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Abstract

For both continuous-time and discrete-time, we introduce a general class of causal
dynamic hysteresis nonlinearities, with certain monotonicity and Lipschitz conti-
nuity properties. It is shown that closing the loop around a stable, single-input,
single-output, infinite-dimensional, linear system, subject to an input hysteresis
nonlinearity from the class and compensated by an integral controller, guarantees
asymptotic tracking of constant reference signals, provided that (a) the steady-
state gain of the linear part of the plant is positive, (b) the positive integrator
gain is smaller than a certain constant given by a positive-real condition in terms
of the linear part of the plant, and (c) the reference value is feasible in a very
natural sense. The class of nonlinearities under consideration contains in partic-

ular relay hysteresis, backlash and hysteresis operators of Prandtl and Preisach

type.
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Chapter 1
Introduction

Let us recall what is meant by the time-invariant, linear, finite-dimensional,
single-input, single-output system (A, B, C, D) on the state-space R". We have
that A € R™", B e R", CT € R" and D € R. Moreover, the state, x(t) € R™,
the input, u(¢) € R, and the output y(t) € R, are related by the equations

©(t) = Ax(t)+ Bu(t), x(0)=x,
y(t) = Cu(t)+ Du(t),

where zy € R” is an arbitrary initial condition. For a locally integrable input w,

x and y are given by
t
z(t) = e +/ eA") Bu(r) dr |
0

and .
y(t) = Cetlry + / Ce A=) Bu(r) dr 4+ Dul(t) .
0

If we let o = 0, then taking Laplace transforms in the above equation, we obtain

the frequency-domain description:
j(s) = C(sI — A)™' Ba(s) + Du(s),
which leads us to define the transfer function G(s) to be

G(s):=C(sI —A)™'B+D.

The closed-loop system, represented in Figure 1, can then be written

#(t) = Ax(t)+ Bu(t), x(0)=uz9€R", (1.1a)
u(t) = k[r—Cx(t) — Du(t)], u(0)=wuy€R, (1.1b)
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where k£ € R is called the integrator gain and r € R the reference value.

Y

G(s)

Figure 1: Low-gain integral control of finite-dimensional linear system

It has been shown by Davison [9], Lunze [29] and Morari [32] that if A is stable
(that is the eigenvalues of A are in the open left-half plane), |k| is sufficiently small
and £G(0) > 0, then the output y(¢) of the above closed-loop system, shown in

Figure 1, converges to the reference value r as t — oo.’ Additionally we will have
that x(t) — A7*Br/G(0) and u(t) — r/G(0) as t — oco.

The above result has been extended by Logemann et al. [17], Logemann and
Owens [22], Logemann and Townley [28], Pohjolainen [35, 36|, Pohjolainen and
Létti [37] to various classes of linear infinite-dimensional systems. A large class of
linear infinite-dimensional systems can be represented in a way similar to (1.1),
but the state-space will be an infinite-dimensional Hilbert space rather than the

finite-dimensional vector space R".

In a recent paper, Logemann, Ryan and Townley [26] have proved that the above
principle remains true if the plant to be controlled is an exponentially stable,
regular, linear, infinite-dimensional, continuous-time, single-input, single-output
system subject to a static input nonlinearity ® (such as, for example, saturation),
see Figure 2. More precisely, it is shown in [26] that if G(s) is the transfer function
of an exponentially stable, regular, linear, infinite-dimensional, continuous-time,
single-input, single-output system which is such that G(0) > 0, ® is a static
non-decreasing globally Lipschitz function, with Lipschitz constant A, and K is
the supremum of the set of all £ > 0 such that the function

1+/€Re¥

is positive real, then for all k € (0, K/\), the output y(t) of the closed-loop system,

shown in Figure 2, converges to r as t — oo, provided that r/G(0) € clos (im ).

There exists a substantial literature on problems related to those considered in

[26], see for example Fliegner, Logemann and Ryan [10], Logemann and Curtain

tTherefore, under the above assumptions on the plant, the problem of tracking constant
reference signals reduces to that of tuning the gain parameter k. This so-called “tuning regulator
theory” [9] has been successfully applied in process control (see [6], [30]).
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Figure 2: Low-gain control with input nonlinearity

[18], and Logemann and Ryan [23, 24]. Here we consider similar problems, but for
wider classes of causal dynamic nonlinearities & which satisfy certain Lipschitz
conditions. The classes encompass, in particular, a large number of hysteresis
nonlinearities important in applications, such as relay, backlash and elastic-plastic
hysteresis. Generally speaking, hysteresis is a special type of memory-based re-
lation between a scalar input signal u(-) and a scalar output signal v(-) that
cannot be expressed in terms of a single-valued function, but takes the form of

“hysteresis” loops, see Figure 3. In particular, the operator u(-) — v(-) is causal

Figure 3: Hysteresis loop

and rate independent. This type of behaviour arises in mechanical plays, ther-
mostats, elastoplasticity, ferromagnetism and in smart material structures such
as piezoelectric elements and magnetostrictive transducers (see Banks et al. [1] for
hysteresis phenomena in smart materials). There exists a substantial literature on
mathematical modelling and mathematical theory of hysteresis phenomena, see
for example Brokate [3], Brokate and Sprekels [4], Krasnosel’skii and Pokrovskii
[16], Macki et al. [31] and Visintin [39]. Of particular importance in a systems

and control context is the pioneering work [16].

