(4.36) I'y(®) = / kafo(u —t(v —v'),0") (v =)y dv,
R4
1 if® =0,
(4.37) dAe(®) =fo(u,v) dudv x { [T kaAs(PL)(v—0l)L else.
s€[0,t]

Note that the convention I;(0) = 0 is used. The initial positions u; € U are defined by the
formula (3.1) with a = 0. For a > 0 an analogous formula can be obtained.

We end the section by introducing trees without recollisions.

Definition 4.11. A tree ® is recollision free on the time interval [0,t] at diameter a if

(4.38) luf + sv; —uf, — svy| > a for all0 < s <t and l,I" € m(®) such thatl £ 1’

For any pair of monotonic functions M(a), V(a) such that cltli% M(a) = ili% V(a) = +o0 the set
of good trees is defined as

(4.39) G(ap) = {q) e MT :#® < M(ap) and lma(:&(’) lu] < V(ag) and
em

min v - (v —vp) > 0 and (4.38) holds for all a € [0, ao]}.
lem(®)\root

Note that thanks to the monotonicity of V' and M the set G is monotonic in ag.

Lemma 4.12. The set of good trees has almost full measure, i.e.
(4.40) lir% P (G(a)) = lin%) P,(G(a)) = 1.

Proof. We first show that G(0) is a set of measure 1. The only nontrivial condition is (4.38)
with @ = 0. Let 0 € 7 be a tree skeleton and define M7 (0) := {® € MT : m(®) = o}.
Recall equation (3.1) which provides for each [ € o a recursive formula for the initial position v;.
We will write uy (sy,vy) to emphasize the dependency of the the initial position on the collision
time sy and velocity vy.

The dimension of M7 (c) is (2d)# as the nodes are parameterized by (u,v) € T¢ x R? for the
root and by (v,v,s) € R? x §9=1 x [0,T]. On the other hand, for a = 0 any pair [,I' € ¢ and
fixed (u;,v;) € U x R? and fixed (up,vp) € U x R, the subset of M7 (c) with

(4.41) {(Ul/, vy, Sy € R? x Sd_l X [O,T] Uy — Ul’(sl’yvl’) = t(vy — Ul) for some t € [O,T]}

is of zero measure by a simple dimension argument. To see this, we first express uy = up +
sp(vp —vp) by (3.1). Then the condition in (4.41) is

(t — sp)vy = w —up — spvp + tuy,
1
restriction to a collection of 2 4+ (d — 1) dimensional sets.l If on the other hand ¢ = sy, then
(4.41) gives u; —up +t(—vp +v;) = 0. This implies that vy is arbitrary but there at most a finite
number of ¢ € [0,T)] satisfying this equality in T¢, these subsets of vy, vy, sp are hence 2d — 1
dimensional.
Thus M7 (¢)\G(0) is a countable union of manifolds of dimension less or equal to (2d)#°—1 Since
MT = Uyer MT (0) and P; € L*(MT) we obtain that P,(MT \ G(0)) =0 and P;(G(0)) = 1.
Furthermore, for each ® € G(0) there exists ag such that ® € G(a) for all a < ap. Hence
lim,—0G(a) = G(0) and dominated convergence implies lim,—o P:(G(a)) = P(G(0)) = 1.
Thanks to the convergence in Proposition 4.6(ii) we obtain the remaining claim lim, .o P*(G(a)) =
1. O
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Remark 4.13. For a > 1 and ® € MT* we define

= ﬁ P,(®%)
i=1

and accordingly for a > 0.

5. EMPIRIC DISTRIBUTION

Now we consider the empiric distribution P; defined by the Newton dynamics (2.3) and the
scattering state 3% (2.4). The initial values of the particles form a random set w C U x RY,
As already indicated at the beginning of the section, the family of probability measures b e
PM(MT?) is the marginal distribution of the tree ® which is generated by the many-body
evolution and has the first particle as its root. Similarly, we can consider trees with several
root particles and analyze trees in M7®. The key result in this section is the demonstration
that the empiric distribution P; satisfies a differential equation (5.4) which is very similar to the
idealized equation (4.4). The main difference is given by factors like 4 which capture dilution
effects. The similarity of equations (5.4) and (4.4) enables us show later that the total variation
distance between ]5,5 and P; converges to 0 as a tends to 0.

