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APPROXIMATE TRACKING AND DISTURBANCE REJECTION
FOR STABLE INFINITE-DIMENSIONAL SYSTEMS USING
SAMPLED-DATA LOW-GAIN CONTROL*

ZHENQING KE', HARTMUT LOGEMANNT, AND RICHARD REBARBER/

Abstract. In this paper we solve tracking and disturbance rejection problems for stable infinite-
dimensional systems using a simple low-gain controller suggested by the internal model principle. For
stable discrete-time systems, it is shown that the application of a low-gain controller (depending on
only one gain parameter) leads to a stable closed-loop system which asymptotically tracks reference
signals r of the form r(k) = Z;V:1 )\;? tj, where vtj € CP and A\; € C with |A\j|=1for j=1,...,N.
The closed-loop system also rejects disturbance signals which are asymptotically of this form. The
discrete-time result is used to derive results on approximate tracking and disturbance rejection for
a large class of infinite-dimensional sampled-data feedback systems, with reference signals which are
finite sums of sinusoids, and disturbance signals which are asymptotic to finite sums of sinusoids.
The results are given for both input-output systems and state-space systems.
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1. Introduction. The synthesis of low-gain integral controllers for uncertain
stable continuous-time plants has received considerable attention in the last thirty
years. Let G be a stable proper rational continuous-time transfer function matrix.
The main existence result for robust low-gain integral control states that if all of the
eigenvalues of G(0) have positive real parts, then there exists e* > 0 such that for all
e € (0,e*), the controller (¢/s)I stabilizes G. Moreover, the resulting closed-loop sys-
tem asymptotically tracks arbitrary constant reference signals. This result has been
proved by Davison [2] using state-space methods and Morari [11] using frequency-
domain methods. This low-gain controller allows stabilization and tracking with very
little information about the plant, and it is not based on system identification. The
above regulator result has been extended to various classes of (abstract) infinite-
dimensional continuous-time systems: in [12] for exponentially stable parabolic sys-
tems, in [7] for systems in the Callier—Desoer algebra (CD-algebra), and in [9] for
exponentially stable regular systems.

In the case that the reference and disturbance signals are of the form

N
Zei‘“jtmj, wjeR, w; € C™,
Jj=1

Hamaéldinen and Pohjolainen [3] solved the tracking and disturbance rejection problem
for stable infinite-dimensional systems in the CD-algebra. (In their paper, reference
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642 ZHENQING KE, HARTMUT LOGEMANN, AND RICHARD REBARBER

and disturbance signals are more general, containing polynomial parts.) Rebarber
and Weiss [13] proved similar results for the more general class of exponentially stable
well-posed systems.

In this paper, we consider low-gain control for infinite-dimensional discrete-time
and sampled-data feedback systems. In section 2, we give preliminary technical re-
sults. In section 3, we develop a frequency-domain approach to discrete-time low-gain
control. We consider a feedback controller of the form

K;
Z—)\j ’

N
(1.1) e[ K2)+ )

where K° has impulse response in ¢!(Z,,C™*P), K; € C™*P, and \; € C with
|A;| = 1. We assume that the plant has a transfer function G which has impulse
response in ¢1(Z,,CP*™). We show that the application of this controller to the
plant will result in an ¢9-stable closed-loop system for 1 < g < oo, provided that

(i) all the eigenvalues of A\;G();)K; have positive real parts;

(i) Tmsup._y, (251 1(G(2) = GOA))/ (2 = \)I| < o5

(iii) the gain parameter ¢ is sufficiently small.

Moreover, the closed-loop system achieves asymptotic tracking and disturbance rejec-
tion for reference signals r of the form r(k) := Zjvzl A?tj and disturbance signals d
satisfying limg_, o (d(k) — Zjvzl /\?DJ—) = 0, where v; € C? and d; € C™. The results
are first proved for input-output systems, and then for state-space systems. Our re-
sults are an extension of results by Logemann and Townley [10]. In their paper, the
reference and disturbance signals are constants.

In section 4, the discrete-time results in section 3 are used to derive results
on approximate tracking and disturbance rejection for input-output and state-space
sampled-data systems. The input-output operator G' of the continuous-time plant is
assumed to be a convolution operator of the form Gu = p * u, where p is a CP*™-
valued Borel measure such that fR+ e~ ul(dt) < oo for some a < 0, where |u| is
the total variation of p. The discrete-time controller underlying the sampled-data
feedback scheme is given by (1.1) with \; = €57, where &; € iR for j = 1,..., N and
7 > 0 is the sampling period. The reference signals r are given by r(t) = Zj\]:l ebite;,
where t; € CP. Invoking both time-domain and frequency-domain methods, we prove
that if all the eigenvalues of G(§;)K; have positive real parts, then, for every ¢ > 0,
there exists 75 > 0 such that, for every sampling period 7 € (0, 75), there exists e, > 0
such that, for every € € (0,e,), the output y of the closed-loop sampled-data system
satisfies

limsup [[y(t) —r(#)[| <0

t—o0

in the presence of disturbance signals d satisfying lim;_, o, (d(t) — Zjvzl e%itp;) = 0,

where 9; € C™. At the end of the section we give an application to a heat equation.
To the best of our knowledge, the main results in sections 3 and 4 are new even
for finite-dimensional systems.

Notation. Let X and Y be Banach spaces. The set of all bounded linear op-
erators from X to Y is denoted by B(X,Y); we write B(X) for B(X, X). Moreover,
F(Z4,X) denotes all X-valued sequences defined on Z;, and Ly(R4, X) denotes the
set of bounded X-valued Lebesgue measurable functions with the sup-norm || - ||oo-
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APPROXIMATE TRACKING BY SAMPLED-DATA CONTROL 643

The z-transform of v € F(Z,, X) is denoted by Z'(v). Sometimes we write ¢ for 2 (v).
For a > 0 and § € R, define E, :={z € C:|z| > a} and Cg := {2z € C: Rez > §}.
Let 2 C C be open. We define

H®(Q,CP*™) :={f : Q@ — CP*™| f is holomorphic and bounded} ,

H®(E,,CP™) = ] H>(E,,C"™).
0<y<1

We write H>*(Q) := H>®(£,C). Let Q denote the quotient field of H*(E;), i.e.,

Q={n/d:n,d e H*(E;),d # 0}. Furthermore, let Rs denote the ring of discrete-

time stable proper complex rational functions, i.e., rational functions with complex

coefficients which are bounded at oo and have all their poles in {z € C : |z| < 1}.
For a > 0, define the weighted ¢*-space £%(Z, ,CP*™) by

0 (Z4,CP*™) i= {v € F(Zy,CP*™) : (v(k)a " )kez, € 0*(Zy,CP*™)}
and set
BL(C7™) = {2 (g) ¢ g € LA (24, O™} C H™(Eq, C7*™).

We write £1(CP*™) := {1(CP*™). For A € B(X), let o(A) denote the spectrum of
A. For N € N, set N := {1,2,...,N}. Finally, throughout, the symbol * denotes
convolution (in discrete and continuous time).

2. Preliminaries. Let F(G,K) denote the (discrete-time) feedback system
shown in Figure 2.1, where G € QP*™ and K € Q™*?. For (G,K) € QP*™ x Qm*P
such that det(I + GK) # 0, we set

(I+GK)™' G+ KG)1>

(2.1) F(G.K) := (K(I+GK)1 (I +KG)™!

The feedback system F (G, K) is called ¢9-stable (where 1 < ¢ < 00) if there exists
M > 0 such that, for all v, dy € £9(Z,CP) and all dy € ¢9(Z4,C™),

[Ypllea + [|yelles < M([|7[lea + [|dallea + [|d2lea) -
It is easy to see that F(G,K) is (i-stable if F(G,K) e {1(CUmtr)x(m+p)y

and it is a standard result that F(G,K) is 2-stable if and only if F(G,K) €
H>®(E,, ClmAp)x(mtp)y,

dq Up Up + 7

Y

EEa— . O]
<>
(o]
Y
()
= +
(9]
Oe———»
|
<

K

A

F1a. 2.1. Discrete-time closed-loop system F (G, K).
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DEFINITION 2.1. A left-coprime factorization of G € QP*™ (over H*(E;)) is a
pair (D,N) € H*(E{,CP*P) x H*®(E;, CP*™) such that detD # 0, G = D™'N and
D and N are left coprime; i.e., there exist X € H®(E,,CP*P), Y € H*®(E,,C™*P)
satisfying DX + NY = [.

