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Abstract

A class of differential-delay systems with hysteresis is considered. Conditions ensuring boundedness of solutions and related
asymptotic and integrability properties are expressed in terms of data associated with the linear component of the overall system
and a Lipschitz constant associated with the hysteretic component.
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1. Introduction

By way of motivation, consider a damped mechanical system with hysteretic restoring force and subject to delay.
Depending on the nature of the delay, such a system may take one of the following two forms:

x"(t) + ax'(t) + bx(t) + (D(x(- — h)))(t) =0,
or
x"(t) + ax'(t) + bx(t) + (P(x))(t —h) =0,

with parameters a > 0, b > 0, 7 > 0 and a hysteresis (i.e., causal and rate-independent) operator ¢. For example, in
situations where the hysteretic term is generated by the actuation of feedback signals, the former structure applies in
the context of output or measurement delay, whilst the latter structure relates to the context of input or actuation delay.

As a second motivating example, consider a damped mechanical system with input hysteresis ¥ and
output/measurement delay 4 > 0, under the feedback action of integral control with gain parameter « and constant
reference input r, as shown in Fig. 1. This system may be expressed as

YO +ay' () +by(t) = (T(@)@), @) =K@ =yt —h)),
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Fig. 1. Integral control of a system with input hysteresis and output delay.

which, on writing x(-) = z(- + h) and introducing the hysteresis operator @ given by ¢ (u) = « (¥ (u) — br), can be
re-written in the form

x"(@) + ax" () + bx' (1) + (9(x(- — )(1) = 0.

We subsume the above examples in a general investigation of the asymptotic behaviour of systems of each of the
following two forms

p(D)x +(2(x)(-—h) =0 or p(D)x+ P(x(-—h)) =0,

where p is a monic polynomial and D is the differential operator. We determine conditions — expressed in terms
of p, the delay parameter 4 and a Lipschitz-type constant associated with the hysteresis operator ¢ — which ensure
boundedness of solutions and related asymptotic and integrability properties.

We mention that, in the systems and control community, hysteretic effects have received increasing attention in
recent years: examples include closed-loop position control of Preisach hysteresis [6], passivity-based control of
hysteresis in smart actuators [7], inverse compensation of hysteresis [18,19], micro-positioning control problems
using piezo electric actuators [11], H®-control of hysteretic systems [17] and integral control in the presence of in
input hysteresis [12,14]. Moreover, stability properties of hysteretic systems have been considered by a number of
authors in a variety of contexts: for example, sufficient conditions for asymptotic stability of oscillations in nonlinear
systems with respect to small hysteretic perturbations have been given in [4], input—output stability results can be
found in [2,7,13] and asymptotic/boundedness properties of feedback systems with hysteresis were studied within the
framework of absolute stability in [1,2,8,9,13,21]. It is these latter contributions to which the present paper is similar
in spirit: in particular, using suitable extensions of results in [13] as a basis, we analyse asymptotic and boundedness
properties of the solutions of the differential-delay hysteretic systems formulated above.

The paper is structured as follows. In Section 2, the underlying class of hysteresis operators is defined, some of
their known properties are highlighted, some new properties are derived, and several specific examples of commonly-
occurring hysteretic nonlinearities are provided. Section 3 assembles suitably generalized results from [13] pertaining
to the regularity and asymptotic properties of solutions of a general class of input—output systems (described by a
convolution operator) with hysteresis in the feedback loop. The main contributions of the paper reside in Sections 4
and 5. Firstly, in Section 4, the results assembled in Section 3 form the framework for the analysis of differential-delay
systems with hysteresis (an existence theory for such systems is developed in Appendix A) wherein conditions are
investigated under which a variety of asymptotic properties, and related boundedness and integrability properties, of
solutions are guaranteed. Secondly, in Section 5, we return to the specific context of systems of second or third order
(akin to the motivating examples above): explicit conditions, in terms of the system parameters, are given under, which
the “nice” asymptotic behaviour, alluded to above, is assured.

We conclude this introduction with some remarks on notation.

Notation and terminology. We denote the “punctured” real line by R* := R\ {0}. For 4 > 0, define R, := [—h, 00).

Let ¢ € R and [ be an interval of the form I = [¢, T), wherec < T < oo,or I = [¢,T], wherec < T < oo.
Standard spaces of R”-valued functions defined on / are written in the form C(/, R"), C"(I,R"), L? (1, R") etc. If
n = 1, that is, in the case of scalar-valued functions, we simply write C (1), C"(I), L?(I) etc. The space of real-
valued locally absolutely continuous functions defined on / is denoted by Wli)’cl(l ), i.e., a function f : I — Risin
WIL’CI (I) if, and only if, there exists a function g € Llloc(l ) such that

t
@) = f@©) + f e(rydr. Viel.
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Of course, if I is compact, then Ll (I)=LY(I) and Wl’l(l) = WL(I). Furthermore, W7 (I) denotes the space

loc loc
of all real-valued functions f that are m — 1 times continuously differentiable on I, with locally absolutely continuous

derivative of order m — 1, and such that f =: f © together with its derivatives f ®, k =1,...,m,are in LP(I).
Endowed with the norm

m
L lwmeary = Y 1LF®Nra),
k=0

W™-P(I) is a Banach space.
Let o € R. The a-exponentially weighted L?-space of functions / — R is defined as

LEWI) = {f: f()exp(—a-) € LV (D)}

and is endowed with the norm

T 1/p
£l ey = 1O exp(—a oy = ( / Ie‘“’f(t)l”dt> :
c
Similarly, we define the a-exponentially weighted W™ -space

WP (D) = (f = f()exp(—a-) € WP (D)),

which, endowed with the norm

||f||w¢;"*”(1) = || f(-) exp(—a )lwm.r (1),

is a Banach space.
When the correct interpretation is clear from context, we do not distinguish notationally between a function and its
restriction: for example, if u € C(Rj) and I C Ry, is an interval, we write u € WIL’CI (I) in place of u|; € Wli)’cl(l ).
Let Ay > hy > 0. An operator ¥ : C(Ry,, R") — C(Ry,, R") is said to be causal if, for all T > —h; and all
vi,v2 € C(Ry,,R"), v1 = v2 on [—hy, T] implies that ¥(v;) = ¥ (v2) on [—hy,t]. For h > Oand I C R, an
interval with —h € I, we define, for each v € I, the operator Q; : C(I, R") — C(Ry, R") by

u), —h=<t=r,
u(t), t>rt.

(Q-u)(1) ={ (1.1

The following simple, but important, remark shows that, for T € (—h3, 00), a causal operator ¥ : C(Ry,, R") —
C(Rp,, R") can be “localized” to C(I,R"), with I = [—hy, T) or I =[—h1, T].

Remark 1.1. Let iy > hp > 0and —hy < T < oco. If ¥ : C(Ry,, R") — C(Ry,, R") is causal and I; (respectively,
D) is an interval of the form [—h1, T) or [—hy, T] (respectively, [—ha, T) or [—ho, T]), then ¥ “localizes” in a
natural way to an operator mapping C (1, R") into C (12, R"): for v € C(I1, R"), simply set

(Y)(@) = (¥(Qv)(), —ha=<t=t, TE€EDL

The causality of ¥ guarantees that this definition does not depend on the choice of 7, and so ¥ (v) is a well-defined
function in C(I2, R") for any v € C(I1, R"). We will not distinguish notationally between the original causal operator
and its “localization”. ¢

For I = [-h,T), where —h < T < oo, or I = [—h,T], where —h < T < oo, define the delay operator
Ap:CI) — C + h) by

(Apx)@®) =x(t—h) Vtel+h. (1.2)

By B(X), we denote the class of bounded linear operators from a linear normed space X into itself. An operator
G € B(L?(Ry)) is said to be shift-invariant if

S:G=GS;, Vt>0,
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where S; € B(L%(Ro)) denotes the right shift by 7, that is,

_Ju@—1) fort=>r,
(Szu) (@) = {O fort < t.

It is well known (and easy to show) that shift-invariant operators are causal. Moreover, if G € B(L?(Ry)) is shift-
invariant, then G has a transfer function G € H*, i.e.,

L(Gu) = G(Lu), Yue L X(Ry),

where H* denotes the algebra of complex-valued bounded analytic functions defined on the open right-half of
the complex plane, and £ denotes Laplace transformation. In particular, if G is a convolution operator with kernel
g € L'(Rg), then the transfer function of G is equal to the Laplace transform of the kernel, i.e., G = Lg.

Finally, 6 : R;, — R denotes the function which is identically equal to 1; that is, 8(¢) = 1 for all € R;,.

2. Hysteresis operators

In this section, we define and discuss a class of hysteresis operators. For more information on the mathematical
theory of hysteresis operators see, for example, [3,5,10,20]. Our treatment of hysteresis operators has been strongly
influenced by [3,5].

2.1. Definitions and properties

Let h > 0. A function f : R, — Ry, is a time transformation (on Ry) if f is continuous, non-decreasing with
f(—=h) = —h and lim,_, o f(¢) = 00; in other words, f is a time transformation if it is continuous, non-decreasing
and surjective. An operator ¢ : C(Ry,) — C(Ry,) is rate independent if, for every time transformation f,

Pwo f)= Pu)o f.

Following [3,5,20], we say that @ : C(Ry,) — C(Ry,) is a hysteresis operator if @ is causal and rate independent.
The numerical value set, NVS @, of a hysteresis operator @, is defined by

NVS @ .= {(®u))(®) : u € CRy), t € Ry}.
For w € C([—h, «]) (with@ > —h) and y, § > 0, we define
C(w;é,y) = {v e C([—=h,a+y]D :Vl[—heo=w, max |v(t)—w(a)| < 8} , 2.1)
tela,a+y]

that is, the space of all continuous extensions v of w € C([—h, «]) to the interval [—h, « + y] with the property that
lv(t) —w(a)| <éforallt € [a, x + y].

