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Abstract—For a class of dissipative nonlinear systems, it is system is (a) 0-GAS and (b) dissipative with supply function
shown that an iISS gain can be computed directly from the (in short, o-dissipative) in the sense that there exist a proper,
corresponding supply function. positive-definiteC! functionU of Lyapunov type and a clasé

The result is used to prove the convergence to zero of the StatefunCtiOﬂG such that U (&), f(&,v)) < o(||v||) for all (£, )
whenever the input signal has bounded energy, where the energy . ? AU . A
functional is determined by the supply function. then the system i#SS. The crucial point to bear in mind here
is that the latter result is non-constructive: the propsrtf O-
GAS ando-dissipativity imply only theexistenceof someilSS
gain function — the issue of constructing id8S gain remains;
the supply functioro is not in general anlSS gain function

I. INTRODUCTION and so one cannot conclude that the system hag{B&ICS

Or a linear systenmx = Ax+ Bu, with A Hurwitz, the property. The main contribution of the present paper is tmsh

following property is elementary: ik is a solution on that the following condition
R, := [0,00) corresponding to an inputi € LP for some
p € [Lo) (an input of bounded energy), thedt) — 0 as  Ycompactk CR", Jc>0: [[f(&,v)[ <c(1+o(|v]))
t — . The question of nonlinear counterparts arises: to what V(&,v) e KxR™,
extent (and for which measures of energy) does the bounded- ) ) o
energy-input/convergent-state (BEICS) property hold hie t ' conjunction with 0-GAS and-dissipativity, ensures that
context of a finite-dimensional nonlinear system- f(x,u) 'S aniISS gain function and so the-BEICS property holds.
under the 0-GAS hypothesis (that is, the assumption that 0 iSThe.com.putatmn ofISS gain is perynent tp the stability
a globally asymptotically stable equilibrium of the assoeil analysis of interconnected systgms which conti8% systems
autonomous system= f (x,0))? On the one hand, even in theand to the robustness analysis of closed-loop_ system_s. For
simplest of nonlinear systems satisfying the latter hypsit) _exe_lmple, the papers [1], [6] use the know_ledgelSlS gan
the BEICS property may fail to hold. In [16], Sontag and! its subsystem(s) to conclude the stability property a th
Krichman construct an example of a 0-GAS system of tH@terconnected systems. Base‘?' on the precursor [9] to the
form x = fp(x) +u with the property that, for everg > 0, there present paper, Wgng anq Welss [18] use our main result
is an integrable function, with! norm||u||; < €, such that the for computlr_lg theH_SS gain in a robustness analysis of a
system admits an unbounded solution: subsequently, in [1r7ﬁmtrolled wind turbine.
Teel and Hespanha provide an example of a system of similar
structure, but with the stronger property of 0-GES (thaDis, Il. PRELIMINARIES
is a globally exponentially stable equilibrium »f= fo(x)) for We consider nonlinear systems, with inputof the general
which an exponentially decaying additive input arbitrarily form
small in LP, can give rise to an unbounded solution. On the . 0 N
other hand, ifx= f(x,u), with f: R"x R™ — R" locally ~ X= f(xu), x(0)=x"eR", £(0,0)=0,
Lipschitz andf (0,0) =0, is integral input-to-state stabl@gS) f:R"xR™— R" locally Lipschitz. (1)
(see, [14]), with associatedSS gain functiony (to be made Throughout, the space of inputs is taken to be:=

precise in due course), then it is well known that the systen, m . i
is 0-GAS and has the BEICS property with respect to “intt?—'oc(R*’R ), that is, the space of measurable locally essen

i . . ; e ially bounded function®, — R™.
gra.ble (b.ounded-energy.) mputs,.prowdedmthat mteQnabp Dyefinition 2.1: Letue J andx? e R,. A solution of(1) is
defined via the energy-like functional-— Jo" y(|ju(t)||dt, in an absolutely continuous function [0, w) — R", w > 0, such
which case we say that the system hasW&EICS property. that ’ ' '
Theorem 1 in [2] (see, also, [1]) subsumes the followinghd t