A right-coprime factorization of G € QP*™ (over H*(E1)) is a pair (N,D) €
H>®(Ey,CP*™) x H*®(Ey, C™*™) such that det D # 0, G = ND~! and N and D are
right coprime; i.e., there exist X € H®(E,,C™*P), Y € H>®(E{,C™*™) satisfying
XN+YD=1.

Remark 2.2. It follows from [14] that G and K admit left- and right-coprime
factorizations (over H*(E,)) if (G, K) is (-stable.

An application of a standard result in fractional representation theory (see [17,
Lemma 3.1]) gives the following necessary and sufficient algebraic condition for closed-
loop stability in terms of coprime factors.

PROPOSITION 2.3. Let G € QP*™ gnd K € Q™*P. Assume that there exist a left-
coprime factorization (Dg,Ng) of G and a right-coprime factorization (Nk,Dx) of
K (both over H®(Ey)). Then the feedback system F(G,K) is £2-stable if and only if
the matrict NgNg + DgDx has an inverse in H*(E;, CP*P), i.e., if and only if

Zlélfl |det[Ng( )NK(Z) + Dg(Z)DK(Z)” >0.

PROPOSITION 2.4 (see [1, Lemma 3.1)). Assume that G € {H(Cm™*™) . Then G

has an inverse in 0 (C™>™) if and only if

inf |det G(2)| > 0.
z€Eq

The next result will be an important tool in the proof of our main theorem in
section 3, and it is also interesting in its own right.

PropoOSITION 2.5. Let G € QP*™ and K € Qm*P. Assume that the feedback
system F(G,K) is £2-stable. Let (Dg,Ng) be a left-coprime factorization of G and
(Nk,Dx) be a right-coprime factorization of K (both over H>*(E,)). Assume that
Dg,Dk € *(CP*P), Ng € (1(CP*™), and Nk € ((C™*P). Then F(G,K) €
PH(Cmr)*x(mE)) I particular, F(G,K) is (9-stable for 1 < q < occ.

Proof. By hypothesis, it is clear that Ng Ng+DgDx € £'(CP*?). Since F(G, K)
is /2-stable, by Proposition 2.3,

Zlélfl |det[Ng( )NK(Z) + Dg(Z)DK(Z)” >0.
Then it follows from Proposition 2.4 that (NgNg + DgDg)™" € £1(CP*P). Tt is
easy to see that

(I + GK) ' = Dg(NgNk + DgDk) 'Dg,
so that (I + GK)~! € /1(CP*?). By simple calculations, we obtain
K(I + GK)™! = Nx(NgNk + DgDk) 'Dg,
G(I +KG) ! = (I + GK)'G = Dkg(NgNk + DgDk) 'Ng,
(I+KG)™' =T -K(I +GK)"'G = I - Ng(NgNk + DeDk) 'Ng,
(1
(G

showing that K
/1(C). Hence F

+ GK) , G(I +KG)™!, and (I + KG)~! have all their entries in
K) e /1 ((C (mtp)x(m+p)), O
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APPROXIMATE TRACKING BY SAMPLED-DATA CONTROL 645

The following frequency-response result for transfer functions in /1 (CP*™) will be
useful for understanding the asymptotic behavior of the closed-loop system.
LEMMA 2.6. Let g € F(Zy,CP*™), v € F(Zy,C™), A € E1, v € C™ and set
G:=Z(g).
1. If g € {Y(Z4,CP*™) and lim, o (u(n) — A"0) = 0, then

lim [(g *xu)(n) — A"G(N\)o] =0.

n—oo

2. If there exist f € (0,1) and M > 0 such that g € {3(Z,,CP*™) and
[u(n) — A"ol| < MB"™ Vne€Zy,
then there exists L > 0 such that
[(g * u)(n) = G(A)A"o|| < LB"  Vn € Zy .

Proof. Since g € (Y(Z4,CP*™),

oo

<>l |||z|k<z||g I <oo VzeR,

k=0

2)ll =

so that G(z) is well defined for z € E;. Define v € F(Zy,C™) by v(k) := AFv. Since
A€ Eq, [A7F <1 for all k € Z,. Therefore,

> gk)u(n —k) =Y A"Fg(k)o
k=0 k=0

[(g*u)(n) = A"G(A)o|| =

+oll D= A F gk

k=n+1

g(k)(u(n — k) —v(n —
k=0

(2.2) < (g * (w =)l + lloll Y llg(k)l| Vn € Z .

We proceed to prove statement 1. Let M7 > 0 be such that ||u(k) —v(k)|| < M; for all
k € Z,. By hypothesis, limy_, o ||[u(k) — v(k)|| = 0 and g € £}(Z4,CP*™). Therefore,
for € > 0, there exists kg € Z4 such that

Julk) = )] < o _an < s Y=k

Then, for n > 2k,

n

[[(g * (u —v))( |<leg Miw=o)n =kl + > lg®)ll(w—v)(n— k)]

k=ko+1

n

leg W+ Y (k)]

k=ko+1

2||9||el

IN

€,
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showing that

(2.3) lim ||g*(u—wv)(n)||=0.

n—oo

A combination of (2.2), (2.3), and the fact that lim, o Yo, lg(k)|| = 0 yields
statement 1.

To prove statement 2, we set Mo := Y -, 3 "||g(k)|| < co. By hypothesis, there
exists M > 0 such that

[(w—v)(n)|| < MB" Vn€Zy.

Since 8 € (0,1) and by (2.2), we have

B7I(g * u)(n) = GA)A o] < 5~ leg (= wv)(n = k)| + 67 ”HUHZHQ

k=0 k=n

<p” leg IMﬁ”’“+IIUIIZﬁ’“Ilg )l

< MM+ ||o||My Vne€Zy.

Hence ||(g*xu)(n) — G(AN)A" 0] < Ma(M + ||v]|)5" for all n € Z,.. O

The next result shows that Lemma 2.6 applies in particular to input-output op-
erators with transfer functions in H2°(E;, CP*"™). We omit the routine proof.

PROPOSITION 2.7. For 0 < a < 3, H*®(E,, CP*™) C «%((CPX’”).

The following remark shows that Lemma 2.6 also applies to power stable state-
space systems.

Remark 2.8. Consider a discrete-time state-space system

(2.4a) zp(k +1) = Azp(k) + Buy(k),
(2.4b) Yp(k) = Cap(k) + Dup(k),

evolving on a Banach space X, where A € B(X), B € B(C™, X), C € B(X,CP), and
D e B(C™,CP). The transfer function G of (2.4) is given by

G(z)=C(z:I-A)"'B+D.

System (2.4) is called power stable if A is power stable, i.e., there exist M > 1 and
€ (0,1) such that

|A*| < Mp* VkeZy.

Clearly, if (2.4) is power stable, then o(A) C {z € C: |z| < 1} and G € HX(Ey,
CP*™). Hence, by Proposition 2.7, Lemma 2.6 applies to power stable systems of the
form (2.4).

3. Low-gain control of discrete-time systems. Let F(G,K.) denote the
discrete-time feedback system shown in Figure 2.1 and given by (2.1), with K replaced
with K.. The following asymptotic tracking theorem is the main result of this section.
It is the discrete-time counterpart of the continuous-time result due to Rebarber
and Weiss [13], which is a partial extension of the main results in Hdmé&ldinen and
Pohjolainen [3].
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APPROXIMATE TRACKING BY SAMPLED-DATA CONTROL 647

THEOREM 3.1. Let N € N. For j € N, let \j € C be such that |\j| =1 and
Nj # N for j # k. Assume that G € £*(CP*™) and K. is given by

N

K.
1 K.(2):=¢ [K° — .
(3.1) (2) =¢ (z)—l—;z_/\j
where KO € {1(C™*P) and K; eCmxr If
(32) O’[;\jG()\J)KJ] c Gy Vj eN
and
G(z) — G()\;
(3.3) lim sup () ) ‘ <o VjeN,
2—A;, 2€E; z2—=Aj

then there exists e* > 0 such that, for all e € (0,e*), we have F(G,K.) € (!
(CUmtp)x(m+p)) (thys F(G,K.) is (9-stable for every 1 < q < 00).
Moreover, if the reference signal v is given by

N
(3.4) r(k) = M v, eCr, VkeZy,
j=1

and the disturbance signals dy, ds satisfy

N N
(3.5) Jim iy (k) - > Ny | =0, Jim | da(k) - > My | =0
j=1 j=1

for some 01; € C™ and 0y € CP,

then, for every e € (0,e*), the output of the closed-loop system y asymptotically tracks
T in the presence of di,dg, that is, limy_,o (y(k) — r(k)) = 0.

