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Remarks on the LP-Input Converging-State Property

E. P. Ryan

Abstract—Let X C R" and consider a system & = f(x,u), f :
X X RM — RM, with the property that the associated autonomous system
& = f(=x,0) has an asymptotically stable compactum C' with region of
attraction A. Assume that z is a solution of the former, defined on [0, o),
corresponding to an input function u. Assume further that, for each com-
pact K C X, thereexists k > Osuchthat |f(z,v) — f(z,0)| < k|v|
forall (z,v) € K xRM.A simple proofis given of the following L”-input
converging-state property: if u € L? for some p € [1, co) and « has
an w-limit point in A, then = approaches C.

Index Terms—Asymptotic stability, converse Lyapunov theory, domain
of attraction.

1. INTRODUCTION

For a linear system @ = Fa + Gu, with F Hurwitz, the following
properties are elementary: P1) if 2 is a solution on R4 := [0, o) corre-
sponding to an inputu € L withu(t) — 0ast — oo, thenz(t) — 0
as t — oo; and P2) if «x is a solution on R4 corresponding to an input
u € L? for some p € [1,00), then x:(t) — 0 as t — oco. Exploita-
tion of these properties is widespread in the literature (on, for example,
adaptive control, robustness to disturbances, and interconnected/cas-
caded systems). The question of nonlinear counterparts arises: to what
extent do properties P1) and P2) persist in the context of a finite-dimen-
sional nonlinear system & = f(x, u) under the hypothesis that 0 is an
asymptotically stable equilibrium of the associated autonomous system
Z = f*(z),where f*(-):= f(-,0)? Even in the simplest of nonlinear
systems satisfying the latter hypothesis, properties P1) and P2) may fail
to hold. One such scalar system is given by & = —x 4 2>« which, with
initial data #(0) = 1 and input u : ¢ — 2e~*, has unbounded solution
x it el

In [1] (under the assumption that f is continuous and is locally
Lipschitz in its first argument, uniformly with respect to its second
argument in compact sets), a proof is provided of the following
“well-known but hard-to-cite fact” [a nonlinear counterpart of the
converging-input converging-state property P1)]. If a) @ is a solution
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of the system & = f(x,u), defined on R4, corresponding to an input
u € L* with u(t) — 0ast — oo, b) 0 is an asymptotically stable
equilibrium of the associated autonomous system 2 = f*(z) with
domain of attraction A, and c) x is K -recurrent for some compact
K C A, thenx(t) — 0ast — oo. Here, K -recurrence is the property
that, for each T > 0, there exists ¢ > T such that x(¢) € K. The
recurrence hypothesis c¢) is equivalent to positing that @ has an w-limit
point in A. The nonlinear converging-input converging-state property
in [1] has a closely-related antecedent in [2], Theorem 2 of which
contains the essence of the result.

The purpose of the present note is to provide a nonlinear counterpart
of the L? -input converging-state property P2) (we use the term “input”
in the general sense of either a control input or disturbance input): the
essence is to identify conditions under which an input of bounded en-
ergy generates a converging state.! The main result subsumes the fol-
lowing: if a) x is a solution of the system & = f*(x) + g(«)u (f and
¢ locally Lipschitz), defined on R, corresponding to an input v € L?
for some p € [1, cc), b) the associated autonomous system 2 = f*(z)
has an asymptotically stable compactum C' with domain of attraction
A, and c) 2 has an w-limit point in A, then == approaches C' (in a sense
made precise later).

II. PRELIMINARIES

The Euclidean norm and inner product on RY (or R™) are denoted
by| - | and (-, -}, respectively. For G € R"*" |G| := min, =, |Gul.
For a nonempty set C' C R, the function d¢; : RV — Ry, given by
de(y) = inf.cc |y — ¢, is the distance function for C' and a function
z : Ry — R" is said to approach C if do(2(t)) — 0 ast — oc.
Let I C R be such that Ry C I, let X C RY be nonempty and open,
and let 2 : T — X. A point z € ¢l(X) is an w-limit point of z if there
exists an unbounded sequence (¢,,) in R4 with z(t,) — zasn — oo;
the w-limit set of x is the set of all w-limit points of z, this set is is
denoted by Q(«). For later convenience, we record some well-known
properties of w-limit sets (see, for example, [4]).