For every € MT! measurable we define

(5.1) P,(2) := Prob, (&) € Q).
Similar, for ¥ € MT® the conditional distribution of ® given ¥ € M7 is defined as
P/(Q] W) = Proby, (q><1> €0 ‘ (@@, .. plotD)y = \p) ,
with the convention that Py(-| ¥) = Py(-) if ¥ € MT". We define the operator
Q¢ : PM(MT) x PM(MT) x MT — M(MT)

by
Qi [P, P')(®) = P(®¢) L{[P'( - | 9))(®)
where
(5.2) LY[P)(®) =6(t — 7(®)) P(®}) [(v(®}) — v(®)) - vi] 4 — fu[ P)(P).

The empiric collision rate fi; is defined by the expression

ﬂt[P](q)) fsd y dv fRd dU fO Zt 1<I>t Zt /Sd 1 v /]Rd d fo zt 1q>t(zt) [(U a UI) . V]+’

;o 1 if min{|u —u; + s(v' —v)| : s €[0,t],l € m(¥) \ root} > a,
Lu (v, v) = 0 else.

with the convention
(5.3) 2z = (u+tlv—2")+av,v).

Proposition 5.1. Let a > 0 and T’ € MT®. The empiric distribution P, satisfies for all ® € G
the following differential equation

(5-4) 0 L@ | ) = (1 =) QulP(- | D), Bi( - | D)(@),
where v = (#®; + #Ia%"!

The proof of Proposition 5.1 relies on the a-priori information that B is absolutely continuous
with respect to the Lebesgue measure.
17



Lemma 5.2. Let a > 0 and ¥ € G(a). The empiric distribution P, is absolutely continuous
with respect to the Lebesque-measure \ in a neighborhood of ¥. Moreover, for all A C U x R?
measurable

A Ay [ dV fol(ze) Ta(z) T a(z0)\
5.5 B(20), 2 ealw :<f3‘“ E : > :
( ) t ( root’ “root ‘ ) fsd—l dv fRd dQ}/ fO(zt) 1\Il,t(zt)

with z given by (5.3).

Proof. Let w C U x R? be the set of initial positions and velocities. Observe first that the
inequality

Py(¥) < Prob, (Uiemu) {wi(¥)} C w),

holds because a good tree can only exist if the required initial states form a subset of w. Next,
note that the definition of G(a) implies that there exists h > 0 such that B,(¥) C G(a). Let
v Bp(V) — (U x R4#m(Y) denote the initial positions and velocities of the particles in the
tree. We will show next that

(5.6) det(Ve(®) = [ la* (o —v) - vl

lem(‘l})\root

Formula (5.6) is a direct consequence of the observation that the gradient of ¢ with respect to
(t1,1) is given by a simple expression. Indeed, let F'(¥) = V() be the gradient and define
the submatrices Fj;, = Vi, ., 01(®) € R4 if | = root and Fj;, = Vu, k(@) if [ = root. If the tree
U is generic (i.e. s; # si, for all [,k € m(¥) such that [ = k, cf Remark 3.2) then one obtains,

in a coordinate system where v; = e; = (1,0,...,0)7, that
(vy—vp) -1y O .
( ¢ ald(d—1) if k =1+ root,
(5.7) Fi, = 1d(d) it k = 1 = root,
0 if k> 1,

where Id(d) is the d-dimensional identity matrix and ">’ denotes the semi-order on the set of set
of vertices, cf. Definition 3.1. The ordering of the vertices implies that F' is a block-triangular
matrix. Hence the determinant of F' is just the product of the determinants of Fj;, this yields
equation (5.6).

Now we consider the cubes Cp,; C U x R centered at ;(¥) with sidelength k. As ¥ is good, the
cubes are disjoint for sufficiently small h. If ¢ and A are small the assumption that the initial
values z1 ...z, € U x R? are iid random variables with law fy and the scaling law (1.1) implies
that

(5.8) Prob, (#(w N Chy) = 1) = a' =@ f5(Cp) (1 4+ 0(1)) as h — 0

for each | € m(¥) where by a slight abuse of notation we use fy as a measure, i.e. fo(Ch;) =
Jo, , fo(u,v) dudv. Let now Ch(¥) = ;e (w) Cri(¥). The formula