Index Terms—Integral input-to-state stability, dissipative non-
linear systems.

t
X(t)—x(0)= | f(x(1),u(r))dt t € [0, w).
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Proposition 2.2: For eachu € U and x0 € R", the initial- and write
value problem (1) has unique maximal solutior]0, w) — R". Uy :={ueU| Eg(u)<w}. (6)

The set of continuous, strictly-increasing functiams R, — System (1) is said to have the BEICS property with respect to
R, with a(0) =0, is denoted byX and X. C X is the the energy functionak, (or, for brevity, o-BEICS) if, for all

set of unbounded functions ifii. The setXL consists of ue Uy and allx’ € R", the unique global solutior of (1) is

all functions : Ry x Ry — R, such thatB(-,t) € X for all such thatx(t) — 0 ast — oo.

teR, and, forallse R,, B(s,-) is decreasing anf(s,t) — 0 Proposition 2.6: Assume that there exist@! functionU :

ast — o. A function o : R, — R, is said to bepositive R" — R,, functionsay,a; € X«,0 € X and a continuous,
definiteif it is continuous,a (0) = 0 anda(s) > 0 for alls> 0.  positive-definite functiorors such that (4) and (5) hold. Then

The concept ofintegral input-to-state stability(ilSS), intro- (&) System (1) iSISS withilSS gainy = o;
duced in [14] and further developed inter alia, [2], [3] (the ~ (P) system (1) has the-BEICS property.

expository article [15] contains a particularly succinehy), Proof: The proof of Assertion (a) is implicit in the
is central to the present paper. proof of [2, Theorem 1]; the conjunction of Assertion (a) and
Definition 2.3: System (1) is said to bantegral input-to- Proposition 2.4 gives Assertion (b). _ m
state stable(ilSS) if there exist functionsr € Ko, B € KL Our study now focusses on the case wherein (5) is replaced
andy € X (the latter will be referred to as at6S gain) such by the weaker assumption:
o . ;
that, for every® € R" and for everyu € U, the unique maximal (OU(E), f(E,v)) < a(|[v]) ¥(E,v)€RxR™. @)

solutionx of (1) is global and
To distinguish this case, we adopt some further terminology

t
a(lx) < B0 +/0 v(lus)lhds VEeR.. (2) (1) is such that there there existC& functionU : R" — R,
functions a1, a2 € X and o € X such that (4) and (7) hold,

An immediate consequence of this definition is then we say that (1) idissipative we refer tog as thesupply
. ) function o and (7) is said to be the associatdisipation
(1) isilSS = (1) is 0-GAS. 3) inequality .

Furthermore, if system (1) i8SS with gainy and we define  Theorem 1 of [2] (see, also, Lemma 1 of [1]) subsumes the
an energy functional ott by ur [ y(||u(t)|)dt, then (1) has following. - . o .

the BEICS property. We record this fact in the next propositi  PToposition 2.7:1f (1) is 0-GAS and dissipative (with sup-
(see [14, Proposition 6]). ply function o), then (1) isilSS .

Proposition 2.4: Assume that (1) isISS withilSS gainy€  |n contrast with Assertion (a) of Proposition 2.6, the syppl
X. Letuec U be such thatfy’ y(|[u(t)||)dt < co. Then, for all function o associated with the hypothesis of dissipativity
x? € R", the unique global solutior of (1) is such thak(t) = in Proposition 2.7 is not, in general, @SS gainy for
0 ast — oo (1) and so one cannot conclude that (1) has ¢hBEICS