A function u € C(Ry,) is ultimately non-decreasing (non-increasing) if there exists t € Rj such that u is non-
decreasing (non-increasing) on [7, 00); u is said to be approximately ultimately non-decreasing (non-increasing) if,
for all ¢ > 0, there exists an ultimately non-decreasing (non-increasing) function v € C(Rj,) such that

lu(t) —v(®)| <e, VteRy.

We will have occasion to impose some or all of the following six conditions on hysteresis operators ¢ : C(Ry) —
CRy):
(N1) If I C Ry, is an interval and u € C(R;) N W,b! (1), then () € Wb (I);
(N2) @ is monotone in the sense that, if I C Ry, is an interval and u € C(Ry,) N WIL’CI (I), then
(Pw) () u'(t) >0, ae. tel;
(N3) there exists a A > 0 such that, for all « > —h and w € C([—h, a]), there exist numbers y, § > 0 such that
max [(Pw)(7r) — (2()(7)| =2 max |u(r) —v(r)l, Vu,veCl(w:s,y). (2.2)
a+yl T€la,a+y]

T€la,a
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(N4) for all @ € (—h, oo0) and all u € C([—h, a)), there exists ¢ > 0 such that
max (D) (D) < c(1 + rPax lu(t)|), Vtel-h,a).

(NS) if u € C(Rh) is approximately ultimately non-decreasing and lim;_ o, u(t) = oo, then (®(u))(t) and
(@(—u))(t) converge, as t — 00, to supNVS @ and inf NVS &, respectively;
(N6) if, for u € C(Rp), lim;— o0 (®(u))(¢) € int NVS @, then u is bounded.

Note that, in (N3) and (N4), the functions ®(u) and @(v) are well-defined by Remark 1.1. It is not difficult to deduce
that (N5) implies that NVS @ is an interval.

Whilst (some or all of) these technical assumptions are variously invoked in the later analysis, they are natural
in the sense that they hold for the most commonly-encountered hysteresis operators: relay, elastic—plastic, backlash,
Prandtl, Preisach (see Section 2.2 below for details). Futhermore, we remark that many hysteresis operators (see, for
example, [5,12]) are Lipschitz continuous in the sense that

sup [(2(w))(t) — (P(W)(T)| = A sup |u(z) —v(r)], Vu,veCRy, (2.3)
TeRy, Ry,
for some A > 0, in which case (N3) is (trivially) satisfied and, furthermore, (N1) holds (see [12]).

An important and well-known property of hysteresis operators is that they commute with Q, for all T € Ry.
This implies that, if the input to a hysteresis operator becomes stationary at time t, then the same is true for the
corresponding output. We record the commutativity property, which is an easy consequence of causality and rate
independence, as follows.

Proposition 2.1. If © is a hysteresis operator, then

0, =0:9, VteRy, 2.4)
where Q; : C(Rp) — C(Ry) is given by (1.1).
Proof. Let T € R, and T > t. Define the time transformation f : R, — R; by

t on|[—h, ]
f@) =94t on[t, T]
t—1t on(T,00).
Then (Q:V)|[—n,71 = (Vo f)|[—n 1] forall v € C(Ry), and so, invoking causality and rate independence, we have

(2(Qu)) (1) = (Puo f)) (1) = (Pw)o f) () = (Q: Pw)) (1) Vie[-h T],Vue CRy).
Since T € Ry and T > 7 are arbitrary, (2.4) follows. [

Section 4 (the main contribution) of the paper is devoted to a study of differential systems with delay impinging on
the hysteresis in one of the forms A; @(u) or (Aju). Anticipating the methodology of Section 4, which involves the
reduction of systems with the latter type of delay to systems with the former type of delay, we proceed to associate,
with any hysteresis operator ¢ (with domain C(RRg)), a hysteresis operator i (with domain C(Ry,)): the operator i
plays a central role in the reduction.

Let ¢ : C(Ro) — C(Ryp) be a hysteresis operator, and let 7 > 0. Define & : C(Rp) — C(Rp) by

(@(u))(t) = (P(A)t+h), Vt>-—hVYuecCRy 2.5)
and note that
(D(Apu))(t) = (A D)) (1), Yt >0,Yue CRy). (2.6)

Proposition 2.2. Let ¢ : C(Rg) — C(Rq) be a hysteresis operator, let h > 0 and let @ : C(Ry) — C(Ry) be
the associated operator defined by (2.5). Then disa hysteresis operator. Moreover, if @ satisfies some or all of the
hypotheses (N1)—(N6) (in the context of operators with domain C (Ry)), then ® satisfies the same hypotheses (in the
context of operators with domain C (Ry)).
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Proof. The proof of causality of  is trivial and is therefore omitted. We will prove rate-independence. Let f;, be a
time transformation on R,. Define a time transformation on Rq by

f@) = fut—h)+h, Vt=0.
Let u € C(Ry). Then,
((Apu) o (@) = (Apu)(f () = u(f(@) —h) =u(fut —h)) = (wo fr)t —h), Vi=0,
whence
(Apu) o f = Ap(uo fp). 2.7
By (2.5), together with rate-independence of @ and (2.7), we have

(D) (fi(®) = (BAR) ([ (1) + h) = (L)) (f (t + 1)) = (D((Apu) 0 [))(t + h)
= (6(Ap(uo i)t +h) = (Buo f)(), Vi=—h,

proving the rate-independence of . Finally, it is straightforward to show that if & satisfies some or all of the
hypotheses (N1)—(N6), then @ satisfies the same hypotheses.  [J

Let & : C(Ry) — C(Rp) be a hysteresis operator. For every x € R, set
Re(x) = {(2w)(1) : u € CRyp), u(l) = x}.
Define p— : R - RU{—oc} and ¢+ : R - R U {oo} by
¢o_(x) =infRgp(x) and ¢4 (x):=sup Rap(x),
respectively. It follows from rate-independence that
{(P(w)(t) :u e CRy),u(t) =x} = Rp(x), VxeR,Vte (—h,oo). (2.8)
Moreover, using causality and Proposition 2.1, we see that
(2w))(=h) = (2(u(=h)0))(—h) = (P(u(=h)0))(1)
and thus,
{(®(w))(—=h) :u € C(Ry),u(—h) =x} C Rg(x), VxeR.
Consequently,
o-(u() = (P)(@) < e+ (1), VieR,, Vue CRy).

We say that the pair (¢_, @) is the envelope of @. It follows from (2.8) that the envelope is “tight”. For § € R, we
define

Le@) ={reR:p_-(x) =§ <9 ()} (2.9
Proposition 2.3. Assume that @ is a Lipschitz continous hysteresis operator (that is, (2.3) is satisfied for some A > 0)
with envelope (¢—, ¢+). Then the following statements hold:

(1) If x € Ris such that ¢_(x) > —o0, then ¢_ is continuous at x.
(1) If x € R is such that ¢4 (x) < 00, then ¢ is continuous at x.
>iii) If u € C(Ry) is bounded and lim;_, oo (P (1)) (t) = & for some & € R, then

lim dist (u(t), Lg(&)) — 0.
11— 00
Proof. We prove assertion (i) by a contradiction argument. Suppose that the claim is not true. Then there exist x € R,

a sequence (x,) in R and & > 0 such that lim,,_, o, x, = x and

@) g—(xp) —p-(x) < —e, VneN or (b)g_(x)) —¢-(x)=¢e, Vnel
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If (a) holds, then there exists a sequence (v,) in C(Rj) with v, (1) = x,, for all n € N and such that
(@)1 —p-(x) < —¢/2, VneN

Since x,, > x asn — o0, u, = v, — x, +x € C(Ry) is such that u,, (1) = x for all n € N and SUpP;cR, |v, (1) —
u,(t)] = 0asn — oo. Using the Lipschitz continuity of @, we obtain that (?(v,))(1) — (P (u,))(1) > Oasn — oo.
Consequently, there exists N € N such that

(Pun))() < 9_(x) —g/4, Vn=N,

which yields the desired contradiction, since, by the definition of ¢_, (®(u,))(1) > ¢_(x) foralln € N.
If (b) holds, then there exists a sequence (w,) in C(Rj) with w, (1) = x for all n € N and such that

(P(wp))(1) — - (xp) < —€/2, VneN.

Since x, — x asn — oo, u, = w, —x +x, € C(Ry) such that u,(1) = x, for all n € N and
Sup;eR,, |wn(t) — un(r)] — 0 as n — oo. By the Lipschitz continuity of @, we have (@(wp))(1) — (@(u,))(1) = 0
as n — o0o. Consequently, there exists N € N such that

(Pun))(1) < p_(xp) —€/4, Vn=N,

which yields the desired contradiction, since, by the definition of ¢_, (®(u,))(1) > ¢_(x,) foralln € N.

Assertion (ii) follows by an argument analogous to that used in establishing assertion (i).

It remains to prove assertion (iii). Again seeking a contradiction, suppose that the claim is not true. Since u is
bounded, we conclude that there exist a sequence (#,) in R, and u™* € R such that#, — oo and u(z,) — u* asn — oo,
and ¢_(u*) > & or ¢ (u*) < &. Invoking assertions (i) and (ii), it follows that liminf,_, - [(®(u))(#,) — &| > O,
contradicting the fact that (@(u))(¢) convergesto & ast — oo. U

2.2. Examples of hysteresis operators

Below, we describe some important classes of hysteresis operators satisfying (N1)—(N6).