Remark 3.2. (i) If condition (3.2) does not hold, then there is no guarantee that
there exists an € > 0 such that the feedback system F(G,K_.) is £?-stable. Indeed,
fN=m=p=1,A\ =1, K; =1, and G € /*(C) with G(1) € (—00,0], then an
application of Proposition 2.3 shows that (G, K_.) is not £2-stable for every £ > 0.
Furthermore, if N = 1 and A\; = 1, then it can be shown that the existence of an e* > 0
such that, for all € € (0,e*), F(G,K.) is £>-stable implies that ¢(G(1)K;) C Cop
(this follows from a suitable modification of an argument used in [11, Theorem 3]).
Consequently, at least in the case N = 1 and A\ = 1, condition (3.2) is “close” to
being necessary for the stability conclusion of Theorem 3.1 to hold.

(ii) Condition (3.3) is not very restrictive. It is, for example, satisfied if, for every
j € N, the transfer function G has a holomorphic extension to an open neighborhood
of A\; (which is trivially the case if G € H(E;, CP*™)).

(iii) Note that only very little plant information is required in order to apply The-
orem 3.1, namely, stability of the system to be controlled, condition (3.3), and some
information on G(J;), where the latter is required for the computation of K; such
that (3.2) holds. The spectral condition (3.2) is robust with respect to “sufficiently
small” plant perturbations, while (3.3) is robust with respect to all plant perturbation
in HX(E,,CP>™).
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(iv) If, in Theorem 3.1, we replace the controller K. by
N .
- - zK;
K.(2):=¢ | K° J
()= e | KU+ = )

where K? € ¢1(C™*P) and K; € C™*P, and condition (3.2) by
(3.6) o(G(\)K;) CCo VjeEN,
while all the other conditions in the theorem remain the same, then the conclusions

on stability, tracking, and disturbance rejection in Theorem 3.1 are still valid. This
follows directly from Theorem 3.1, since

N N A Y ¢
K.(2) = Ko(z)—kZKj—I—ZZJ_/\].
j=1 j=1 J

is of the form (3.1) with

and o(A\;G(\))K;) = o(G(\;)K;) C Co.

(v) The spectral condition (3.2) (or, alternatively, (3.6)) is the discrete-time ana-
logue of the continuous-time condition in [13]; see [13, equation (1.5)]. Moreover, in
the continuous-time result [13, Theorem 1.1], it is assumed that the transfer function
of the plant is holomorphic and bounded in a half-plane of the form Res > —a for
some « > 0; the discrete-time analogue of this condition is, in the terminology of the
present paper, G € H2°(E;, CP*™), which implies (3.3) (cf. part (ii) of this remark).
Consequently, condition (3.3) is weaker than the corresponding continuous-time con-
dition in [13, Theorem 1.1].

To facilitate the proof of Theorem 3.1, we first state and prove the following key
lemma, which shows that the transfer function (I + GK.)™!, the so-called sensitivity
function, is in H*°(E;, C?*?) for sufficiently small € > 0.

LEMMA 3.3. Let N € N and let A; € C be such that |\j| =1 and \j # Ay, forj, k €
N, j#k. Let G € H®(Ey,CP*™) be such that the limit G()\;) := lim, .y,  .er, G(2)
exists for every j € N. Let K. be given by (3.1), where K° € H>®(E;,C™*P) and
K; € C™*P. Assume that (3.2) and (3.3) hold. Then there exists ¢* > 0 such
that, for all € € (0,&*), (I + GK.)~! € H®(E,,CP*P). Moreover, if the additional
assumptions that G € H>(Ey,CP*™) and K° € HX(E,,C™*P) are satisfied, then,
for every e € (0,¢*), (I + GK.)~! € HX(E,,CP*?).

Proof. Before proceeding to the technical details, we summarize the idea of the
proof. We wish to show that (I + GK.)~! is bounded in E;, the complement of the
closed unit disc, for all sufficiently small € > 0. Roughly speaking, we decompose Eq
in the form E; = QU (U}Llﬂj), where (2 is bounded away from all of the A;’s and €);
is the “part of Eq near \;.” We prove that, for sufficiently small ¢ > 0, (I + GK.)™!
is bounded on each of these sets. Special care is required for the analysis on the
sets £2;.
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|4 Vs U

N
/

0

F1G. 3.1. An illustration of the sets U, V1, and Va.
Returning to the technical details of the proof, we first note that, since U[j\jG

(A\j)K,] C Cy for all j € N, there exists 6§ € (0, 7/2) such that

N —
(3.7) o NGMN)K ) Cc{ze€C\{0}:argz e (—6,0)} = U.

j=1
Let p € (0,1) and consider Figure 3.1. The circles {z € C : [2| = p} and {z €
C : |z + 1] = 1} intersect at two points, denoted by pe’®®) and pe**(") where
o(p) € (w/2,m). Note that ¢(p) — 7/2 monotonically as p — 0. Hence there exists
po € (0,1) such that m — ¢(p) > 6 for all p € (0, po]. Set

Vi:={2€ C\ {0} :argz € (—d(po), d(po))}

and

Voi=-V1 ={2€C\{0}:argz € (1 — ¢(po), ™ + ¢(po))}-
Clearly,
(3.8) UNVay=10.

There exists p1 € (0, po] such that |A; —Ag| > 2p1 for all j,k € N, j # k. Defining
Q; ::Elﬂ{zG(C: |z — Xj| < p1},

we have that Q; N Q, = 0 for j,k € N, j # k. Moreover, set Q := [ \Uj\le Q.
Assume that G € H*®(E;,CP*™) and K° € H®(E;,C™*P). It is clear that

Kj < 0
_,\j :

z

N
sup [|G(2) [ KO(z) + Z
ZEQ j=1

Therefore, there exists o, > 0 such that
-1
K
z— /\j

N
S(2) =l + G(2)K:(2)] ! = [T +eG(2) [ K (2) + >

j=1
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is uniformly bounded for all z € Q and for all € € (0,e4). Fix j € N. To analyze S
on ), we define

_( sGODEN T (L NGE
e e e I e v oy
and
Q= ST raeKe 3T S

By (3.3), we see that Q; is bounded on €2;, with a bound that is independent of e.
For convenience, we set G := \;G(\;)K;. Moreover, since p1 € (0, po], it follows
that A\;2; —1 C Vi. Together with the implication that if w € Vi, then yw € V; for

all v > 0, this yields
-1
<I + 6&)
w

< sup [|s(s] + Gj) 7| = sup [|s(s] = G;) 7.
seVy seVa

sup |Sj(2)||:sup{‘ :we)\ij—l}

z€Q;

By (3.7) and (3.8), the function s +— s(sI — G;)~" is holomorphic on an open set
W D Vo (where V5 denotes the closure of V3). Furthermore,
| l‘im s(sI —G;) "t =1.

Hence s — s(sI — G;)~! is bounded on Vs. Therefore, S; is bounded on €2; with
bound independent of . We have S™! — S;l = £Qj,, so that we can write

S(2) = S;(2)(I +¢Q;(2)8;(2)) "

Hence there exists €; € (0,e4) such that S is bounded on §; for all ¢ € (0,¢;).
Setting

*

e*:=min{e; : j € N},
it follows that
(3.9) (I +GK.)™' € H®(E,,CP*P) Ve e (0,%).

Finally, let ¢ € (0,e*) and assume that G € H2°(E;, CP*™) and K € H>(E;, C™*?).
It is clear that (I + GK.)™! is meromorphic on E, for some v € (0,1). Letting
B € (v,1), it follows that (I + GK.)~! has at most finitely many poles in the compact
annulus Eg \ E;. By (3.9), (I + GK.)~! does not have any poles on JE; and so there
exists a € (3,1) such that (I + GK.)~! € H>®(E,, CP*P). O

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. By Lemma 3.3, we know that there exists £* > 0 such that
for all e € (0,¢*), (I + GK.)~t € H®(E;,CP*P). In the following, let € € (0,&*).

