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INFINITE-DIMENSIONAL LUR’E SYSTEMS: INPUT-TO-STATE
STABILITY AND CONVERGENCE PROPERTIES*
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Abstract. We consider forced Lur’e systems in which the linear dynamic component is an
infinite-dimensional well-posed system. Numerous physically motivated delay- and partial differential
equations are known to belong to this class of infinite-dimensional systems. We investigate input-
to-state stability (ISS) and incremental ISS properties: our results are reminiscent of well-known
absolute stability criteria such as the complex Aizerman conjecture and the circle criterion. The
incremental ISS results are used to derive certain convergence properties, namely the converging-
input converging-state (CICS) property and asymptotic periodicity of the state and output under
periodic forcing. In particular, we provide sufficient conditions for ISS and incremental ISS. The
theory is illustrated with examples.
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1. Introduction. We consider stability and convergence properties of the feed-
back interconnection between a forced, infinite-dimensional well-posed linear system
3 and a static nonlinear output feedback f; see Figure 1.1. Such feedback intercon-
nections are often called Lur’e systems. Note that in Figure 1.1 the signals v, y, and
u are given by
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Fic. 1.1. Block diagram of forced Lur’e system: The feedback interconnection of the well-posed
linear system X and the static nonlinearity f.

Lur’e systems are a common and important class of nonlinear control systems,
and the study of their stability properties has been termed absolute stability theory
(see, for example, [10, 11, 12, 18, 19, 41, 45]). Classical absolute stability theory
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comes in two flavors: in a state-space setting, unforced (v = 0) finite-dimensional
systems are considered and the emphasis is on global asymptotic stability, whilst
the input-output approach (initiated by Sandberg and Zames in the 1960s) focusses
on L2-stability and, to a lesser extent, on L>-stability; see [7, 41]. A more recent
development is the analysis of state-space systems of Lur’e format in an input-to-state
stability (ISS) context, thereby, in a sense, merging the two strands of the earlier
theory [2, 14, 15, 16, 32]. The ISS concept was introduced (for general nonlinear
control systems) in [33] and further developed across a range of papers, including [1,
17, 34, 35, 36] (see also the tutorial papers [5, 37]).

So far, the ISS approach to Lur’e systems is very much restricted to finite-
dimensional systems (with [14] being an exception; see the commentary after Corol-
lary 4.7). The aim of the present paper is to analyze ISS and incremental ISS proper-
ties of infinite-dimensional Lur’e systems. Incremental ISS [1] is a stronger property
than ISS and enables us to obtain convergence properties such as the converging-input
converging-state (CICS) property and the asymptotic periodicity of the state and out-
put trajectories under periodic forcing. Our results show that certain classical suffi-
cient conditions for absolute stability such as the complex Aizerman conjecture [11, 12]
and the circle criterion [16, 18] (or variations thereof) in fact guarantee (incremental)
ISS. A major novelty in this article is that we consider a general four-block Lur’e sys-
tem, the linear component of which is a well-posed infinite-dimensional system. Sys-
tems in this class allow for considerable unboundedness of the control and observation
operators and they encompass many of the most commonly studied partial differential
equations (PDEs) with boundary control and observation, and a large class of func-
tional differential equations of retarded and neutral type with delays in the inputs and
outputs. There exists a highly developed state-space and frequency-domain theory for
well-posed infinite-dimensional systems; see, for example, [27, 28, 38, 39, 40, 42, 43].
Throughout the paper we mean well-posedness in the L? sense, which is natural to as-
sume as frequency-domain methods, familiar from classical absolute stability theory,
generalize nicely in this infinite-dimensional framework.

Under suitable incremental conditions of small-gain type, the incremental stability
estimates which we obtain are of the forms

(1.2) lo1(t) = 22()[| < Tq (e [|l21(0) — 22(0)l| + [lvr — v2llLaqo,n))

and

(1.3) oy — x2llp2 0. + lyr — w2ll20,0) < T(l21(0) — 22(0) || + [lor — vallz2 (0,0)) -

These inequalities hold for all 2 < ¢ < oo and all ¢ > 0; the constants v, I', and
I', are positive; « is nonnegative; and (vg,zk,yx), for k € {1,2}, are certain in-
put/state/output trajectories of the Lur’e system! (one of which may, for instance,
be an equilibrium solution). As usual, L denotes an exponentially weighted L? space
and H"T”%g(o,t) = f(f €229 ||z(0)|*do. If (1.2) holds for all trajectories (vg, Tk, Y ), then
the Lur’e system is incrementally ISS. We note that at the level of generality which
we consider, the outputs y; need not have well-defined point evaluations everywhere
and thus we should not expect pointwise estimates for ||yi(t) — y2(¢)]| to hold. In-
stead, the estimate (1.3) provides an upper bound for the difference of the outputs in
a weighted L9 norm. In particular, if v; — vy € L2(0,0), then (1.3) guarantees that

IHere vy, and yy should not be confused with v? and y?, 4 € {1,2}, which appear in (1.1) and
Figure 1.1.
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y1 — y2 € L2(0,00) which in turn yields convergence of y;(t) — y2(t) to zero in the
sense that

€2at/ ly1(o) — y2(0)||?do — 0 ast — oo.
t

We proceed to give a more systematic overview of our results. With regards to sta-
bility properties, our main result is Theorem 4.1, which is reminiscent of the complex
Aizerman conjecture [11, 12], familiar from finite-dimensional control theory. We em-
phasize that the conclusions of Theorem 4.1 relate to (incremental) ISS properties, in
contrast to the complex Aizerman conjecture results in [11, 12] which guarantee global
asymptotic stability of unforced Lur’e systems. Loosely speaking, our Theorem 4.1
states that if a ball of complex linear static output feedback gains is stabilizing, then
the forced Lur’e system is (incrementally) ISS for all nonlinear feedbacks which sat-
isfy, in a natural (incremental) sense, the same “ball” condition. As corollaries, we
obtain a small-gain formulation in Corollary 4.3 and various generalizations of the
circle criterion in Corollaries 4.5, 4.7, and 4.9. The proof of Theorem 4.1 rests on a
combination of small-gain and exponential weighting techniques.

With regard to convergence properties, our main results are Theorems 5.2 and
5.4, the first of which provides a sufficient condition for the CICS property to hold,
whilst the second result ensures that, under the same conditions that are sufficient
for CICS, periodic forcing of the Lur’e system generates state and output trajectories
which, in a certain sense, asymptotically approach periodic functions with the same
period. The proofs of these results rely on incremental ISS properties of Lur’e systems
established in section 4. We comment that our main CICS result (Theorem 5.2)
extends recent work by the authors [3] to an infinite-dimensional setting, whilst the
result on asymptotic periodicity under periodic forcing (Theorem 5.4) was inspired
by [1, Proposition 4.4] and provides a far-reaching generalization of results in [29, 30,
44].

To relate the present paper to the wider context, we comment briefly on some of
the literature on ISS theory in infinite dimensions, a relatively new area of research.
The article most closely related to the present paper is [14], which we discuss in more
detail after the statement of Corollary 4.7. The papers [13, 26] analyze ISS properties
of linear infinite-dimensional systems: whilst a class of linear time-varying hyperbolic
PDEs is considered in [26], the authors of [13] investigate the relation between ISS and
integral ISS for linear infinite-dimensional systems with an unbounded control opera-
tor. The articles [23, 25] consider certain specific infinite-dimensional systems, namely
classes of semilinear parabolic PDEs with boundary disturbances [23] and time-delay
systems [25]. The former is based on a bespoke approach relying on results from the
theory of monotone control systems theory and the latter uses ISS Lyapunov the-
ory to establish ISS properties for the systems under consideration. Neither paper
focusses on Lur’e systems, and the set-ups and approaches differ substantially from
ours: whilst a direct comparison of results is difficult, the overlap with the present
work is negligible. The series of articles [6, 22, 24] considers ISS properties in an
abstract framework of controlled nonlinear infinite-dimensional systems. A compar-
ison between the results of these papers and the present work is again difficult: the
continuity assumptions imposed in [6, 22] are too restrictive to encompass the un-
boundedness in the control and observation permitted in the linear component of the
Lur’e systems studied in the present work. The paper [24] studies characterizations
of the ISS property for an abstract class of nonlinear systems which is in some sense
more general than the class of systems in the present work (for instance, no Lur’e
structure is assumed) and in some sense more restrictive (since existence and unique-
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ness of solutions is implicitly assumed in [24], and outputs are not considered). None
of the articles [6, 22, 24] considers sufficient conditions for the ISS property which are
in the spirit of classical absolute stability theory, again making the overlap with the
present work minimal.

The paper is organized as follows. Section 2 gathers notation and required
material from the theory of well-posed linear systems. Section 3 discusses infinite-
dimensional Lur’e systems. Our main results are contained in sections 4 and 5, which
contain stability and convergence results, respectively. The paper concludes with two
examples in section 6 which serve to illustrate the theory.

Finally, in order to keep the present text to a reasonable length, applications of
the theory developed in sections 4 and 5 to low-gain integral control in the presence
of input nonlinearities will be presented in a future publication.

2. Preliminaries. For real or complex Hilbert spaces U and Y, let £(U,Y)
denote the space of all linear bounded operators mapping U to Y. For Z € L(U,Y)
and r > 0, define

B(Z,r)={TeLUY):|T-Z|<r},

the open ball in £(U,Y), with center Z and radius r. We set L(U) := L(U,U) and, for
S, T € L(U), we write S »= T if S—T is positive semidefinite, that is, (Su—Tu,u) > 0
for all w € U. It is well known that, if U is a complex Hilbert space and S > 0, then
S =S5

For o € R, set C, := {s € C: Re s > a}. The space of all holomorphic and
bounded functions C, — L(U,Y) is denoted by H°(L(U,Y)). Endowed with the
norm

E(p—TT
s€Cqy

H°(L(U,Y)) is a Banach space. We write H*(L(U,Y)) for H°(L(U,Y)). For an ar-
bitrary Banach space W and ¢ > 0, define the projection operator P; : L2 (R, W) —
L2(R,, W) by
w(t) V7 €01,

0 V71>t

(Prw)(7) = {
For 7 > 0, the left-shift operator L, : L (Ry,W) — L% (R4, W) is given by
(Lrw)(t) = w(t +7) for all t > 0. For « € Rand 1 < ¢ < oo, we define the
weighted L7 space
LRy, W) :={we LL (Ry,W):exp,w € LIY(R;, W)},

loc

where exp,, : R — R is given by exp,,(t) := ¢*'. Endowed with the norm
[wllzg = [l expq wllLa,

L3 (R4, W) is a Banach space. The function Ry — Ry which is constant with value
equal to 1 will be denoted by 6, that is, 6(¢) = 1 for all ¢ > 0.