Relay (passive, positive) hysteresis. Relay (also called passive or positive) hysteresis, is discussed in a mathematically
rigorous context in a number of references; see for example [12] and [16]. Fig. 2 illustrates schematically the action
of relay hysteresis, one of the simplest of hysteretic phenomena. The corresponding operator is denoted by R;. Whilst
conceptually clear, a precise mathematical definition of relay hysteresis is notationally cumbersome. Let by, b; € R
with by < by, and let ¢ : [bg, 00) — R and ¢; : (—00, b1] — R be non-decreasing and globally Lipschitz with the
same Lipschitz constant / > 0 and such that ¢g(bg) = ¢1(bo) and ¢o(b1) = ¢1(b1). Foru € C(Ry) and t > —h,
define

max S(u,t) if S(u,t) #0,

S, t) =u""({bo, i) N[~h, 1], T, 1):= {_1 S ) =0

Following [16], for ¢ € {0, 1}, we define an operator R; : C(R,) — C(Ry) by

e1(u()) ifu(r) < bo,

@o(u(t)) ifu(r) = by,

o1 (u(t)) ifu(t) € (bg, b1), t(u,t) # —1and u(t(u,t)) = by,
wo(u(t)) ifu(t) € (b, b1), t(u,t) # —1and u(r(u,t)) = by,
oo(u(t)) ifu(t) € (by,by1), t(u,t) =—1land¢ =0,

o1(u()) ifu(t) € (bo,b1), t(u,t) = —1land ¢ = 1.

(R w))(1) = (2.10)

The number ¢ plays the role of an “initial state”, which determines the output value (R; (1)) (¢) if u(s) € (bo, b1)
for all s € [—h,t]. From [12], we know that R, satisfies (NI)-(N6) (with A = [ in (N3)). We note that
NVS R; = imgp Uim¢;. It is clear that R, is Lipschitz continuous if and only if ¢o(v) = ¢1(v) for all v € [by, b1],
i.e., if and only if R, “degenerates” into a static nonlinearity.
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Fig. 2. Relay hysteresis.

'Br‘f (M)

yZ
/

Fig. 3. Backlash hysteresis.

Backlash hysteresis (play operator). A discussion of the backlash operator (also called play operator) can be found
in a number of references, see for example [3,5,10] and [12]. Let r € Rg and introduce the function

v—r, Hfw<v—r
br:R2—>R, (v, w) = max{v — r, min{v +r, w}} = { w, ifwelv—rv+r]
v+r, ifw>v+r

Let Cpm(R}y,) denote the space of continuous piecewise monotone functions defined on Ry. For all » € Rg and all
& € R, we define the operator B, ¢ : Com(R) — C(R;) by

| br(u(0), ) fort = —h,
(Brs )(®) = {br<u(r>, (Bre@)@)) fort; <1 <fi1.i =0, 1,2,....

where —h =1ty < t] < th < .., lim,_,x?, = 0o and u is monotone on each interval [#;, ¢;4+1]. We remark that
& plays the role of an “initial state”. It is not difficult to show that the definition is independent of the choice of the
partition (;). Fig. 3 illustrates how B, ¢ acts. It is well known that B, ¢ extends to a Lipschitz continuous operator on
C(Ry) (with Lipschitz constant A = 1), the so-called backlash operator, which we shall denote by the same symbol
B,.¢. It is also well known (and easy to check) that B, ¢ is a hysteresis operator.

As shown, for example, in [12], B, ¢ satisfies (N1)-(N6) (with A = 1 in (N3)). It is obvious that NVS B, ; = R.
Elastic—plastic hysteresis (stop operator). The elastic—plastic operator (also called sfop operator) is discussed in

a mathematically rigorous context in a number of references; see for example [3,5,10] and [12]. To give a formal
definition of the elastic—plastic operator, for each r € Ry, define the function ¢, : R — R by

—r, ifv<-—r
e,(v) = min{r, max{—r,v}} = { v, ifve[—rr]
r, ifv>r.

For all r € Ry and all £ € R, we define an operator &, ¢ : Cpm(R;) — C(Rp) by

e, (u(0) — &) fort = —h,

Erg@)() = {e,(u(t) —u(t) + (&re)(@) fort; <t <tip1,i=0,1,2,...,
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Fig. 4. Elastic—plastic hysteresis.

where —h =1t <t <t < ...,lim,_,ot, = 0o and u is monotone on each interval [#;, #;4+1]. Again, & plays the
role of an “initial state”. The operators &, ¢ and B, ¢ are closely related:

Ere() +Bre() =u, Yu € Com(Rp), @.11)

see, for example, [5, p. 44]. Fig. 4 illustrates how &, ¢ acts. It follows from (2.11) and the properties of B, ¢ that
&,.¢ extends to a Lipschitz continuous hysteresis operator on C(Ry,) (with Lipschitz constant A = 2). This extension,
which we denote by the same symbol &, ¢, is called the elastic—plastic operator.

As shown, for example, in [12], €, ¢ satisfies (N1)-(N6) (with A = 2 in (N3)). Trivially, NVS €, ¢ = [—r, r].
Prandtl and Preisach operators. All the hysteresis operators considered so far model relatively simple hysteresis
loops. The Preisach operator described below, encompasses both backlash, elastic—plastic and, more generally, Prandtl
operators. It represents a far more general type of hysteresis which, for certain input functions, exhibits nested loops
in the corresponding input—output characteristics. Let £ : Ry — R be a compactly supported and globally Lipschitz
function with Lipschitz constant 1. Furthermore, let 1« be a signed Borel measure on Ry such that |u|(K) < oo for
all compact sets K C Rg, where || denotes the total variation of . Denoting the Lebesgue measure on R by uz, let
w : R xRgp — R be alocally (17 ® w)-integrable function, and let wo € R. The operator P¢ : C(Ry) — C(Ry)
defined by

00 (B ()()
@) (1) = / / w(s, YL (ds)u(dr) +wo,  Yu € C(Ry), Vi € Ry, 2.12)
0 0

is called a Preisach operator, cf. [5, p. 55]. It is clear that Pr is a hysteresis operator. Under the assumption that
the measure w is finite and w is essentially bounded, the operator P is Lipschitz continuous with Lipschitz constant
|| (Ro)||w|lso; see [12]. Furthermore, if we additionally assume that ¢« and w are non-negative, then, as shown in [12],
(N1)—(N6) hold (with A = u(Rp)||w]lco in (N3)).

Setting w(s, r) = 1 and wg = 0 in (2.12), we obtain the Prandtl operator

(Pe @) (1) = /0 (Breo) @)(Odr), Yu e C[Ry), Vi € Ry, (2.13)

For h = 0, & = 0 and the measure p given by u(E) = ur (E N[0, 5]), the Prandtl operator (2.13) becomes

5
(Po)) (1) = /0 (Br,o)(@)dr, Vu € C(Rp),Vt € Ro

and is illustrated in Fig. 5.
Finally, we mention that Preisach operators can often be written as “weighted sums” of relay switches. More
precisely, if w is the Lebesgue measure on Ry, w € L! (R x Rp), &£ =0and

00 0 o0 o0
wo = % </ / w(s, r)dsdr — / / w(s, r)dsdr) ,
0 —00 0 0



372 H. Logemann et al. / Nonlinear Analysis 69 (2008) 363-391

40 : ‘ . 40

Fig. 5. Example of Prandtl hysteresis.
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Fig. 6. Relay switch hysteresis.

then the Preisach operator (2.12) can be written as

1 o0 o0
u() = = </ f w(s,r) (Sr, S(u)) (~)dsdr> , Yu e C(Ry),
2 0 —0o0
where 8, ; is the relay switch operator illustrated in Fig. 6 (see [5] for details). More formally, (Sr, s(u)) () is given
by the right-hand side of (2.10) withby =5 —r, b1 = s +r, eo(v) = 1, ¢1(v) = —1 and
1 ifs >0,
{=to= {o ifs <0,

2.3. Generalized sector condition
Definition 2.4. An operator @ : C(R,) — C(Ry) is said to satisfy a generalized sector condition if there exist
71 < 0,7 > 0and o € R such that, forallu € C(Ry,) and t > —h,
u(t) = v = (P) ) = ou(r),
ut) <t = (Pw) () < oul(r).
If ¢ > 0, then we say that @ satisfies a positive generalized sector condition. ¢

For every £ € R and r > 0, the backlash operator B, ¢ satisfies a positive generalized sector condition with

arbitrary 0 < 0 < l and 71 = —r/(1 — o), T2 = r/(1 — o) and the elastic—plastic operator satisfies a generalized
sector condition with arbitrary —co <o <Oand ty =r/o, 10 = —r/o.

We show that, under certain assumptions, the Preisach operator P; defined in (2.12) (and hence, a fortiori, the
Prandlt operator defined in (2.13)) satisfies a positive generalized sector condition.

Proposition 2.5. Let P; be the Preisach operator defined in (2.12). Assume that the measure [ is non-negative, with

o0
0<p:=ulRy) <oo and 0<a:=/ ru(dr) < oo.
0
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Assume further that
0 < B1 :=essinf(s ) cRxR W (S, ) and py :=ess sup(s’,)ERXROw(s, r) < oo.
Then, for every 0 < & < pB1, we have
()] = @Ba + lwol) /e = (Pe@)(Ou(t) > (pp1 — &)u>(), Vu € CRy), ¥t € Ry, 2.14)
i.e., Pt satisfies a positive generalized sector condition.
Proof. Note initially that, by the definition of the backlash operator, we have
(Brery)(t) € [ut) —r,u)+r] Yue CRp), YVt € Ry, Vr € Ro.