A (Ch)) = WY det(F ()1 (1 +0(1)) as h — 0
together with equation (5.6) implies that

P (Ch) _ fo(Chiroot) fo(Ch,) E
(5:9) o @)~ e {h2d<1+o<1>><”l‘”l)'” '

lem (W) \root

Since fo € LY (U x R%), the right-hand side in (5.9) remains bounded as h — 0 for almost

every U € G(a). This establishes the absolute continuity of P,. Formula (5.5) is an immediate

consequence of the definition of P(- |¥) and the assumption that z(1), 22 are iid random

variables with law fy. The proof of the lemma is complete. O
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Proof of Proposition 5.1. To simplify the notation we assume that I' = (), which means that no
conditioning is active. The general case is analogous as explained at the end of the proof. First
consider ® € M7 with the property 7(®) = t. Recall that 1, denotes the impact parameter of
the final collision.

The probability Ist(\Il) can be expressed in terms of the probabilities of ¥} and Wy:

() =P, (q)(l) _ \Il> -y (@ﬁl)' =, and 3V = \I/t)
3V = @t) j2 (&)9 - \ift) .

The key idea is that the first probability can be expressed in terms of a two-body event. We
will now demonstrate that

(5.10) B, (@gw _

=7, (2 = v,

o =0, ) [(v =) - ]
by establishing matching upper and lower bounds. For each h > 0 define the set
Uy, =1{® € By(¥) : & =, for all | € m(¥,)},
Vi, ={®, : ® €U}
The absolute continuity of P; (Lemma 5.2) implies that
B (v |8 =) = lim h=21F, (2@ e vy ’ o) =0,).

Since there are at most n possible choices for the index of the colliding particle we find that
(5.11) B (cpﬂ) c Uy ’ o) = \i/t) <Y B (cb(i) eV, ‘ o) = \Et) .
i=1

The permutation invariance and the fact that the particles in W; are ruled out as collision
partners implies that

znjpt (q)(z) S Vh ’ (I)(l) = qjt) :(n - #\T/t)Pt ((I)(l) € Vh | q)(Q) = \i/t) .
=1

Formula (5.7) implies that

lim h=2P, (@U) eV, | d® = fot) =P, (B =W} | By = T,) a (v =) - ],
and thereby delivers the upper bound
(612) B (eW = w8 =0,) < (1) B (o) =} | 0P = Ty ) [(v — ) - ]
Next we derive the corresponding lower bound
(5:13)  B(0f =00 =) > (1-9) P (00 =) | 02 = &,) [(0— ') - wi].
Define the set of initial values leading to a collision within the time interval [t — h, t]:

Wh:{(u',UI)GUXRd: min |u—u’+s(v—v')]<a}.

t—h<s<t

Clearly
P, (e e U, ) o =) zgﬁt (e e \ o) =)

— Prob (#(w AWy > 2|3 = \ift) ,
and using the inclusion-exclusion principle we obtain that
(5.14)  Prob (#(w cWy) >2] 8 = \izt) < Y B ({z‘“,z@} C Wy ‘ oV = \th> .

1<i<j<n
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Lemma 5.2 implies that
(5.15) 2 ({z<1>, XD cw, | 8P = \E) = (I,)?

with
I - Jga—1 v fpa dv” fo(2ze) 1w, () 1w ()
" defl dv fRd dv’ fo(zt) lq;(zt)

The estimation of Ij, is straightforward: formula (5.7) implies that

(5.16) /dfo(u, v) 1y, (u,v) = a®1 p2d (f(u’,v’) [(v—"2")v]y + 0(1))

as h tends to 0. Moreover, since ¥ € G one obtains that there exists a constant C' depending on
¥ such that

Y

N —

(5.17) /dfo(u,v) 1y(u,v) > 1 — kg C Kopa®t >

if a is sufficiently small. As a consequence of the bounds (5.16) and (5.17) the right hand side
in estimate (5.15) tends to 0 as h tends to 0. Hence, we have established (5.14) and thus (5.13).
Combining (5.12) and (5.13) one obtains eqn. (5.4) in the case that 7 = ¢.

Assume next that 7(®) < ¢t and define for each v the set of colliding initial values with impact
parameter v:

Wh(v) = {(u’,v') e U xR |3/, t') € 8471 x R such that v — ' +t'(v —v') +a’ =0

h h
and (v —2') -7/ >0 and |t—t/]§§and ]V—I/|§2}.