We now give some additional details on the problems considered. Chapter 2

consists of some preliminaries from functional analysis. In Chapter 3 we first



introduce the concept of a regular linear system. The class of regular linear sys-
tems introduced by Weiss (see [40]-[43]), is rather general and allows for highly
unbounded control and observation operators. It includes most distributed pa-
rameter systems and time-delay systems of interest in control engineering. We go
on to consider closed-loop systems of the form shown in Figure 2, where G(s) is
the transfer function of a regular linear system, ® is assumed to be a causal oper-
ator and satisfy a bounded input, bounded output condition and a weak Lipschitz
condition, and the gain k£ can be time varying. We prove existence and unique-
ness results for the closed-loop system which are very general and can be applied
to the constant gain problem considered in Chapter 5 and the time-varying and

adaptive gain problems considered in Chapter 9.

In Chapter 4, we introduce the concept of a hysteresis operator, based on the
ideas of Brokate [3], Brokate and Sprekels [4] and Visintin [39], to be an operator
which is both causal and rate indepentent. For continuous piecewise monotone
input signals u this means that at time ¢t € R, the value v(t) of the output signal
v is dependent only on the local extrema of u restricted to the time interval [0, ¢].
Usually, hysteresis operators are defined on spaces of continuous functions (in
particular, continuous piecewise monotone functions). For certain applications
such as sampled-data control of systems with hysteresis effects (see Chapter 8)
it is desirable to extend hysteresis operators to spaces of piecewise continuous
functions. We show that this can be done in great generality. More precisely, we
show that any hysteresis operator defined on the space of continuous piecewise
monotone functions, can be extended in a natural way to the space of piecewise
continuous piecewise monotone functions and that this extension is a hysteresis
operator. We give examples of some well known hysteresis operators, such as

relay, backlash, elastic-plastic and Preisach.

In Chapter 5, we introduce three classes of hysteresis operators which we name
N (A), Nsa (A) and Ny (A), where A is a weak Lipschitz constant for the operators.
The three classes will be needed in later chapters. We show that the examples
of hysteresis operator introduced in Chapter 4 are contained in these classes.
Finally, we introduce the concept of a critical numerical value of a hysteresis
operator ® and identify the critical numerical values of some of the previously

introduced hysteresis operators.

In Chapter 6, we consider the same problem as in [26] (described earlier), but for
the wider class of causal dynamic nonlinearities N.. (\). As in [26] we assume that
the linear part of the system to be controlled (described in Figure 2 by the trans-
fer function G(s)) is an exponentially stable, regular, linear, infinite-dimensional,
continuous-time, single-input, single-output system. The main result in this chap-
ter shows that for ® € N, ()\), the output y(¢) of the closed-loop system, shown

4



in Figure 2, converges to r as t — oo, provided that G(0) > 0, r is feasible in
some natural sense and k € (0, K/\), where K is the supremum of the set of all
numbers k£ > 0 such that the function

1+/€Re¥

is positive real. We also show that so long as r/G(0) is not a critical numerical
value of ® then the convergence of the output y of the closed-loop system, shown

in Figure 2, is of exponential order.

In Chapter 7, we provide a discrete-time analogy of the continuous-time results
contained in Chapter 6. More precisely, we derive a discrete-time version of the
continuous-time tuning regulator result by showing that for a power-stable, linear,
infinite-dimensional, discrete-time, single-input, single-output plant with transfer
function G(z), subject to a dynamic input nonlinearity ® € Ny (\), the output
y(n) of the closed-loop system, shown in Figure 4, converges to the reference
value r as n — oo, provided that G(1) > 0, r is feasible in some natural sense
and k € (0, K/\), where K is supremum of the set of all numbers £ > 0 such
that

1+kReG(zi >0, V|¢>1.

z —

Y
&
{
Q
S

Figure 4: Low-gain control with input nonlinearity

In Chapter 8, we apply the discrete-time theory of Chapter 7 in the development
of a sampled-data counterpart to the continuous-time low-gain control result of
Chapter 6. Specifically, we show that for an exponentially stable, regular, lin-
ear, infinite-dimensional, continuous-time, single-input, single-output plant with
transfer function G(s), subject to a continuous-time hysteresis input nonlinearity
®, the output y(t) of the closed-loop system, shown in Figure 5, converges to the
reference value 1 as t — oo, provided that G(0) > 0, r is feasible in some natural
sense and k > 0 is sufficiently small. We remark that ® is an extension of an
operator ® € Ny (\) and that this extension is defined in Chapter 4. In Figure

5, H denotes a standard hold operation, whilst S is a sampling operation which,



Figure 5: Sampled-data low-gain control

in the case of unbounded observation, involves an averaging operation.

In [24] it was established that an application of the simple adaptive gain strategy
1 .
k(t) = —, where I(t) = |r —y(t)|, 1(0) =1, > 0, (1.2)

guarantees that the output y(t) of the closed-loop system, shown in Figure 2,
converges to r as t — oo so long as ® is a non-decreasing, globally Lipschitz
function, G(0) > 0 and r/G(0) € clos (im ®). Additionally, if /G(0) is not a
critical value of ®, then the gain k(¢) converges to a positive value as t — oc.
In Chapter 9, we consider the same problem as in [24], but for the wider class
of causal dynamic nonlinearities N, (\). That is we address aspects of adaptive
tuning of the integrator gain for an exponentially stable, regular, linear, infinite-
dimensional, continuous-time, single-input, single-output system, subject to an
input nonlinearity ® € N, (). In particular, we show that if the reference signal
r is feasible in a natural sense and G(0) > 0, then the adaptive gain strategy
(1.2) ensures that the output y(t) of the closed-loop system, shown in Figure
2, converges to r as t — oo. Additionally, we show that if r/G(0) is not a
critical numerical value of ® then the gain k(¢) converges to a positive value as
t — o0o. Discrete-time and sampled-data counterparts of the above continuous-

time adaptive control result conclude the chapter.