Proposition 2.1: For every function & : Ry — X the following
hold.

i) Q(«) is closed.

ii) Q(z) = 0 if, and only if, |#(t)| — oo as t — oc.

iii) If « is continuous and €2(«) is nonempty and compact, then « is

bounded.

iv) If = is continuous and bounded, then £2(x) is nonempty, com-

pact, connected, and is approached by .

III. THE SYSTEM

Denote, by U := Li,.(Ry;R"), the space of locally integrable
functions « : Ry — R . Let X C R™ be nonempty and open. Let
f: X x R™ = RY be continuous and such that

Vecompact K C X 3k > 0: |f(x,u) — f(=,0)| < k|u|
Y(z.u) e K xRY (1)

a canonical case being that wherein f is affine in the input, viz.
flx,u) = f*(2) + g(x)u. We assume further that

F7(+) :== f(-,0) is locally Lipschitz. )

In a context different from that of this note, asymptotic properties of so-
lutions of systems with inputs of bounded energy (viz. the “bounded-energy
weakly-converging-state,” and the “bounded-energy frequently-bounded-state”
properties) play a role in asymptotic characterizations of integral-input-to-state
stability in [3].
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Consider the initial-value problem

p(t) = f(x(t),u(t), 2(0)=EC€X, u€el. A3)
For each (&, u) € X X U, (3) has a (forward) solution = : [0,w) —
X (0 < w < o0), that is, an absolutely continuous function, with
x(0) = €, which satisfies the differential equation in (3) for almost
all ¢ € [0,w). Moreover, every solution can be extended into a max-
imal solution (a solution @ is maximal if it does not have a proper
right extension which is also a solution of (3)). A maximal solution
x : [0,w) — Xis said to be global if w = .

Remark 3.1: The hypotheses (1) and (2) on the continuous function
f are not sufficient to ensure uniqueness of solutions. However, for
each (&, u) € X X U, (3) has unique maximal solution if, in addition,
one of the following holds [note that a) = b) = ¢)].

a) f:(z,u) — f*(x) + g(o)u where g : X — RV*M s

locally Lipschitz.
b) For each compact ' C X, there exists x > 0 such that

|f (e, u) = fly, w)| < klullz -y
forallz,y € K and all u € RY.
c) For each compact K C X and « € U, there exists v €
L, .(Ry) such that

|f (@, u(t) = f(y,u(®))] < v(b)]z —ylg
forall z,y € K, and almost all £ € R+.

A
With (3), we associate the autonomous system

H(t) = £ () )

which, in view of (2), generates a flow . Let C' C X be anonempty and
compact set. We assume that C' is asymptotically stable with respect to
(4) in the following sense: i) C' is a ¢-invariant set (i.e., R x C' C
dom(y) and (R x C) = C);ii) C is stable (i.e., for every open
neighborhood Ay of C, there exists an open neighborhood N7 of C'
such that Ry x A7 C dom(y) and ¢(t,N7) C Ao forall t € Ry);
and iii) C' is attractive (i.e., there exists an open neighborhood N> of
C'such that Ry X A C dom(y) and, for all £ € A%, Q(p(+,&)) isa
nonempty subset of C). The set A := {¢£ € X|0 # Q(x(-,&)) C C}
is the domain of attraction of C' and is an open set containing C' (see [5,
Ch. V, Th. 1.8]). By converse Lyapunov theory (see [6, Th. 3.2] and [7,
Ths. 3.1 and 3.2]), there exists a smooth function V' : 4 — R4 with
the properties shown in the equation at the bottom of the page.

IV. LP-INPUT, CONVERGING-STATE PROPERTY

For clarity, we reiterate the underlying hypotheses which remain in
force throughout this section.
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HI) X C R is nonempty and open; f : X x R — R" is
continuous and such that (1) and (2) hold.

H2) C' C X is a nonempty compact set and is asymptotically stable
with respect to (4), with domain of attraction A.

First, we prove a technicality.

Proposition 4.1: Assume (£,u) € X x U is such that (3) has a
global solution z : Ry — X withQ(z)NA #£ 0. If (Qx)NA) C C,
then Q(z) C C.

We preface the proof with the remark that the assertion would be im-
mediate if Q2(x) # @ were known a priori to be a connected set: How-
ever, this is not the case. Connectedness may be inferred a posteriori
from the proof (which establishes that the closed set £2(:) is contained
in C and so is compact which, together with Proposition 2.1iii)-iv),
implies connectedness).