Below we will provide a brief review of some material from the theory of well-
posed systems; for more details we refer the reader to [38, 40, 42, 43]. Throughout, we
shall be considering a well-posed linear system ¥ = (T, ®, ¥, G) with state space X,
input space U, and output space Y. Here X, U, and Y are separable complex Hilbert
spaces, T = (T;);>¢ is a strongly continuous semigroup on X, ® = (®,);>¢ is a family
of bounded linear operators from L?(R,U) to X (input-to-state maps), ¥ = (¥;)¢>
is a family of bounded linear operators from X to L?(R,,Y’) (state-to-output maps),
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and G = (G¢)¢>o is a family of bounded linear operators from L?(R,U) to L*(R4,Y)
(input-to-output maps). In order for ¥ to qualify as a well-posed system, these families
of operators need to satisfy certain natural conditions; see [38, 40, 42]. Particular
consequences of these conditions are the following properties:

étPt == CI)t, Pt\I/t+7— == \Ijt, Pth+TPt = Pth+7- = Gt Vt, T Z 0 .

It follows that ®; extends in a natural way to LZ (Ry,U) and there exist operators

Voo : X 5 L2 (Ry,Y) and Goo ¢ LE (R4, U) — L2 (R,Y) such that
Pt\I’oo == \I/tv PtGoo == Gt Vt Z 0

The operator G is shift-invariant (and hence causal) and is called the input-output
operator of X. Given an initial state 2z° and an input u € L (Ry,U), the corre-

sponding state and output trajectories x and y of ¥ are defined by

x(t) = Tya® + du
(2.1) t) =T, . V>0,
Pty = \Iftﬂf + Gtu
respectively.
Let (A, B,C) denote the generating operators of ¥. The operator A is the gen-
erator of the strongly continuous semigroup T = (T;);>0 and the operators B €

L(U,X_1) and C € L(X;,Y) are the unique operators satisfying
t
du = / T; ,Bu(t)dr Vu e L*(R,,U), YVt >0
0

and
(Uooz®)(t) = CTa® Va' € Xy, V>0,

where the spaces X; and X_;, respectively, are the usual interpolation and extrapo-
lation spaces associated with A and X.

The transfer function G of ¥ has the property that G € HX(L(U,Y)) for every
a > w(T), where w(T) denotes the exponential growth constant of T. The relationship
between G and the operators (A, B, C) is expressed by the formula

1
s—z
(see [38, equation (4.6.9)]) where A_; € L(X,X_1) extends A to X and, considered
as an unbounded operator on X_1, generates a semigroup on X_; which extends T
to X_;. Furthermore, for § € R, the operator G, is in E(L%(R+,U),L%(R+,Y)) if
and only if G € H>4(L(U,Y)), in which case

(G(s) = G(2)) = —C(sI —A) " (zI = A_1)"'B Vs,z € Cyr), s# 2,

(2.2) 1Geolls = Gl

where || - ||g denotes the L%—induced operator norm. We remark that § < —w(T) is
sufficient for G, to be in L(L3(Ry,U), L3(R,Y)). We also record that, for every
B < —w(T), there exist positive constants ¢ and 1 such that

le®®eull < [ Poull s Vu € LRy, U), ¥i >0

and
[Wooa®llLz < ¥ll2| Va® e X.
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The system (2.1) is said to be optimizable if, for every z° € X, there exists u €
L*(R4,U), such that € L?(R,, X). Furthermore, we say that (2.1) is estimatable if
the “dual” system is optimizable, that is, for every z° € X there exists v € L?(R,,Y)
such that the function t — T}2° + ;v is in L?(R;, X). We note that, by [21], opti-
mizability is equivalent to exponential stabilizability and estimatability is equivalent
to exponential detectability (where exponential stabilizability and detectability are
understood in the sense of [38]).

An operator K € L(Y,U) is said to be an admissible feedback operator for ¥ (or for
G) if there exists o € R such that I — GK is invertible in H®(L(Y)). If K € L(Y,U)
is an admissible feedback operator, then, for every t > 0, the operator I — G;K is
invertible in £(L?(R4,Y)), and, I — G K has a causal inverse (I — GooK)~! (map-
ping L (Ry,Y) into itself). Furthermore, if K € £L(Y,U) is an admissible feedback
operator for ¥, then there exists a unique well-posed system L5 = (TK &K ¢k GK)
such that

0 O
0 K

(T, @, k. (TF ®F
Xy = (xpt Gt>’ X = <\I/{< GK ) -

It follows from (2.3) that, for all ¢ > 0,
T =T, + &KV, &f =d,(I+KGf), ¥K=(T+G K)V,,

(2.3) zf(:zﬁzt( )sz Vit >0,

where

and
(I -G:K) ' =T+GFK, GF =(I-GiK)'G,.

Moreover,
UE = (T +GEK)V,, (I-G oK) '=I+GEK, GE =(I-G,K) 'G..

The transfer function G¥ of XX is given by GX = (I - GK)~!G.
The interpretation of (2.3) is that XX is the closed-loop system shown in Fig-
ure 2.1.

u Yy
T[ E
K

F1c. 2.1. Block diagram of closed-loop feedback system of ¥ in connection with output feedback K.

It follows from (2.3) that if « and y are the state and output trajectories of 3
associated with the initial state 2° and input u, then = and y are the state and output
trajectories of XX associated with the initial state 2° and input v — Ky. We state
this fact, somewhat more precisely, in the form of a lemma.

LEMMA 2.1. Let (u,z,y) € L (R4, U) x C(Ry, X) x LE (R,Y), and let K €

L(Y,U) be an admissible feedback operator for X.. The triple (u,x,y) satisfies (2.1)
with 29 = x(0) if and only if
z(t) = TE2(0) + 5 (u — K
(t) tK() tK( y) VE> 0.
Py =¥ 2(0) + G (u — Ky)
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We say that an operator K € L(Y,U) stabilizes G (or stabilizes ¥ in the input-
output sense) if (I — GK)™'G € H®(L(U,Y)). The set of all operators stabilizing
G is denoted by S(G). Trivially, every element in S(G) is an admissible feedback
operator for G.

The following lemma is a special case of [8, Proposition 5.6].

LEMMA 2.2. For K € L(Y,U) and r > 0, B(K,r) C S(G) if and only if ||(I —
GK) 'G| g~ < 1/r.

An immediate consequence of the sufficiency part of Lemma 2.2 is that S(G) is
an open subset of L(Y,U). Note that the sufficiency part is simply a version of the
small-gain theorem. The assumption that the Hilbert spaces U and Y are complex
plays an important role in the necessity part which, in general, does not hold for real
Hilbert spaces.

In the following, the input and output spaces U and Y will be of the forms
U=U'"xU?and Y = Y! x Y2 where U’ and Y are complex Hilbert spaces,
i =1,2. It is convenient to introduce the following maps:

PY oY (32> sy, i=1,2,

and
E11U1—>U,u|—><g), E21U2—>U,ul—><2).

If y € L} (R4,Y), then Py is the function in L _(R4,Y?) given by (Piy)(t) =

. loc , -
P'y(t). Similarly, for u € Lj, (Ry,U"), the symbol E’u denotes the function in
L2 (Ry,U) given by (E'u)(t) = E'u(t). The decompositions of the input and output
spaces, U = U! x U2 and Y = Y'! x Y2, respectively, induce four well-posed systems,
namely,

Y .= (T,®E’, P'U, P'GE?), i,j=1,2.

Obviously, the state, input, and output spaces of X% are given by X, U7, and Y?,
respectively. For K% € L(Y7,U?), let K € L(Y,U) be defined by

(2.4) Ky=E'KYPly VycY.

For example, if ¢ = 1 and j = 2, then

0 KIQ
k= () %)
The next result compares the feedback systems obtained by applying the feedback
operators K% and K to ¥/ and ¥, respectively.

PROPOSITION 2.3. Let i,j € {1,2}, and let KY € L(Y7,U*) be an admissible
feedback operator for 7. Then K € L(Y,U) given by (2.4) is an admissible feedback
operator for X and the following identities hold:

(2.5) T =T, R B = (@B)K”,
' PIwE = (PIu)KY | pIGKE! = (PIGE")K"

where the last identity can be formulated in terms of transfer functions as follows:

PIGKE = (PIGE)K".
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Proof. Admissibility is most easily shown on a case-by-case basis. Setting G7% :
PjGEia we have that, for (Za]) = (171)a (Z,]) = (132)7 (Zaj) = (271)7 and (Za]) =
(2,2), the function I — GK equals

I — GllKll 0 I _G11K12 I — G12K21 0 T _G12K22
< _G21K11 I) ) (0 I — G21K12> ’ < _G22K21 I) ) <0 I — G22K22> ’
respectively. From this we see that K is admissible for G if and only if K% is

admissible for G7%.
Introducing the well-posed system

i (T, O I o I 0
Ji . __ Lt -t ) = ) )
(2:6) = <PJ\I/t PJGtEZ) (0 Pﬂ) it (0 E)

it is clear that the identities (2.5) are equivalent to

o )" = (5 p) (s )

It is convenient to denote the right-hand side of (2.7) by %, that is,

s (I 0 k(I O
o) s- (1 0)se (1 8).
It is sufficient to prove that

S ji i (0 0\ ¢

Indeed, by the uniqueness in (2.3), it follows from (2.9) that % is the closed-loop

system obtained by applying the feedback K% to ¥7¢, and so (2.7) holds.
To establish (2.9), we first substitute (2.3) into (2.8) to give

s (I 0 I 0 I 0 0 0 k(I O
e m=(g )G op) om0 06 )
Using that
0 0y (I O 0 0 I 0
0 K) \o E'J\0o KY)\0o PI)~

we see that the right-hand side of (2.10) equals
I 0 I 0 I 0 I 0 0 0 I 0 k(I O
<0 Pj> e (0 E) + (0 PJ') e (o E) (o K7> (0 PJ‘) it (0 E) ’
which, by (2.6) and (2.8), is identical to

. (0 0 =
DAY (0 Kij) .