Definition 2.5: A continuously differentiable functiotV : property: however, an inspection of the proofs of [2, Theore
R" — Ry is anilSSLyapunov functiorfor system (1) if there 1, Proposition 11.5, Lemma 1V.10] reveals thatis indeed an
exist functionsas, a2 € X, 0 € X and a continuous, positive-j|SS gain if the functionf in (1) is such that the following

definite functionas such that the following hold: holds:
ar(J[€]) <U(E) < ax(|[E]l) V& eR", (4) Jc>0: |[f(Ov)| <co(|v]) YveR™ (8)
We summarise this situation as follows.
(OU (&), f(&,v)) < —az(||&])+a(||vl) Proposition 2.8: Assume that (1) is 0-GAS and dissipative

V(E,v) eR"xR™. (5) with supply functiono € K. Assume further that ando are
such that (8) holds. Then (1) isSS withilSS gainy= ¢ and

The concept oflSS admits the following elegant characteriza@S thed-BEICS property.

tion [2]: system (1) idISS if, and only if, it admits @mooth  Assumption (8) can be restrictive, as the following example
(that is,C™) iISS -Lyapunov function. However, in our laterjllustrates.

analysis, we will not wish to impoge™ smoothness on various

functions arising therein. With this in mind and reiteratin . : . . ; )

Remark 1.3 of [2], existence of ailSS Lyapunov function L',E’Xsnfh'tz functionsfo: R" — R" (with fo(0) =0) andg: R" —

is asufficient conditiorfor iISS (smoothness is not required)JR ’
in particular, system (1) idSS if it admits anilSS-Lyapunov f(&,v) = fo(&)+g(&)v V(&,v) €R"xR™. 9)
function. We record this and related facts in Propositioh 2. ) o
below, which we preface with some terminology. Assume thaig(0) # 0 and that (1) is 0-GAS and dissipative

With o € %, we associate an energy functior@} given with supply functiono : s— sP for somep > 1. Then (8) holds
by if, and only if, p= 1. In particular, ifp > 1, then we cannot

) e conclude, via Proposition 2.8, that inputs LP generate state
Eq(u) ':/o o((lu®)])dt, solutions converging to zero.

Let system (1) baffine in the contrglthat is, for some locally



1. MAIN RESULT Proof: By continuity of f and (A), it is readily verified

In the affine-in-the-control system example above witiiat, for every compact sé¢ C R", there existsk > 0 such
p > 1, an application of Young’s inequality yields the existencthat
of a positive constant; > 0 such thaf| f (0,v)|| = [|g(0)v|| < _ m
[9(0)[]|v]| < ca(1+||v||P) for all ve R™. The main contribu- I7(8:v) = 0l < ac(1+a(MD) ¥ (£,v) € KxR™
tion of the paper is to extrapolate this condition and idgnti This implies the existence of a strictly increasing segeenc
a condition onf under whicho is anilSS gain for (1) which, (ck) in N such that
together with Proposition 2.4, ensures twBEICS property: m
this we do in Theorem 3.1 below. In the context of the abovel f(§:V) = f(&,0)[ < c(1+o([V[)) ¥ (&,V) € Bk xR™.
affine-in-the-control system, our main result implies tHat | o - [0,e0) — (0,0) be the continuous function that linearly
all p> 1, if the system is 0-GAS and dissipative with S”pplYnterpoIates the pointsy, k € N, that is,
function o : s+ sP, then inputsu € LP do indeed generate
state solutions converging to zero (see Corollary 3.6). b(A) :=ck+ (cky1—)(A +1—-K) VA €[k—1,k) YkeN.
Theorem 3.1:Assume that (1) is 0-GAS and dissipative
with supply functiono € K. Assume further that and g 1NeM:
are such that the following holds.