Some technicalities have been relegated to the Appendices (Chapter 10).

1.1 Notation

We define
Ry ={zeR|z>0}, Z,={zxe€Z|z>0}, N:=7Z,\{0}.

For sets M and N we denote the set of all functions f : M — N by F(M,N).
We define the unit step function U : R — R by U(z) =0 for < 0 and U(x) =1

for z > 0. For 7 € R, and n € Z,, the continuous-time truncation operator P, :
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FR,R) — F(R4,R) is given by (P,u)(t) = u(t) if t € [0,7] and (P,u)(t) =0
otherwise, and the discrete-time truncation operator P4 : F(Z,,R) — F(Z,,R)
is given by (Plu)(k) = u(k) if k € {0,1,...,n} and (P2u)(k) = 0 otherwise.
If I C R is a compact interval, then we say that a function f € F(I,R) is
piecewise C if there exist min] = zy < 7, < 3 < ... < ¥, = max/ such
that f is continuously differentiable on each of the intervals [x;, z;41]. A function
f € F(R,R) is called piecewise C if it is piecewise C' on any compact interval
I C R. Asusual, for a piecewise C'! function f € F(R,R), we define the functions
fiofl :R—R by

fl@+h) - f(z)

et h) = @ .
’ . /.
f+.:c»—>l}%1 . and f_.x»—>l}%1

If I C R is a compact interval, then AC(I,R) denotes the space of absolutely
continuous real-valued functions defined on I; AC(R,,R) denotes the space of
real-valued functions defined on R, which are absolutely continuous on any com-
pact interval I C Ry, i.e. a function f € F(R,,R) is in AC(R4,R) if and only if
there exists a function g € L (R, R) such that

ﬂwzﬂm+AEan VtER, .

We say that a function f € F(R,R) is piecewise monotone if there exists a
sequence 0 =ty < t; < t < ... such that lim; . t; = co and f is monotone on
each of the intervals (t;,¢;11). The set of continuous piecewise monotone func-
tions f : Ry — R is denoted by Cpp (R4, R). We remark that since Cpp (R4, R) is
not closed under addition, it is not a vector space (see Appendix 1 for counterex-
ample). A function f € F(R,,R) is called piecewise continuous if there exists a
sequence 0 =ty < t; < ty < ... such that lim;_ . t; = 0o, f is continuous on each
of the intervals (¢;,¢;+1) and the right and left limits of f exist and are finite at
each t;. We denote the space of all piecewise continuous functions f : R, — R
by PC(R.,R). As usual, for f € PC(R,,R), we define

f(t+) = ligl f(r) (fort >0) and  f(t—):= li?tl f(7) (for t > 0).
Let T = Ry,Z,; a function f € F(T,R) is called ultimately constant if there
exists 1" € T such that f is constant on [T, 00) N T.

L(X,Y) denotes the space of bounded linear operators from a Banach space X
to a Banach space Y and we set L(X) := L(X, X). For a Banach space X, « € R
and # > 0, we define the exponentially weighted LP-space LE(R,,X) := {f €
Ly, (R, X) | f(-) exp(—a-) € LP(Ry, X)} and the weighted [P-space I}(Zy, X) =

loc



{fell (Z.,X)|f(-)p~ €lP(Z,,X)}. For « € R and 3 > 0 define, C, := {s €

loc

C|Res > a} and Eg := {z € C||z| > #}. Moreover, set

H>*(C,) := {f:C, — C|f is holomorphic and bounded},
H*(Es) = {f:Ez— C| f is holomorphic and bounded} .

The Laplace transform is denoted by £ and the z-transform by 3. The set of all
signed Borel measures on R, is denoted by M(R ). For € M(R,), || denotes
the total variation of u. We denote the Lebesgue measure on R, by u;,. We
denote the indicator function of the set S by xs.



Chapter 2

Preliminaries from functional

analysis

Let C(Ry,R) denote the space of continuous functions f : R, — R. We want to
define a concept of convergence in the space C'(R,,R) and therefore we introduce
a topology on C'(R_,R). To this end we define a family U of subsets of C'(R,,R)
by

U:={B(f,e)| f e C(R.,R), € >0},

where

B(f.e) = {9 € C(R,R) | sup [f(t) — g(t)] <e}.

teR4

We endow C'(R,,R) with the topology generated by U (cf. [11], pp. 114-115,
p. 133). This topology is called the topology of uniform convergence . Clearly,
a sequence (f,) C C(R4,R) converges to f € C(Ry,R) in this topology if and
only if for all € > 0 there exists N > 0 such that

Sup|f(t)_fn(t)|<57 anNv

teRy

and we say that f, converges uniformly to f as n — oco. We write f, — f as
n — oo. We call a sequence (f,) C C(Ry,R) a Cauchy sequence if for all ¢ > 0
there exists N > 0 such that

sup |fm(t) — fu(t)| <e, ¥Ym,n>N.

teR4

Lemma 2.1.1 The space C(R,,R) is complete in the sense that for each Cauchy
sequence (f,) C C(Ry,R), there exists f € C(R,,R) such that f, — f as

n — Q.



