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1 Introduction

Absolute stability, and its relation to the concept of positive-real transfer functions, permeates
much of the classical and modern control literature (see, for example, [1]-[6], [8]-[18]). Of partic-
ular importance are absolute stability results of circle-criterion type, applicable in the context
of a canonical feedback structure with a linear plant A in the forward path and a nonlinearity f
in the feedback path (see Figure 1). Absolute stability criteria are not only useful for stability
analysis, but they have also been used in the context of control synthesis, see, for example, [3, 4].
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Figure 1: Feedback system with nonlinearity

In the present paper, we address absolute stability issues in the setting of finite-dimensional,
single-input, single-output plants A which contain an integrator (and so are not asymptotically
stable). We consider time-varying nonlinearities f satisfying a particular sector condition which
posits the existence of constants to > 0 and 8 > 0 such that £f(t,&) > Bf2(t,€) for all t > tg
and all £ € R. Moreover, the lower gain of f, that is, inf{|f(¢,£)/&| : t > t9, & # 0}, may be
zero (as is the case for deadzone nonlinearities and bounded nonlinearities such as saturation).
The conjunction of stable, but not asymptotically stable, linear plants A and nonlinearities f
with possibly zero lower gain (a so-called critical case of the circle criterion) is the distinguishing
feature of the paper.

2 A result of circle-criterion type

With reference to Figure 1, we consider real linear single-input single-output systems A of the
form

(1) = Az(t) +bu(t), 2(0)=2"; y(t)=cz(t) (1)
with A € R*", b,c’ € R*, and with transfer function G given by G(s) := c¢(sI — A)~'b. The
following hypothesis remains in force throughout this section.

(H) A has a simple eigenvalue at zero, every other eigenvalue of A has negative real part and
lims_,0 sG(s) > 0.

fNow at: Dept. of Sciences and Liberal Arts, International University in Germany, D-76646 Bruchsal, Germany,
email: thomas.fliegner@i-u.de

fEmail: hl@maths.bath.ac.uk

$Email: epr@maths.bath.ac.uk



Therefore, with zero input, A is stable but not asymptotically stable; moreover, it is readily
verified that inf,oRe G(iw) > —o0.

We now focus on stability properties of the linear system (1) under output feedback with time-
varying nonlinearity in the feedback loop (recall Figure 1). First, we make precise the class N/
of allowable nonlinearities. A function

fiRy xR=R, (4,6 — f(t,€)

is deemed to be of class N if it is measurable in ¢ and locally Lipschitz in &, uniformly with
respect to ¢ on bounded intervals, and there exists a non-negative function ¢y € L{ (R ) such

that
IF& Ol <cr®)[1+1€]], VteR,, VEER.

A function f € N is said to be asymptotically autonomous with limit f, if f, : R — R is locally
Lipschitz and, for all R > 0 and ¢ > 0, there exists 7 > 0 such that,

ess'supt27'|f(t7£) - fa(é)l <eg, v é € [_Ra R]

It follows from standard results in ordinary differential equations combined with Gronwall’s
lemma that, for f € N, the initial-value problem for the feedback system

i(t) = Az(t) = bf(t,cz(t), 2(0) = 2" (2)
has a unique absolutely continuous solution defined on R} (no finite escape time) which satisfies
the differential equation in (2) for almost all t € R;..

The next theorem is a stability result of circle-criterion type. For completeness, we have included
therein (viz. Assertion (b) of Statement 1) a well-known classical result on exponential stability,
see [17]. However, we emphasize the novelty of all other assertions of the theorem which pertain
to feedback systems for which (i) the linear part contains an integrator (i.e., we are considering
a so-called particular or critical case in the terminology of [2, 13, 15], implying that the linear
system is not asymptotically stable) and (ii) the “lower gain” inf{|f(¢,&)/&|: t > to, £ € R*} of
the nonlinearity f may be zero (which, for example, is the case for bounded nonlinearities such
as saturation and deadzone). In fact, one of the motivations for studying this situation is its
importance in the application to the low-gain integral control problem in the presence of input
nonlinearities of saturation type (see Section 3).

Theorem 2.1. Assume that (H) holds. Let 0 < a < oo be such that

1/a+ ir;é% ReG(iw) > 0. (3)

For z° € R*, denote the unique absolutely continuous solution of (2) (defined on R, ) by t +
2(t, 29).

1. If f € NV is such that, for some tg > 0,
1
ff(taf)Zan(taf)a Vt2t07 V§ER7 (4)
then the following statements hold.

(a) There exists M > 1 such that

12t + o, 2°)|| < Ml=(to, 2°) |, V(t,2°) € Ry x R".