We first show that the other block entries of F(G,K.) are also H-functions.
Due to the stability of G, it suffices to show that K.(I + GK.)~! € H>®(E;,C™*P).
In the remainder of the proof, when we write z — A;, it is assumed that z € E;. By
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assumption, \; # A, for j,k € N, j # k. Note that, by (3.2), G(\;)K; is invertible.
Consequently,

lim (I+G(2)K.(2))™"
z2—A; 2 — j
1
. G(2) Ky
B ) ) 0
=l eGEIK + (=) (14 eGK'G) e 57 T3

kEN, k#j
(3.10) = (eG(\)K;)™" VjeN.

By (3.1) and (3.10), we conclude that K.(z)(I + GK.)~! has a finite limit at \;, so
that K.(I + GK.)~! is bounded on E; N A, where A is a neighborhood of the set
{)\; :j € N}. Since (I + GK.)™! € H*(E;,CP*?) and K. is uniformly bounded on
Eq \ A, it follows that K. (I + GK.)~! € H*®(E;,C™*?). Consequently, F(G,K.) €
H>®(Ey, CmHp)x(m+p)) showing that F(G, K.) is £-stable.

To prove that F(G,K.) € {1(Cm+2)x(m+p))  we set

N
K.
K'(z) := Z . _j)\‘ .
=1 ’

We see that K' is a (strictly proper) rational matrix function. By a standard result
(see [16, p. 75, Theorem 4.1.43]), K! has a right-coprime factorization over Ry, i.e.,
K! = ND!, where N € R™*?, D € RP*P, and there exist X € REX™, Y € REXP
such that XN + YD = I . Therefore,

K. =¢(K'+K") =¢(K'D+N)D !,
showing that K. has right-coprime factorization (¢(K°D + N), D), since
(e X)e(K'D +N)+ (Y - XK )D=XD +YD =1.

Since KO, N € /1(C™*P) and D € ¢(CP*P), we have that KD + N € (1(C™*?).
Moreover, (I, G) is a left-coprime factorization of G over H*(E,) and, by assumption,
G € /1(C™*P). Therefore, invoking Proposition 2.5, it follows that F(G,K.) €
{L(Clmp)x(mtp)y,

To prove tracking and disturbance rejection, we note first that, since G(\;)Kj is
invertible,

(3.11) (I+GK)'(\) = lim (I +G(2)K:(2)) ' =0 VjeN

z—Aj
and

(3.12) (I +GK.)'G)(\)) = lim (I + G(2)K(2))'G(2) =0 VjeN.

z—j

Let r be given by (3.4) and let di, do satisfy (3.5). For j € N, define a; € F(Z4,CP)
and b; € F(Z4,C™) by

aj(k) = /\;?tj y bj(k) = )\?Ulj y
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and define d; by

B N N
dy(k) == dy(k) = by =di(k) =Y _ Mdy;.
j=1

=1

Obviously, r = Zjvzl

(3.12), we obtain

a; and lim,_, di(k) = 0. Then, by Lemma 2.6, (3.11), and

lim [Z71((T + GK.) 1) % 7] (k)

k—oo

Jim {[27H((T + GKe) ™) *as](k) — (I + GK) ™A\ }

< H'Mz

(3.13)
and

lim [Z71((I + GK.) " 'G) xdi](k)

k—oo

k—o0

N
Z lim {[271((I + GK.) 'G) x bj](k) — (I + GK.) " 'G)(Aj) 50y}

+ lim [(Z7Y((I + GK.)"'G) «dy](k)
(3.14) =0.
Similarly, by Lemma 2.6 and (3.11),

(3.15) lim [Z71((I + GK.) ') xda](k) = 0.

k—o0

By Figure 2.1 (with K replaced by K.), it is clear that
(3.16) Feg=1t.=+GK.) (F—dy) — (I + GK.) " 'Gd; .
Therefore, by (3.13)-(3.16),

Jim (r—y)(k) = lim {[2Z7((T+ GK:)™") * (r — da)|(k)

k—o0

— 271 +GK.)'G)xdi](k)} = 0.

This completes the proof. O

Next we show that, under a mild extra assumption on G, K, d;, and do, the
convergence of y(k) to r(k) as k — oo is exponentially fast.

THEOREM 3.4. Consider the discrete-time feedback system F(G,K.) shown in
Figure 2.1 (with K replaced by K.). Assume that G € HZ(E;,CP*™) and K. is
given by (3.1), where K € HX(E,,C™*?), K; € C™*P, and |\j| =1 for j € N
with A; # A\ for j # k. If (3.2) holds, then there exists €* > 0 such that, for every

€ (0,e%), F(G,K.) € HX(E;, Cm+p)x(m+p)),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



APPROXIMATE TRACKING BY SAMPLED-DATA CONTROL 653

Moreover, if the reference signal v is given by (3.4) and there exist M > 0 and
p € (0,1) such that the disturbance signals dy,ds satisfy

N N
(317)  ||da(k) = D ANjou || < Mp", ||da(k) = D Moo < Mp" Vk € Zy.,

j=1 =
where 915 € C™, 0y € CP,

then, for every e € (0,€*), there exist L > 0 and 8 € (p,1) such that
ly(k) = r(k)|| < LB* Vk € Zy .

Proof. By Lemma 3.3 and the hypotheses on G, K", we know that there exists
€* > 0 such that, for every ¢ € (0,e*), there exists « € (p, 1) such that

(I+GK.)"! € H®(E,,CP*?), G € H®(E,,CP*™), K’ ¢ H®(E,, C™*?).

To prove that F(G,K.) € H*®(E,, CtP)x(m+p)) it suffices to show that K. (I +
GK.)"! € H*®(E,,C™*?). By (3.10), we conclude that K.(z)(I + G(2)K.(z))~!
has a finite limit as z — \; for every j € N, so that K. (I + GK_.) ! is bounded on
a neighborhood A of the set {\; : j € N}. Since (I + GK.)~! € H*®(E,,CP*?) and
K. is uniformly bounded on E, \ A, it follows that

K.(I +GK.)™' € H*®(E,,C™*?).

Hence F(G,K.) € H®(E,, C(m+P)x(m+p))  Therefore, it follows from Proposition 2.7
that, for every 0 € (a, 1), we have

(I+GK.)™ ' e fh(CP?), (I+GK.)'Gelycrm).

Finally, invoking Lemma 2.6, (3.4), (3.11), (3.12), and (3.17), we conclude that there
exists M; > 0 such that

11217 + GK.) ™) = r](R)l| < Mif* Wk €7,
I[2 (I + GK) ™' G) x da] (k)|| < My k€ Zo
112~ 1((I + GKo) ™) *dao)(k)|| < M1~ Vk€Zy.
Consequently, by (3.16), we have
ly(k) = r(k)|| < 3MB* VK € Zs

completing the proof. O

Application to state-space systems. We now apply Theorem 3.1 to obtain
tracking results for discrete-time state-space systems. Let X be a Banach space and
let the plant ¥, be given by

(3.18a) zp(k +1) = Az (k) + Buy(k);  2,(0) =) € X,
(3.18b) Yp(k) = Cxp(k) + Duy(k),

where A € B(X,X), B € B(C™, X), C € B(X,C?), and D € B(C™,CP). The transfer
function G of X, is given by

G(z)=C(z:I-A)"'B+D.
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Next we construct a state-space realization of the controller transfer function (3.1).
Let K € R™ P and let (Ao, Bo, Co, Dg) € C"0Xm0 x C™0XP x Cm*"0 x C™XP be a
stabilizable and detectable realization of K°; i.e., K%(z) = Co(2I — Ag) ' By + Do,
(Ao, By) is stabilizable, and (Cy, Ag) is detectable. Since K is £2-stable, Ag is power
stable. Let K; € C™*P and |\;| =1 for j € N with \; # X\, for j # k. Moreover,
let A, € CNPIno)x(Nptno) e CWNpHm)xp ¢, e Cm*(NP+mo) and D, € C™*P be
given by

AO BO
)\1[p Ip
(3.19a) A= ' ; Be:= ;
AT, I,
(319b) Cc = (C()vKla"'aKN); Dc = DO;

where I, is the p x p identity matrix. We define the controller . by

(3202)  mull+ 1) = Awe(®) + Bouelk)s  (0) = al € CVPE,
(3.20b) ye(k) = eCoxc(k) + eDouc(k) .