Proof: Let (f,) C C(R,,R) be a Cauchy sequence. Foreacht € R., (f,(t)) CR
is a Cauchy sequence and since R is complete, there exists f; € R such that
lim,, oo fu(t) = fi. Define f: R, — R by f(t) = f; forallt € R,. Let € > 0 and
choose ng > 0 such that

sup | fin(t) — fu(t)] <e/2, ¥Ym,n>ny.
teRy

For each t € R, there exists n; > ng such that

() = F(B)] < /2.

Then for all t € Ry and all n > ng

|fu(t) = O] < [fae(t) = FOI + [far () = fu(t)] S €/2+€/2.
Thus

sup |fu(t) — f(t)| <e, Vn>ny. (2.1)

teR L

It remains only to show that f € C(R,R). Let t € R, and € > 0. By (2.1) we
know that there exists n € Z, such that

sup | f(t) — fult)] <€/3.

teR L

By continuity of f,, there exists 6 > 0 such that for 7 € Ry with [t — 7| < §
[fn(t) = fu(T)] < /3.
Hence, for all 7 € R, with |t — 7| <0
[f @)= F(O < 1F@) = Fal®) |+ fn(t) = fu(T) |+ [ fu(7) = ()| < €/3+¢/3+e/3 = €.
O

Lemma 2.1.2 Cp,,(R.,R) is dense in C(Ry,R) in the sense that for all f €
C(Ry,R), there exists a sequence (f,) C Com(Ry, R) such that f,, = f asn — oc.

Proof: Let f € C(R,,R) and ¢ > 0. We proceed by defining a function g €
Com(R4, R) such that

f(t) —g(t)] <e, VieR,.

10



On each I, :=[n,n+ 1] (n € Z,), f is uniformly continuous and therefore there
exists 0, > 0 such that for all ¢1,t, € I,

[t =t < = [f(t1) — f(t2)] <e/2. (2.2)

Choose K, € Z, such that K, > 1/6,. Define g on each I, as follows: let
gn+k/K,) = f(n+k/K,) for all k = 0,1,..., K, and let g be affine linear
on each [n+k/K,,n+ (k+1)/K,] (k=0,1,..., K, —1). It is clear that g is
continuous and piecewise affine linear and hence g € Cpi (R4, R).

Let t € Ry, then there exists n € Z, and k € {0,1,..., K, — 1} such that
ten+k/Kyn+ (k+1)/K,). Thus by (2.2)

[f(@) =g < [f(t) = fn+k/Kn)[+19(t) = g(n+k/Ky)]

< @) = fln+k/ K+ g(n+ (k+1)/Ky) — g(n + k/Ky))|
f@) = fn+k/EK)|+ [f(n+ (k+1)/Kyn) = f(n+ k/Ky)|
< g/2+¢/2.

O

We introduce a concept of Lipschitz continuity for operators on C(R,,R) or
Com(R4, R) and then show that any Lipschitz continuous operator ® : Cpp (R, R)

— C(R4,R) can be extended to a unique Lipschitz continuous operator on
C(Ry,R).

Definition 2.1.3 Let € = C(R4,R) or € = Cpin (R4, R). An operator & : € —
F(R,,R) is called Lipschitz continuous with Lipschitz constant | > 0 if

sup [((f))(t) — (2(9))(¥)| < lsup [f(t) —g(t)], VfgeC.

teR 4 teR 4

&

Lemma 2.1.4 Let ® : Cp(Ry,R) — C(R4,R) be a Lipschitz continuous opera-
tor with Lipschitz constant A > 0. Then there exists a unique Lipschitz continuous
extension @, : C(R.,R) — C(R4,R) of & with Lipschitz constant \.

Proof: Let f € C(R;,R). By Lemma 2.1.2 there exists (f,,) C Cpom(R4, R) such

that f, — f as n — oo. We observe that (®(f,)) is a Cauchy sequence, since for

m,n € Ly, sup;cg, |(D(fm))(t) = (2(fn)) ()] < Asup;cr, [fm(t) — fu()] and (fn)
is a Cauchy sequence. Since, by Lemma 2.1.1, C(R, R) is complete, there exists

f € C(R,,R) such that ®(f,) = f as n — oo. To see that f does not depend

11



upon the choice of sequence (f,), let (g,) C Cpm(R+,R) be another sequence

such that g, — f as n — oo. Then for all n € Z..

sup [(©(fn))(t) = (2(ga)) ()] < Asup [fult) = ga ()]

teR 4 teR 4
< A Sup |f(t) — ()|+tseup £ () = gn(t)]

Consequently the sequences (®(f,)) and (®(g,)) have the same limit. Thus,
setting ®.(f) := f for all f € C(R,,R), makes @, a well-defined extension of ®
to C(R+, R)

To show that &, : C(Ry,R) — C(R;,R) is a Lipschitz continuous operator
with Lipschitz constant A, observe that for f,g € C(Ry,R) and (f,), (g,) C
Com(R4, R) such that f, = f and g, — g as n — o0, it follows that for n € Z,
s (B ())(8) = (9 (0)0)
< sup [[(De(f)) () = (2(f))(B)] + [(Pe(9))(E) — (D(gn))(?)]