Hence we have shown that (2.9) holds, completing the proof. d
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3. Infinite-dimensional Lur’e systems. Here we define precisely the class
of Lur’e systems, the stability and convergence properties of which we shall study,
thereby formalizing the arrangement depicted in Figure 1.1. Given an initial state
2% and an input u € LIQOC(]RJr7 U), the corresponding state and output trajectories of
¥ are given by (2.1). Let 4,5 € {1,2}, and let f : Y9 — U? be a nonlinearity. The
closed-loop system obtained by applying the feedback

u=FE'(foPly)+v, where vec L (R,,U),
is then given by

(3.1) z(t) = Ty + @, (E'(f o Ply) +v) } VE> 0.

P,y =020+ Gt(Ei(f o Piy) + v)

As an illustration, Figure 1.1 corresponds to the case i = j = 2. Given z° € X and
ve L (Ry,U), a solution of the Lur’e system (3.1) on [0,0), where 0 < o < oo, is a
pair (z,y) € C([0,0), X)x L2 ([0,0),Y) such that foPiy € L ([0,0),U?) and (3.1)
holds for all t € [0,0). If 0 = oo, the solution is called global. Obviously, if (z,y) is a
solution of (3.1), then x(0) = mo.

It can be shown (by invoking Zorn’s lemma) that, for every solution of (3.1) on
[0,0), there exists a mazimally defined solution (3.1) defined on [0, 7) with o < 7 < 00
which cannot be extended any further (that is, 7 is maximal). System (3.1) is said
to have the blow-up property if, for every maximally defined solution (z,y) with finite
interval of existence [0, ),

(3.2) max{hmsup”x |, hm/ ly(r ||2d7'}

We remark that if the blow-up property holds and (z,y) is a solution of (3.1) on [0, o)
with 0 < 0 < oo and the left-hand side of (3.2) is finite, then the solution (z,y) can
be extended to the right beyond o.

The set of all triples (v,z,y) in L2 (Ry,U) x C(R4,X) x L (R4,Y) such
that (3.1) holds with 2° = (0) is said to be the behavior of (3.1) and is de-
noted by B. In particular, if (v,z,y) € B, then (z,y) is a global solution of (3.1)
with 2 = 2(0). In an ISS context, we consider external inputs v which belong to
L (Ry,U) € L (Ry,U). More generally, for 2 < ¢ < oo, we may wish to con-
sider inputs v in L (Ry,U) C L (R4, U). It is therefore convenient to define the
following “sub-behavior” of B:

={(v,z,y) eB:ve Ll (Ry,U)}.

Obviously, we have 32 = B. In this paper, we are mainly concerned with stability
and convergence properties of (3.1): existence and/or uniqueness of solutions is not
our main concern. The question of existence requires addressing on a less general
basis, taking into account relevant features of the particular system or subclass of
systems under consideration. However, we state a simple, but important, existence
and uniqueness result from [40].

PROPOSITION 3.1. If f : Y7 — U? is globally Lipschitz with Lipschitz constant
A>0 and _ _
)\liminf |PPGE"||pg= <1,

then, for all z° € X and v € L% (Ry,U), the Lur’e system (3.1) has a unique global
solution.
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The next result (“loop shifting” in control engineering jargon) shows that the be-
havior B of (3.1) is identical to the behavior of the feedback interconnection obtained
when the linear system XX is subjected to the feedback law u = E'f(Ply) — Ky + v,
where K € L(Y,U) is an admissible feedback operator for X.

COROLLARY 3.2. Let K € L(Y,U) be an admissible feedback operator for ¥, and
let (v,z,y) € L} (R4, U) x C(Ry, X) x L (R4,Y). The triple (v,z,y) is in B if
and only if

o) = TEa(0) + @ (B (o Py +o—K9) |
Pty:\Ilth(O)+G{((Ei(fony)+vay) -

The above corollary is an immediate consequence of Lemma 2.1.

A triple (v°,2°,y°) € U x X x Y is said to be an equilibrium or equilibrium triple
of the Lur’e system (3.1) if the constant trajectory ¢ +— (v¢,z¢ y°®) belongs to B.
The next result provides formulas relating the components of an equilibrium triple
(v°, 2%, 9°).

PROPOSITION 3.3. Let (v°,2°%,4°) € Ux X XY, let n € C such that Ren > w(T),
and set u® := E'f(Piy®) +v°. The triple (v°,x°,y°) is an equilibrium of (3.1) if and
only if

Az®+ Bu® =0 and y°=C(2°— (nI — A)_lBUe) + G(n)u.

Note that the identity Az® + Bu® = 0 implies that 2° — (n] — A)~!Bu® € X; and
thus, the expression C(z° — (nI — A)~*Bu®) is well defined.
Proof of Proposition 3.3. It is clear that (v®, 2° 4°) is an equilibrium of (3.1) if
and only if for all t > 0,
x® = Tx® 4+ O(u0), P:(y°0) = Uia® + Gi(u®h),
where we recall that the function ¢ : Ry — Ry is defined by 6(¢) = 1 for all ¢ > 0.
The claim now follows from [39, Proposition 2.6] and [39, Theorem 3.2]. O

4. Input-to-state stability properties. The current section contains our main
results pertaining to stability properties of (3.1), namely Theorem 4.1 from which
we derive a number of corollaries. We start by introducing some terminology. An
equilibrium triple (v°, z°,y°) of (3.1) is said to be exponentially input-to-state stable
(exponentially ISS) if there exist positive constants I' and + such that

l2(t) = 2| < T (e |2(0) — 2°|| + [Pe(v — v°O)[|1) V=0, ¥ (v,2,y) € B>,

Furthermore, (3.1) is said to be exponentially incrementally input-to-state stable (ex-
ponentially §I5S) if there exist positive constants I" and v such that, for all (vq, 21, y1),
(vg, T2, y2) € B>, and all ¢t > 0,

l21(t) = 22 (8)]] < T(e™ 7 21(0) = 22(0) || + [[P1(v1 — v2)| =) -

We introduce a further type of “sub-behavior” which shall be useful in formulating
our stability results. For a nonempty subset Z C Y7 and 2 < ¢ < 0o, we set

BY = {(v,z,y) € BY: Piy(t) € Z for a.e. t >0}.

Furthermore, By := B%.
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The following theorem is reminiscent of the complex Aizerman conjecture in fi-
nite dimensions (which is known to be true; see [11, 12, 16]): (incremental) stability
properties of the nonlinear system (3.1) are guaranteed by the assumption that a
corresponding linear feedback system is stable for all linear complex feedback opera-
tors belonging to a certain ball, provided the nonlinearity satisfies, in a suitable and
natural sense, the same ball condition.

THEOREM 4.1. Let ¥ = (T, ®, U, G) be a well-posed linear system, leti,j € {1,2},
K9 e L(YI,UY, r >0, and let Z1,Zy C Y7 be nonempty subsets. Assume that ¥ =
(T, ®E*, PPV, PIGE?) is optimizable and estimatable and B(K™, r) C S(P/GE?). If
f:YI 5 U? satisfies

(4.1) v(f,Z1,2Zs) = sup I f(z1) — f(z2) — K" (21 — 20)||

<,
(21,22)EZ1X Za, 21722 ||Zl - zQH

then the following statements hold.

(1) There exist constants I' > 0 and € > 0 such that, for all (v1,21,y1) € Bz,, all
(va, X2,Y2) € Bz,, all a € [0,¢], and all t > 0,

1Pz = z2)llzz + [Py — v2)llzz < T([l21(0) — 22(0)[| + [[Pe(vr — v2)l[z2).

(2) Let 2 < g < oo. There exist constants Ty > 0 and v > 0 such that, for all
(v1,21,91) € B, all (v2,22,y2) € BY_, and all t >0,

21 (t) = 22 (B)]] < Tq (e [|l21(0) = 22(0) | + [P (v1 — v2)l[1a)-

Here T'y depends on g, but y does not.

(3) Let p € (0,7). Then the estimates in statements (1) and (2) hold uniformly in f
for all f with v(f, Z1, Z) < p, that is, the constants I', €, T'y, and v do only depend
on p but not on the specific nonlinearity f (satisfying v(f, Z1, Z2) < p).

(4) If (v1,1,91) € BE, (v2,w2,y2) € B, and e**(v1(t) — va(t)) — 0 as t — oo for
some o > 0, then x1(t) —x2(t) = 0 ast — oo. If @ > 0, then the rate of convergence
of x1(t) — x2(t) to 0 is exponential.

(5) If (vi,21,51) € By, (va,22,y2) € BY , where 2 < ¢ < 00, and vy — vz €
Li(R,U) for some a > 0, then x1(t) — x2(t) — 0 as t — oco. If a > 0, then the
rate of convergence of x1(t) — xo(t) to 0 is exponential.

We provide some commentary before proving Theorem 4.1, in particular high-
lighting two important special cases.

Special case 1. Assume that (v®,2°%,y°) € U x X x Y is an equilibrium triple of
the Lur’e system (3.1) and the assumptions of Theorem 4.1 hold with Z; = Y7 and
Zy = {P7y°}. Then the constant trajectory (v°,z°,y°) is in B3, and statement (2)
implies that the equilibrium (v¢, ¢, y®) is exponentially ISS. Furthermore, by state-
ment (4), if (v, x,y) is in B> and v(t) — v° as t — oo, then x(t) — z® as t — oo. In
particular, if

_ K
72 = KUz

2€YF, 240 2|l

)

and f is continuous, then f(0) = 0 and (0,0,0) is an exponentially ISS equilibrium
of (3.1). In this scenario, (3.1) has the 0-converging-input converging-state property
(0-CICS), that is, if (v,z,y) is in B> and v(t) — 0 as t — oo, then z(t) — 0 as
t — 00.
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Special case 2. Assume that the hypotheses of Theorem 4.1 hold with Z; =
Zy = Y7 (and so (4.1) is equivalent to z — f(z) — K%z being globally Lipschitz with
Lipschitz constant smaller than 7). In this case, statement (2) of Theorem 4.1 implies
that the Lur’e system (3.1) is exponentially 6ISS. Furthermore, as a consequence of
Proposition 3.1 and Corollary 3.2, for every pair (z%,v) € X x L2 _(R4,U), there
exists a unique triple (v, x,y) € B such that z(0) = 2°.

