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Exercise Sheet 4— Diffusion processes

4.1: Let W be d-dimensional Brownian motion, starting at a ∈ Rd, and write BR :=
{x ∈ Rd : |x| < R} for the open ball with radius R. By applying the Dynkin formula
to W , with f(x) = |x|2, find E [τR], where τR := inf{t ≥ 0 : Wt 6∈ BR}.
[Hint: Apply Dynkin’s formula to τR∧t, and use monotone and bounded convergence
theorems.]

4.2: Let A(a, b) = {x ∈ Rd : a < |x| < b} be the annulus in Rd, for 0 ≤ a < b <∞ and
d ≥ 2. Write τa,b for the exit time from A(a, b).

By considering the function

f(x) =

{
− log |x| d = 2

|x|2−d d > 2

find Ex
[
f(Wτa,b)

]
, for x ∈ A(a, b).

Hence find Px(|Wτa,b| = a). What happens to this probability as b → ∞, for fixed
a? What happens as a→ 0 for fixed b? Show that

Px(Wt = 0, some t ≥ 0) = 0

for x 6= 0.

4.3: (a) Let Xt be a time-homogenous Itô diffusion in one dimension, so

dXt = µ(Xt) dt+ σ(Xt) dWt, X0 = x.

Suppose f is a C2(R) function such that Af = 0. Let a < x < b and set
Ha,b := inf{t ≥ 0 : Xt ∈ {a, b}}. We assume Ha,b < ∞, almost surely. Show
that

Px(XHa,b
= b) =

f(x)− f(a)

f(b)− f(a)
.

(b) Hence find the exit distribution from the interval (a, b) for a Brownian motion
started at x.

(c) Find the exit distribution from an interval whenXt = x+µt+σWt, for µ, σ ∈ R.

4.4: Let W be one-dimensional Brownian motion. Let 0 ≤ a ≤ b ≤ 1, and suppose
x0 ∈ (0, 1). By considering the function

f(x) =


0 x ≤ a

(x− a)2 x ∈ (a, b]

(b− a)2 + 2(x− b)(b− a) x ∈ (b, 1]

,

find the expected amount of time the Brownian motion started at x0 spends in the
interval (a, b] up to H0,1 := inf{t ≥ 0 : Wt ∈ {0, 1}}.
[Hint: Recall from Q4.3 that the probability that Brownian motion started at x
first exits the interval (a, b) at b is x−a

b−a . You may also assume in this question that
Dynkin’s formula extends to functions whose second derivative is only piecewise
continuous.]
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4.5: The Feynman-Kac formula says that, if f ∈ C2
0(Rn), q ∈ Cb(Rn) (the set of con-

tinuous and bounded functions), and if Xt is an Itô diffusion with generator A,
then

v(t, x) = Ex
[
exp

(
−
∫ t

0

q(Xs) ds

)
f(Xt)

]
solves {

∂v
∂t

= Av − qv t > 0, x ∈ Rn

v(0, x) = f(x) x ∈ Rn
. (1)

Prove this, and show that if w ∈ C1,2
b is another solution to (1), then v = w.

4.6: Let Wt be a d-dimensional Brownian motion, and suppose D is a bounded open set
in Rd. Suppose h > 0 satisfies ∆h = 0 in D. Let Xt solve the SDE

dXt = ∇(lnh)(Xt) dt+ dWt.

(a) Show that the generator A of Xt satisfies:

Af(x) =
∆(hf)

2h
,

and hence that if f = 1
h
, Af = 0.

(b) Using this, show that if there exists x0 ∈ ∂D such that

lim
x→y∈∂D

h(x) =

{
0 y 6= x0

∞ y = x0
.

then limt→τD Xt = x0.

[Hint: Consider Ex [f(Xρ)] for suitable stopping times ρ, with f = h−1.]

(c) Consider two-dimensional Brownian motion on the unit disc, D = {|x| ∈ R2 :
|x| < 1}. By considering the function

h(x1, x2) =
1− (x1)2 − (x2)2

1 + (x1)2 + (x2)2 − 2x2
,

find a diffusion on the unit disk which guaranteed to exit at (0, 1).
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