HE@UDE) =~ (@)
< sup |(@.(/)(0) = (@D + 519 [(@(9) (1) = (B(a))(2)

+ A sup | fn(t) — ga(t)] .

teR4

Taking the limit as n — oo we obtain

sup [(Dc(f)) () = (Pe(g)) ()] < Asup [£(E) — g(t)] .

teR teR 4

12



Chapter 3

Regular infinite-dimensional

linear systems with nonlinear
feedback

3.1 Preliminaries

We assemble some fundamental facts pertaining to regular linear systems and
tailored to later requirements: the reader is referred to [40]-[43] for full details.
This section is prefaced with the remark that the class of regular linear infinite-
dimensional systems is rather general: it includes most distributed parameter
systems and all time-delay systems (retarded and neutral) which are of interest
in applications. Although there exist abstract examples of well-posed, infinite-
dimensional systems that fail to be regular, the author is of the opinion that
any physically-motivated, well-posed, linear, continuous-time, autonomous con-

trol system is regular.

First, some notation: for any Hilbert space H and any 7 > 0, we define the
right-shift operator R, : L2 (R, H) — L% (R, H), by

loc loc

(R (u))(t) =

u(t—7) ift>r.

{0 if t €[0,7),

Well-posed systems
For u,v € L3 (R,, H) and 7 € R, the 7-concatenation u <T> v is defined by

loc

U<T>U:PTU—|—RTU.
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The following concept was introduced by Weiss [43]. An equivalent definition can

be found in Salamon [38].

Definition 3.1.1 Let X be a real Hilbert space. A well-posed linear system
with state-space X, input-space R and output-space R is the quadruple X =
(T, ®, ¥, F), where

(1) T = (T4)s>0 is a Cy-semigroup of bounded linear operators on X,

(2) ® = (®;);>0 is a family of bounded linear operators from L*(R,,R) to X
such that
B,y (udv) =T®u+ ®w,

for all u,v € L*(Ry,R) and all 7,t € R,

(3) ¥ = (W,);>0 is a family of bounded linear operators from X to L*(R,,R)
such that
W,y = Urry & T,

for all zyp € X and all 7,t € R, , and ¥y =0,
(4) F = (Fy)i>o is a family of bounded linear operators from L*(R,,R) to
L*(R,,R) such that

F. i (u <T> v) =F,u <T> (U, ®,u+ Fv),

u,v € L*(Ry,R) and all 7,t € R, and Fy = 0.
&

For an input v € L2 _(R,,R) and an initial state 2o € X, the associated state

function z € C(R,, X) and output function y € L2 (R, ,R) of X are given by

loc

Zlf(t) = Ttllfo + @tPtu, (31&)
Pty = ‘I’tl'() + FtPtU . (31b)

We say that X is exponentially stable if the semigroup T is exponentially stable,
ie. .

w(T) := tlim 7 log | T4|| <O,
where w(T) is called the ezponential growth constant of T. It is clear that there ex-
ist unique operators ¥, : X — L2 (R,,R) and F, : L2 (R, R) — L% (R,,R)

loc loc loc
such that for all 7 >0

v, =P, ¥, , F. =P.F,.
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We call W, the state-to-output map and F, the input-output operator. If X is
exponentially stable, then the operators ®; and ¥, are uniformly bounded, ® is
a bounded operator from X into L*(R,,R) and Fy, maps L*(R,,R) boundedly
into L?(Ry,R). Since P,F,, = P,F_ P, for all 7 € R, F, is a causal operator.

It can be shown (see Weiss [40]) that if & > w(T) and if u € L2(R,,R), then
Foou € L2(Ry,R) and there exists a unique holomorphic function G : Cy,) — C
such that

G(s)(Lu)(s) = [L(Fxu)](s), VseC,.

In particular, G is bounded on C, for all @ > w(T). The function G is called

the transfer function of 3.

Regularity
3 and its transfer function G(s) are called regular if the limit

lim G(s)=:D
s—00,s€ER
exists. The operator D is called the feedthrough operator of 3. The regular

system is said to be exponentially stable if 3 is exponentially stable.

Generating operators

The generator of T is denoted by A. Let X; be the space dom (A) endowed with
the graph norm, and let X_; be the completion of X with respect to the norm
|z|l-1 = |[(sol — A)~'z||, where sq is any fixed element in g(A), the resolvent set
of A. We have X; C X C X_; and the canonical injections are bounded and
dense. The semigroup T can be restricted to a Cy-semigroup on X; and extended
to a Cp-semigroup on X_;. The exponential growth constant is the same on all
three spaces. The generator on X, is the restriction of A to dom (A4%) and the
generator on X _; is an extension of A to X (which is bounded as an operator
from X to X_;). We shall use the same symbols for the original semigroup and

its generator and the corresponding restrictions and extensions.

By a representation theorem due to Salamon [38] (see also Weiss [41, 42]) there
exist unique operators B € L(R, X_;) and C € L(X;,R) (the control operator
and the observation operator of X, respectively) such that for all ¢ € Ry, all
u€ L (R, R) and all 7y € X;

t
®,Pu :/ T, ,Bu(r)dr and (¥.z0)(t) = CTixo .
0
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Biis called boundedif B € L(R, X) (and unbounded otherwise), whereas C'is called

bounded if it can be extended continuously to X (and unbounded otherwise).