We now proceed to proving Theorem 4.1. Further special cases and applications
of Theorem 4.1 will be presented after the proof (in particular, see Theorems 5.2 and

5.4).
Proof of Theorem 4.1. By hypothesis, B(K%,r) C S(P/GE?"), and hence, using
Lemma 2.2 and Proposition 2.3, we conclude that

I(PIGENE" | = (PIGE)K" | g = [|PIGK E|| = ||PYGKE|| = < 1/,

where || - || is the L2-induced operator norm and K is given by (2.4). Furthermore,
by (4.1), with v := v(f, Z1, Z2), it follows that

(4.2) v|PIGEEY| g~ = v|PIGEEY|| < 1.

Since ¥7* is optimizable and estimatable and (P7 GEHK” ¢ H=(L(U',Y7)), it follows
from [43, Theorem 1.1] that TX" is exponentially stable. Defining K € L(Y,U) by
(2.4), we invoke Proposition 2.3 to conclude that T = TX " is exponentially stable.

To establish statements (1) and (2), we will make use of an exponential weighting
argument. To this end, let a € (0, —w(TX)) and define shift-invariant operators
Hy: L (Ry,U) — L2 (Ry,Y) and HI' : L2 (R4, U%) — L2 (R4,Y7) as follows:

How = exp, GE (exp_, w), Hi'w :=exp, PIGE E'(exp_, w).

Note that the transfer functions H, and H?' of H, and HJ'

I, respectively, are given
by

H,(s) = G¥(s —a), HI(s)=PG¥(s—a)E"
Fixing § € (0, —w(TX)), we have H, € H*(L(U,Y)) and H' € H>(L(U?,Y7)) for
all @ € [0,4]. Tt follows that, for every a € [0, 4],
Hﬂé € 'C(L2(R+7 U)v LQ(R+, Y))v Hgf € [’(L2(R+7 Ui)a L2(R+a Yj))v
and - -
[Holl = Hallmze=, [HZ| = [[HY| o~

Furthermore, since Hgi € H>®(L(U!, Y7)), the transfer function P/G¥ E? is uniformly
continuous in any vertical strip of the form o7 < Res < g9, where —§ < 07 < 03, and
therefore, invoking (4.2), we conclude there there exists € € (0,9) such that

(4.3) vI[HZ g = v||HI'|| <1 Vae€l0,¢].
For the following, it is convenient to define

(4.4) g:YI xYI 5 U (21,29) = f(z1) — f(z2).
We note that

—_ KU —
sup l9(21, 22) (-2l

(21,22)€EZ1 X Za, 21F#22 ”Zl - ZQH
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Consequently, for every « € [0, ],

(4.5) IPs expq, (9(wr, wa) — K (wy —ws)) |12 < v||Pyexpy(wi —ws)|z2 ¥t >0,
' Yy, we € LE (R, Y7) s.t. (wi(7), wa(T)) € Zy x Zy for ae. 7 > 0.

Let (v1,21,11) € Bz,, (v2,x2,y2) € Bz,, and set
VI= V1 — Vg, T =T — Tg, and Yy =y1r—y2.
To establish statement (1), we invoke Corollary 3.2 and (2.4) to obtain

y=UE2(0)+ GE (E'g(Ply1, Plys) +v — Ky)
= UE2(0) + GE (E'g(PIy, Plys) — E'K Py +v) .

Multiplying the above equation by exp,,, where a € [0, €], leads to

(4.6) exp,y = exp, \Ilfox(O) + Ha(expa E? [g(Pjyl, Pij) — Kiijy] + exp, v) .
Applying the operator P7 to both sides of this equation leads to

exp,, Ply = exp, PPUE 2(0) + Hgi(expa(g(Pjyl, Plys) — Kiijy)) + PIHyexp,v.
Taking norms and invoking (4.5) gives, for every ¢t > 0,

4.7) P(PPy)llrz < [P7OLx(0)| 2 + | HL v [P(P y)llz + [P7 Hall [Pl 22
In light of (4.3), we have that |[HZ!||[v < 1, and so, setting

_ max{|| P H,||,1}
o T )

1—v||HE|

we may rearrange (4.7) to yield

(48) PPyl < o (IPWER(O)] 15 + [Pevlls) V=0,

By taking norms in (4.6), and inserting the estimates (4.5) and (4.8), it follows that
(4.9) IPeyllzz <T'([2(O)] + [Pevllzz) V=0, Ya€[0,e],

with
= max{ (1 + ’/N€||H€||)||\I’£H€7 (1 +vpe)[[Hell}

Here || WX ||. denotes the L2-induced norm of the operator WX . Now
z(t) = Ty 2(0) + @ (E'g(P7y1, P'y2) + v — Ky),

and so, combining this identity with (4.5) and (4.9), it follows via standard results
from well-posed linear systems theory that there exists a constant I > 0 such that

[Pexl|rz <T"(|l(0)[| + [|Pevllrz) Vt>0, Vae[0,e].

This estimate, together with (4.9), shows that statement (1) holds with I := IV +T".



INFINITE-DIMENSIONAL LUR’E SYSTEMS 347

To prove statement (2), we fix v € (0,¢] and invoke Corollary 3.2 to obtain

e (a(t) = T x(0)) = 'O (E'g(Ply1, Ply2) +v — Ky)
(4.10) ="' Q[ (B (g(Piyr, Plys) — K Ply) +v) Vt>0.

Since v € (0, —w(TX)), there exist a constant ¢ > 0 such that
le"* @ w]| < plPrwlzz Yw € Li (R4, U), Vit = 0.
Combining this with (4.10), we have that
|lz(t) — TEz(0)|| < [IPe(g(P y1, Plyz) — K9 Ply)||rz + [Peoll 2] ¥t >0
Therefore, by (4.5),
T (t) ~ TE2(0)] < p[vIPuyllz + [Pvlsz] vt 0.
Invoking statement (1), it follows that
Ox(t) — TE2(O)]] < Tl (0)]| + (9T + D[Peollzz Yt >0,
With M > 1 such ||TX|| < Me™* for all t > 0, we obtain
(.11) ()] < e [la(0)]| + [Prols2] Ve >0,
where I'® := ouvI' + M.

Finally, if ¢ € (2,00), then there exists p € (1,00) such that 2/¢ +1/p = 1, and,
by Holder’s inequality,

2
2 K q B K 2pyT 62Vt 2
||PtU||Lg, < ; [v(7)]|?dT ; eP’mdr | < W”PtU”Lq Vi >0,

yielding

S =

et

[P 2

Trivially, for ¢ = 2, oo,

t
t e’

HPthL% < e"||Pwllpz YVt >0 and ||Ptv||L5 < WHPthLoo vt > 0.
Consequently, for every ¢ with 2 < g < oo, there exists a positive constant /N, such
that

||PtUHL.2Y S qu’ytHPtU”Lq vt Z O7

and hence, appealing to (4.11),
lz(®)]l < T2e™"[|2(0)|| + T°Ny|[Peolra Vit > 0.

Statement (2) now follows with I'y := I max{1, N, }.

We proceed to prove statements (3)—(5). Let p € (0,7) and consider all f with
v(f,Z1,Z2) < p. An inspection of the arguments establishing the existence of the
constants I', &, I';, and + in the above proofs of statements (1) and (2) shows that
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statement (3) holds. Finally, to establish statements (4) and (5), let (v, z1,91) € BY,
and (ve, x2,y2) € 8%2, where 2 < ¢ < co. We consider two cases: o =0 and a > 0.

Casel: o = 0. Assume that v; —vy € LI(R4,U) if ¢ < oo and that vy (t) —va(t) —
0 as t — 0o if ¢ = co. Setting uy, := E*(f o Piy,) + v for k = 1,2, it is clear that

{L'k(t) = Ttxk(O) + @tU}w Pty = \Iltxk(O) + Gt’u/k; Vi > O7 k= ].,2
It follows from the theory of well-posed linear systems that, for every 7 > 0,
(Lyzg)(t) = Tixp (1) + @(Lruk), Pe(Lyy) = Vizp(r) + Ge(Lrug); VE>0,k=1,2,

where we remind the reader that L, denotes the left-shift operator. Consequently, the
triples (L,vy, L2z, Lryp) and (Lyve, Ly 2o, Lrys) are in qul and Bqu’ respectively. It
follows from statement (2) that

lo1(t +7) = w2(t + 7)|| < Tq(e™ " [la1(r) — 22(7)]|
(4.12) + |Py(Lrv; — Lrva)|[re) VE>0.

Let § > 0 and choose 7 > 0 and ¢ > 0 such that
Loe ) lz1(7) —z2(7)]| <6/2 and Ty||Lrv; — Lrve|pe < §/2.

Then, [|z1(t) —x2(t)]] < d for all t > 7+ 0. Since 6 > 0 was arbitrary, this shows that
x1(t) —x2(t) = 0 as t — oo.

Case 2: a > 0. Assume that v; — vy € LL(R,,U) if ¢ < oo and that e (vq(t) —
va(t)) = 0 as t — oo if ¢ = co. Let 8 > 0 be such that 28 < min{«,~y}. Writing

e llar(t) — w2(0)] = D1 (t/2+ 1/2) — 22(t/2 + 1/2)]),
and invoking (4.12) with ¢ and 7 both replaced by ¢/2, a routine calculation gives
Pz (8) — w2 (1) < Tg (P22 |la1 (t/2) — wa(t/2)]l + llor — v2ll g, 1j2.0)) V2 0.

2

By Case 1, the function x7; — z2 is bounded, and so by choice of £, the right-hand
side of the above estimate is bounded, showing that z1(t) — z2(t) converges to 0
exponentially fast as ¢t — oco. ]

Remark 4.2. (1) An inspection of the above proof shows that if X, U, and Y are
real Hilbert spaces, then Theorem 4.1 remains true, provided that the complex ball
condition B¢(K% 1) C S°(P/GE") holds in the context of the complexifications Uf
and Y of U* and Y7, respectively. Here Bo(K%,r) := {F € L(Y},U;) : ||F — KY| <
r} and S°(P/GE?) := {F € L(Y},Uf) : F stabilizes P/GE'}. Similar comments
apply to the corollaries of Theorem 4.1 which will be presented below.