(A) For every compact s& c RN, there existe >0 such I (&:V) = T(& 0 <b([I&[)(2+a([[vi]))
that vV (&,v) eR"xR™. (15)

If(&,v)| <c(1+a(v])) V(E,v)eKxR™.  (10) By Lemma 3.2, there exisis; € X such that
Then (1) isilSS withiISS gainy = o and has thes-BEICS [f(&,v)— (&, 0)[| <pa(lvl) V(&,v)€BLxR™  (16)

property. Let 8:(0,0) — (0,0) be continuous. Denote by € Ko the
We preface the proof of Theorem 3.1 with three technic@verse of the functiop; € K. and writeb=boa 1. Define

lemmas, whereirB; denotes the closed ball iR" of radius the continuous functio; : (0,1] — (0,) by

r >0 and centred at O.

Lemma 3.2:Let f : R" x R™ — R" be continuous. Then, &u(a) = B(a) + Ib@ - 6@l ., 0.1].
for every compact sef, there exists a functiopx € Ko such o(x1(6(a)))
that

If & € B1\{0} and [[v| < x1(6(W(&))) then py(|Iv]) <
IF(E.v) = F(E.0)l <pc(lvl)  V(&,v) eKxR™ (11) B(W(&)) and so, by (16),

Proof: Let K C R" be compact and defing : R, — R, I7(5v) = F(£,0)ll < 8(w(&)) < 6(w(E)) + a(wW(&) o ([IM)-

by If & € B1\{0} and||v|]| > x1(68(w(&))) then, by (13) and (15),
P (0) =0, 1£(&.v) = £(&,0)ll < b(lI£])(L+a([Iv])
P (a) :=max{| f(&,v)—f(£,0)]|| £ €K, veBy} Ya>0. < b(W(f))(1+~U(||V||)>
(12) < O(W(&)) +[Ib(w(£)) — O(w(&))]
By the continuity off, the functionpk is continuous at zero. +b(w(&))o(|Ivl)
Clearly, px is non-decreasing and sa fortiori, is measurable < O(W(E)) + L (W(E))a(||V])).
(in fact, it can be shown thabk is upper semicontinuous). _
Therefore, the functiopk : R — R, is well defined by This establishes that
2a
o (0):=0, pe(@=a+= [ pe(r)dr va>o. I£(&.v)— F(£.0)]| < B(W(&)) + B (w(&))a(|M])
i . ) Y(E.v) € (B1\{0}) xR™.  (17)
It is readily verified thatok € K. Moreover,pk (a) > pk(a)
for all ac R, and so (11) holds. m ForeverykeN, k> 2, letC, denote the compact set
Lemma 3.3:Let f : R" x R™ — R" be continuous and Ck:={&eR"1<w(&) <k}
K. Assume tha{A) holds. Letw:R" — R, be continuous i ,
and such that. for some € K By Lemma 3.2, for everk > 2, there exists a functiopg € K
’ = such that
a(lE) =w(§) V& eR™ (13)
, _ I1(&.v) = F(&,0)[ < p(lIv)  V(&,v) € Cex R™.
Then, for every continuous functiof: (0,c) — (0,), there .
exist a continuous functiod : (0,0) — (0,) such that For everyk > 2, let xi € X, denote the inverse gf € Ko,
and define the continuous functi@q: [1,k] — (0,) by
11(&,v) - £(£,0)[| < B(W(&)) +d(w(&))a([[vI]), Ba)_ o
n m _E Ib(a) -~ 6(@)|
vV EeR™N{0} VVveR™ (14) n(a) :=h(a) + :

a(xx(6(a)))



Then an argument analogous to that leading to (17) gives in which case, we have

1
1£(&,v) = F(&,0)[| < 8(wW(&)) + d(w(&))a([IVI]) [OV(E)IB(V(E)) < aa(V(&))B(V(E)) < Eas(ail(V(E)))
v C m k=23,... 8
(E,V)E k x R™, i) (1 ) % (”EH)VEERH (21)
Now, define ) )
By Lemma 3.3, there exists a continuous funct®n(0, ) —
o =0(1), ¢ = max{ar;]% &(a),0 1}, k=23,.... (0,0) such that
The sequencéd ey SO constructed is non-decreasing. Fi- || f(¢,v) = f(&,0)[| < 8(V(&))+6(V(&))o([lvi])
nally, define the functio® : (0,) — (0,) as follows V(&,v) € (R™\{0}) xR™. (22)
5(a) = { o1(a) + o5 — of, ae (0,1 Let € > 0 and define a continuous functiene X by
6K+l 5K+Z 6‘(+1)(a_k)? ac (kak+1]7k€N