It is clear that B € L(R, X_1) is an admissible control operator for T, in the sense

that for any 7 € R, , the operator
2R, R) — X1, ue / T, Bu(t)dt, (3.2)
0

has its range in X and C € L(X1,R) is an admissible observation operator for T,

in the sense that for any 7 € R, , the operator

X, — L*(R4,R), zg — P.CT,x, (3.3)
has a continuous extension to X.
The Lebesgue extension of C' was introduced in [42] and is defined by

1 t
Crxo =limC- / T xodr, (3.4)
t—0 t 0

where dom (C7) is equal to the set of all those zy € X for which the above
limit exists. Clearly X; C dom (Cr) C X, and for any zy € X we have that

T;x¢ € dom (Cp) for almost every (a.e.) t € Ry. Furthermore,
(Uooxo)(t) = CL Ty ae teR,. (3.5)

If T is exponentially stable, then there exist constants 1,7, > 0 such that, for
allt e Ry, ue L*(R,,R) and zy € X,

||‘PtPtU/|| = S 71Hu||L2(R+7R) )

¢
/ T, ,Bu(r)dr

0

t 1/2
||Pt\Iloox0HL2(R+,R) = </ HCLTTSL’(]szT) S 72“370H . (36)
0

If 3 is regular, then for any 2o € X and v € L2 (R, ,R), the functions x(-) and
y(-), defined by (3.1), satisfy the equations

©(t) = Ax(t)+ Bu(t), x(0)==xo, (3.7a)
y(t) = Crz(t) + Du(t), (3.7b)

for almost all ¢ € Ry (in particular, z(¢) € dom(Cp) for almost all t € R, ). The
derivative on the left-hand side of (3.7a) has, of course, to be understood in X _;.

In other words, if we consider the initial-value problem (3.7a) in the space X _;,
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then for any zo € X and u € L% _(R,,R), (3.7a) has unique strong solution (in

loc

the sense of Pazy [34], p. 109) given by the variation of parameters formula
t
x(t) = Tz +/ T;_,Bu(r) dr. (3.8)
0

It has been demonstrated in [40] that, if X is regular, then (s/ — A)"!BR C
dom(C}) for all s € p(A) and the transfer function G(s) can be expressed as

G(S) = CL(SI — A>_IB +D, Vse (Cw(T) ,

which is familiar from finite-dimensional system theory. The operators A, B, C

and D are called the generating operators of 3.

Definition 3.1.2 Let £ denote the class of quadruples (A, B, C, D) which are
the generating operators of a regular linear system 3, with state space X, input

space R, output space R and transfer function G(s), satisfying:
(a) X is exponentially stable; (b) G(0) > 0.

&

Proposition 3.1.3 If (A, B,C,D) € L, then (A+¢cl,B,C,D) € L for alle >0
sufficiently small.

Proof: Clearly, for sufficiently small ¢ > 0, e*'T; is an exponentially stable
semigroup. Since G € H*(C,) for some o < 0, G is continuous at 0 and
therefore for sufficiently small ¢ > 0, Cp(—el — A)™'B+ D = G(—¢) > 0. Tt is
clear that for alle > 0, (A+¢l, B, C, D) are the generating operators of a regular
system with transfer function s — G(s — ¢) and therefore for sufficiently small
e>0,(A+¢l,B,C,D) e L. O

For future reference we state the following two lemmas. The proof of the following

lemma can be found in [26] (see Lemma 2.2 in [26]) and [18] (see Lemma 2.2 in

[18]).

Lemma 3.1.4 Assume that A generates an exponentially stable semigroup T on
a real Hilbert space X and that B is an admissible control operator for T. Then

the following statements hold.

(1) Ifu € L*®(R4,R) is such that lim;_o u(t) = us exists, then, for allzg € X,
the state x(-) given by (3.8) satisfies

tlim |z(t) + A Bug| = 0.
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(2) There exist constants a, a1 > 0 such that, for all (xg,u) € X x L?*(R,,R),
the state x(-) given by (3.8) satisfies

lm o) = 0. e 2(Ry.X).

2]l 2@yx) < aollzoll + anllull L2, ry -

(3) For all (xo,u) € X x L®(R;,R), the state x(-) given by (3.8) satisfies

v € (R, X).
The proof of the following lemma can be found in [18] (see Lemma 2.1 in [18]).

Lemma 3.1.5 Let (A,B,C,D) € L. Ifu e L} _(R,,R) and us € R are such

loc

that u — us € LA2(Ry,R) for some a > w(T), then, for all zo € X, the output
y(+) given by (3.7) satisfies

y— G(0)us € LZ(R,R).

3.2 Existence and uniqueness of solutions for

regular systems with nonlinear feedback

Let n € Nand F C F(R_,R™), F # (). We call an operator ® : F — F(R,,R")
causal if for all u,v € F and all 7 € Ry with u(t) = v(¢) for all t € [0, 7] it follows
that (®(u))(t) = (P(v))(¢) for all t € [0, 7].

For a > 0, w € C([0, o], R™) and 4§, d2 > 0, we define C'(w;d1,d2) to be the set of
all u € C(R4,R™) such that

u(t) =w(t), Vtelo,q] and lu(t) —w(a)|| < o1, Vit e [a,a+ ds).