(2) Assume that (v°,2° y°) is an equilibrium of (3.1), the assumptions of The-
orem 4.1 hold with Z; = Y7 and Zs = {P7y°}, and (3.1) has the blow-up property.
An inspection of the proof of Theorem 4.1 reveals that, under these conditions, every
maximally defined solution (z,y) of (3.1) is global. |

Theorem 4.1 has an obvious small-gain interpretation which we now state in the
form of a corollary.

COROLLARY 4.3. Let 3, f, Z1, and Z5 be as in Theorem 4.1, and let i,j € {1,2}
and K% € S(PIGE?). Assume that ¥ = (T, ®E!, PI®, PIGE?) is optimizable and
estimatable. If

— —_ KU — ) R
sup 1/ (21) — f(22) (21 — )|l (PIGE)K

(21,22)€EZ1 X Za, 21F22 Hzl *22”

H°°<17
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then statements (1), (2), and (4) of Theorem 4.1 hold.

Proof. Defining r := 1/||PIGE")X"|| g, an application of Lemma 2.2 yields that
B(K%,r) C S(PIGE?") and the claim follows from Theorem 4.1. d

The remainder of the section is dedicated to proving further corollaries of Theorem
4.1, namely versions of the so-called circle criterion, the first of which is Corollary 4.5
below. For this we need the familiar frequency-domain concept of positive realness, a
recent treatment of which in an infinite-dimensional setting may be found in [8].

Let H be a complex Hilbert space. We say that H : Co — L(H) is positive real if
H:Cy — L(H) is holomorphic on Cy with the exception of isolated singularities and

H(s)+ [H(s)]* = 0 V s € Cp which are not singularities of H.

In fact, it is known that if H as above is positive real, then H is holomorphic on Cy;
see [8, Proposition 3.3]. The next technical lemma, the proof of which may be found
in [8, Corollary 3.7], is well known in the rational case and demonstrates that the
so-called Cayley transform maps positive-real functions to contractive H* functions
(also called bounded-real functions in the control theory literature).

LEMMA 4.4. If H : Co — L(H) is positive real, then I + H(s) is invertible for
every s € Cqy and
I(7 = F)(7 + H) "l < 1.
Lemma 4.4 will be used in the proof of the following version of the circle criterion.

COROLLARY 4.5. Let 3, f, Z1, and Z3 be as in Theorem 4.1, let i,j € {1,2},
and let Ky, Ky € L(YT,U"). Assume that X' = (T, ®E!, PP®, PIGE") is optimizable
and estimatable, Ky is an admissible feedback operator for Y%, and Zy = Y. If
(I — K2PIGEY)(I — K1 PIGEY) ™1 is positive real and there exists € > 0 such that

(4.13) Re (f(21) = f(22) — Ki(z1 — 22), f(21) — f(22) — Ka(21 — 22))
' S—E”Zl—ZQHQ V(Zl,ZQ)Eleyj,

then statements (1), (2), and (4) of Theorem 4.1 hold (with Zy = Y7).

Proof. The idea underlying the proof is to apply Theorem 4.1 to a certain Lur’e
system closely related to (3.1) (see (4.17) below) by suitably exploiting the sector
condition (4.13) and obtaining a condition of the form (4.1) for (4.17). From this we
will able to deduce the claimed stability properties of the original Lur’e system (3.1).
To this end, we define g : Y7 x Y7 — U' as in (4.4) and observe that the sector
condition (4.13) can be written in the form

(4.14) Re (g(z1,22) — K1(21 — 22), 9(21, 22) — Ka(21 — 22)) < —¢||21 — 22]|?
’ V(zl,zg)EZl XYj.

Setting
1 R 1 o
L:= §(K1 —Ky) e L(Y?,U") and M := §(K1 +Ky) e L(Y?,UY),
we rewrite the left-hand side of the sector condition (4.14) in terms of L and M:

Re(g(z1,22) — K1(21 — 22), 9(21, 22) — Ka(21 — 22))
= Re(g(z1,22) — (L + M)(21 — 22),9(21, 22) + (L — M) (21 — 22))
(4.15) = —||L(z1 = 2)|I> + llg(21, 22) = M(21 = 22)||* V¥ (21,22) € Z1 x V7.
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It now follows from (4.14) that ||Lz|| > /2||z|| for all z € Y7. Consequently
IL*Lall2ll > (L Lz, 2)] = || L2])* > e]|2* Vze Y7,

and so, ||L*Lz|| > ¢l|z| for all z € Y7, showing that L*L is bounded away from
0. Combining this with the self-adjointness of L*L yields that L*L is invertible.
Consequently, Lf := (L*L)"'L* € L(UY7) is a left inverse of L. Setting H :=
PIGE" and exploiting the positive realness of (I — KoH)(I — K1H) ™! via Lemma 4.4
yields

|LH(I — MH) ™ < 1.

Trivially, LH(I — MH)~! = LH(I — ML*LH)™', and so, appealing to Lemma 2.2,
(4.16) B(MLF, 1) C S(LH).
Let o : {1,2} — {1,2} be the permutation o(1) = 2 and o(2) = 1, set Y := Ui x Y1),

and introduce the maps

- - ) - - J
Py - U, <Z)»—>u and L:Y =Y, y»—><£f(j)yy).

Note that L is left-invertible owing to the left-invertibility of L. Furthermore, we
define f : U* — U’ by ~ '
f(z):=f(L*2) VYzeU'.

Since P'L = LP7 it follows that
f(P*Lz) = f(P’z) VzeY,
and thus, for all (v,z,y) € B,

2(t) = Tew(0) + &, (E'[f o P (Ly)] + v) } e

P.Ly = LV,z(0) + LG, (E'[f o PY(Ly)] + v)
Therefore, letting B denote the behavior of the Lur’e system

(1) = Tyr(0) + @ (E'(f o Pu] + v) } e

(4.17) ~ . L
Pyw = LU,z(0) + LG (E'[f o P'w] + v)

we conclude that
(4.18) (v,z,Ly) € B ¥ (v,z,y) € B.
Furthermore, setting Zk = L7, C U and
By ={(8,%,7) € B: (P'§)(t) € Zy, for ae. t >0},
where k = 1,2, it follows from the identity P!L = LPJ that
(v,z, Ly) € sz Y (v,x,y) € Bz, .
The underlying well-posed linear system of the Lur’e system (4.17) is

¥ := (T, ®, LV, LG).
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The system S has output space Y and transfer function G := LG. Using the identity
P'L = LPJ again, we obtain

(4.19) P'GE'= LP’GE' = LH.
Let (i € Zk, and let z; € Zj be such that {, = Lz, where k = 1,2. Defining
G:U XU = U, (w1, wy) — f(wy) — f(ws),
it follows that
3(C1,G) = MLH(G = Go) = f(z1) = f(22) = M(21 — 22) = g(21,20) — M (21 — 22).
Therefore, by (4.14) and (4.15),

13(C1,¢a) = MLA(G = G)|IP < [[L(z1 = 22)|1° = el|z1 — 2o
(4.20) = |LL* (G — @))? = elL* (G — @)IP Y(G,¢) € Z1 x Zs.
Since L has a left inverse, im L is closed and so,
im L = (ker L*)* = (ker L*)*.

It is now straightforward to show that @ := LL* € £(U") is the orthogonal projection
onto (ker L*)* along ker L. Consequently, invoking (4.20),

19(G1, G) = ML (G = Q) < QG = QI =2 LAQ(G = G)I* ¥ (¢, G) € 21 x Za.

Since LL!Qz = Q%*z = Qz for all z € U?, it follows that there exists ¢ > 0 such that
ILQ2] = el Q2] vz e U,

Therefore,

13(C1, G2) = MLH(G = Q)P < (1= e0)|Q(G—G)II° < (1 —£0)]|G1 — G?
V(C1, &) € Zy x Zs,

and so,

13(C1, G2) = MLF(Gr = &)l < 61161 — Gall V(61 G2) € Z1 X Za,
where § := /1 —ec € (0,1). Consequently,

(4.21) sup 1£(¢1) = F(G) — MLECG — &)

<1
(C1,62)EZ1 X Za, C1#C2 HCI o CQH

In view of (4.16), (4.18), (4.19), and (4.21) combined with the left-invertibility of L
and the fact that
»1 .= (T,®FE', P'LY, P LGE') = (T, ®E’, LP’ U, LP’GE")

is optimizable and estimatable (which follows from the optimizability and estimata-
bility of (T, ®E?, P/¥, PGE") and the left-invertibility of L), the claim follows from
an application of Theorem 4.1 to (4.17). d
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Remark 4.6. (1) Corollary 4.5 remains valid if the roles of Z; and Z5 are inter-
changed, that is, if Z; = Y7, Z, is a nonempty subset of Y7, and the inequality in
(4.13) holds for all (21,22) € Y7 x Zs.

(2) An inspection of the first part of the proof shows that the conclusions of
Corollary 4.5 continue to hold if the assumption Z, = Y7 is dropped and, instead, it
is assumed that K; — K is left-invertible.

(3) As can be seen from an inspection of the proof of [8, Theorem 6.8], the
following converse of Corollary 4.5 holds: if the set of functions f : Y7 — U’ satisfying
(4.13) is nonempty and every f in this set is stabilizing in the sense that statement (1)
or (2) of Theorem 4.1 holds, then (I — Ko PIGE®)(I — K; PPGE®)~! is positive real.
We emphasize that, in this context, it is crucial that U and Y are complex Hilbert
spaces; in the case of real Hilbert spaces, the converse is not true in general. 0

We next present alternative formulations of the circle criterion, seeking to demon-
strate the interplay between the various hypotheses made. To do so requires some
additional terminology: we say that a positive-real function H : Co — L(H) (H a
complex Hilbert space) is strongly positive real if there exists § > 0 such that

H(s) + [H(s)]" = d] VseCy.

The next result is a variant of Corollary 4.5 and, loosely, relaxes the sector condition
imposed on f at the expense of strengthening the positive-real assumption.

COROLLARY 4.7. Let 3, f, Z1, and Zy be as in Theorem 4.1, let i,j € {1,2},
and let K1, Ky € L(Y?,U?). Assume that ¥7¢ = (T, ®E*, P1®, PIGE?) is optimizable
and estimatable, K1 is an admissible feedback operator for ¥7°, and K — Ky is left-
invertible. If the function (I — KosP'GEY)(I — K1 PPGE") ™! is in H>®(L(U?)) and is
strongly positive real, and

(4.22) Re(f(z1) — f(z2) — K1(21 — 22), f(21)—f(22) — Ka(21 — 22)) <0
’ V(21,22)621XZ2,

then statements (1), (2), and (4) of Theorem 4.1 hold.