(b) If there exists ag > 0 such that agé? < £f(t,€) for all t > ty and all £ € R, then there
exist M > 1 and p > 0 such that

l2(t +to, 2°)|| < Me™#||2(t0, 2°)|, V¥ (t,2°) €Ry x R".

(c) For each 2° € R™, the function ¢ — y(t) = cz(t, 2°) is such that y(-)f(-,y(-)) € L} (Ry)
and f(-,y(-)) € L*(Ry).

(d) For each z° € R™, z(t, 2") converges as t — oo to a limit in ker A, that is,
2% = lim 2(t,2°) €ker A,
t—o0

and, moreover, #(-,2%) € L2(Ry).

(e) If f is asymptotically autonomous with limit f,, then, for each 20 € R, limy oo 2(t, 2%) =
2% € kerA is such that cz*® € f71(0).

(f) If f is asymptotically autonomous with limit f, and f, *(0) = {0}, then 0 is a globally
attractive equilibrium of the feedback system (2).

2. If f € N is of the form f(¢,£) = k(t)g(£), where k is measurable, bounded and non-negative
with limsup,_,, k(t) < 1, g is locally Lipschitz with liminfe_, g(£)/§ > 0 and

0<ég(6) <af®, VEER,
then there exists N > 1 such that
I2(t, 22| < NJI2°JI, Y (t,2°) e Ry x R™.

Furthermore, for each r > 0, there exist L > 1 and p > 0 such that, for all 2° € R* with
12°] <,
t
l2(t, 20| < Le P I MD4T|120) - ViR, .

In particular, if & ¢ L'(R, ), then lim; ., 2(¢,2%) = 0 for all 2% € R?; if liminf; .o, k(¢) > 0,
then 0 is a semi-globally exponentially stable equilibrium of system (2).

3 Discussion

Elaborating on earlier remarks, we reiterate that, with the exception of the well-known result in
Statement 1(b) above, all other assertions of the theorem pertain to critical cases wherein the
linear system contains an integrator and the nonlinearity may have zero lower gain. By contrast,
in most of the circle-criterion type results available in the literature (such as [10, 14, 15, 16, 17]),
the lower gain of the nonlinearity is either assumed to be positive, or, if the lower gain is allowed
to be zero, the linear part is assumed to be asymptotically stable (and so does not contain an
integrator): an exception is [18], where stability of the origin and Lagrange stability is proved
for (2) without assuming that the lower gain of f is positive. However, none of the statements
of Theorem 2.1 can be found in [18]. Also note that in contrast to most related results in the
literature, Theorem 2.1 does not impose controllability or observability on the linear system.
In [1], a “relaxed” circle criterion is given for the linear time-varying feedback system obtained
from (2) by considering functions f of the form f(¢,£) = k()¢ (this is a special case of the
setting in Statement 2 of Theorem 2.1). Assuming that the positive real condition (3) holds and



0 < k(t) < a, Theorem 12 in [1] guarantees asymptotic stability of the origin, provided that k
satisfies a certain additional condition: the point of interest in the present context is that the
latter condition is satisfied by a large class of gain functions k¥ with liminf;_, . k(¢) = 0.*

One of the main motivations for developing, in Theorem 2.1, an absolute stability criterion for
feedback structures of the form of Figure 1, wherein the linear plant A contains an integrator
and the nonlinearity has zero lower gain, is their application in proving convergence and sta-
bility properties of low-gain integral feedback control for tracking of constant reference signals.
Consider the closed-loop system in Figure 2, where X is an exponentially stable linear systems
¥ with positive steady-state gain, ¢ and 1 are globally Lipschitz non-decreasing input/actuator
and output/sensor nonlinearities, respectively, and k = k(-) is a positive gain function.
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Figure 2: Integral control with input and output nonlinearities

Under an appropriate nonlinear transformation, the closed-loop system in Figure 2 has the
structure of Figure 1, to which our absolute stability results apply. Under a natural feasability
assumption on the reference value r, it is possible to deduce a threshold value x* > 0 such that
performance of the closed-loop is assured for all gain functions x with limsup,_, . x(¢) < x* and
limy— o0 f(f k(s)ds = oo. Statement 2 of Theorem 2.1 is useful for estimating the speed of the
convergence of y(t) to the desired reference value r as t — oo. Whilst this result has significant
overlap with those of [7], we stress that the absolute stability approach oulined above differs
fundamentally from the arguments used in [7] and provides a natural and unified framework for
investigations on low-gain integral control, see [8] for more details.
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