Let ¢ € (0, pB1) and define t := (aBs + |wo|)/e. Letu € C(Ry) and r € Ry,.
Case 1. Assume that u(¢) > 7. Writing E1 = [0, u(¢)] and E> = (u(t), 00), it follows that

u(t)—r
(/ +/ )/ w(s, rypr(ds)u(dr) — [wol
E; e,/ Jo

/31/E (u(t)—r)u(dr)+ﬂ2/E (u(t) —r) p(dr) — |wol

(Peu) (1)

v

v

— (Bu(ED) + Bop(E) u(t) — By /

E;
> pPru(t) —afy — lwol = pPru(t) — et,

and so we may conclude that

u(t) = v = (Peu)(t) = (pf1 — &)u(t). (2.15)

ru(dr)—ﬁz'/E rpu(dr) — wol

2

Case 2. Now assume that u(t) < —t. Writing E1 = [0, —u(¢)] and E; = (—u(t), 00), we have

u(t)+r
(Peu)(1) < (/E +/E)/O ws, g (ds)u(dr) + [wol
1 2

< ﬂI/E (u(t)+r)u(dr)+f32/E W() + ) w(dr) + Jwol < pBrut) + 7,
1 2

from which we may infer that

u(t) < —t = (Peu) (@) < (pP1 — &)u(t). (2.16)
Since u € C(Ry) and ¢ € R, are arbitrary, the conjunction of (2.15) and (2.16) yields (2.14). U
Example 2.6. The Prandtl operator shown in Fig. 5 satisfies a positive generalized sector condition: in particular,
(2.14) holds with p = 5, ¢ =25/2, 81 =1 =pBrand e € (0,5). ¢
Remark 2.7. If the (signed Borel) measure p satisfies any of the following three conditions

(i) u is non-negative, regular and has compact support,
@Gi) = 230:0 Vn0r,, Where §,, is the unit mass at r, > 0, y;,, > 0, and Zzio Vnltn < 00,
(iii) u(dr) = f(r)dr, with f >0, f € L'(Rg) and f(r) = O(r—?*®) as r — oo for some ¢ > 0,

then the hypotheses on w in Proposition 2.5 hold. ¢
3. Asymptotic behaviour of solutions of feedback systems with hysteresis

In the following, we derive generalizations of certain results from [13], the purpose of which is to facilitate the
main investigation in Section 4.

We first consider the feedback system shown in Fig. 7, where G is a convolution operator with kernel g,
@ : C(Rp) — C(Ry) is a hysteresis operator, r1 and r» are input and disturbance signals, respectively.
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Fig. 7. Feedback system with hysteretic nonlinearity.
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Fig. 8. Feedback system with integrator and hysteresis.
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This system is described by

y=gx*xri+rn—g*x 21y, yl-no=¢ecC(-h0D), rn)=q¢0), 3.1

where * denotes convolution. A solution of (3.1) on [—h, T) for some 0 < T < oo is a function y € C([—h, T))
satisfying (3.1).

The following result extends part (a) of Theorem 4.1 in [13], which pertains to the case 4 = 0, to the general case
of h > 0: the essence is to show that, by a suitable re-formulation of the problem, the latter case can be reduced to the
former.

Theorem 3.1. Let g € Li (Rg) for some o < 0 be a function of locally bounded variation. Let r1,1; € WIL’CI (Ro)

with r{ , ré € Lg (Rp) and r2(0) = ¢(0). Let @ satisfy (N1), (N2) and (N3) with associated constant A > 0. Assume
that

inf Re G(iw) > —1/A, 3.2)
welR

where G denotes the Laplace transform of g (or, equivalently, G is the transfer function of G). Then (3.1) has a
unique solution on Ry, which is locally absolutely continuous on Ry, and there exist constants B € (a,0) and y > 0
(both dependent on g and A, but independent of ry, ry and ¢) such that

91220 o) + 1O zoeey + 12 ey + 1O 2 0
< V(IIV{IIL%(RO) + IIFQIILé(RO) + r10)] + [r2(0)[ + [(2(9))(0)]) (3.3)
and y(t), (®2(y))(t) converge, at exponential rates, to finite limits as t — 00.

In Theorem 3.1, it is assumed that the linear component of the system is described by a convolution operator with
kernel in Lg (Ro) for some o < 0. This implies that the linear subsystem is input—output stable and, in particular, does
not contain any integrators.

The next result, Theorem 3.2, applies to a class of linear systems containing an integrator. Before stating
Theorem 3.2, we consider the feedback system shown on Fig. 8, where the operator G € B(L%(Ro)) is assumed
to be shift-invariant and @ : C(Rj,) — C(R},) is a hysteresis operator. The integral equation

t t
¥(0) = /O (Gr)()dt + () — /0 GEN@AT,  Vino = € C(=h. 0D, m(0) =©)  (3.4)

describes the system shown in Fig. 8. The solution concept for the initial-value problem (3.4) is the same as that for
(3.1). We impose the following assumption on G:
(L) The limit G(0) :=  lim o G(s) exists, G(0) > 0 and

s—0,Re s>

limsup [(G(s) — G(0))/s] < oo.

s—0,Res>0

The following result extends Theorem 4.5 of [13], which pertains to the case & = 0, to the general case of &7 > 0.
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Theorem 3.2. Assume that G (the transfer function of G) satisfies assumption (L), @ satisfies (N1)—(N5) and

0 € closNVS @. Let A > 0 be the constant associated with (N3). Assume that
G(@ 1
inf Re 20 o 1 (3.5)
welR* 1w A

Then, for all r € L*(Rg) and ry € Wlé’cl (Rp) with ré € L2(Ry), r2(0) = ¢(0), there exists a unique solution of (3.4)
defined on Ry, which is locally absolutely continuous on Rq. Furthermore, lim;_, oo (®(y))(t) = 0, and there exists a
constant y > 0 (depending only on G and A, but not on r1, r and @) such that

1B L) + 1B 2@y < ¥ Uil 2y + 17512y + [(B@)O)). (3.6)
Under the additional assumptions that (N6) holds and 0 € intNVS @, y is bounded.

Proof of Theorems 3.1 and 3.2. For the particular case of & = 0, proofs of Theorems 3.1 and 3.2 can be found
in [13]: specifically, Theorem 3.1 is subsumed by part (a) of Theorem 4.1 in [13], and Theorem 3.2 is subsumed by
Theorem 4.5 in [13]. We complete the proof by showing that the general case of 7 > 0 can be reduced to the particular
case of & = 0. To this end, with each u € C(Rg), we associate a function u € C(Ry,) defined by

v Je@® =) +u©), tel[-h0)
u() = {u(t), t>0.

Now define an operator ¥ : C(Rg) — C(Rg) by
(T(u))(t) = (P@m))(t), VYueCMRp)),VrtelRy.

It is routine to show that ¥ is a hysteresis operator; moreover, if @ satisfies some or all of the hypotheses (N1)—(N6)
(in the context of operators with domain C (Rj,)), then ¥ satisfies the same hypotheses (in the context of operators with
domain C(Ry)); furthermore, if @ satisfies (N5), then the interiors of the numerical value sets of ¥ and @ coincide.
It is clear that a function y € C(R) solves (3.1) if, and only if, the restriction yo = y|g, satisfies

Yo=g*r1+1r2—g* ¥(). 3.7

Consequently, an application of part (a) of Theorem 4.1 from [13] to (3.7) establishes the assertions of Theorem 3.1.
Similarly, y € C(IRy) solves (3.4) if, and only if, the restriction yo = y|r, satisfies

t t
yo(?) =/ (Gr)(r)dr +r2(1) —/ (G¥(yo))(r)dr, VieRy. (3.8)
0 0
Theorem 4.5 in [13], applied to (3.8), yields the assertions of Theorem 3.2.  [J
4. Differential-delay systems with hysteresis

We now arrive at the main focus of the paper. In particular, we will investigate boundedness and related asymptotic
and integrability properties of solutions of the following two initial-value problems:

p(D)x + Ap&(x) =0, (4.1a)

X|—hop =@ € C(=h, 0D, xPO)=x;, k=1,...,n—1 (4.1b)
and

p(D)x + &(Apx) =0, (4.2a)

Xlnoy=¢ € C([(~h, 0D, xPO)=x, k=1,...,n—1. (4.2b)

Here h > 0, p(s) =Y ;o ays* is a monic polynomial of degree n with real coefficients, D denotes differentiation
with respect to ¢, A : C(Ry) — C(Rp) is the delay operator given by (1.2) (with I = Ry), and @ is a hysteresis
operator. In problem (4.1), ¢ maps C(Rj,) into itself, whereas, in problem (4.2), ¢ maps C (Ry) into itself.

A solution of (4.1) (respectively, (4.2)) on the interval [—h, T') for some 0 < T < oo is a function x € C([—h, T))
such that the restriction x|jo,7) is in C"([0, T')) and satisfies (4.1a) (respectively, (4.2a)), and (4.1b) (respectively,
(4.2b)) holds; a solution is said to be global if T = oo.
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Proposition 4.1. If & satisfies (N3) and (N4), then each of the initial-value problems (4.1) and (4.2) has a unique
global solution (no finite-escape time).

Proposition 4.1 is proved in Appendix A.

We proceed to consider two specific cases:

Case A, wherein p is assumed to be a Hurwitz polynomial;

Case B, wherein p is given by p(s) = sq(s) for some Hurwitz polynomial ¢ of degree n — 1.

As we shall see, the latter case arises naturally in the context of feedback systems with integral control.

4.1. Case A

In the context of the initial-value problem (4.1), we have the following result.

Theorem 4.2. Assume that every root of p has negative real part. Let & : C(Rp) — C(Ry) satisfy (N1)—(N4) with
an associated constant A, and let x be the unique global solution of (4.1). If

inf Re (e 7"/ p(iw)) > —1/2, 4.3)
weR
then x has the following properties.

(1) There exist constants f = B(p, h,A) <Qand y = y(p, h, L) > 0 such that

Xl wmoe gy + 1 PO oo Rg) + IIX/IIWE—LZ(RO) + ||(¢(x))/||L/23(RO)

n
<v (l(ﬂ(O)l + ) a1 ¢(¢)|IC([—h,0])> : (4.4)
k=1
(i) limysoeox® (1) = 0, k = 1,...,n, the limits x®° = limy_ 00 X (t) and P> = lim,_, oo (P(x))(¢) exist, and all
limits are approached at exponential rates; moreover,
P = —qpx®>°. 4.5)

Proof. Let w : Rg — R and v : Rg — R be the solutions of the initial-value problems
p(D)w =0, w0y =0, k=0,....n—2, w"DO)=1

and
p(DWw=0, vO0) =90, VPO =x, k=1,....,n-1,

respectively. Let x be the unique global solution of (4.1) (which exists by virtue of Proposition 4.1). Viewing (4.1a)
as the linear system p(D)x + f = 0, with forcing function t — f(¢t) := (A, @(x))(¢), a routine calculation (an
application of the variation of parameters formula for a linear n-th order system) shows that x satisfies

t
x(t) = v(t) —/ w(t — 1) (A o)) (r)dr, V1> 0. (4.6)
0

Set

t
/ w(t —1)(Ar P(p))(r)dr, t€[0,h]
p(t) =v()— 17", 4.7)

/ wt —1)(ApS(@)(v)dr, t=h
0

and denote by g the right shift of w by h:

0 t €0, h)

8 = {u;(t —h), t>h 48
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Note that p € C""'(Rg) N C"(Rg \ {A}). Whilst the function p”"~1 is not differentiable at r = £, its left and right
derivatives exist at this point, and so p™ can be considered as a function in C(Rg \ {/}) with a jump discontinuity at
t = h. Similarly, g € C"2(Ro) N C""1(Rg \ {A}) and g~ can be considered as a function in C(Rq \ {A}) with a
jump discontinuity at t = h.