We comment that Corollary 4.7 above overlaps with the ISS results in [14], par-
ticularly [14, Theorem 4.5], and we provide some comparisons before giving the proof.
Whilst the feedback configuration considered in [14] is less general than the four-block
structure studied in the present paper, the linear component of the Lur’e systems an-
alyzed in [14] is a general well-posed system. However, the main result [14, Theorem
4.5] fails to provide a clear-cut generalization of the circle criterion, with the exception
of the case wherein K; and K5 are scalar multiples of the identity; see [14, Corollary
4.7].

Proof of Corollary 4.7. Set M := K1 — Ko € L(Y7,U") and with H given by
(4.23) H:= (I - K;PPGEY(I — K PPGEY) ™,
we observe that
H=1+MP'GE'(I - K;P'GE")™' ¢ H*(L(U")).

Since M is left-invertible, we conclude that K; € S(P/GE®). Together with the
openness of S(P?GE?), this yields the existence of a number v* > 0 such that K; +
vM € S(PIGE?) for all v € [0,v*]. Defining

H, = (I - (K - vM)PIGE') (I - (K1 + vM)PIGE") ",
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it is clear that the map [0,v*] — H>(L(U)), v — H, is continuous. Combined with
the strong positive realness of H = Hy, this shows that there exists v** € (0, v*] such
that

(4.24) H,(s) + [Hy(s))" =0 VseCo, Vv e [0,
It is convenient to define, for all (21, 22) € Y7 x Y7,

Sy(21,22) = (f(21) = f(22) = (K1 +vM)(21 — 22), f(21) — f(22) = (K2 —vM)(21—22)) .

In light of (4.24), the claim will follow from Corollary 4.5, provided that we can show
that, for v € (0, v**], there exists € > 0 such that

(425) Re SV(Zl,Zg) S —EHZ1 — 22||2 V(Zl,ZQ) S Z1 X ZQ.
Invoking (4.22), a straightforward calculation shows that
Re S, (21,22) < —v(v+ 1)|[|M (21 — 22)||*> VY (21,22) € Z1 X Z.

By left-invertibility of M, there exists u > 0 such that ||Mz|| > ul/z| for all z € Y7,
and so,
Re S, (21,20) < —puv(v + 1D)|2||* V(21,20) € Zy x Zo, 0

showing that (4.25) holds with ¢ := pv(v + 1), completing the proof.

The “classical” circle criterion which guarantees global asymptotic stability (see,
for example, [9, Theorem 5.1], [10, Corollary 5.8], and [18, Theorem 7.1]) is typically
formulated in terms of the concept of strict positive realness of the function in (4.23).
We recall that for a complex Hilbert space H and a > 0, a function H: C_, — L(H)
is said to be strictly positive real if there exists 5 € (0,a] such that the function
s+ H(s — ) is positive real.

We will show that a faithful infinite-dimensional generalization of the classical
circle criterion follows from Corollary 4.7. To this end, we state the following lemma,
the proof of which can be found in [8].

LEMMA 4.8. Let a > 0, let H be a complex Hilbert space, and assume that H :
C_o — L(H) is holomorphic with the exception of isolated singularities. Then the
following statements hold.

(1) If H is strictly positive real,

(4.26) limsup ||H(s)|| < oo for some 8 € (0, a],
|s|—o00,s€C_g

and

(4.27) lim inf inf Re (H(iw)u,u)| >0,

|w| =00, weR | [|u]|=1
then there exist € > 0 and 6 > 0 such that H € H>.(L(H)) and
H(s) + [H(s)]* = 0 VseC_..

In particular, H is strongly positive real.
(2) If there exist € > 0 and 0 > 0 such that H e H*(L(H)) and

H(iw) + [H(iw)]* = 6] Vw € R,

then H is strictly positive real.
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By way of commentary, if H is of the form H = (I - Ky P/GE")(I — K; PPGE?) ™!
(cf. Corollaries 4.5 and 4.7), then a sufficient condition for H to satisfy (4.26) and
(4.27) is, for example, given by

limsup ||KxP'G(s)E'|| <V2—1 forsomee >0, k=1,2.

|s|—o00, s€C_¢

Combining Corollary 4.7 and Lemma 4.8, we obtain the final result of this section,
which is a faithful infinite-dimensional generalization of the classical circle criterion.

COROLLARY 4.9. Let 3, f, Z1, and Zs be as in Theorem 4.1, let i,j € {1,2},
and let K1, Ky € L(Y?,U?). Assume that ¥7¢ = (T, ®E*, P/®, PIGE") is optimizable
and estimatable, K1 is an admissible feedback operator for ¥9°, and K — Ky is left-
invertible. If H := (I — KaP/GEY)(I — K1 PPGEY)~! is strictly positive real and
satisfies conditions (4.26) and (4.27) and f satisfies the incremental sector condition
(4.22), then statements (1), (2), and (4) of Theorem 4.1 hold.

Interestingly, Corollaries 4.7 and 4.9 show that the conditions of the circle criterion
are actually sufficient for ISS. Moreover, it is not difficult to see that if K1 — K5 is
not left-invertible, then, in general, the conclusions of these corollaries do not hold.

5. Convergence properties. The penultimate section concentrates on estab-
lishing convergence properties of (3.1). Our main results are Theorems 5.2 and 5.4
which, roughly, state that the hypotheses of the small-gain Corollary 4.3 are sufficient
for (3.1) to exhibit the CICS property and convergence to periodic states and outputs
when the forcing is periodic, respectively. In this section, if K € L(Y,U) is an admis-
sible feedback operator for the well-posed linear system ¥, then we let (A%, BE CK)
denote the generating operators of 5.

The map Fk defined in (5.1) below will play an important role in the following.
The next result shows how this map relates to equilibria of (3.1).

PROPOSITION 5.1. Let i,j € {1,2}, K% € S(PIGE"), and K € L(Y,U) be given
by (2.4), and define the map

(5.1) Fi:YI Y7 25 2— PIGK(0)(E' f(2) — E'K"z).

Assume that Yi = (T, ®E!, PPV, PIGE?) is optimizable and estimatable. Then TX =
TK" is exponentially stable and the following statements hold.
(1) If (v, 2%,9°) € U x X x Y s an equilibrium of (3.1), then

2 = —(A) T BRue, y = GR(0)u?, where ue = BU(f(Py°) — KUPIy) + 0",

and Fx(Piy®) = PIGX(0)v°.
(2) Let v° € U, assume that there evists 2° € Y7 such that Fx(2°) = PIGE(0)ve,
and define

2% = — (AT BRwe, y° = GE(0)w®, where w® := E'(f(2°) — K%2°) +v°.

Then Piy® = 2° and the triple (v°,x°,y°) is an equilibrium of (3.1).

Proof. Tt follows as in the proof of Theorem 4.1 that TX = T¥ 7 s exponentially
stable, and so w(TX) < 0. To prove statement (1), let (v°, 2¢,7°) be an equilibrium
of (3.1). By Corollary 3.2, we have that (v®, z¢, y®) is also an equilibrium of the Lur’e
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(5.2) {x(t) = TE2(0) + K (E'(f o Ply) — Ky +v),

Py =0 2(0) + G{ (E'(f o Ply) — Ky +v).

Since TX is exponentially stable, we may apply Proposition 3.3 with = 0 to the
Lur’e system (5.2), yielding the formulas for z° and y°®. Furthermore,

Fr(Piy®) = PIGE(0)u® — PIGK(0)E'(f(P7y°) — K" Piy°) = PIGX(0)0°,

completing the proof of statement (1).
To prove statement (2), note that

Piy® = PIGR(0)(E'(f(2°) — K72°) + v°) = 2° — Fg(2°) + PIGE(0)v° = 2°.
Furthermore,
AKxe—l—BKwe:O, ye:CK((Ee-l-(AK)ilBK’we)-ﬁ-GK(O)we,

and so it follows from Proposition 3.3 that the constant trajectory (w(t), z(t), y(t))
(we, z¢, y°) satisfies

2(t) = TE2(0) + ®Fw, Py =0Ez(0)+GEw Vi >o.

Since P7y® = 2°, we have that w® = E*(f(P7y°®) — K“¥Piy°) + v° and it follows
from another application of Proposition 3.3 that (v°, z°,y¢) is an equilibrium of (5.2).
Finally, invoking Corollary 3.2, we conclude that (v¢,z® y°®) is also an equilibrium
of (3.1). d

We say that the Lur’e system (3.1) has the converging-input converging-state
(CICS) property if, for every v € U, there exists 2> € X such that, for every
(v, 2,y) € B>® with v(t) = v™ as t — 00, it follows that x(t) — > as t — 0.

THEOREM 5.2. Let ¥ = (T, ®, U, G) be a well-posed linear system, i,j € {1,2},
K% € S(PPGE"), and let Z C Y7 be nonempty. Furthermore, let K € L(Y,U), let Fx
be given by (2.4) and (5.1), respectively, and let v € U be such that Fp' (P?GX(0)v>)
NZ # 0. Assume that ¥9* = (T, ®E*, PP, PIGE?) is optimizable and estimatable.
If f: Y7 — U’ satisfies

(5.3) sup |f(21) = f(z2) — K¥ (21 — 22)

” I(PIGENE" ||y < 1,
(21,22)€EYIXZ, z17#22 |21 — 22|

then the set Fr'(PIGX(0)v™) is a singleton and there exists unique (x°°,y>®) €
X XY such that (v™°,z°°,y>) is an equilibrium of (3.1).
The vectors x°° and y°>° are given by

(5.4) 2= (AN IBEw>®  and y>™ = GE(0)w™,
where w™ = E'(f(2®) — KY2®) + v>® with {*} = F'(P'GX(0)v™), and the

equilibrium (v™°, x>, y>°) is exponentially ISS. Furthermore, the following statements
hold.
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(1) There exist constants T > 0 and e > 0 such that for all (v,z,y) € B, all a € [0, €],
and allt > 0,

IPe(z = 20)l|2 + IPe(y — y>0)|lz < T(J|z(0) — 2™ +[[Pe(v — v™0) | 12).