We will show that

(5.18) lim W2 (#(w N Wi(v) > 0] 0) = (1 —9)J

with
S Jga—1 Av fpa dv" fo(2e) Lw(ze) [(v —0') - V)4
Jga—1 Av [pa dv’ fo(2e) Lw(z)

Analogously to the case 7(®) =t we obtain the upper and lower bound

0<(1=9)J = h 2 Py(#(w N Wi(v)) > 0| ¥) < o(1)

as h — 0 with
1

" Jdfo(2) Lu(2)

Thanks to (5.17) and the fact that J does not depend on h equation (5.18) holds. Thus we have
established the claim also in the case 7 < t and the proof is finished.

The assumption that I' = () does not involve a loss of generality. For generic I" can be repeated
liAne by line, except that we have to add the conditioning encoded by I to all expressions involving
P. d

J / dv' 1g(2) fo(u +t(v — ) + av,v’) (v —0') - vy
Rd

5.1. Convergence. We now proceed to estimate the difference between the empiric distribution
P? and the idealized P;. The key estimate which provides a quantitative link between @) and @
is provided by the following comparison principle.

Proposition 5.3. Let ® ¢ MT, ¥ € MT® for some o > 0 such that (®,¥) € G*TL. Then the
estimate
_b(e| )
Fi(®)
20
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holds for all ® € G, with p(k) = (2k — 1)(Ctexp(Ct))*,
m(®,¥) —/fo(u,v) (1= 1 ¢(u,0) 1w (u, 0))(1 + |v]) dudo,
C(P) :2max{sup {,ut(u,v) cuel, v < lg;fg) |Ul|} ,max {|v(l) —v(l")| : ,I' € m(@)}} ,

where py is defined in eqn. (4.12).

Note that only 7, is affected by the conditioning.

Proof. Observe that p is superadditive, i.e. p(z +y) > p(z) + p(y). We use induction over a.
The case a = 1 will be treated below. If & > 1, then we can split ® into two trees ® € MT!
and ®” € MT*!. Clearly
Py | W) =Fy(@" [ ", W) P(S" | W) > (1 — p(#D")me) (1 — p(#D")m) (D' | &) (")
>(1 = (p(#2) + p(#2"))ne) P(®) = (1 — p(#@)ne) (D).

The first inequality holds because of the induction assumption, the second one is due to the sign
of the quadratic term and the third inequality is a consequence of the superadditivity of the
function p. Thus, it suffices to consider the case o = 1.

First, note that the definitions of Ly, L; in (4.7) and (5.2) imply that for every probability
measure P with marginal u:(u,v) = fo(u — tv,v) the inequality

1+2n if 7(P) #1¢,
1—vy if7(P)=t

(5.20) (1~ ) LlP)(@) > L§[P)(®) {

holds, where 7 > 0 is the time of the final collision of ®. If t > 7 then the first term in (5.20) is
relevant and one obtains

0

8t(Pt PP)(@) =(1 —7) L[ R](®) (@) — LY[P](®) P (®)

>(1+ 277)L [P](‘I))P( ®) - L} [Pt [(®) P (®)
(5.21) =(1 + 29)LY[B](®) (P )
+(1+ 277)(Lt [P)(®) - L?[Pt]@))Pt(‘I’) + 2nL{[P)(P) P/ ().

For fixed ® this is a one-dimensional ordinary differential inequality for z(t) =
Then we also obtain an integrated estimate. For one-dimensional ode, if @(t) >
and z(7) = xo, i.e.

&(t) =a(t)x(t) + b(t) + c(t) with ¢(t) > 0,z(7) = zo
§(t) =a(®)y(t) + b(t) with y(r) = 20,

then by the variation of constants formula we have

2(t) —exp ( / ") ds) 20+ / Cexp ( / " a(0) da) (b(s) + c(s)) ds
> (1) = exp (/t a(s) ds) z0+ /Tt exp (/t a(o) da) b(s) ds

for t > 7, independent of the signs of a and b. Then estimating

|fis — Mt‘Loo(Ude) < 21
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and observing that s — 75 is non-decreasing we obtain