Equation (4.6) can be rewritten as

x(t) = p(1) — (g P(x))(@), Vvt =0. (4.9)

Note that (4.9) is of the form (3.1) (with r; = 0, r; = p). The key idea is to apply Theorem 3.1 to (4.9). Denoting the
transfer function of the operator u > g * u by G, we have

efsh
G(s) = (Lg)(s) = —,

p(s)
and so, by hypothesis (4.3), condition (3.2) of Theorem 3.1 holds. We proceed to show that the other hypotheses of
Theorem 3.1 hold in the context of (4.9). Clearly, p € Wlf)’cl (Rp) and p(0) = ¢(0). By the hypothesis on p, there
exists o < 0 such that the real part of each root of p is less than «, and it follows that both g and p’ are in Lg (Rp).
All hypotheses of Theorem 3.1 are now in place.

To prove assertion (i), we first invoke Theorem 3.1 to infer the existence of constants 8 € («,0) and y; > 0

(dependent only on p, & and 1) such that

Il o0 ) + 19Oy + 11l 3 2y + 1P 2,
/
=71 (101 3@y + 19O + [(2@)O)]) (4.10)

To establish (4.4), we proceed to estimate ||x | yn.c (R, ||x/||W§‘l’2(Ro)’ Il o1l wn.oo (Ry) and ||p||W§’2(R0 in terms of @(p)

)
and the initial conditions. Since 8 € («, 0), it follows that

n—1
lollwre@y) + 101 yn2 gy < 72 (|<p(0)| + ; Il + 1 @(w)llcqh,on> (4.11)

for some constant y» > 0 (dependent only on p and &). Therefore, the right-hand side of (4.10) can be majorized by
y3(le(0)| + ZZ;} [xk| + 11 2(@) lc(—h,0p)) for some constant y3 > 0 (dependent only on p, h and A). Consequently,

o) + 1 PO oo oy + 113 gy + (B 113 gy

n—1
<9 <|<p<0)| + )l + | ¢(¢)||C([—h,0])) : (4.12)
k=1
Differentiating (4.9), we obtain
10 =p® _e®y dx), k=1,....n—1 (4.13)
and
x® = p® — (@) ("D —g* V(). k=1,....n. (4.14)

From (4.13), it follows that

1x®l o ®ey < 10PNy + 112 Lo 18P L1 Ry k=1.....n— 1.

Using (4.11) and (4.12), together with the fact that x solves (4.1), we obtain that

n—1
Ol Ry < 74 <|<p<o>| + Y bl ¢<<p>||c<|h,m>) o k=1...n .15)
k=1
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Fig. 9. Relay hysteresis, (x>, &) € {P, 0}.
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Fig. 10. Backlash hysteresis, (x*°, #°) € [P, Q].

for some constant y4 > 0 (dependent only on p, & and 1). Invoking (4.14), an argument similar to that leading to
(4.15) gives

n—1
||x/||W;—l-2(R0) = (pr(O)l + )l + 1l ¢(¢)|IC([—h,O])> (4.16)
k=1
for some constant y5 > 0 (dependent only on p, i and 1). Combining (4.12), (4.15) and (4.16) yields the existence of
a constant y > 0 (dependent only on p, k and X) such that (4.4) holds.
To prove assertion (ii), first note that

p® e LP[Rp), g%V eL2(Ro) NLL[Ry), k=1,...,n.
Combining this with the fact that (@(x))’ € LIZS(RO) and invoking (4.14), yields

lim e #x®@) =0, k=1,...,n. (4.17)
=00

Again, using the fact that (&(x))’ € L%(Ro), we deduce that the limit &° = lim;_, (P (x))(¢) exists, is finite
and is approached exponentially fast. Combining this with (4.17) and (4.1) and recalling that ap # 0 (by hypothesis
on p), we conclude that x(¢) converges exponentially fast to a limit x* as t — oo. Therefore, apx*>° + ¢ =
lim;— o0 (p(D)x + Ay @(x)) (t) = 0, whence (4.5). O

Remark 4.3. For many hysteresis operators, (4.5) can be used to obtain quantitative estimates of the limits x> and

@, For example, in the case of relay hysteresis, (x*°, ¢°°) is one of at most two points of intersection of the graph of

the nonlinearity and the line with slope —ag passing through the origin (see Fig. 9); in the case of backlash hysteresis

(see Fig. 10), x*° € [—r/(1 4+ ap), /(1 + ag)] and &*° € [—apr/(1 4 ap), apr/(1 + ap)]; for the elastic—plastic

operator, x*° € [—r/ag, r/ap] (see Fig. 11), whilst & € [—r, r] (the latter does not provide additional information).
o

Next, we consider the initial-value problem (4.2) (in which @ maps C(Ry) into itself).
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Fig. 11. Elastic—plastic hysteresis, (x°°, #*°) € [P, Q].

Theorem 4.4. Assume that every root of p has a negative real part. Let & : C(Rg) — C(Rg) satisfy (N1)—(N4) with
an associated constant A, and x be the unique global solution of (4.2). If (4.3) holds, then x has the following
properties.

(i) There exist constants B = B(p,h,A) <O0and y = y(p, h, L) > 0 such that

llx [l wn.oo gy + | PCARX) N Lo ((h,00)) + IIX/IIWZ—LZ(RO) + ||(¢(AhX))/|IL%([h,oo))

n
<y (I(ﬂ(o)l + Z Xkl + ||§5(Ah(P)||C([O,h])> : (4.18)
k=1
(i) limy 0o x® () =0, k =1, ..., n, the limits

x® = lim x(t) and &% = lim (P(Apx))(®)
11— o0 —>00
exist, and all limits are approached at exponential rate; moreover,

P = —agpx°.
Proof. Note that, by (2.6), the differential equation (4.2a) can be written in the form
p(D)x + Ay ®(x) =0, (4.19)

where & : C (Rp) — C(Rp) is the operator defined by (2.5). Hence, an application of Proposition 2.2 and Theorem 4.2
establishes the claim. [

Remark 4.5. (i) Consider (4.1a) with forcing (or disturbance) f € C(Ry), i.e.,

p(D)x + Apd(x) = f,

Xl_no =9 € C([=h,0), xPO)=x, k=1,...,n— 1} (4.20)

An analysis of the proof of Proposition 4.1 shows that, under the same hypotheses, its assertions remains valid in the
context of the initial-value problem (4.20). Moreover, if the assumptions of Theorem 4.2 hold and if f € WIL’: (Ro)
with [ € Li(Ro) for some @ < 0, then the conclusions of Theorem 4.2 remain valid for the initial-value
problem (4.20) with 8 € («,0) and y > 0 independent of f and the initial conditions, provided that the term

V(”f/”L%(RO) + | £(0)]) is added to the right-hand side of (4.4) and (4.5) is replaced by &*° = f*° — qpx>°, where
[ = lim;_, » f(¢). This can readily be shown by modifying the proof of Theorem 4.2, the only modification being
that Theorem 3.1 is now applied in the context of the equation x = w * f + p — g * ®(x) (which replaces (4.9)).
Finally, under the same assumptions on f, a similarly modified version of Theorem 4.4 holds for the initial-value
problem (4.2) with forcing f.

(i1) A remark analogous to Remark 4.3 applies to Theorem 4.4. ¢
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4.2. Case B

Next, we consider the initial-value problems (4.1) and (4.2) in the case where p takes the following form:

n—1
p(s) =sq(s), wheregq(s):= Zak+1sk. “4.21)
k=0

The next result relates to the initial-value problem (4.1).

Theorem 4.6. Assume that p is of the form (4.21) and that every root of q has a negative real part. Let ® : C(Rp,) —
C(Ry) be a hysteresis operator satisfying (N1)—(NS), with associated constant A, and assume that 0 € clos NVS &.

If

inf Re (e™"/p(iw)) > —1/A, (4.22)
welR*
then the unique global solution x of (4.1) has the following properties.
() limy—oo x® (1) =0, k =1, ..., n. Furthermore, there existsay = y(p, h, A) > 0 such that
n
1% ln-t.oe gy + 1 BC Lo @e) + 1P Nl 2my) < ¥ <Z x| + | ¢(¢)Ilc<[—h,01>) : (4.23)
k=1

(i1) If (N6) holds and 0 € int NVS @, then x is bounded.
(>iii) If (N6) holds, 0 € int NVS @ and & is Lipschitz continuous, then

lim dist (x(z), L$(0)) =0,
11— 00
where L ¢(0) is given by (2.9).