In particular, x — 2°°0 € L2(Ry, X) and y — y>*0 € L2(R,,Y), provided that v —
v>e0 € L2(R,,U).

(2) For every 2 < q < oo, there exist constants 'y > 0 and v > 0 such that, for all
(v,2,y) € BY, and all t > 0,

l2(t) — 2% < Tq(e™ " [[2(0) — 2| + [Pe(v — v™0)| o).

Here T'y depends on q, but y does not.
(3) Let (v,z,y) € B2, where 2 < q < 00, and let « > 0. If g < 0o and v — v €
Li(Ry,U), or if ¢ = oo and e**(v(t) —v>®) — 0 as t — oo, then z(t) — =™ as
t — oo and if a > 0, then the rate of convergence is exponential.

Proof. Let v>® € U, 2® € F'(PPGK(0)v>®)N Z, and z € F'(PIGK(0)v™).
To show that Fi'(P7GX(0)v™) is a singleton, we need to establish that z = 2.
Since Fx(2*°) = Fk (%), we have

z— 22 =PIGR(0)E (f(2) — f(2™) — KY(z — 2™)).
Thus, if z # 2°° € Z, then it follows from (5.3) that
Iz = 2| < [PTGEO)E|[||f(2) = f(27) = K (2 — 2¥)| <[]z = =],

which is impossible. Hence, z = 2°°.

It is clear from statement (2) of Proposition 5.1 that with £ and y*° given
by (5.4), (v>°,2°°,y*>°) is an equilibrium of (3.1). To show uniqueness of (z>°,y>°),
let (z*,y*) € X x Y and assume that (v>°,z*,y*) is an equilibrium of (3.1). Define

u* = B (f(Ply*) — K¥Piy*) + v and ™ := E'(f(P'y>®) — K Piy>) +v>.
By statement (1) of Proposition 5.1,
Fi(P'y") = PG (0)v™ = Fi(P'y>),

and so, since ' (P?GX(0)v>®°) = {2}, it follows that Piy* = 2> = Piy>. Con-
sequently, u* = u™. Appealing once more to statement (1) of Proposition 5.1, we
obtain y* = y*° and z* = z*°.
Finally, since P/y> = 2> € Z, the constant trajectory (v°°,x°°,y>) is in By,
and the remaining claims follow from Theorem 4.1. 0
COROLLARY 5.3. Using the notation of Theorem 5.2, assume that Z = Y7. Then,

under the assumptions of Theorem 5.2, the map Fx is a bijection and the Lur’e
system (3.1) has the CICS property.

Note that, by (5.3) with Z = Y7, Proposition 3.1, and Corollary 3.2, for every
pair (2°,v) € X x L (R, U), there exists a unique trajectory (v, z,y) € B such that
x(0) = 2V.

Under the assumptions of Corollary 5.3, the map F is a bijection and so, setting

Sk(w) == E'(f(F (PGF(0)w)) — KYF (PIGH(0)w)) +w YweU
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results in a well-defined map Sk : U — U. Given (v,x,y) € B such that v(t) — v>
ast — oo or v — v°0 € L2(Ry,U), we have that

lim z(t) = —(AM)1BESk(v™®) or y— GE(0)Sk(™>®)0 € LE2(Ry,U),

t—o00

respectively. The nonlinear maps
(5.5) U— X, w— —(AS)'BESk(w) and U =Y, wr GX(0)Sk(w)

provide natural generalizations of the concept of “steady-state gains” for stable linear
systems. Finally, invoking (5.3) with Z = Y7, it is easy to show that Fy' is globally
Lipschitz (with minimal Lipschitz constant less than or equal to 1/(1 — ), where p is
equal to the left-hand side of (5.3)). This implies that Sk is globally Lipschitz, and
hence, the steady-state gain maps (5.5) are globally Lipschitz.

We mention that Corollary 5.3 could be given a circle-criterion interpretation: in
this sense, Corollary 5.3 is reminiscent of the main result in the paper [31] which pro-
vides a description of the steady-state error of finite-dimensional single-input single-
output Lur’e systems in response to a class of polynomial inputs (including unbounded
signals such as ramps) under the assumption that the conditions of the SISO circle
criterion are met. Whilst the CICS property is not mentioned in [31], part (1) of [31,
(unnumbered) Theorem] can be interpreted in CICS terms. Furthermore, CICS prop-
erties of finite-dimensional Lur’e systems have been investigated in some detail in [3]:
Theorem 5.2 and Corollary 5.3 can be viewed as partial extensions to infinite dimen-
sions of some of the results in [3].

Proof of Corollary 5.3. Injectivity of Fx can be proved by an argument similar
to that used in the proof of Theorem 5.2 to establish that z°° is the only element in
Fi'(PPGR(0)v™). To show surjectivity of Fx, let ¢ € Y7. It follows from (5.3) with
Z = Y7 that the map z — z — Fx(z) + ( is a contraction and thus, by the Banach
fixed point theorem, there exists z* € Y7 such that F(z*) = ¢, showing that Fg is
surjective. In particular, we have that F'(P?GX(0)w) # () for every w € U, and
the CICS property follows now from an application of Theorem 5.2. ]

The remainder of the section is devoted to considering convergence properties of
the Lur’e system (3.1) when subject to periodic or asymptotically periodic forcing. As
usual, for a positive number 7, a function v € L (R, U) is said to be 7-periodic if
L,v = v. A trajectory (v,z,y) € B is called -periodic if (L,v, L;z,L;y) = (v,z,y).

The next result shows that, given an essentially bounded 7-periodic input vP, then,
under suitable conditions, there exists a unique 7-periodic trajectory (vP,aP,yP) €
B, such that, for every trajectory (vP,x,y) € B generated by vP, the pair (z,y)
approaches (zP,yP) in a certain sense.

THEOREM 5.4. Let ¥ = (T, ®,¥,G) be a well-posed linear system, i,j € {1,2},
K% € S(PPGE?Y), let Z C Y7 be a nonempty and closed subset, T > 0, and let vP €
L®(R4,U) be T-periodic. Assume that X' = (T,®E!, PIW, PIGE?) is optimizable
and estimatable, f : Y7 — U' satisfies the incremental small-gain condition

(5.6) sup (IIf(z1> — f(z2) = K (21 — z2)> (PIGEK

(21,22)EZXZ, z1#22 HZl 722”

H°°<1a

and there exist v € L (R4, U), 2,2 € C(Ry,X), and 4,9 € L (Ry,Y) with &
bounded and such that (0,%,7) and (vP,Z,4) are in BY.
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Under these conditions there exist a unique T-periodic trajectory (vP, P, yP) € BY
and € > 0 such that, for all (v°,z,y) € BY,

(5.7) Jim [[(x(t)=a®(t)e*[| = 0, x—aP € LRy, X), and y—y* € LE(Ry,Y).

The following remark focusses on the important case wherein Z = Y7,

Remark 5.5. Assume that (5.6) holds with Z = Y7. Then the existence of tra-
jectories (0,Z,9) and (vP,&,9) with the required properties is guaranteed. Indeed,
by Corollary 5.3 and statement (2) of Proposition 5.1, for every v® € U, there exist
2® € X and y° € Y such that (v°, 2%, y°) is an equilibrium of (3.1). Furthermore, the
existence of a pair (2,9) € C(R4) x L (R4,Y) such that (vP,%,9) € B> follows
from Proposition 3.1 and Corollary 3.2. O

Proof of Theorem 5.4. The assumptions of Theorem 4.1 hold with Z; = Zy = Z
and 7 = 1/[(P?GE")X" || gy, and thus it follows from Theorem 4.1 that there exist
constants I' > 0 and v > & > 0 such that, for all (vi,z1,y1), (v2,z2,y2) € BY and all
t>0,

(5.8) 21 (t) — z2(t)]| < T (e [l21(0) — 22(0)|| + [P (v1 — v2)|| )
and
(5.9) IPe(z1 — z2)llr2 + [Pe(y1 — y2)llz < T([l21(0) — 22(0)[| + [Py (01 — v2)]|2) -

Let (vP,z,y) € By (such a trajectory exists by hypothesis). Invoking (5.8) with
(v1,21,y1) = (VP, x,y) and (ve, T2, y2) = (0, %, 7) and using the boundedness of ¥ and
Z shows that x is bounded. We deduce that there exists p > 0 such that

le@®) <p Vi>0.

Furthermore, since (L,v,L,z,L,y) € BY for every o > 0, the inequalities (5.8)
and (5.9) yield

(5.10) |(Lox)(s) — (Logirz)(s)|| <Te |z(c) —x(c + k7)|| Vs,0>0, VkeNy
and
(5.11) Loy — Lotrryllzz < Tllw(o) —z(o + k7)| VYo >0, Vk €Ny,

where we have used that L,vP — L, 5,vP = 0 since vP is 7-periodic.

To construct the periodic “limit” xP of the state trajectory x, we use an argument
from [1, Proof of Proposition 4.4]: for arbitrary ¢ > 0 and arbitrary positive integers
n < m, it follows from (5.10) that

[(Lnr)(t) = (Linr2) ()] = [[(Ls2) (n7) = (Lg (gm—y7 ) (n7) || < 2ple7"7.

Consequently, (L, 2)nen is a Cauchy sequence in the Banach space of bounded contin-
uous X-valued functions defined on R and hence converges to a bounded continuous
function aP. Moreover, invoking (5.11) with 0 = n7 and k = m —n, n < m, and
using that (z(n7)),en is a Cauchy sequence in X, yields the existence of a function
yP € L (R,Y) such that

(5.12) Jim [P, (Lnry —yP)|[22 =0 Vit >0.
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We proceed to show that P and yP are 7-periodic. For ¢ > 0, we have that

2P(t) = lim z(t+n7)= lim z(t+ (n+ 1)7) = lim z(t+ 74+ n7) =2P(t + 7),
n—oo n—oo n—oo
showing that xP is 7-periodic. To establish 7-periodicity of yP, we note that, for
arbitrary o > 0,

/ TPt ) — ()P < / P+ 7) — ey (¢ 4 )|t
0 0

+ /OG ||yp(t) — (L(“+1)Ty)(t)|‘2dt )

Now the right-hand side of the above estimate converges to 0 as n — 0o, showing that
yP(t 4+ 7) = yP(t) for a.e. t € [0,0]. Since o > 0 is arbitrary, we conclude that yP is
T-periodic.