. €
k(0)=0, k(a)=min<a, ——— Vae (0,0).
The functiond is continuous, with the properties © @ { ou(a)é(a)} (0,)

5(a)>& Vace(0,1], and It follows that

5(a) > &(a) Vae[lLK, k=23,.... K(V(E))||DV(E)H5(V(E))<£”DV(E)”6(V(E))

0V (€)3(V(E) ~°
vE € R™{0}. (23)

In view of (17) and (18), it follows that (14) holds. This

completes the proof. [ ]
Lemma 3.4:Let f : R"x R™— R" be locally Lipschitz with Define theC" functionW: R" — R, by

f(0,0) =0 and o € X. Assume that(A) holds and that (1) V(§)

is 0-GAS. For eveng > 0, there exists a continuous positive- W(¢ :/ K(T)dt.

definite functiona : R, — R, and aC? functionW: R" - R, ) )

such thatW/(0) = 0, W(x) > 0 for x # 0 and SinceV(0) =0, OV(0) =0 gnd K(0) = 0 it foII_oyvs that

W(0) =0 andOW(0) = 0. Using the positive definiteness of

<W(E)7 f(f,V)) < _a(HEH)‘Fso_(HVH) k andV, we conclude thaW(E) > 0 for all f 75 0.

Y(E.V) ER"XR™. (19) Invoking (20), (21), (22) and (23), we have

o < W(E), f(&,v)) =k(V(E))(OV(E), F(E,v)
Remark 3.5:We remark that the functiow in Lemma 3.4
is not necessarily proper (that is, its sub-level sets afe no— KVEDIBVIONITE V) = 1(E,0) —k(V(E))as(I1)
necessarily compact). KVENIBV(EIIB(V(E))+(V(E))a(|vI)]
Proof: The 0-GAS property implies that there exist a —k(V(&))as(|IE])
smoothV : R" — R, OV(0) = 0 and functionsay, a2, 03 € 1
K. such that < —5k(V(&)as(lI€]) +ea(|vi) (24)

. for all (§,v) e R™\{0} x R™.
vEeR"  (20)  since(OW(0), f(0,v)) = O for all ve R™, we conclude that
) (24) holds for all(¢,v) € R" x R™. The proof is completed by

au([I€]) < V(&) < az(lI€])
(OV(&), 1(&,0) < —as(||<]|

(see, for example, [10]). Defing; : R, — R, by setting

~ 1 .

Gu(@) =max{|V(E)| §eR" V(E)<a) YacR..  a(a):=zmin{k(V(m)as(Inl) | Inl<a ner".
By the continuity of )V, the functiond, is continuous at zero. ]

The functiond, is non-decreasing and so we may define a

continuous functiorny : R, — R, by PROOF OFTHEOREM3.1. By dissipativity of (1), there exist

aC! functionV : R" — R, functionsdy, és € X, ando € X

a4(0) =0, as(a) = }/zam(r)dr va> 0. such tha~t )
o n(1€]) < V/(E) < Gx(|E]) vE € R, N
Moreover, a4 is non-decreasing witlns(a) > ds(a) for all (OV(E), F(E. ) < a([v]) V(E.v) € R x R™ (25)

acR, and
By Lemma 3.4, there exists a continuous positive-definite

IEV(E)] < aa(V(§)) VEER™ functiona : R — R, andW € CY(R",R.) such thatV(0) =
0, W(x) > 0 for x#£ 0 and (19) holds.