Obviously, the transfer function K. of 3. is given by

K;
Z—)\j

K.(2) =e(Co(2] = Ae) 'Be+ Do) =2 [ K(2) + )
j=1

Consider the feedback interconnection of (3.18) and (3.20) given by
(3.21) Ue=T—yp—dz, Up=yYct+di, y=yp+dz,

where r is a reference signal and d; and dy are disturbance signals. Let F(X,, %)
denote the feedback system given by (3.18)—(3.21). The state-space system F(%,, X.)
is a state-space realization of the system F(G,K.) shown in Figure 2.1 (with K
replaced by K.).

THEOREM 3.5. Assume that (3.18) is power stable and that (3.2) holds, i.e.,
a(N\jG(\))K;) C Co for every j = N. Then there exists €* > 0 such that, for all
e € (0,e*), the following statements hold:

1. F(Xp,X.) is power stable. Moreover, F(%,,%.) is input-to-state stable in
the sense that there exist My > 1 and v € (0,1) such that, for all xg e X,
20 € CNPtno y dy € °°(Zy,CP), and all dy € £>°(Z4,C™),

0

T x
H( ) ( é’) H - lrlle + llda e + |dzlew) -

T Le

2. If r is given by (3.4) and dy,ds satisfy (3.5), then for all initial conditions
xg € X and 20 € CNP™"o the output y = y, + da asymptotically tracks r,
that is, limg_.o0 (y(k) — r(k)) = 0. Additionally, if (3.17) holds with M > 0
and p € (0,1), then the convergence is exponentially fast.
We omit the proof, which is based on a routine argument involving a combination
of Theorem 3.1 and a result on the equivalence of input-output and power stability
[5, Theorem 2]; see [4] for details.

< M; (’Yk
ZOO
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4. Low-gain sampled-data control. In the following, let B(R,) denote the
Borel-o-algebra on R . For a CP*™-valued Borel measure p on R, the total variation
|| : B(R4) — [0,00] of p is defined by

l(E) = sup{ ST (E|| By € BRy), B;nE=0ifj £k, E=|J B
j=1

j=1
It is clear that
lu(BE)]| < |ul(E) VE € BRy).

The following theorem, for which the proof is omitted, shows that a CP*™-valued
Borel measure is necessarily bounded.

THEOREM 4.1. The total variation |u| of a CP*™-valued Borel measure u is a
finite nonnegative Borel measure on R .

The following technical result, for which we omit the routine proof, is used later.

PROPOSITION 4.2. Let u be a CP*™-valued Borel measure on Ry. For every
€ >0, there exists T' > 0 such that

/ |p|(ds) <e VE>T.
t

Let p be a CP*™-valued Borel measure on R;. Then the continuous-time input-
output operator G defined by

(41 (Gu)t) = (uru)(t) = / p(dshu(t —s), ¢>0, ue L (R, C™),

is Li-stable for 1 < ¢ < 0o. The transfer function G of G is the Laplace transform of
u, that is,

(4.2) G(s) =/R e 'u(dt) Vs e Co.

Trivially, by Theorem 4.1, ||G(s)|| < [, |ul(dt) < oo for all s € Co. It follows that
G € H>®(Cy, CP*™).

LEMMA 4.3. Let the operator G be given by (4.1), where p is a CP*™-valued
Borel measure on Ry.. Then

timsup | (Gu) (1) < (R limasup [u(t) | Va € Ly(R.,C")

Proof. Let ¢ > 0. By Proposition 4.2, there exists T" > 0 such that

> € €
wl(ds) < and ||u(t)|| <o+ — Vt>T,
[ ) < g e ol <o+ 557
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where M := |u|(R4) and o := limsup,_, . ||u(t)||. Hence, for ¢t > 2T,

t/2 t
1(Gu)(b)]| < / lu(t — )]l |ul(ds) + / e = 9l

(o) [ @+ e )

< (o 5a7) [ lultds) 4l [l

€
< (04 327) M+ lulloogr—
<(o+5m el
< Mo +c¢.
Since this holds for all € > 0, the claim follows. O

LEMMA 4.4. Let £ € Cy, v € C™, u € Ly(Ry,C™) and let G be given by (4.1),
where p is a CP*™-valued Borel measure on R .
L. If limy oo (u(t) — eSto) = 0, then
lim [(Gu)(t) — G(£)esto] = 0.

t—o0

2. If there exist a < 0 and M > 0 such that
/ e~ l(ds) < o0 and |[u(t) — e€to]| < Me®t V>0,
0
then there exists L > 0 such that

[(Gu)(t) — G(€)esro|| < Le™ VWt >0.

Proof. Define v : R, — C™ by v(t) := etv. By (4.1) and (4.2), using ¢ € Cy, we
have

(Gu) () — ftnn—H/ (@syult =)~ [ e ulasp

S ‘

ol [ 1)

/ u(ds) (u(t — 5) — €4=)v)
0

(4.3) <G (uw—v)®] + ||U||/t |ul(ds) Vt=0.

By hypothesis, lim;_, ||u(t) — v(¢)|| = 0, and so, by Lemma 4.3,

(4.4) Jim {|Gu—v)(B)]] = 0.

Moreover, it follows from Proposition 4.2 that lim; ftoo |u|(ds) = 0. Hence, invok-
ing (4.3) and (4.4) completes the proof of statement 1.

To prove statement 2, assume that there exist a < 0 and M > 0 such that
My = [ e *%|u|(ds) < oo and |lu(t) — eSfo|| < Me®* for all ¢ > 0. Since a < 0, it
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follows from (4.3) that
e~ ot U — st et t u—v)(t—s s et - s
1(Gu)(#) - GE)esto]| < / (= v)(¢ = s)lul(ds) + o] / 1(ds)

t e8]
<M [ e lulids) + ol [ e lplas)
t
< MM + ||U||M1 Vt>0.

Hence ||(Gu)(t) — G(€)efto|| < My (M + ||o||)e* for all t > 0. 0
DEFINITION 4.5. Let 7 > 0 denote the sampling period and let F(R4,C™) denote

the space of all C™-valued functions defined on Ry. We define the ideal sampling
operator S; : F(Ry,C™) — F(Z4+,C™) by

(Sru)(k) :=u(kr) VkeZy.
The (zero-order) hold operator H, : F(Zy,C™) — F(R,,C™) is defined by
(Hrv)(t) :=v(k) Vtekr, (k+1)71).
Define the sample-hold discretization G, of G by
(4.5) G =8,GH-,
and define g, € F(Z4,CP*™) by

{0}7 kzo,

(4.6) gr(k) := p(Ey),  where By := { (k—1)7,kt], keN.

PROPOSITION 4.6. Assume that G is given by (4.1) and g, is defined by (4.6),
where p is a CP*™-valued Borel measure on Ry.. Then g, is in £*(Zy,CP*™) and the
operator G, defined by (4.5) satisfies

Gv=g,xv YweFZy,Cm").

Consequently, G, € B(t4(Z4+,C™),09(Z4,CP)) for 1 < q < oco.
Proof. Clearly,

D lge ()l =D u(E) < Y lul(Er) = |ul(Ry) < oo,
k=0 k=0 k=0

showing that g, € ¢1(Z,,CP*™). For any discrete-time input v € F(Z,,C™), we
have

kT
(Gro)(k) = (S-GHr)v) (k) = (G(Hrv))(kT) :/0 p(ds)(Hrv) (kT — 5)

k k
= Z/ plds)o(k —3) =D gr(k)o(k = j) = (g- xv)(k) Vk € Zy .
j=0"Ej 0

Jj=

Hence G, € B({%(Z4,C™),£%Z4,CP)) for 1 < g < 0. O
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Let G, denote the transfer function of G,. Note that, since g, € ¢1(Z,,CP*™),
G (z) is well defined for z € E;.