Proof: Since A is an open neighborhood of the compact set C', we
may choose £ > 0 sufficiently small so that K := {y € R"|dc(y) =
=} is a compact subset of A. Evidently, K N C' = (. Assume Q(z) N
A C C and, seeking a contradiction, suppose () ¢ C. Then, there
exists ¢ € Q(x) with ¢ € A. Moreover, do(() > z. Choose =z €
Q(z) N A C C arbitrarily (and so d¢:(z) = 0). Let (s, ) and ()
be unbounded sequences in Ry with #(s,) — z and x(t,) — (
as n — oo. Passing to subsequences if necessary, we may assume
sn < tn < Snt1,do(x(sn)) < e and do(x(tn)) > e foralln € N.
By continuity of «, there exists a sequence (7,) with 7, € (8y,1,)
and z(7,,) € K for all n € N. By compactness of K, the sequence
(x(7,)) has a convergent subsequence with limit in & and so « has an
w-limit pointin K C A. This contradicts the facts that K NC' = @ and
(Qz)nA)CC. [ |

We now arrive at the main result.

Theorem 4.2: Let € € X,u € LP(Ry,R™) for some p € [1,00),
and assume that (3) has a global solution « : Ry — X. The following
statements are equivalent:

i) @ approaches C';

ii) « approaches a connected component of C';

i) Qz) N A # 0.

Proof:

ii) = 1). This is immediate.
i) = 1iii). Assume that i) holds. Then, by compactness of C,x is
bounded and so €2(z) is a nonempty subset of A.
iil) = ii). Assume that iii) holds. In view of Proposition 2.1, if Q(x)
is compact, then it is also connected and is approached by . Therefore,
to complete the proof, it suffices to establish compactness of €2(): this
we do by showing that (€2(x)NA) C C (in which case, by Proposition
4.1, Q(x) C C and so, by compactness of C' and closedness of the
w-limit set, () is compact). Seeking a contradiction, suppose that
(Q(x)N A) ¢ C. Then there exists z € Q(x) N A with dc(z) > 0.
LetV : A — Ry be a smooth function with properties (5). Since
z € A\C, we have V' (z) > 0. Define

Ari={y € AV () < 2V(y) < 3V(2)}
Az i={y € A3V (z) < 4V (y) <5V (2)}.

and

) V(e)=0 forallc e C

i) V(y) >0 and

(VV(y), f(y)) <0
iii) if (y» ) is a sequence in A which either converges to a boundary point of A

forally € A\C'
y € A\ )

or [yn| — oo asn — oo, then V(y,) — oo asn — oo.
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Clearly, A> C A; and, by properties (5) of V', each is a compact subset
of A\C'. By property (1), there exists & > 0 so that

|F(y.u) = F ()| < alul  V(y,u) € A x RY.

Define

B:=—max(VV(y), f(y)) >0 and ~:= max|VV(y)|>0.
yeAL yEAL

Ifp > 1,let ¢ = p/(p — 1) denote its conjugate exponent. Define
é > 0 as follows:

1, p:l
8=
T @B/ pe ).

Note that, if p € (1, 00), then, by Young’s inequality

&1 (avyfu])?

avylu| < ? + o Vu € RM.

Therefore, in both possible cases of p = 1 and p € (1, cc), we have

B (el
aylul < b) + pT

Vu € RV.

Since z € Q(«) N intA,, there exists an unbounded sequence ()
such that z(¢,,) € A» for all n. Since v € L? and (¢, ) is unbounded,
there exists & € N such that

(ay)? [ p V(z)
. /tk uo)l dt < 2. ©)
For convenience, write wr (- ) := u(- + 1), 2x( ) := (- + t;) and

observe that 74 (t) = f(xg(t),ur(t)) for almost all ¢ € Ry . Define
T = {t € Ry|zi(t) € Ar}. We may now infer that

(Vour)' (1) = (VV(2r(1), Flre(t), ur(t)))
< (VY (B, £ (1)
+ IVV (@) f (e (), ur(t) = f (1))

5]
< —B+ orfue(t)] < ~5

|y ()7

+

fora.a. t € 7. (@)

In view of (6) and (7), the following implication holds:

[a.0] C T = 0 < V(2x(b))