Now define the continuous functioh: (0,c) — (0,) by
Define theC! functionU : R" — R, by

as(a, *(a))

e(a):min{a,m(a)} vae (0,), u(g):%(V(é)+W(E)) V€ €RM



Settingas = a/2 and invoking (19) together with the second IV. WEAKLY ZERO-DETECTABLE SYSTEMS

of inequalities (25), we may conclude that (5) holds. For pere e investigate a situation which, in essence, is-inter
eacha € Ry, define ay(a) := min{W(¢)| ~||€H < a} and mediate between satisfaction of tH8S inequality (5) and the
as(a) :=max(W(¢)| [[€]| <a}. Thenay:=(aGi+as)/2and issination inequality (7) (see (26) below).

0z = (02 + as)/2 are X, functions and are such that (4)

holds. An application of Proposition 2.6 completes the fprod-eth:R"— R' be continuous, witi(0) = 0. As in [2], system
o (1) is said to beveakly zero-detectable with respect td the

, - , . following holds: if x is a global solution o = f(x,0) with
Recalling Proposition 2.8 and the discussion in the papgray, property thah(x(t)) = O for all t € R, then_limx(t) = 0.
thereafter, the following fact is known: if the system (1) t—ro0

is affine in the control, 0-GAS and dissipative with supply Corollary 4.1: Let f : R" x R™ — R" be locally Lipschitz
functiono: s+ s, then (1) isiISS and has the BEICS propertyandh: R" — R continuous, withf (0,0) = 0= h(0). Assume
with respect to th&.! energy functionali— [3°||u(t)||dt. The that there exist functionsiy,az € Xw, 0 € K, a continuous
following corollary extends this result and, as a specialeca positive-definite functionn and aC? functionU : R" — R,
establishes the BEICS property with respect toltReenergy such that (4) holds and
functional for all 1< p < o.

Corollary 3.6: Assume that system (1) is affine in the (OU(&),f(&,v)) <—a(|[h(&)|)+a(|Ivl)

control, 0-GAS and dissipative with supply functian s+— Y(E,v) e R"xR™ (26)
Jo 9 (2)dz for somed € K. Then (1) isilSS with iISS gain _ .
y= o and has thes-BEICS property. Assume further thatf and o satisfy (A) and that (1) is

Proof: In view of Theorem 3.1, it suffices to show thatveakly zero-detectable with respectitoThen (1) isilSS with
property (A) holds. Since (1) is affine in the control, therd!SS gainy= o and has thes-BEICS property.
exist locally Lipschitzfo : R" — R", with fo(0) =0, andg: Proof: In view of Theorem 3.1, it suffices to show that
R" — R™™ such that (9) holds. Let the compact et R" be (1) js 0-GAS. From (4) and (26), we may infer that the
arbitrary. Then there exists > 0 such that| fo(¢)[| <co and  zerg state is a stable equilibrium af= f(x,0) and so, for
[19(&)l < co for all § € K. Therefore,[|f(&,V)[| < co(1+(V[) eachx?, the uniqgue maximal solutiox of the initial-value

for all (£,v) € K xR™. problem is global. It remains to show that the zero state is
Let ¢, > 0. Clearly, a globally attractive equilibrium ok = f(x,0): this is an
immediate consequence of (26) in conjunction with weak-zero
ITEV)] < co(l+ea) V(E,V) €K xBoy. detectability hypothesis and the LaSalle invariance [piac
On the other hand, ifiv|| > c1, we have [11]. [ |
1 v The next result identifies a situation in which one may
(V]| §c1+7/ 9(2) dz conclude theilSS and BEICS properties without positing
9 (c1) dissipativitya priori.
<ci+ io‘(”v”). Corollary 4.2: Assume that system (1) is affine in the con-
d(c1) trol, that is, for some locally Lipschitz functiorfs : R" — R"

andg:R" — R™M (9) holds. Letd € Ko, with inversed 1 ¢

Thus, usingc = co(1+c1+1/9(c1)), ) .
g =colt+at+l/de) Kw, and defined € K., and @ € Ko, by o(s) := 59 (2)dz