Remark 4.7. Let a < 0, assume that [~ e=**|p|(dt) < oo, and set p 1= 7 €
(0,1). Then

S llg(B)llo~F < ey / e~ ul(dt) = e~ / e~ |ul(dt) < oo,
k=0 k=0 Ek 0

so that g, € €}(Zy,CP*™), or, equivalently, G, € lf})((Cpxm) C H*(E,,CP*™),
LEMMA 4.8. Let € € Cy. Then lim, oG, (ef") = G(&).
Proof. Clearly,

Go(e7) =3 g = S e =Y [ e uan
k=0 k=0 k=0" Bk
and
GO = [ e Futn =3 [ e,
Ry k=0 Ex
so that

1G+(e*T) = G(§)]| =

> [ et = e
k=0 k

Using the fact that & € Cp, we obtain

<X [l e .
k=0 " Er

IG+(e57) = G(9)] < Z/ 1= 0 |ul(dt) < sup [1—e[|ul(Ry).
0 Ex t€[0,7]

Since lim; o sup,¢( , |1 — €| = 0 and || (R4 ) is finite, the claim follows. 0

Remark 4.9. The convergence of G, (e7) to G(£) as 7 — 0 is uniform for all
¢ e UifU c Cy is compact. Moreover, it is obvious that G, (1) = G(0) for all 7 > 0.

The following theorem is the main result of this section.

THEOREM 4.10. Let N € N and & € iR for all j € N with & # & for j # k.
Let G be given by (4.1), where p is a CP*™-valued Borel measure on Ry such that
fooo e~ |pu|(dt) < oo for some a < 0. Let the discrete-time controller K, . be such
that its transfer function K. . is given by

K
2z — e8iT

N
(4.7) K, .(2)=¢ | K?2) + Z

where KO € {1(C™*P) and K; € C™*P. Assume that
(4.8) o(G()K;) CCy VieN.

The following statements hold for the output y of the sampled-data system shown
in Figure 4.1:
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da
d; Yo+ y

+ +
_|_

HT < KT,s < 87-

F1c. 4.1. Sampled-data low-gain control.

1. There exists 7% > 0 such that, for every sampling period T € (0,7*), there
exists €. > 0 such that, for all e € (0,e,), the feedback system is L™ -stable,
in the sense that there exists N1 > 0 such that, for all r,ds € Ly(Ry,CP) and
all dy € Lb(R+, (Cm),

[9lloe < Ni([l7lloo + lld1floc + [1d2lloo) -

If r is given by

N
(4.9) r(t) == Zegittj vVt >0 where t; € CP,
j=1

and di € Ly(Ry,C™), dy € Ly(Ry, CP) satisfy

N N
(410) t]ilgo dl (t) — Z efjtblj = O7 tli{go dg(t) - Z eEjtagj = 0 ]
j=1 Jj=1

where 915 € C™, 0,5 € CP,

then, for every 6 > 0, there exists 75 € (0,7*) such that, for every sampling
period T € (0,7s) and every € € (0,e,),

(4.11) limsup ||y(t) — r(t)]| < 6.

t—o0

2. Under the additional assumptions that K° € H2°(E;,C™*P) and that there
exist v € (a,0) and No > 0 such that

(4.12)

N N
dl (t) - Zegjtblj S Ng@”t, dg(t) - Zegjtbgj S Ngevt Vi Z 0,
j=1 Jj=1

(4.11) can be replaced by
ly(t) —r(t)]| <64 N3Pt vt >0

for suitable B € (v,0) and N3 > 0 (both depending on T and ¢ ).
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Only very little plant information is required in order to apply Theorem 4.10,
namely, stability of the system to be controlled and some information on G(¢;), where
the latter is required for the computation of K; such that (4.8) holds. The spectral
condition (4.8) is robust with respect to “sufficiently small” plant perturbations.

Proof of Theorem 4.10. To prove statement 1, set 79 := 2w/ sup{|&; — &| : j, k €
N, j # k} and note that if 7 € (0,79), then €7 # %7 for all j,k € N, j # k. It
follows from Lemma 4.8 that

lim 57 G, (e57)K; = G(¢)K; VjeN.

T—0
Hence, by hypothesis (4.8), there exists 7% € (0, 79) such that
(4.13) o(e57G,(e9T)K;) C Co VjeEN, Vre(0,7%).

By assumption, there exists o < 0 such that fooo e~ |u|(dt) < oo. Therefore, by
Remark 4.7, G, € HZ(E,CP*™). Clearly,

G, (2) — G,(e%7)

z — eng

lim sup ‘ < 00

z—eSiT ,z€E,

holds for every j € N. Moreover, by assumption, K° € 2 (Cm*P). It follows from
Theorem 3.1 that, for every 7 € (0, 7*), there exists e, > 0 such that, for alle € (0,¢,),

K..(I+G,K,.) ' e {(C™*P),
Consequently, for all such 7 and ¢, the convolution operator K, (I + GTKT)E)*1 has
impulse response in ¢1(Z, ,C™*P).
In the following, let 7 € (0,7*) and € € (0,&,). Set
(4.14) M= |p|(Ry)  and M= |K..(I+G,K,;.).

Let di € Ly(Ry,C™) and do,r € Lp(R4,CP). It is well known that ||Gdi|lec <
M]||d1||co- Furthermore, set

(4.15) d:=Gdy +ds.
Trivially,
(416)  [Sedlle < dloc < Mldlloc + ldalloo and  [IS;llee < 7l
The discrete-time signal w;, in Figure 4.1 is given by
wr = K; S r — (GHywr + d)] = K, [Srr — (Grwr + S7d)].
It follows that
(4.17) wr = Kr (I + GTKT75)_1(ST’I" —8.d).
Invoking (4.14) and (4.16), we have

(4.18)  lwrlle= < Mi([|Srrlee + [|Srdlle=) < Mi([|7]loo + M[da]loo + [|d2]oo) -
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Clearly, the continuous-time signal y in Figure 4.1 satisfies
(4.19) y=GH,w, +Gdy +dys = GH;w: +d.
Since ||H,wr|loo = ||wr||es, it follows from (4.18) and (4.19) that

[9lloe < IGHrwrlloo + |Gdi [l + [1dal
< M||Hrws|loo + M||d1]loo + ||d2]|c0
= M||lwrle + M[d1 oo + [|d2]l
< MM ([|r]loc + Mlldi oo + [ld2lo0) + M|di]loc + [|d2]lo
< Ni(([rlles + [ldilloc + lld2]lo0) »

with Ny := (M + 1)(M M; + 1). This completes the proof of the L>-stability of the
feedback system.

To prove approximate tracking (see (4.11)), note that, by (4.13), G,(e%7)K; is
invertible for every j € N and every 7 € (0,7*). In the following, we take limits as
z — €% for z € Ey. It is assumed that 7 € (0,7*) and € € (0,&,). A straightforward
calculation yields that

lim (I+G,(2)K,c(2))"'=0 VjeN

z—eSiT
and
i (14 G2 (2) T = (G (K Ve
Consequently,
(Kre(I+ G Ky o) H(e5T) = ZE?N eK2(2)(I + G, (2)K,o(2)) !
al eKy, 1
+ lim ; < 7 [+ G- (2)K,o(2)) )
~ i - _igﬂ (I+ G (2K, (2)"
(4.20) = K;(G.(e%T)K;)™' VjeN.
Setting
(4.21) 0 :=G(§)01; +025 VjEN,

it follows from the definition of d (see (4.15)) that

Zeﬁﬂo = (Gdy)( Ze'& ()01 + da(t) Zefztag

Invoking Lemma 4.4 and (4.10), we obtain that

(4.22) lim ||d(t Z St || =

t—o0
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It follows trivially from (4.9) and (4.22) that

N N
(4.23)  (S;r)(k) = e¥M; Yk € Zy and Jim |(S-d) (k) — Y St =0
j=1 i

Define a,,b, € F(Z4+,C™) by
(4.24)

N N
k)= eSTFK (G (e9T)K)) ey, be(k) =) eSTFR(GA(eMT)K;) T,
j=1 Jj=1
It follows from Lemma 2.6, (4.17), (4.20), and (4.23) that
(4.25) klim [wr(k) —ar(k) + b (k)] =0.
By (4.8), G(&;)K; is invertible for every j € N. Define vy, v2 : R — C™ by

N N
(4.26)  vi(t) ==Y _ eV K{(GE)K;) Ty, va(t) =) MK (G(E)K;) ;.
j=1 j=1

We conclude from Lemma 4.4 and (4.9) that

N
(4.27) Jim [(Gun) () = r(B)] = 3 Jim [(G(e9 I (G(&)K;) 1)) (1) — €0'e] = 0.
j=1
Furthermore, writing
N
(Gua)(t =[G K (G &) K;) 0;)(t) — '] Ze% —d(t

j=1
an application of Lemma 4.4, and (4.22) yields that
(4.28) tlim [(Gve)(t) — d(t)] = 0.