(iv) If @ satisfies a positive generalized sector condition with thresholds Ty < 0, o > 0 and sector bound o > 0,
then

n
Y
%1l gy < max {—n, 0, = (Z x| + I 45(§0)||C([—h,0]))} (4.24)
k=1

o
and

tgrgo dist (x(t), [71, 72]) = 0. (4.25)
Moreover, if 11 < 0 and t© > 0, then there exists T > 0 such that

x(@t) €lr, ], Ve=>T. (4.26)

Proof. Recall that x satisfies the integral equation (4.9). In view of (4.21), g can be written as

g =0 * go,
where g is such that
efsh
(Lgo)(s) = =: G(s).
q(s)
Hence
t
x()=p(@)— / (go* @(x))(r)dr, V=0, 4.27)
0

where p is given in (4.7). Note that (4.27) is of the form (3.4) (with r; = 0, r, = p), and that G is the transfer
function of the operator u + go*u. The key idea is to apply Theorem 3.2 to (4.27). To this end, we note that, trivially,
p € Whl(Ro), o € L*(Ro) and p(0) = ¢(0). Furthermore, G(0) = 1/a; > 0 and, by (4.22),

inf Re G(io)/(iw) > —1/x,
welR*
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showing that (3.5) holds. By Theorem 3.2, we may now infer the existence of a constant y; > 0 (dependent only on
p and A) such that

@) Loo®y) + 1(PE) 112 < ¥1 (1107112 Ry) + [(P(@)(O)]) . (4.28)
Furthermore,
n
10"l 12Rg) < V2 <Z L]+l @(<P)|IC([h,0])) (4.29)
le=1

for some y» > 0 (dependent only on p, 4 and 1).
Differentiating (4.27) and invoking (4.2), we obtain

x® = p*=D _o*=Dy gy, k=1,...,n—1. (4.30)
The convergence
lim x® @) =0, k=1,...,n
t—0o0
and the estimate
n
1 100 gy < V3 (Z x| + ¢(¢)||C([h,0])> (4.31)
k=1

for some y3 > 0 (dependent only on p, h and 1) follow from (4.30) via arguments similar to those used in the proof
of Theorem 4.2. Combining (4.28), (4.29) and (4.31), we arrive at (4.23).

Assertion (ii) is an immediate consequence of Theorem 3.2. To prove assertion (iii), note that x is bounded (by (ii))
and lim;—, oo (@ (x)) () = 0 (by (i)): the claim now follows from part (iii) of Proposition 2.3. Finally, to prove assertion
(iv), note that, by the positive generalized sector condition,

1
x(0) ¢t n]l=x@)| = ;I(QS(X))(t)I,

which, in conjunction with (4.23), gives (4.24). Furthermore, since (®(x))(¢) converges to 0 as t — 00, (4.25) and
(4.26) also follow. [

Remark 4.7. (i) It is not difficult to show that, with suitable modifications, Theorems 4.2 and 4.6 remain true for
multiple point delays and distributed delays. More precisely, assume that (4.1a) is replaced by

0
(p(D)x)(7) +/ (X)) +7)dv(r) =0, V=0,
—h

where v is a function of bounded variation on [—#, 0]. If the term el jp (4.3) and (4.22) is replaced by the term
fi)h eiwfdv(r), then the assertions of Proposition 4.1, Theorems 4.2 and 4.6 remain valid.

(ii) Part (iv) of Theorem 4.6 (and (4.25) in particular) quantifies the asymptotic behaviour of the solution under the
assumption that the hysteresis operator @ satisfies a positive generalized sector condition. By contrast, part (iii) applies
to many hysteresis nonlinearities which are bounded or have sub-linear growth (in the sense that their envelopes are
bounded or have slower than linear growth): these nonlinearities do not satisfy a positive generalized sector condition.
Prototype examples of such hysteresis nonlinearities are “saturated” backlash operators of the form B, ¢ o X or
X o B¢ with [ > 0, where the saturation operator X : C(R;) — C(Ry,) is defined by

u(r), if lu(@®)] <1,
I'sign(u(t)), if|u@)| > 1.

If @ is such a hysteresis operator which, in addition, is Lipschitz continuous, satisfies (N6) and has 0 in its numerical
value set, then the solution approaches the set L $(0) = {z € R| ¢_(z) < 0 < ¢4 (2)}, where (¢p_, @) is the envelope
of &.

(iii) Theorem 4.6 asserts the boundedness of x, provides quantitative information on its asymptotic behaviour, and
establishes that (®(x))(t) — 0 ast — oo. However, under the hypotheses of Theorem 4.6, it is not generally the case
that x (¢) converges as t — 00: a counterexample is provided below. ¢

(21 (w))(t) = {
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Fig. 12. Non-convergence of x.

Example 4.8 (Non-convergence of the Solution of (4.1) under the Hypotheses of Theorem 4.6). Consider the delay-
free (h = 0) second-order system with backlash hysteresis B, ¢ (as defined in Section 2.2):

x"(@) +ax'(t) + (Bre(0)) (1) =0, x(0)=x9, x'(0)=x;, a>0. (4.32)

As previously remarked, B, ¢ satisfies (N1)-(N6), with A = 1 in (N3). Note further that LB.E 0) = [—r, r] (recall
definition (2.9)). In this case, p(s) = s2+as, and so hypothesis (4.3) holds, provided that a > 1. Therefore, assuming
a > 1, Theorem 4.6 implies, inter alia, that the (unique) solution of (4.32) is bounded and approaches the interval
[—r, r], whence £2(x) C [—r, r], where £2(x) denotes the w-limit set of x. Moreover, x'(t) — 0 as t — oo. However,
it is not necessarily the case that x () converges as t — 00, as will now be shown.

Consider the delay-free case 47 = 0 (in which case, (4.3) is equivalent to the condition a > 1), with initial conditions
& > 0, xo = & — r (this implies that (B, ¢(x))(0) = &) and x; > 0. Let x be the unique solution of the corresponding
initial-value problem. We claim that if 1 < a < 2, then x () does not converge as t — o0: in particular, we will show
that £2(x) = [—r, r]. With reference to Fig. 12, let /; and [, be the lines (each of slope 1) passing through (—r, 0) and
(r, 0), respectively. Observe that A = (x(0), (B, £(x))(0)) = (¢ —r, &) €.

Define

fp=inf{t > 0: (x(@), (Bre(x)(@®) €11}
and note that #; > 0. Then,

X6 +ax' () +x@) +r=0, Viel0 ), (4.33)
whence,

x(t) = —r + e~ (¢y sinat + 3 cos at)

X/ (1) = e"/? ((—% — acz) sinot + (—% + acl) cosozt) » Veelon), (4.34)

where o = /1 — (a/2)?> > 0, and the constants ¢; and c, are determined by the initial conditions: specifically,
¢y =& > 0andc; = (2x; + a&)/(2a). Noting that x'(¢) < 0 for all ¢ € [0, ¢;), we may conclude from the second
of equations (4.34) that r; < oco. Moreover, at time 1, the following must hold: x'(#;) = 0, x”(¢;) > 0. Therefore,
(Brg(x))(t1) = x(t1) +r < 0. Suppose that x(¢;) = —r. Then, by (4.34), we have

c1sinaty + cpcosaty = 0 = —cp sinat; + ¢j cosaty
which implies that ¢; = 0 = ¢, contradicting the fact that ¢c; = & > 0. Therefore
(Bre(x)(t) =x(t) +r =21 <O0.

Writing B = (x(#1), z1) and with reference to Fig. 12, we may conclude that the solution is such that, on the interval
[0, 1], the path AB is traced: from B (at time #1), the solution x is such that the path BC is then followed, with
generating equation

x"(t) +ax'(t) + z1 =0,
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until time 7, given by
h=inf{t > 1 : (x(),z1) € b} > 1.

Consequently,

x(t) = x(t1) + lal [(t —t) — 1 (1 — e_“(’_”)):|
z1] ¢ (t—t1) ¢
/ — —a(t—1
r )= a (1 ¢ )

Re-applying the above argument mutatis mutandis, we may conclude that, from C (at time #, with x'(f;) > 0),
the solution is such that path CDE is followed, where D = (x(53), (B, g(x))(t3)) with 13 = inf{t > £ :
x(@®), (Bre(x)(®)) & b} and (B, £(x))(t3) > 0. The above construction may be repeated indefinitely, from which,
together with the fact that, by Theorem 4.6, (B,.£(x))(t) — 0 as t — oo, we may conclude that 2(x) = [—r, r].

The above analysis is readily extended to conclude that, with 1 < a < 2, 2(x) = [—r, r] for all initial
conditions such that (B, ¢(x))(0) # 0. Finally, we note that, with (B, ¢(x))(0) # 0, the limit lim;_, o x(¢) may
exist (equivalently, {2(x) may be a singleton) in the case where a > 2. For example, assume § > 0, x(0) = & —r
(then (B, (x))(0) = & > 0) and x"(0) = 0. Then (4.33) again applies, whence

, Vieln,nl

_ -t —apt :
x(1) = r—+ P (e aje ) ifa > 2, Vielo.n).

—r+E(1+1)e’ ifa=2,

where a1 = (a/2) —+/(a/2)? — 1 and ap = (a/2) + /(a/2)? — 1. In this case, t = co and x(t) — —r ast — oo.

<

Finally, we focus on the initial-value problem (4.2). Writing the differential equation (4.2a) in the form (4.19) and
using Proposition 2.2 and Theorem 4.6, we arrive at the following result.

Theorem 4.9. Assume that p is of the form (4.21) and that every root of q has negative real part. Let & : C(Rg) —
C(Ry) be a hysteresis operator satisfying (N1)—(N5), with associated constant )\, and assume that 0 € clos NVS &.
Let x be the unique global solution of (4.2). If (4.22) holds, then lim;_, o x®@) =0, k=1,...,n, and there exists
y =y(p, h, A) > 0 such that

n
1 | 1.0 gy + I BCARD Lo (1,00 + ICPARNDY 2 ((h00y < ¥ (Z i+ | gb(Ah<P)||C([0J1])> :
k=1
Moreover, assertions (ii)—(iv) of Theorem 4.6 hold, provided that || ¢(¢)|lc(—n,0)) on the right-hand side of (4.24) is
replaced by || (Ane) |l c((0.h)-

Remark 4.10. Theorems 4.6 and 4.9 can be generalized to cover forced versions of Eqs. (4.1) and (4.2) with the
forcing f € C(Rp) N L%(Ro) (cf. Remark 4.5, part (i)). <

Example 4.11 (Integral Control Systems). Systems of type (4.2), with monic polynomial p of the form (4.21), arise
naturally in the context of integral control of linear systems with hysteresis and delay. To illustrate this, consider the
feedback system — with measurement delay — shown in Fig. 13, where r is a constant reference signal, k > 0 is the
“integrator gain” and ¥ : C(Rg) — C(Rp) is a hysteresis operator and

n—1

qa(s) = p(s)/s = Y ars*
k=0

is a monic Hurwitz polynomial (setting n = 3, ao = a and a; = b, we recover the feedback system shown in
Fig. 1). Here, the control objective is to cause the signal y to track asymptotically the reference signal, in the sense
that y(t) — r ast — oo.
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r 4 v y

iT_ K[ v q(D)y =v

Fig. 13. Integral control of a system with input hysteresis and output delay.