[f(E. v <c(1+a(llvl)) V(E,v)eKxR™ and Y(s) := [59 Y(z)dz Assume that there exist functions
. a1,02 € X, and aCt function U : R" — R, such that (4)
This completes the proof. B oids and

Example 3.7:Consider system (1) with
s, } (OU(E), fo(&) +w(In(E)]) <O YEER"  (27)

&8 +&v whereh: R" — R™ is given byh(§) = (DU(E))Tg_(E). As-

F : 2(1& 112 h sume further that (1) is weakly zero-detectable with resfmec
oru: & 2|]% we have h. Then, system (1) i#§SS withiISS gainy= ¢ and has the
(OU (&), f(&,v)) = —4E§‘+4522v <v? V(E,v)eR?xR. BEICS property with respect to the energy functiofal

o , . Proof: By the argumentrutatis mutandis adopted in

Therefore, the system is dissipative with supply functiog,q proof of Corollary 4.1, it follows, via (4), (27) and the

g:s s o o ~_ weak zero-detectability hypothesis, that (1) is 0-GAS. tNex
Moreover, an application of LaSalle’s invariance prineipl,,e show that (1) is dissipative with supply functian=y.
confirms that the system is 0-GAS. By Corollary 3.6, it folOW\ye have

that the system is$ISS with iISS gainy = g and has the

f:R2xR—R% (&,v)=(&,&,v) — [

BEICS property with respect to tHe? energy functionali—  (OU (&), f(&,v)) = (OU (&), fo(€)) 4+ (OU(&),9(&)v)
Jo UA(t)dt. We remark that it is not clear if one can invoke < (OU(E), fo(&)) + Ih(E)] |IvI|
Proposition 2.7 to arrive at the same conclusion. <

Next, we proceed to highlight some further consequences =< {HU(), f0(5>>+w(r‘]‘h<f)nL|) +o(|Ivl)
of Theorem 3.1. <o(|vl) V(&,v) e R xR,



wherein generalized Young's inequality is used to obtaioreover, we have

the second inequality and (27) ensures the last inequality.

Therefore, (1) is dissipative with storage functioninvoking
Corollary 3.6, the result follows.

Example 4.3:Consider again the system in Example 3.7,

with f(&,v) = fo(€)+g(&)v and
fO: RZ — R27 E = (61762) — |:€1_£2523:| s
g:RZ - R? &= (&.&) L?J

Let U: &+ 2||&[2 and h: (£1,&) = & — (OU(£),9(8)) =

p
(U (&), fo(&)) < —agas(V(§))”? = - (@)

V& cR"
and, on definingh: R" — R™ by h(¢) := (0U (&))" g(é),

p-1
Ih(E)| < asae(V(€)) P P/2 = (aGV;g“)) VEER.

Therefore, we arrive at

482. Then it is evident that the system is weakly zero- (OU(€) fo(f»ﬂ‘h(é)”p%"l <0 VEER"

detectable with respect to Moreover,

(DU(E), fo(&)) = —4&4 = —|n(&)|?/4 VE € R,
and so (27) holds withy: s+ s?/4.

Defining 8 € K« by 8 (s) := psP, the functionso and ¢ in
Corollary 4.2 areg :s+—sP andy : S (1/p)PI(p—1)sp-I.
Since p > 1, @(||h(&)])) < ||h(&)||PT for all £ € R". This

Invoking Corollary 4.2, we arrive at the same conclusion agplies that (27) holds.

in Example 3.7: the system i$SS with iISS gaino : s— s°
and has thes-BEICS property

Noting that the 0-GES property trivially implies weak zero-
detectability with respect th, an application of Corollary 4.2

The final result establishes that, if (9) holds with bound%tabnshes theSS property withilSS gaino’: s+ sP. This

g and globally Lipschitzfy and 0 is a globallyexponentially
stable stable equilibrium of= fp(x), then, for eactp € (1, ),

the system has the BEICS property with respect to ltRe

energy functionali— [ [lu(t)]|Pdt.