Let 6 > 0. Invoking Lemma 4.8 and the fact that &; € iR, there exists 75 € (0,7%)
such that if 7 € (0, 75), then

sup  [lvi(t) — (Hrar) ()]
telkr,(k+1)7)

N N
sup D STK(G(E)K) Ty = Y STVE (G (e9T)K)
j=1

telkr,(k+1)7) j=1

< Z|€§J(t |G (GEE)
te[kT (k+1)7’)

N

+sup S (GG E) ™ = (G () E ) M)

telkr,(k+1)1) j=1

)
m Vk€Z+,

IN
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and, similarly,

)
swp [oat) - (M) (O] < = VheEZy,
telkr,(k+1)1) 2M
where M is defined in (4.14). Hence,
)
(4.29) sup [|v1 (£) — (Hrar) @) +sup [Joz(t) = (Hr07) (1) < 7
>0 >0

Let 7 € (0,75) and ¢ € (0,e,). Then, writing
Hrwr — v +v2 = HT(wT —ar+ b'r) + (HTaT - Ul) + (’U2 - H'rbr)

and invoking (4.25) and (4.29), we obtain

)
(4.30) limsup [|[(Hrw:)(t) — v1(t) + v2(t)]] < M
t—oo
By (4.19),
y—r=GHrw; — vy +v2) + (d— Gug) + (Gvy — 1),
so that it follows from (4.27) and (4.28) that

lim sup [y (t) — ()| < limsup [[(G(Hrw- — o1 +v2)) (O]

Finally, H,w; — v1 + v2 is bounded and thus, by Lemma 4.3 and (4.30),

lim sup [y (t) — r(t)|| < M limsup [|(Hrw,)(t) — v1(t) + va(t)] < 5,
t—o0 t—oo

completing the proof of statement 1.

To prove statement 2 of Theorem 4.10, let 7 € (0,75) and € € (0,&;). Assume
that K® € HX(E1,C™*?) and that there exist N > 0 and v € (a, 0) such that (4.12)
holds. Invoking Remark 4.7, we conclude that G, € HZ°(E;,CP*™). Therefore, by
Theorem 3.4, K, .(I+G,K,.) ! € H(E,,C™*?). Hence, by Proposition 2.7, there
exists p € (€77,1) such that

K, (I +G.;K..)"' €l (C™P).

By Lemma 4.4 and (4.12), there exists Ms > 0 such that
(Gdy)( Z& (&)015]| < Mae?* Wt >0.

Invoking (4.12), it follows that

IN

Gdl ZethG Ulj + d2 Zefj 02,

N
_ Z efjtaj
j=1

(4.31)

IN

(M2 + N2)e'yt vVt >0,
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where d and 9; are defined in (4.15) and (4.21), respectively. Trivially,
N
(S-d)(k) = > 8% 0,|| < (Ma + No)(e7™)F < (M + Na)p* VE € Zy .
j=1

It follows from (4.20) and Lemma 2.6 that there exists M3 > 0 such that
(4.32) |wy (k) — ar (k) + b (k)| < Mzp® Vk € Z,,

where w, and a,, b, are defined in (4.17) and (4.24), respectively. We conclude from
Lemma 4.4, (4.9), and (4.31) that there exists My > 0 such that

(4.33) [(Gur)(t) = ()] < Mae™,  |[(Gu2)(t) — d(t)]| < Mye™*; VE>0,
where v1 and vy are defined in (4.26). Since p € (0,1), we have
Pk < ptpkmHO/T — p=1eBTH0) g e [0,7), Yk € Z,
where 8 := (In p)/7. Consequently, by (4.32) and (4.29),
|(Hrwn)(8) = vit) + o (8)]] < [[(Howy — Hyar +Hoby) (D)
F [(Hrar)(t) — v ($)] + [Jvz(t) — (Hrbr) (1)
< Msp~'e’ + % vt >0.

Since p € (€77, 1), we have that 8 € (v,0) C («,0), and hence
¢
(G(Hrwr —v1 +02)) ()] < / [(Hrwr —v1 + v2)(t — 8)][[[(ds)
0

t B B 5 o0
< [ Map P Nul(ds) + 5 [ i)
0 0

< Mgpfleﬁt/ e P\l (ds) + 6
0
< MsMsp~tePt+65 vt >0,

where Ms := [ e77|u|(ds) < [ e=**|u|(ds) < co. Therefore, by (4.19) and (4.33),
it follows that

ly(@) = r()Il < [(G(Hrwr —v1 +02)) (O] + [[(d(t) — Guz(8)) ]| + [[(Gur)(E) — 7 ()]
< (G(Hrwr —v1 +v2))(t)] + 2Mye
<O+ (MzMsp™' +2My)e?t vt >0.
This completes the proof. 0
Remark 4.11. The proof of Theorem 4.10 shows that, for fixed {{; : j € N}, 75

and €, can be chosen to be uniform for all signals r,d;, and dp with t;, 015, and 9y,
j € N, satisfying a prespecified bound.
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Application to state-space systems. In the following, we apply the input-
output results in this paper to a class of infinite-dimensional state-space systems.
Let X be a Hilbert space and assume that the plant is given by

(4.34a) &p(t) = Azp(t) + Bup(t); zp(0) = xg € X,
(4.34b) Yp(t) = Cp(t) + Duy(t),

where A : D(A) — X is the generator of a strongly continuous semigroup T(¢) on X,
B € B(C™, X_1) is the control operator, C € B(X,CP) is the (bounded) observation
operator, and D € CP*™ ig the feedthrough matrix. Here X_; is the completion of X
with respect to the norm ||z||_; := ||(8] — A)~!z||x, where 3 is in the resolvent set A.
It is known that X_; does not depend on the choice of 3. Moreover, X «— X_; and
T(t) extends to a Cp-semigroup on X_;. The generator of the extended semigroup
is a bounded operator from X to X_; which extends A. The extended semigroup
and its generator will be denoted by the same symbols T(t) and A, respectively. We
assume that B is admissible for T(t), that is, for every ¢ > 0, there exists b; > such
that

The admissibility assumption implies, in particular, that system (4.34) is regular (see
[15, 18] for more details on admissible control operators and regular systems). For
up € L2 (Ry,C™), the mild solution z, of (4.34a), given by

loc

< billullze Vu e L3(0,1],C™).
X

/Ot T(t — s)Bu(s)

(4.35) xp(t) = T(t)xg + /t T(t — o0)Bup(o)do,
0

is a continuous X-valued function, satisfying the differential equation (4.34a) in X_;
for almost every ¢ € Ry. The transfer function G of (4.34) is given by

G(s)=C(sI—A)'B+D Vsc Cu(ry 5

where

We say that (4.34) is exponentially stable if w(T) < 0. Let K° € R™*P and let
(Ao, By, Co, Dg) € Coxno x CmoxP x C™*"0 x C™*P be a stabilizable and detectable
realization of KY; i.e., K°(z) = Co(2I — Ag) 1By + Do, (Ao, By) is stabilizable, and
(Co, Ag) is detectable. Since K° is ¢2-stable, it follows that Aq is power stable. Let
A, € CWptno)x(Nptno) - g e CWNPtno)xp O, ¢ Cm*(NPtn0) " and D, € C™*P be
given by (3.19) with \; = €57, & € iR for j € N. We define the controller by

(4.36a) To(k +1) = Acwo(k) + Boue(k);  20(0) = 20 € CVNPHmo
(4.36Db) ye(k) = eCoxc(k) + eDouc(k) .
The transfer function K. . of (4.36) is given by

K;
z— ST

N
K, o(2)=¢|K(2)+ >
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We consider the following feedback interconnection of (4.34) and (4.36):
(4.37) up=Hrye+di, y=yp+da, u.=38:(r—y),

where r is a reference signal and d; and do are disturbance signals.

THEOREM 4.12. Consider the sampled-data state-space system given by (4.34),
(4.36), and (4.37). Assume that (4.34) is exponentially stable and o(G(&;)K;) C Cq
for all j = N. The following statements hold:

1. There exists 7% > 0 such that, for every sampling period T € (0,7*), there
exists e, > 0 such that if € € (0,e.), then the sampled-data system is expo-
nentially stable; i.e., for every e € (0,e,), there exist Ny > 0 and 8 < 0 such
that

x (/{2’7’4‘9) kT+60 330
(255 )= ([ e
V0 € [0,7), Vk € Zy , Va) € X, Va) € CNPH7o

Vr,dy € Lb(R+,(Cp) , Vdy € Lb(R+,(Cm).