Ay

The system illustrated in Fig. 13 is described by

q(D)y = (F@)(t), t >0, 7(t)=k(r—y(t—h), t>0 } (4.35)
Yienor =¥ € C(=h, 0D, yXO) =y, k=1,....n—2, z(0) = 2. '
Therefore,

(p(D)z)(t + h) = klarr — (¥2)(1)] V1=0.
Introducing the hysteresis operator @ : C(Rg) — C(Rg), u — « (¥ (u) — ajr) and defining x(-) := z(- + h), we have
p(D)x(t) + (2(Apx))(t) =0, 1>0. (4.36)
Defining ¢ € C([—h, 0]) by

'
o) =z0+« /h[r — ¥ (s)]ds,

and writing
xy=«klr =¥ O], x¢:=—kyr—1, k=2,...,n—1

we arrive at an initial-value problem of the form (4.2) with p satisfying (4.21). Now assume that ¥ satisfies (N1)—(N5)
and ajr € clos NVSW¥. Then, an application of Theorem 4.9 to (4.36) shows that there exists a number «* > 0 such
that for all k € (0, «*), x’(¢) (and hence z'(r)) converges to zero as t — oo. Consequently, the tracking objective is
achieved; that is

r= lim y(t —h) = lim y(¢),
—00 —>00
provided that « € (0, «*). o

5. Second and third-order systems

This section is devoted to a specific study of systems (4.1) and (4.2), with the monic polynomial p assumed to be of
degree two or three. We show that, in these special cases, the infima in (4.3) and (4.22) can be evaluated or estimated
analytically in terms of the coefficients of p and the delay parameter 4 > 0.

Proposition 5.1. Let the polynomial p be given by p(s) = s + ais + ag, where ag > 0, a; > 0.
@) If ap = O, then, for all h > 0,

inf Re (e / p(iw)) = — 1 J;lg”h (5.1)
(i) If ap > 0and h = 0, then
1
ai)g]%Re(l/p(ia))) =— 61%4-2—&1\/61_0. (5.2)
@iii) If ap > O, then, for all h > 0,
—1/ay, ifa% > 2ag

: —iwh .
a{rel]fRRe e /piw) = -1/ (ah/ao — (a1/2)2> s ifa% < 2ay. (53)
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Remark 5.2. Note that the right-hand side of (5.3) does not depend on %, which makes it possible to apply
Theorems 4.2 and 4.4 to second-order systems with arbitrary delays: for example, if a% > 2ap > 0, then (4.3)
holds provided that the Lipschitz constant associated with the hysteresis operator is such that A < ag. ¢

Proposition 5.3. Let the polynomial p be given by p(s) = s(s> + as + ay), where a; > 0, ap > 0.
(i) If a3 > 2a) — (a}h/(a> + aih)), then

. h
inf Re (e7/p(iw)) = — w (5.4)
welR* aj

(i) If a5 < 2ay — (ath/(az + aih)), then

a; — (a2/2)?
ax(ay — (a2/2)?)
Proof of Propositions 5.1 and 5.3. Routine calculations yield (5.1) and (5.2); (5.4) is established in [15]. We proceed
to prove (5.3) and (5.5). Leta > 0, b > 0, h > 0, and note that

inf Re (e "/ p(iw)) > ! (5.5)
welR*

e the (b — @?) cos wh — aw sin wh

Re =
(iw)? +a(iw) + b (b — 0?)? + (aw)?
Apart from the specific case & = 0, it does not seem to be possible to analytically determine the infimum of u with

respect to @ in (5.6). However, as we will see, it is not difficult to evaluate inf; cr, inf,cg #(w, ). To this end, recall
that, for an arbitrary function of two variables, the order of taking infima can be interchanged:

inf inf u(w, h) = inf u(w, h) = inf inf u(w, h). 6.7
heRp weR (h,w)eRpxR weR heRy

= u(w, h). (5.6)

Observing that the numerator of u (defined in (5.6)) is equal to the inner product of the unit vector (cos wh, sin wh)

with the vector (b — a)z, —aw), we obtain
b— 02)2 2 1
inf u(w, h) = WV : ; + (aw; - (5.8)
heRg (b — w?)* + (aw) V(b —?)? + (aw)?
and
b — 2)2 2 1
sup u(w, h) = v “ g + (‘”"; = . (5.9)
heRy (b — ®*)* + (aw) V(b —?)? + (aw)?
Invoking (5.7) and (5.8), a direct calculation yields
_1 —1/b, if a* > 2b
inf inf h) = inf _ ] 5.10
o aee " = oo v @ar |-V (a,/b - (a/2)2> . ifa? <2b. -10)
Setting a = a1 and b = ag in (5.10) yields (5.3).
It remains only to establish (5.5). To this end, note that, by (5.9),
1 -1
sup sup u(w, h) = sup = — inf . (5.11)
weR heRy weR /(b — 0?)? + (aw)? weR /(b — 02)? + (aw)?
Consequently, by (5.10),
sup sup u(w, h) = ———, ifa” < 2b. (5.12)
weR heRy a/b — (a/2)?
Assume a3 < 2a; — (a}h/(az + arh)). Setting @ = a and b = ay, it follows from (5.12) that
1
sup sup u(w, o) = (5.13)

weR aeRy arai — (a2/2)?
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Writing
—ihw e—ihw
v(w, h) :=Re —— = Re—— ;
piw) iw((iw)? + ariw + ay)
we have
h
v(w, h) = v(w,0) —/ u(w, a)da > v(w,0) —h sup u(w,a), YweR" VheR,. (5.14)
0 aeRy
Now,
—ap -1

inf v(w,0) = inf = ,
weR* weR* (0 —a1)? + (mw)?  ax(a; — (a2/2)?)

which, together with (5.13) and (5.14), yields the result

inf Re (e™"/p(iw)) = inf v(w, h)
welR* welR*

O

v

1+h — 2)2
inf v(w,0) —hsup sup u(w, ) = — +hva (a2/2 )
weR* weR aeRy az(ay — (a2/2)7)

Example 5.4 (Integral Control Systems). Consider again the prototype system in Fig. 1, a particular case of
Example 4.11, with g(s) = s24+as+b (a > 0and b > 0), hysteresis operator ¥, gain parameter k > 0, delay 7 > 0,
and constant reference signal r € R. For the purposes of illustration, assume that ¥ = B, ¢, the backlash operator
and so (N1)—(N6) holds. As in Example 4.11, we introduce the hysteresis @ : C(Rg) — C(Rg), u > k(¥ (u) — br),
for which (N1)—(N6) again hold (with Lipschitz constant A = « in (N3)). Define

(a + bh) /b, ifa®> > 2b — ((b*h)/(a + bh))

V= <1 T+ hyb— (a/2)2) J(a(b — (a/2)%)), otherwise.

In view of Proposition 5.3, (4.22) holds if ¥ > 0 is chosen sufficiently small so that « < 1/y. As in Example 4.11,
we may now infer that the tracking objective lim;_, », y(#) = r is achieved for every fixed value of gain « € (0, 1/y).
o

Appendix A

This section is concerned with the proof of existence and uniqueness of global solutions to the initial-value
problems (4.1) and (4.2) as claimed in Proposition 4.1. In the following, || - || denotes an arbitrary norm on R".
For w € C([—h, «], R") (with h, « > 0) and y, § > 0, analogous to (2.1), we define

Cw; 8, y; RY) = {v eC([—h,a+yl,R") :vlj—pe=w, max |v()—w(@)| < 8} .
tela,a+y]

Consider the following initial-value problem:
u'(t) = (Fu)®), t=r, (A.la)
Ul[—n,19) = Uo, (A.1b)

where h > 0, 19 > 0 and ug € C([—h, tp], R") (if h = typ = 0, then C([—h, tp], R") = R"). We assume that the
operator F : C(Ry,, R") — C(Rg, R") is causal and satisfies the following hypotheses:

(H1) For all « > 0 and w € C([—h, a], R"), there exist § > 0,y > 0 and a function f : [0, y] — Ry, with
f(0) = 0, continuous at zero and such that for all ¢ € (0, y]

a+te
/ I(F(yN(T) — (F2)(D)lldT < f(8)r€f}xlaa>gr€] ly(@) =zl Vy ,ze€Cw;d e RY. (A.2)
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(H2) Foralla > O0and y € C([—h, «), R"), there exists ¢ > 0 such that

max [[(F(y) (Dl <c (1 + max ||y(T)||), Vi el0,a).
rel—h1] vel—i]

Let I be an interval of the form I = [—h, T] (withtg < T < oo)or I = [—h,T) (withtg < T < 00). A solution of
the initial-value problem (A.1) on [ is a function u € C (I, R") such that u is continuously differentiable on 7 N[#y, 00)
and satisfies (A.1). Note that, for bounded I, F “localizes” to an operator mapping C (/, R") into C (I N Ry, R"); that
is, F(u) is well-defined when u € C (I, R") (see Remark 1.1).

Lemma A.1. For every to > 0 and every ug € C([—h, ty], R"), there exists a unique solution u of (A.1) defined on
Ry, (no finite escape-time).