We study an abstract Volterra integro-differential equation. Let o« > 0 and let
w, € C([0,a],R™). Consider the initial-value problem

W(t) = (Vw)(t), t>a, (3.10a)
w(t) = wa(t), teloal, (3.10b)

where the operator V : C(R,,R") — L]

loc

(Ry,R™) is causal and weakly locally
Lipschitz in the following sense: for all @« > 0 and w € C([0,a], R™), there exist
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d >0, p> 0 and a continuous function f : [0,d] — Ry, with f(0) = 0, such that

/a E||(VU)(t)—(Vv)(t)lldtﬁf(ff) sup [|u(t) —o(@)],

a<lt<a+te

for all € € [0,0] and all u,v € C(w;p,9).

A solution of the initial-value problem (3.10) on an interval [0, 3), where 5 > a,
is a function w € C([0, 3),R"™), with w(t) = w,(¢) for all t € [0, a], such that w

is absolutely continuous on [a, 3) and (3.10a) is satisfied for a.e. t € [a, ().

Strictly speaking, to make sense of (3.10), we have to give a meaning to (Vw)(t),
t €10, 3), when w is a continuous function defined on a finite interval [0, 3) (recall
that V' operates on the space of continuous functions defined on the infinite
interval Ry). This can be easily done using causality of V: for all ¢t € [0, 3),
(Vw)(t) == (Vw*)(t), where w* : Ry — R" is any continuous function with
w*(s) = w(s) for all s € [0,¢].

Proposition 3.2.1 For every o > 0 and every w, € C([0,a],R™), there exists
e > 0 and a unique solution w(-) of (3.10) defined on [0, + €).

Proof: Fix a > 0 and w, € C([0,a, R") arbitrarily. Define a continuous exten-
sion w’ : Ry — R"™ of w, by setting w?(t) = wy(«) for all t € [«, 00). For later

convenience, we introduce the continuous function

crg@= [ Vel

Since V' is weakly Lipschitz there exist 6 > 0, p > 0 and a continuous function
f:]0,0] — Ry, with f(0) =0, such that

/ V00 - Vo)D)l < fE) sup [o(t) — wd)]],

alt<la+te
for all € € [0,0] and all v,w € C(wy; p, ).

For ¢ > 0 set

C.:={w e C([0,a+e],R") |w(t) = wu(t) if t € ]0,a];
|w(t) —wa(a)|| < p ift € [a,a+¢]}, (3.11)

which, endowed with the metric

(v,w) = sup o(t) —w(t)],

alt<a+e
is a complete metric space.
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Existence and uniqueness of solutions on a small interval is proved by showing

that
we(t), 0<t<a,

(Tw)(t) == wa(a)Jr/t(Vw)(T)dT? a<t<a+e,

defines a contraction on C. for sufficiently small € > 0.

By the weak Lipschitz property and causality of V', for all € € (0,0), all v,w € C.
and all ¢ € [o, o + €]

)0 - walal] < [ IVo))ldr

a+e
< g(e) +/ [(Vw)(7) = (Vwg)(7)| dr
< 9(&) +pf(e)
< p  for sufficiently small € > 0 (3.12)

and

[(Tv)(t) = (Tw)(B)]] < /W (Vo) (T) = (Vw)(7)|| dr

< fle) sup |lo(r) —w(7)]
a<t<a+te
1
< = sup ||v(r)—w(7)|| for suff. small £ > 0.(3.13)
2 a<r<oa+te

By (3.12), I'(C.) C C. for all sufficiently small € > 0. Consequently, we obtain
from (3.13) that I' is a contraction on C. for all sufficiently small € > 0. O

Definition 3.2.2 Let a € (0, 00] and let J C R, be an interval of the form [0, a)
or [0,a]. For 7 € J, we define the operator Q, : F(J,R) — F(R,,R) by

u(t) for0<t<r,
u(r) fort>r.

(Qru)(t) = {

&

If the domain space of Q. is F(Ry,R) (i.e. J =[0,00)), then Q. is a projection
operator. Given an operator ® : C(R,,R) — F(R;,R) and a number a > 0 we
define an operator ® : C([0,a),R) — F([0,a), R) by setting

(P(u)(t) = ((Qu)(t), Vte[0,a).
If ® is causal, then for each 7 € [0,a) we have

((w)(t) = (2(Qru))(t), Vtel[0,7].
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In the following, we shall use the same symbol ® to denote the original operator

acting on C'(R,,R) and the associated operator ® acting on C([0,a),R).
We introduce two assumptions on the nonlinearity ¢ : C(R;,R) — C(R,,R):

(A1) there exists A > 0 such that for all @ € R; and all w € C([0, o], R), there
exist numbers d7,do > 0 such that for all u,v € C(w;dy, o)

sup  [(®(w))(t) = (@())(H)] <A sup fu(t) —v(t)];

te[a,a+02) te[a,a+02]
(A2) for all @ > 0 and all u € C([0, a),R), there exist «, 5 > 0 such that

sup [(®(u))(t)] < a+( sup |u(t)], V7 €][0,a).
tel0,7] te[0,7]

In the following, Proposition 3.2.1 will be used to prove a global existence result
for a general closed-loop system which encompasses the systems considered in
later chapters. For (A, B, C, D) € L we consider

#(t) = Az(t) + B(@(u)(t), 2(0) =o€ X, (3.14a)
a(t) = k(O] — Cra(t) — D(@w)(1)], u(0) =uy € R, (3.14b)
0(t) = h(O(t)|r — Cra(t) — D(®(W))(#)|, 6(0) =0, € R, (3.14¢)

where k € L®(R,,R) and h : R — R is locally Lipschitz.