£(@) — P(@)
sep ((1+2n) [ L2 as) (@) - Pr(@)

t t
+ / (1 + 27775)2771? exp (]. + 2T]t) / L?/ [PSI
T s

=
(oW
C,J\
N—
)
S
—~~
o
~
[o}
V)

+ 21 /t exp ((1 + 2m1) /t LY[P3](®) dS') LE[PS)(®) Pg(®) ds.
After observing that
o ([ 2ipzas) prce) = P
we obtain )

P(®) — P(®)
zex (14 20 | LBy ) (Pr@) - P2(@))

t t t

—}-[/ (14 2m4)2m exp <(1 + 277t)/ LY [Py](®) d5’> exp <—/ LY [PI(®) d5/> ds
(5.22)

t t . t

o o (42 [ Laipdas) p@es (- [ aip@ as) as| o)
We use induction over k = #®. First assume that #® = 1. In this case 7 = 0 and P;(®) =
P.(®), which together with (5.22) implies that

Py(®) — P{(®)

o[ [asomznes (0o [ sipdas) e (- [ soipsi@as)as

+2n / t exp ((1 + 2n) / t LZ/[RI]dS') L[PY)(®) exp <_ / t L8, [P2)(D) ds,) ds] p
>—Ct e;p(Ct)ntPta((I)). ’ s

Assume next that the estimixte has been established for all trees with at most & nodes and let
#® =k + 1. Define ky = #®, and ko = #P/ with k1 + ko = k + 1 and max{ky, ko} < k. Thus
the induction assumption implies hat

p‘r((i)‘r) > (1= p(k1)) P (
B, | ) > (1 plka)
Using equation (5.22) we find that
B(®) - ()
t
zoo (r) [ pdas) (- PL@)P® 18 P(E)r@))

! > Py (&) Py (91 (1—(p(k1)+p(k2))

+ [+ 2imen (@420 [ ssipd@)as oo (- [ Lipsi@ias) as

(I)T)v
)P2(@).

von e (2 [ Lyipras) p@es (- [ i@ as) as) e

> — (p(k1) + p(k2)) + Ctexp(Ct)n) P(®).
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Since
(p(k1) + p(ka) + 1)Ctexp(Ct) < Ctexp(Ct)(2k1 + 2kg — 2+ 1)(Ctexp(Ct))m@xthvkel < p(k 4 1),

inequality (5.19) has been established. O

The estimate (5.19) immediately implies that P, converges in the total variation sense to P; as
a tends to 0.

Proposition 5.4. For each o > 1 the total variation distance between P® and pe satisfies
lim 1P = Pl () = 0

Proof. We assume that o = 1. Lemma 4.12 implies that for each ¢ > 0 there exists a > 0 so
small that

PYMT \ G(a)) <e.
We use that

~

1P — P = QSEP(P?(Q) — ().

For each €2 one has
(5.23) P{(Q) — P(Q) =PX(QNG(a)) — P(2NG(a)) + PHQ\ G(a)) — Pi(2\ G(a))
<pC(a)PHMT) + PHMT \ G(a)) < p¢ + P (MT \ G(a)),

where ((a,ao) 1= SUPg weg(ag) M (P, V) with p and (P, ¥) defined in Proposition 5.3. Uniformly
for ®, ¥ € G(ap) a particle in ®, ¥ can at most cover a cylinder of volume V (aq)trga® ' +kqy1a?,
where the second term describes the initial overlap. There at most 2M (ag) particles in ® U ¥
and the u-marginal of fy in bounded in L*(U) by K, hence

(5.24) C(a,a0) < 2M(ag)V (ap)trga® Ko

The function p is uniformly bounded on G(ag) by definition. Then lim, ¢ ((a,ag) = 0 for any
fixed ap and limg—o P#(MT \ G(a)) = 0 (Lemma 4.12), this implies the claim. O

6. EFFECTIVE DYNAMICS

Proof of Theorem 2.1. We first show that the distribution of a single tagged particle satisfies
the gainless Boltzmann equation (2.5). Let A C U x R? and define ;(A) C MT by

(6.1) QU(A) ={P : B(®) =1 and (u-+tv,v) € A}.