Remark A.2. In the proof of Proposition 4.1 at the end of this appendix, we will apply Lemma A.1 with #p = 0.
However, to prove extended uniqueness (see Step 2 in the proof below), it is convenient, even in the case o = 0, to
have existence and uniqueness on a small interval (see Step 1 in the proof below) for any general 7y > 0. For this
reason, we consider the initial-value problem (A.1) for7p > 0. <

Proof of Lemma A.1. We proceed in three steps.
Step 1. Existence and uniqueness on [—#, ty + €] for small ¢ > 0.

By (H1) (with @ = f9 and w = uy), there exist § > 0, y > O and f : [0, y] — Rj with f(0) = 0, continuous at
zero and such that, for all ¢ € (0, y],

o+
/ [(F)) () = (F@)(D)lldt < f(e) max |[ly(r) —z(D)|| Vy,z € Clup;d, e R"). (A.3)
1 TE[ty,t9+€]

0

Let I'®, parameterized by ¢ € (0, y], denote the operator defined on C([—#, ty + €], R") by
uo(t), t € [—h, 1]

& -— t
(")) = uo(to) +/ (F(x))(r)dz, 1€ (to, to+ €l
fo

Endowed with the metric

y,2)—> max |ly(r) —z(D)l,
T€(ty,to+€]

C(uop; 8, &; R™) is a complete metric space. We will prove that for all ¢ € (0, y] sufficiently small, I"® is a strict
contraction on C(ug; 8, £; R™). To show that

I'*(C(uo; 8, &; R™)) C C(ug; 8, &; R"),
for sufficiently small ¢ > 0, define v € (Rp, R") by

uop(t), —h=<t=<t
uo(tg), t > .

v(t) = {

If restricted to the interval [—h, o + €], v belongs to C(ug; §, &; R"). We do not distinguish notationally between v
and its restriction. Let y € C(ug; §, &; R") and ¢ € [tg, ty + €]. Then, invoking (A.3),

to+e
I — uo(to)|| < / I(F(y)(T)lldr

Ip
fo+¢

fh+e
< / [(F(y)(7) — (F(v)(7)||dz +/ [(F(v)()lldT
1

0 fo

Sf@)rmxlwﬁrﬂmmw+f®)

T€[ty,t0+¢

< f(&)8+ f(e),
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where

to+e
fle) = / | (F(v)(x)dz.
fo

Since f(e) and f (e) converge to 0 as ¢ | 0, it follows that, for all sufficiently small ¢ > 0,
I —uolto)| <8, Vit elto, to+el,Vy € Clup; 8, &; R").

Thus I'*(C(uo; 8, &; R™)) C C(up; 8, &; R"), provided that ¢ > 0 is sufficiently small. Furthermore, using (A.3), we
obtain that, for all y, z € C(ug; §, &; R") and for all ¢ € [ty, ty + €],

to+e
1N @ — (@)D < / I(F(y)(x) = (F(@)(r)lldT < f(e) cefhax ly(r) —z(D.

fo

Since f(e) < 1 for all sufficiently small ¢ > 0, there exists ¢* € (0, y] such that, for every ¢ € (0, &*], I'? is a
strict contraction on C(ug; 8, &; R"). Hence, I'® has a unique fixed point in C(ug; 8, &; R") for every ¢ € (0, ¢*]. In
particular, there exists a unique solution u of (A.1) in C(ug; 8, £*; R"). However, at this point we cannot exclude the
situation that there may exist other solutions on the interval [—h, fy + £*] which do not belong to C(ug; §, ¢*; R"). To
establish uniqueness in C([—#, tg + €], R") for sufficiently small ¢ > 0, we define

Sl 06Tt 40—l =), = [0S 2

It is clear that £** € (0, £*], and that u restricted to the interval [—h, fy 4+ £**] is the unique solution of (A.1) on this
interval.

Step 2. Extended uniqueness.

Letu; € C([—h,t1), R") and up € C([—h, 1), R") be solutions, where ¢, o > fg. Set t3 := min{z, ,}. We claim
that u; = u» on [—h, 13). Seeking a contradiction, suppose that the claim is false. Then

t* ==inf{t € [—h, t3) : ui(t) # uz(t)} < t3.

By Step 1, we have that t* > f9. Define uj(¢) := u1(¢) = uz(¢) for all t € [—h, t*]. Again by Step 1 (applied in the
case fo = t* and ug = ug), there exists ¢ € (0, 13 — t*) and a unique solution u € C([—h, t* + €], R"). It follows that
u1(t) = uy(t) = u(t) on [—h, t* + €], which contradicts the definition of ¢*.

Step 3. Existence on Ry,.

Let T be the set of all T > g such that there exists a solution u* of (A.1) on the interval [—h, 7). By Step 1, T # .
Let T := sup 7, and define a function u : [—h, T) — R”" by setting

u(t) =u*(t), forte[—h,t), wheret € 7.

By Step 2, the function u is well defined, i.e., the definition of u(¢) for a particular value t € [—h, T') does not depend
on the choice of T € T N (¢, 00). Moreover, it is clear that u is a solution of (A.1) on the interval [—h, T). It remains
to show that T = oo. Seeking a contradiction, suppose that T < co. Observing that

t
max [lu(t)|| < [lu®o)ll +/ max |[[(F(u))(o)|dz, Vi€ lwn,T),
T€(ty,t] 1% o€lty, 7]
and invoking assumption (H2) (with « = T and y = u), we see that there exists a ¢ > 0 such that
t
max |[u(7)|| < lu(to)ll + T +Cf max [u(o)lldr, Vi€ lt,T).
T€(tp,t] fo o €lty,t]

An application of Gronwall’s lemma to the function ¢ > maXqey, s ll#(7)|| now yields

lu@l = max flu(o)] < (luto)ll + cT)eeT= Ve, T),
TEl,t
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showing that u is bounded. Consequently, by (H2), F («) is bounded, which combined with
t
u(t) = u(to) +/ (Fw)(v)dr, Vieln,T),
fo

implies that lim;_, 7 u(¢) exists. Setting

u(t) fort e [-h,T),
ur (1) = lirr} u(t) fort=T
r—

and using Step 1 (with #p = T and up = urt), shows that the solution u# can be extended to a solution defined on
[—h, T + €). Consequently, supT > T + &, contradicting the definition of 7. [

For convenience, we record the following lemma, which is useful in the proof of Proposition 4.1.

Lemma A.3. If ¢ : C(Ry) — C(Ry) is a hysteresis operator satisfying (N3), then the following holds:
(N3/) There exists & > 0 such that, for all @ > —h and w € C([—h, «]), there exist numbers y, 5 > 0 such that

max [(2w))(t) — (P(W) ()] < i max |u(r)—v(r)|, VYu,velw;s,y),V ee,yl (A4)
Tela,a+¢€] T€la,a+e]
Proof. Let A be the constant associated with (N3), let « > —h and let w € C([—h, «]). By (N3), there exist y,5 > 0

such that (2.2) holds. Letting ¢ € (0, y] and invoking the operator Q, defined in (1.1), we see that, by (N3) and the
causality of @,

pomax [(Pu))(7) — (P(V)(D)] =< pomax [(P(Qa+eu))(T) = (P(Qat:v))(T)]
=i max [(Qatsu)(T) = (Qa+ev)(7)]
Te[a,a+y]

= A max |u(t)—v(1)|
T€la,a+e]

forallu,v € C(w;é,y). O

Proof of Proposition 4.1. We prove the existence and uniqueness of global solutions of (4.1). The corresponding

result for the initial-value problem (4.2) then follows by appealing to to Proposition 2.2, by reducing the latter problem

to the former with the operator @ (defined in (2.5)) replacing & (recall that (4.2a) can be written in the form (4.19)).
Setug ;= x%*=D_ k=1,...,n, and rewrite (4.1) as

uy = us, ui(t) = ¢(t), Vtel[—h,0],
Up = u3, ur(t) =x1, Vte[-h,0],
(A.5)

u;17] = Up, Mn—l(t) = Xn—1, vt € [_hv O]’

n—1
u, = — Zak”k-s-l — ApP(uy), u,(t) =x,, Vte[=h,0].
k=0

Defining the causal operator F : C(Ry, R") — C(Rg, R") by

2R,
F(ylvayn) = )’n|R0 ’
n—1
=Y aryitilr, — A @)
k=0

the initial-value problem (A.5) can be written in the form (A.1) (with #p = 0). By Lemma A.1, it is sufficient to show
that F satisfies (H1) and (H2). Invoking (N4), it follows trivially that (H2) holds. It remains to establish (H1). To this
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end, let y1, y» > 0, be such that
n n

yi Y &l < NEN<v Y l&l. VéE=(1.....&) eR"
k=1 k=1

(such constants exists due to equivalence of norms on R").
Leto > Oand w € C([—h, o], R") be arbitrary. It follows from (N3) and Lemma A.3 that there exist y > 0 and
8 > Osuch that, foralle € (0, y]andall y = (y1,..., ), 2= (21,...,2n) € C(w; 8, y; R"),

max ]I(ib(yl))(f) — (2@ (D] =4  max ]Iyl(f) —z1(0)l. (A.6)

T€la,a+e tela,a+¢

Consequently, forall e € (0, y]andall y = (y1, ..., ¥n), 2= (21, ..., 2n) € C(w; 6, y; R"),

a+e a+te n
f ICFON(@) = (F@)@)dT < 72 / D (@) — (o)
o « k=2
n—1
+ D a1 () = 261 (D) + (Ap YD) = (P))(T)| | dr
k=0

n—1
<pe |y 1+ D laxl| max ly(m) —z@)ll+4 max |yi(x) —zi(7)]
=0 Tela,a+¢€] T€la,a+e]

n—1
<y 've (14 ) lal+4) max [ly(r) —z(0).
=0 T€la,a+te]

showing that (H1) holds with f(e) = yl_lyzs(l + Zz;é lagl +2). O
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