The next step is to verify that (vP,zP,yP) € By. To this end, set z,, := L,z
and y, := L,;y, where n € N. We start by showing that

(5.13) PiyP(t) € Z for ae. t > 0.

Let o > 0 be fixed, but arbitrary, and note that by (5.12), P,y, — P,y? in L*(R,,Y)
as n — oo. Consequently, there exists a strictly increasing function ¢ : N — N such
that y,(n)(t) converges to yP(t) as n — oo for a.e. t € [0,0]. Now Ply(t) € Z for a.e.
t > 0, and so, by the closedness of Z, PiyP(t) € Z for a.e. t € [0,0]. Since o was
arbitrary, it follows that (5.13) holds.

We proceed to show that (vP, P, yP) € B°°. Using the periodicity of vP, it is clear
that (vP, x,,y,) € B>, and so, for every ¢t > 0,

xn(t) = Ttxn(o) + (I)tuna Ptyn = \I/tmn(o) + Gtuna where u,, = Elf(P]yn) + oP.

The functions z,, converge uniformly to P as n — oo, and, for every ¢t > 0, u,
converges to uP := E'f(PiyP) + vP in L?([0,t],U) as n — 0o, where we have used
that f|z is globally Lipschitz (as follows from (5.6)). Consequently, letting n — oo in
the above equations for z,, and y,, and using the continuity properties of the well-posed
linear system X, we see that the triple (vP, zP, yP) satisfies, for all ¢ > 0,

2P (t) = TyaP(0) + ®uP, PuyP = U, zP(0) + GuP, uP = E'f(PIyP) + oP,

establishing that (vP, 2P, yP) € B>. Combining this with (5.13) yields that the tra-
jectory (vP,zP, yP) is in BY.
Invoking the estimates (5.8) and (5.9) with

(Ulaxlayl) = (’Upaxay) and (U2,$2ay2) = (Up7$payp)
shows that (5.7) holds. Finally, we note that, by (5.7), if (vP,z,y") € BY is a 7-
periodic trajectory, then 2t = 2P and y' = ¢, showing the uniqueness of (vP,zP,yP)
and completing the proof. 0

Our final result provides information about the response of the Lur’e system (3.1)
to inputs which are asymptotically periodic in a certain sense.

COROLLARY 5.6. Let X, Z, 1, and vP be as in Theorem 5.4. Then, under the
assumptions of Theorem 5.4, there exists a unique T-periodic trajectory (vP,xP,yP) €
B such that the following statements hold.
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(1) For every (v,z,y) € BY such that v —vP € L*(R4,U), we have that y — yP €
L*R4,Y), z — 2P € L*(Ry, X), and x(t) — 2P(t) — 0 as t — oo.

(2) For every (v,z,y) € BY such that v —vP € LL(Ry,U), where 2 < g < oo and
a>0, z(t) —xP(t) > 0 as t = oo, and if o > 0, then the rate of the convergence is
exponential.

(3) For every (v,z,y) € BY such that e*(v(t) — vP(t)) — 0 as t — oo, for some
a > 0, we have that x(t) — zP(t) — 0 as t — oo, and if o > 0, then the rate of the
convergence is exponential.

Proof. By Theorem 5.4 there exists a unique pair (zP,yP) such that (vP,zP, yP)
is a 7-periodic trajectory in B . Statements (1), (2), and (3) now follow from an
application of Theorem 4.1 with Z; = Z, = Z. 0

Earlier papers which study the response of Lur’e systems to (asymptotically) pe-
riodic inputs include [29, 30, 44]: whilst [29, 30] adopt an input-output approach, [44]
focusses on finite-dimensional state-space systems. Corollary 5.6 can be viewed as
a far-reaching generalization of [29, Theorem 4], [30, Theorem 2], and the first part
of [44, Theorem 1].

6. Examples. In this section, we consider two elementary examples which serve
to illustrate the theory. Both are examples of controlled and observed heat equations:
the first illustrates Theorem 4.1, and the second serves to illustrate two of the three
circle criteria derived in section 4, namely Corollaries 4.5 and 4.7. Throughout this
section, we consider real input and output spaces (so that complex ball conditions are
defined in terms of complexifications); see part (1) of Remark 4.2. In what follows,
recall that, as in (1.1), superscripts on state, input, and output variables refer to
components within a decomposition of their respective spaces.

Ezxample 6.1. Consider the following equations modelling the dissipation of heat
in a unit rod, with temperature w(§,t) at position ¢ and time ¢:

ow  O*w ow

(0,t) =0, £€(0,1),¢t>0.

The PDE (6.1a) becomes a controlled and observed system when subject to

(6.1b) u(t) = g—?(l,t), y(t) =w(1/6,t), t>0,

with single input u and single output y denoting an applied flux at the right end
of the rod and an interior point temperature observation, respectively. We let (6.1)
denote the conjunction of (6.1a) and (6.1b). Note that the above SISO example can
be trivially embedded in the four-block framework (by choosing U! = R, U? = {0},
Y1 =R, and Y2 = {0}). The transfer function of (6.1) may be calculated similarly
as in [4] and is given by

G(s) = SO0y e

- /ssinh(V/s)

The controlled and observed PDE (6.1) may be written as a well-posed linear system
¥ with state space X = L?(0, 1), input space R, and output space R (which follows
from [38, Theorem 5.7.3] and standard properties of the Laplacian). We note that G
has a simple pole at 0, and so ¥ is not exponentially stable.
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Consider the forced nonlinear output feedback

(6.2) u=f(y)+v,

for locally Lipschitz f, where v is a forcing function. We shall identify conditions on
f which will guarantee that the zero equilibrium triple of the resulting Lur’e system
is exponentially ISS. To this end, we define L(s) := sG(s) and note that, for every
a > —72, the function L is holomorphic and bounded on C,, and, furthermore,
L(0) = 1. Setting
A:=2sup |Re M
weR w

>0,

an application of [20, Lemma 3.1 and Corollary 3.4] yields that
|G™*| e =1/k YE € (0,1/)).

A numerical computation shows that A ~ 0.6638 and so 1/A > 3/2. Invoking
Lemma 2.2, it follows that the disk B(—3/2,3/2) is contained in S(G), and thus,
if f:R — R satisfies

|f(z) +32/2] 3

sup ,
z€R, z#0 |Z| 2

then the hypotheses of Theorem 4.1 are satisfied with i = j =1, Z; = R, Zy = {0},

KY = -3/2, r = 3/2. Statement (2) of Theorem 4.1 now ensures that the zero

equilibrium triple of the Lur’e system given by (6.1) and (6.2) is exponentially ISS
(we let (6.1) denote the conjunction of (6.1a) and (6.1b). Moreover, if f is such
that z — f(z) + 3z/2 is Lipschitz with Lipschitz constant less than 3/2 (which,
for example, is the case if f is continuously differentiable with sup,cp f'(2) < 0 and
inf,egr f/(2) > —3), then an application of Theorem 4.1 (now with Zs = R) shows that
the Lur’e system enjoys various incremental stability properties, including exponential

oISS. ad

Ezxample 6.2. Consider the following equations modelling the dissipation of heat
in a unit rod, with temperature w(§,t) at position £ and time ¢:

ow 0w

(6.3a) T e

w(0,6) =0, £€(0,1),¢t>0.

The PDE (6.3a) becomes a controlled and observed system when subject to

0
630) W' =FE00. v = w20 = w120, 120,
with single input u!' and two outputs 37, j = 1, 2, denoting an applied flux at the right
end of the rod and two interior point temperature observations, respectively. We let
(6.3) denote the conjunction of (6.3a) and (6.3b). The transfer function of (6.3) may
be calculated similarly as in [4] and is given by

sinh(y/s/4)

o V/s cosh y/s
G(S)— sinh(v/5/2) VseCy.
\/s cosh /s
The controlled and observed PDE (6.3) may be written as an exponentially stable
well-posed linear system ¥ with state space X = L?(0, 1), input space R, and output
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space R? (which follows from [38, Theorem 5.7.3] and standard properties of the
Laplacian). In our four-block framework we choose U! =R, U? = {0}, Y1 = Y2 =R.

For purposes of illustration, we seek to apply Corollaries 4.5 and 4.7 to the feed-
back connection of (6.3) and

()01

with Z3 =R, Z5 = {0}, i =1, and j = 2. To this end, we consider two cases in terms
of the gains K; and K5 and provide sufficient conditions for the (strong) positive
realness of the function

. L= KoP’GE!
" 1- K,P*GE!

in each of these cases.

(a) K; <0 < Ky: H is positive real if the Nyquist plot of P2GE! is contained in the
1 1 1

closed disc with center %(I% + K—2) and radius %(K—Z — 71); see, for example,
[16, Lemma 10].

(b) K; < 0= Ky: H is strongly positive real if the Nyquist plot of P2GE* is to the
right of, and bounded away from, the vertical line passing through 1/Kj.

Consequently, in the specific case wherein K7 = —2 and Ky = 2, it follows from
Figure 6.1(a) that H is positive real, and hence, Corollary 4.5 guarantees that the zero
equilibrium triple of the feedback interconnection of ¥ and (6.4) is exponentially ISS,
for any f : R — R for which there exists € > 0 such that

(FO+20)(f(Q)—2¢) < —e¢* V(eR
(see Figure 6.1(b) for an illustration) or, equivalently,
(-2+e)C* < f(OC<(2-e)¢*  V(ER.

Alternatively, if K1 = —27 and Ky = 0, then, by Figure 6.2(a), the function H is
strongly positive real, and thus, invoking Corollary 4.7, we conclude that the zero
equilibrium triple of the feedback interconnection of ¥ and (6.4) is exponentially ISS,
for any f: R — R satisfying

(F(Q)+27¢)f(¢) <0 V(¢ €ER or, equivalently, —27¢* < f({)( <0 V(eR

(see Figure 6.2(b) for an illustration). d
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Fic. 6.1. Application of Corollary 4.5. (a) Nyquist plot of P2GE' and circle with center

%(i — i) for K1 = —2 and Ko = 2. (b) Accompanying sector.

1 .
+ K—z) and radius = R

0.5

0.25

-0.25

-0.25 0.25 0.5 y

(a)

FIG. 6.2. Application of Corollary 4.7. (a) Nyquist plot of P2GE"' and vertical line passing

through 1/K1 for K1 = —27 and K2 = 0. (b) Accompanying sector.
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