According to Proposition 4.9 every weak solution f; of equation (4.29) is a mild solution and
thereby unique. Proposition 4.8 implies that

/ dfe = P(),
A

and thus
lim P4(4) - / df(u, v, )| TR lim | P4(2) = P(2) Prop. 54,
a— A a—
The convergence is uniform in A by (5.23).
Next we consider the random variables for i € {1,...,n}
1 if (us(t),v;(t)) € A and B (t) =1
xi(t) =
0 else.
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Then the first part of the proof yields that limg_o(x;(t)) = [, df¢(u,v) for each i. Now we define
the random variable s, = 2 > | v;(t). The claim (2.9) follows if the variance V;, = ((s,,—(sn))?)
converges to 0 as n tends to infinity. Thanks to the permutation invariance we obtain that

—_

n—1

Vi <=(xa(t) = (a())® + T«Xl(t) = (xa(®)) (xa(t) = (x2(1))))
<+ H0al) = Oa) Oe) = O]

If we apply Proposition 5.4 again with oo = 2 and

=3

(A, B) = {® € MT? | B1(®) = B2(®) = 1, (w1 + tv1,v1) € A and (us + tva,v2) € B}
we obtain that
T (x1 () (1) = lim PA(Q(A, A)) = PUQ(A))*.
This implies that

(6.2) Lm ((xa () = Oxa () Oz (8) = (2 (1)) = 0

uniformly in A which completes the proof of (2.9). Equation (6.2) is the main reason to consider
trees with several roots. In particular this gives V,, < b(n) for some decaying function b : N — R
uniformly in the test set A again by (5.23).

Finally we show (2.10). We recall a well-known principle in probability theory. Let zx € R be
a sequence of independent random numbers such that E(zx) = 0 and let Viy be the variance of
zn. If > -1 Vv < oo, then almost surely limy_,oo 25 = 0.

Indeed, for every e, Ng > 0 Tchebychev’s inequality yields the estimate

o0 o0
1
Prob < > || (——VN)>1—— g Vn.
" (NSSJI\)&)':UN'_e)_ =)= e? "

N=Ng N=Ng

Hence lim, .o Prob(supys y, |zn| < €) = 1, i.e. for each realization and each € > 0 there exists
almost surely a number Ng > 0 such that supy>y, |zn| < €.

Let s, be the sum and V,, be the variance of s,, as above. Since lim,_.o V,; = 0 uniformly in A
there exists a subsequence V;, such that > 72, V,,, < oo for all A. We apply now the previous
consideration to the sequence xj, = s,, such that

i Nk (ax) C (s " wdv —
/Ank;@ (t)0(- — (ui(t),vi(t))) dud /Adft

as k tends to infinity and thus we obtain the desired weak-* convergence (2.10). 0

7. SPATIAL CONCENTRATIONS

We discuss variants and limitations of the presented theory. First we consider the regularity
assumptions on the initial density fy.

We require [pq fo(-,v)dv € L®(U) in (1.5), this implies that in eqn. (5.24) the expected number
of particles overlapping with any given particle converges to 0 with a. The result holds also with
less restrictive assumptions on the initial distribution.

Proposition 7.1. Let [5q fo(-,v)dv € LY(U), then the expected number of overlapping particles
at a given point ug converges to zero for a — 0.

Proof. The expected number of particles in ball B, of radius a around a ug € U is given by
plug) = nfBa(uO) Jga dfo(u,v), which by the scaling and (2.8) and can be estimated using the
24



Holder inequality

gy < ([ 10) ([ ([fLavnten) )
=o'~ (ka1 a”) o </B (/Rd dvfo(u,v)>ddu> - 0

for a — 0 as [padv fo(-,v) € LYU). O

1/d

Whereas for [pq dvfo(u,v) = |ul|P near v = 0 with —d < p < —1, we still have [, dvfo(u,v) €
LY(U) but the expected number of particles in a ball of radius a around 0 tends to infinity, but
this effect will not be statistically relevant, as the growth is sublinear in n.

We now modify this example such that the expected number of nodes in the empiric trees tends
to infinity for a tending to zero, even for short times when fy € Lj +\v\(U x R%). Note that
the idealized theory leads to the integral equation (4.30), which is well-defined for initial data
in L% JrM(U x R?) and can be easily interpreted for measures. While the first example does
not show non-validity due to singularities, it highlights difficulties in a proof for more general
initial distributions, as tightness (4.27) was crucial to restrict the error estimates to trees of

finite height.