2. Ifris of the form (4.9) and di € Ly(R4+,C™), do € Ly(R4, CP) satisfy (4.10),
then, for every § > 0, there exists Ts > 0 such that, for every sampling period
7 € (0,75), there exists e, > 0, such that, for every e € (0,e,),

limsup |ly(t) — r(t)|| <6 ng € X, 2% e CNptno,
t—o0

Proof. The sample-hold discretization of (4.34) is given by the quadruple

(4.38) <T(7), /OT T(s)Bds, C, D) .

Clearly, since T(t) is exponentially stable, T(7) is power stable. Since admissibility
of B for T(t) implies that A=*B € B(C™, X) and

/ T(s)Bvds = (T(1) — )A™'Bv Yv € C™,
0

we see that [ T(s)Bds € B(C™, X) for every 7 > 0. The transfer function of (4.38)
is denoted by G,. By Lemma 4.8 and the assumption that o(G(¢;)K;) C Co, there
exists 7F > 0 such that if 7 € (0,7*), then e%7 # €57 for all j,k € N, j # k, and
(4.39) o(e57G(e5T)K;) CCy VjEN.
Define

E:=(+eD.D)"", E.:=({I+eDD.)",

and A : [0, 7] — B(X x CNPtno) by

s () 2)- (57 D) DD 6 )
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For 6 € [0,7] and k € Z,, define R(k,0) : Ly(R4,C™) x Ly(Ry,CP) x Lp(Ry,CP) —
X x CNptno by

d
. _ ( ST (ke + 0 — 5)Bdy (s)ds + ¢ f, T(s)Bds f (ks dy, da, r)>

R(k,0) | ds
. BoEo[~Ddy (k7) + r(kt) — da (k)]

where
f(kT;dy,do,r) := =D DEdy(kT) + ED.[r(kT) — d2(kT)] .
By (4.35)-(4.37) and a routine calculation, we obtain

dy

(4.40) <x;’6((’j::1?) — A(6) (Z’%) Y RO [do| VkezZi, 0e(0,7).
It follows from (4.40) with 8 = 7 that

dy
(4.41) (“”’;(C((IZTI))T >) = A7) (””;’(&T))) + Rk, |do | VEeZ,.

In the following, let 7 € (0,7*). Applying statement 1 of Theorem 3.5 to the feedback
interconnection of discrete-time systems (4.38) and (4.36), we conclude that there
exists £, > 0 such that, for every € € (0,e,), A(7) is power stable.

By the admissibility of B, there exists M; > 0 such that

= M ||di |l 2((kr,kr+0),cm) < Miv/T]ld1]| o

kT+6
/ T(kT + 60 — s)Bdi(s)ds
K X

T

Vk € Zy, V0 €[0,7], Vdy € Lp(Ry,C™).
Therefore, there exists My > 0 such that

dq
(4.42) R(k,0) [ da [|| < Ma(llrfloc + ld1floc + lld2lloc) VE € Zy, VO € [0, 7],
r

Vr, dy € Lb(R+,(Cp), Vd, € Lb(R+,(Cm).

Hence, it follows from the discrete-time variation-of-parameters formula, the power
stability of A(7), (4.41), and (4.42) that there exist M3 > 1 and p € (0, 1) such that

|Gl =
)

(4.43 vzl € CNPtmo e dy € Ly(Ry, CP), Vd; € Ly(Ry,C™).

330
(20 + 10+ hatl + ) v 24 0 €
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Setting My := maxgeo,- |A(0)], it follows from (4.40), (4.42), and (4.43) that, for all
0€l0,7), keZy,ad e X,adeCNrtmo v dy € Ly(Ry,CP), and d; € Ly(Ry,C™),

xp(kT 4+ 0)
ze(k+1)

T kT
( » )H T My(rlloe + 1 oo + 1delloc)

< MzMyp"

X
(50)|+ e+ aadt e + o + )

330
g FIrfloo + lld1lloo + [ld2]loo | 5
xc

where 8 := (Inp)/7 < 0 and Ny := max{MzMyp~—t, My + M3M,}. This completes
the proof of statement 1.

To prove the approximate tracking and disturbance rejection result claimed in
statement 2, note that, by exponential stability of (4.34) and boundedness of C, the
impulse response of (4.34) is a CP*™-valued Borel measure p of the form p(ds) =
g(s)ds + Dégy(ds), where g(-)e® € L*(Ry,CP*™) for some a > 0, and d is the Dirac
measure (see [8, Lemma 2.3]). By (4.34)—(4.37) and a routine calculation, we obtain

(4.44) ( (Z:(Z)% Q(6)A* (1) (zﬁ) n <g(1;:(:)9)> Vo €[0,7), Vk € Zy |

<N <eﬁ(k‘r+9)

where

Q(0) := CT(0) —e(F(0) + DE)D.C eF(0)C.+eDEC,
= —EDCECC ECC _ E2DCECDCC

with F(6) Cfo s)BdsE ,
and ¢, y. satisfy

(4.45) §=G(d +Hrge) +d2, Go= K7 S-(r—7).

An application of Theorem 4.10 to system (4.45), with r given by (4.9) and d;, da
satisfying (4.10), shows that for every ¢ > 0, there exists 75 € (0,7*) such that, for
every sampling period 7 € (0, 75), there exists e, > 0, such that, for every € € (0,¢,),

limsup ||g(t) — r(t)]| < 6.
t—o0

Therefore, by power stability of A(7) and (4.44),
limsup [[y(t) — r(t)[| <6 Vi) e X, Va € CNPHmo,
t—oo

completing the proof. O

Ezxample 4.13. For purposes of illustration, we consider the heat equation for
a bar of length 1. We keep both endpoints at zero temperature and inject heat of
magnitude u, at the point 71 € (0,1). The measurement is generated by a spatial
averaging of the state over an o-neighborhood of a point 72 € (71,1). The system to
be controlled can be formulated as follows:

Zt(na t) = me(na t) + 5(77 - Tll)up(t) )

1 n2+o
yp(t) = —— / (M 1)dA,
7

20 Joy—o
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with boundary conditions
2(0,t) =2(1,t) =0 Vt>0.
For simplicity, we assume zero initial conditions
2(n,0) =0 Vne[0,1].

Sampled-data low-gain integral control of this system (in the presence of input hys-
teresis) was studied in [6].

With input u, and output y,, it is not hard to show that this system is a regular
linear system with state space X = L?(0, 1) and bounded observation. In particular,
the corresponding semigroup T(t), given by

[eS) 1
(T(t)x)(n) = Z 2 exp(—n’72t) sin(mm)/o sin(nmA)z(N\)d\

n=1
Vo € L*(0,1), Vn € [0,1],
is exponentially stable. The transfer function G is given by
G(s) = sinh(ov/s) sinh(n;+/s) sinh((1 — 72)+/s)
N ossinh(,/3) '

The aim is to design a robust controller such that the closed-loop system approxi-
mately tracks the reference signal r(¢t) = sint in the presence of disturbance signals
di,ds given by

1 1 1 1 1
di(t) = — t a— do(t) = —sin(bt) — —In( 1+ —— t>0.
1(t) 5(305(5)—1—2”_1, 2(t) 551n( ) 2n<+t+1>, >0

Set
K, :=1/G(i), Ky:=K;, Ks3:=1/G(5i), Ki:=Ks3,

and K°(z) = 10, so that the transfer function K, . of the controller K, . (see (4.7))
is given by

K K K K
K,.(2):=¢ (10+ . ! 2 2 . )

— + — + = T =
_eZT Z_eflT Z_eZT 2_677‘7'

. (10 . 2Re (K1)z — 2Re (K1) 2Re(K3)z — 2Re (ngmr))

22— (2cosT)z+1 22— (2cosbT)z+ 1

Since all the relevant hypotheses are satisfied, the conclusions of Theorem 4.10 are
valid. In Figure 4.2, simulations are shown for the specific values

m=02, =06, =001, 7=01, =0.1,

with zero initial conditions for the controller. The error signal e = r — y, — d»
and the output of the sampled-data system y = y, 4+ do are shown in Figure 4.2.
Asymptotically, the error is bounded by 0.0028, that is, limsup,~,|e(t)| < 0.0028.
Simulations show that, for the sampling period 7 = 0.1, instability occurs at £ = 0.22.
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