Blb — al

< V(ra(a)) — MG

5 1 (®)
Since 3 > 0, it follows from (8) that 7 # R4. Define
T := inf{t € Ry|ex(t) € A1} € (0,00) (and so [0,T] C 7).
Then, either 2V (2, (T)) = 3V (z) or 2V (x4(T)) = V(z). How-
ever, the former case cannot occur because, otherwise, (8) (with
[a,b] = [0,T] and noting that, since z(ty) = z1(0) € A,, we
have 4V (24 (0)) < 5V(2)) leads to the contradiction: 3V (z) =
2V (2 (T)) < 3V(z) — BT. Therefore, 2V (xx(T)) = V(z). Re-
calling that z(t,,) € As for all n € N, the following are well defined:

Ty :=inf{t > T|x,(t) € A2} and

Ty :=sup{t € [T, T1]|2V (zx (1)) = V(2) }.
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Moreover, [Ty, T1] C 7,2V (zx(To)) = V(z) and 4V (2 (T1)) >
3V (z). Therefore, via (8), we arrive at the contradiction
3V (z) 4V (ap(Th)) < 4V (21 (Tp))

=281y — To| + V(z) < 3V (z).
We may now conclude that our original supposition is false and so
(2r)ynA) ccC. [ |

Remarks 4.3:

1) Theorem 4.2 is akin to [8, Th. 4.4(ii)]; however, the latter applies
in a more restricted context wherein 0 is assumed to be a globally
asymptotically stable equilibrium of (4) and L' inputs u only are
considered.

2) In the particular case of system (3) with X = R? and f :
(z,u) — f*(x) 4+ wu, it is shown in [9] that there exists a
smooth vector field f* such that C' = {0} is a globally asymp-
totically stable equilibrium of (4) and the following property
holds: For every £ > 0 there is a function v € L', with norm
llulli = [;7 [u(t)|dt < =, suchthati = f*(2)+u has a global
unbounded solution. In [10], this observation has been extended
to examples of unbounded solutions in cases wherein {0} is a
globally exponentially stable equilibrium of (4) and u is expo-
nentially decaying with |« (0)| > 0 arbitrarily small. Note that,
for every such solution, the nature of the unboundedness must
be such that |z(¢)| — oo as t — oo (otherwise, the unbounded
function x has nonempty w-limit set whence, by Theorem 4.2,
the contradiction: #(¢) — 0 as ¢ — o). Extrapolating this ob-
servation to the general case, we may deduce the following from
Theorem 4.2.

Corollary 4.4: Assume that A = X = R™ . If « is a global solution
of (3) withu € L” for some p € [1, o0), then the following dichotomy
holds: Either d¢(2(t)) — 0 ast — oo or |z(t)] — oo ast — oo,

3) It has been shown (by the scalar example in the Introduction)
that, by itself, the hypothesis of asymptotic stability of a com-
pactum C' (with domain of attraction A) for the autonomous
system (4) is not sufficient to guarantee convergence (ast — o)
to C of a global solution « of (3) with input w € L”. Theorem
4.2 establishes that the additional hypothesis that Q(x) N A # @
ensures convergence of  to C'. With this latter hypothesis in
place, it is reasonable to revisit the former to ask if asymptotic
stability of C' (that is, stability and attractivity) can be weakened
to attractivity of C': in other words, can the assumption of sta-
bility of C' be removed? This question is answered negatively
by appealing to [11, Th. 1.6] which subsumes the following.
Let N =2 = Mand f : (z,u) — f*(x) + u with f* is
continuously differentiable. Assume further that z* is a globally
attractive equilibrium of (4) and that there exists a nontrivial ho-
moclinic orbit O of (4) connecting 2™ to itself (in which case z*
fails to be a stable equilibrium). Then, for each 2% € O, there ex-
ists a smooth exponentially-decreasing function u : Ry — R?
such that, with initial data z(0) = 2%, the maximal solution
of (3) is global and Q(z) = cl(O).