Corollary 4.4: Let system (1) be affine in the control, that

is, for some functionsfp : R" — R" andg: R" — R™™M (9)
holds. Assume further thdp is globally Lipschitz,g is locally

Lipschit d bounded, and th tem is 0-GES (that is, 0 e : X -
pschitz and boundec, an © system 1S (tha Esystems theory, it is shown that if (1) is 0-GAS and satisfies

is a globally exponentially stable equilibrium of the syst
x= fo(X)). Then, for eactp € (1,), (1) isilSS withilSS gain
o :s— sP and has thes-BEICS property.

Proof: By the global Lipschitz property ofp and global
exponential stability ofx = fo(x), there exist aC! function
V:R"— R, and positive constants,ay, az,as > 0 such that

a[&]? <V(§) <al&l?,
(OV(&), fo(&)) < —aaV(¢)
1OV(E)] < as/V($)

(see, for example, [4]). Invoking boundednessgpfve may
infer the existence oés > 0 such that

1(OV(E))Tg(&)]| < as V(&) VE eR™.

Let p € (1,») be arbitrary and definag := ag_l/ag. Now
define the functiold : R" — R, by

véeR"

U(E) = 2%6 (v(£)"?

in which case, (4) holds with

2 ap/2 2 ap/2
al:se<a6pl s, apis— %TZ sP.

The functionU is C* with
(0)=0,

(&) =as(V(£)) PPV (E) vE£0,
10U (&)]| < auas(V (&) PV vEeRr™

ou
ou

completes the proof. |

V. DISCUSSION

In view of recent results ohP-input state-convergence, we
conclude with some remarks on the various assumptions on
that are used in [7], [8], [12], in relation tA).

In [7], [8], using arguments based on infinite-dimensional

(26) with a = 0 : s+— sP then (1) has the BEICS property
with respect tolly; = LP inputs, provided thaf satisfies the
following

(Al) For every compact s&& C R", there existcy,c, >0
such that
11(&.v) = f(n.v)]| < (ca+cf V[P 1€ —n|
V& nekK, yveR™ (28)

(A2) For each fixedy € R", there exists, ¢4 > 0 such that

1£(1.9)] < cs+calM[P YVER™.  (29)

That this result is subsumed by Corollary 4.1 follows frona th
observation tha¢Al) and (A2) imply (A). Indeed, letk C R"
be compact and fix) € K. Invoking AssumptiongAl) and
(A2), there exist constanty, ¢y, c3,¢4 > 0 such that

&V < [1T(&v) =TVl +If(n,v)]l
< (ot cf|V[P)[I€ —nll+ (ca+caVI[P)
V(&,v) e KxR™
whence(A). On the other hand, it is clear théd) does not
imply (A1) and (A2).

Interpreted in the restricted context of systems of form ifi)
[12] the assumption imposed dntakes the form:

(A3) For every compact se C R", there existsk > 0
such that

I1(&,v) = £(&,0) <K|vl| V(& v) eKxR™ (30)



Under this assumption ofi and imposing the 0-GAS hypoth-
esis, the following is implicit in the main result of [12]: if
uelLP, 1< p< o and the unique maximal solutionof (1)

is global with non-emptyw-limit set, thenx(t) — 0 ast — o«

(we remark that the latter assumption of non-emptinessef th
w-limit set does not hold in the case of the counter-example
constructed in [17]). Clearly(A3) is more restrictive than
(A): it is readily verified that{A3) implies (A) (with o =id)

and it is clear tha{A) does not imply(A3). However, it is
difficult to make direct comparisons between the main result
of the present paper (Theorem 3.1) and that of [12] because
dissipativity of (1) is not posited in the latter.
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