Proposition 7.2. There exists an initial distribution fo € LLIUI(U X Rd) such that the expected

number of overlaps foRd p(u) fo(u,v) is unbounded as a — 0.

Proof. Let (u;);cne be an ordering of all diadic fractions on the torus U such that for every pair
1,7 with

- il id . . kiy _ . ka\ __
w= (ke ) with ged(i1, 2) = ... = ged(ia, 2") = 1,
_ (5N Jd - qoohy = = 0, 2l4) =
Uy = <2117'-.,21d> with ged(j1,2") = ... = ged(ja, 2¢) = 1,
and max{ky,...,kq} > max{l1,...,ls} then i > j. We consider
e —
(7.1) folu,v) = CZC]'|U —u;[P f(v)
j=1

with —d < p < —1 to be chosen later. The density f € L'(R%) N L>(R?) is non-negative and
normalized ([« df = 1) and the constant c is chosen such that Jirspa dfo = 1. We will consider
in particular the cases d > 3. Proposition 4.8 yields existence of a solution to (4.30), which is at
least L%HU‘(U x R?), when fy € Lh‘U'(U x R?). For fy as in (7.1) there exists a p € (—d, —1)
such that empiric expected number of overlapping particles is unbounded.

The expected number of particles overlapping the first particle is [, pa dfo(u, v) p(u). If u €

B, 2(uj) then for some constant C' independent of j and a:
p(u) = n/ dfo(u,v) > nc/ cjlu' — u;|P du’ > nC/ cjlu’ — uylP du
a(u)xR4 Ba(u) Bay2(uj)
a/2
> a0 c; / rPrd=ldr = Cc; altP.
0
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We choose J(a) € N such that the balls B,/y(u;) are disjoint for j = 1,...,J. The expected
number of overlaps can be bounded from below by

01 00 > Z / dfo(uw,v) p(a)

a/2 ’LLJ XRd

J J
a\d a\Pp 1+p _ v d+2p+1 2
3 (5)" 0 (5) coa—cut S

where C' is a constant that does not depend on a. For —d < p < —% this is unbounded as
a— 0. U

We give now an example of non-validity if we allow concentrations in space and velocity space.
Note that in the spatially homogeneous case we could prove validity unless there was concen-
tration on lines. With H? denoting 2-dimensional Hausdorff measure, we consider initial data

concentrated on a sphere S = {u € U : |u—uo| =r} where r € (0,3) and up = (3, 3, 1).

252
(7.2) fo(u,v) =cH?|s x do(v — (u — up)),
where ¢ is a normalization constant.

Proposition 7.3. Let fy be given by (7.2) and let the solution of the gainless Boltzmann equation
(2.5) given by (4.30), then the convergence in probability (2.9) does not hold.

Proof. We first observe for the idealized prediction that fi(u,v) < fo(u — tv,v) by (4.30). Now
suppose f(u —tv,v) # 0 for some t € (0,1/4) then fo(u — (t — s)v,v") = 0 for all v’ € R? and all
0 < s <t Then fs(@t,v") =0 for all & =u — (¢t — s)v and all v by (4.30). Hence the integral in
the argument of the exponential in (4.30) vanishes and f;(u,v) = fo(u—twv,v). This is equivalent
to pure transport until ¢t = l. The measure is concentrated on a decreasing sphere in u and the

two-dimensional Hausdorff measure is scaled by (T((t))

On the other hand the hardsphere flow is well-defined with fp being a general measure. The
n particles are distributed randomly with uniform distribution on a shrinking two-dimensional
sphere of radius } — ¢ and surface area 47 (3 —t)*.

If an iid-distribution is used, then a macroscopic portion of the particles is instantaneously

removed almost surely thanks to the definition of the scattering state 51.(‘1)(0) in eqn. (2.4). The
following calculation shows that even in the case of more general distributions a macroscopic

proportion of the particles undergoes a collision before time t = %.

The surface covered by n balls of diameter a is na?r/4 = 7/4 by (2.8), i.e. at most the fraction
W = 16(1/4 — t)?> = 1 — 8t + t? of particles has not collided by time ¢ € (0,1/4). Thus

for any empiric distribution L {z ‘ (u; (1), vi(t)) € U x R4, 51.(‘1) (t) = 1} <1/4for1/8 <t <
1/4. 0
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