4) Theorem 4.2 and Corollary 4.4 posit that x is a global solution
of (3). There are, of course, ad hoc conditions that one could
impose on system (3) to guarantee that maximal solutions are
globally defined. For example, if X = R™ and there exist con-
tinuous functions po, p1 : Ry — Ry such that |f(z,v)| <
po(|v]) + p1(Jv])|z| for all (z,v) € X x R, then an applica-
tion of Gronwall’s Lemma confirms that essential boundedness
of the input function u is sufficient to conclude that every max-
imal solution of (3) is global. A further example of a system of
form (3), for which essential boundedness of the input function
ensures that maximal solutions are globally defined, is described
later. A
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V. EXAMPLE

Let X = RY and f : (z,u) — f(x) 4 g(z)u for some locally
Lipschitz f* and g. Assume that f* is a gradient vector field in the
sense that, for some continuously differentiable function (potential)
P: X — R f(x) = —VP(z) for all x € X. Assume further
that f*(0) = 0, f*(z) # 0 for all z # 0, and every sub-level set
{x € X|P(x) < A} of P is compact. It is straightforward to verify
that C := {0} is an asymptotically stable equilibrium, with global do-
main of attraction A = X, of the autonomous system (4). Now assume
that the locally Lipschitz function g : X — R™** is such that, for
every sequence (z, ) in X\C'

|zn|aooas7z—>oo:>M—>0 asn — oo, (9)

[£*(zn)l

We claim that, if w € L™ N L? for some p € [1,00), then the unique
(recall Remark 3.1) maximal solution @ : [0,w) — X of the initial-
value problem & = f*(x) + g(x)u,xz(0) = £ € X, is global and
approaches C' = {0}. Observe that the claim is false if the hypothesis
that w € L N L? (for some p € [1,00)) is weakened to u € L*,
as the following scalar counterexample illustrates: # = —(1/2)2" +
x?u, z(0) = 1, which, for the (unbounded) input v € L' (with norm
[Julls = 2) given by u(t) = 1/y/1 —tforallt € [0,1) and u(t) =0
for all ¢ > 1, has unbounded solution ¢t — =(t) = 1/4/1 —t with
maximal interval of existence [0, 1).

We proceed to prove the claim. Let £ € X, u € L N L? for some
p € [1,00) and write [[u]|s := esssup,cg, |u(f)]. By property (9),
together with compactness of the sub-level sets of P, it follows that,
for some Ao € R

=)+ lg()]lJul|] < 0 forall z with P(z) > Xo.
For almost all t € I(£, u), we have
(Pox)(t) = (VP(x(t).
£ (@) + gla(®)u(t)) < —|F"(2(6))]”
+ [ (@@)llg((@)ulloe
which, in conjunction with (10), implies that P(z(¢)) < Xy :=
max{P(£),\o} for all t € I(£,u) and so, by compactness of the

A1-sub-level set, x is bounded. Therefore, w = oo and () # (. By
Theorem 4.2, we infer that = approaches C' = {0}.

(10)
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Controllability, Observability, and Parameter
Identification of Two Coupled Spin 1’s

Domenico D’ Alessandro

Abstract—In this note, we study the control theoretic properties of
a couple of interacting spin 1’s driven by an electromagnetic field. In
particular, we assume that it is possible to observe the expectation value
of the total magnetization and we study controllability, observability,
and parameter identification of these systems. We give conditions for
controllability and observability and characterize the classes of equivalent
models which have the same input—output behavior. The analysis is moti-
vated by the recent interest in three level systems in quantum information
theory and quantum cryptography as well as by the problem of modeling
molecular magnets as spin networks.

Index Terms—Controllability, identification, observability, quantum
control, spin dynamics.

I. INTRODUCTION

In recent years, there have been several proposals to use three level
systems, the so-called qutrits, in quantum information theory. The pro-
posals concern the use of these systems as building blocks for proto-
cols in quantum cryptography [13] and communication [7] as well as
for the encoding of two logic qubits [16]. They also have been used
to study fundamental questions in quantum mechanics such as entan-
glement measures [5], [9]. A study of control of three level systems
was considered in [6]. From a quantum control perspective, a system
of two coupled three level systems represents the next more difficult
case after the well studied system of coupled spin (1/2)’s [11], [19],
[21]. Motivation to study these systems also comes from the problem
of modeling molecular magnets. These novel materials [3], [4], [14],
[20] are of interest in many applications as nanosize magnets as well as
for fundamental studies in quantum mechanics and biology. They are
modeled as networks of interacting spins. Spin 1’s are a very common
example of three level systems. Examples are the nuclear spins of the
naturally occurring isotopes °Li, 2H, "' N.

We shall study the control-related properties, namely controllability,
observability, and parameter identifiability, for a pair of interacting
spin 1’s particles. To be more specific, we will consider an Heisenberg
spin model with Hamiltonian given by

H(t) := i(A+ Byua(t) + Byu, (1) + B-u-(t)) ey
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