For a € (0, o0], a continuous function
[0,a) > X x Rx R, tws (z(t),u(t),0t))

is a solution of (3.14) if (x(-), u(-), 8(-)) is absolutely continuous as a (X _; xRxR)-
valued function, z(t) € dom(Cp) for almost all ¢ € [0,a), (z(0),u(0),6(0)) =
(xo, ug, o) and the differential equations in (3.14) are satisfied almost everywhere

on [0,a), where the derivative in (3.14a) should be interpreted in the space X .t

On noting that Cpz(t) + D(®(u))(t) = (Peoro)(t) + (Foe®(u))(¢), the variable
x(t) can be eliminated from (3.14b) and (3.14c) to obtain

RO = (Tooto)(t) — (Foo®(u))(1)], u(0) = uo, (3.15a)
0(t) = hO()|r — (Wooo) () — (Foo®(u))(1)]

In order to proceed we require the following lemma.

" Being a Hilbert space, X_; x R x R is reflexive, and hence any absolutely continuous
(X_1 xR x R)-valued function is a.e. differentiable and can be recovered from its derivative by
integration, see [2], Theorem 3.1, p. 10.
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Lemma 3.2.3 Let & : C(Ry,R) — C(R4,R) be causal and satisfy (A1) and let
(A,B,C,D) e L. Foralla > 0 and allw € C([0, a],R), there exist 61, 52,71, V2 >
0 such that for all € € [0,02] and u,v € C(w;dy, d2)

/a€\<Foo<1><u>><r>—<Foo<1><v>><f>|d7s8% sup Ju(r) —o(r)|,  (3.16)

a<rt<a+e

[ 1))l dr < i+ Vo (3.17)

Proof: Let a > 0 and w € C([0,a,R). Then by (Al) and causality of ®, there
exist numbers d1, d; > 0 such that for all € € [0, d5] and all u,v € C(w; 1, d2)

S [(@(u))(t) = (B() ()] < S [(2(Qate 1)) (t) = (P(Qarte v))(1)]
< /\tE[SUIia | [(Qateu)(t) — (Qase v) ()]
= )\te[sup+ | lu(t) — v(t)].

Hence using the causality of F,, and ®, the boundedness of F,, as an operator
from L*(R;,R) into L?(R,,R) and Holder’s inequality, we conclude that there
exists ;3 > 0 such that for all € € [0, d] and all u,v € C(w; 1, d2)

/ ()~ Fud)] < VE ( / () Foo<b<v>|2) "
VIRl ([ 120 - o)) "

eMFooll sup u(t) — ()]

te|a,a+e]

IA

A

which is (3.16) with v, := A||Fuo||. Moreover, an application of (3.16) for v = Quu
and Hoélder’s inequality show that for all € € [0, d3] and all u € C(w; 6y, d2)

a—+te a-+e
/ Fodb(u)| < / Fo®(Qut) + 271 sup [u—v(a)]

te[a,a+te]

a8y 1/2
< f(/ |Fooq><czau>|2) -

which yields (3.17) with o := (f;+52 [Foo®(Qa u)|?)'2. =

The following corollary is the main result of the chapter.

Corollary 3.2.4 Let & : C(R,,R) — C(R,R) be causal and satisfy (A1) and
(A2). Let (A,B,C,D)e L, reR, kK € L°(R.,R) and let h : R — R be locally
Lipschitz. If h(0) < 0 for all & € R and h(0) = 0, then for all (z¢,ug,0y) €
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X xR x (0,00), the initial-value problem given by (3.14) has a unique solution
defined on R, .

Proof: Let (zg, ug, ) € X xRx (0, 00). It is clear that the map V : C(R,, R?) —
Li (R, R?) given by

v(“) © = ( A8l — (Touzo) (1) = (Foc () (1) ) (318)
BO(E))lr — (Woo0) (1) — (Fou®(w)) (1)

is causal, and it follows from Lemma 3.2.3 via a routine argument (shown in
Appendix 2) that V is also weakly locally Lipschitz. Note that (3.15) is of the
form (3.10) with V' given by (3.18).

We proceed in three steps.

STEP 1. Existence and uniqueness on a small interval.

An application of Proposition 3.2.1 with a = 0 shows that there exists an € > 0

such that (3.10) has unique solution on the interval [0, €).
STEP 2. Extended uniqueness.

Let v : [0,3;) — R? and w : [0,8;) — R?, (1,3, > 0, be solutions of (3.10)

(existence of v and w is assured by Step 1).

We claim that v(t) = w(t) for all ¢t € [0, ), where § = min{3;, 52}. Seeking a
contradiction, suppose that there exists t € (0, 3) such that v(¢) # w(t). Defining

a* =inf{t € (0,8)|v(t) # w(t)},

it follows that a* > 0 (by Step 1), a* < 8 (by supposition) and v(a*) = w(a*) (by

continuity of v and w). Clearly, the initial-value problem
)= (Va)(t), t=a"; =(t)=v(t), t€[0,a]

is solved by v and w on [0, 3). This implies, by Proposition 3.2.1 (with a = a*),
that there exists an ¢ > 0 such that v(t) = w(t) for all ¢t € [0,a* + €), which

contradicts the definition of a*.
STEP 3. Global existence.

Let I C R4 be theset of all 7 > 0 such that there exists a solution (u”, 67) of (3.15)
on the interval [0, 7). Set ¢* := sup [ and define a function (u,0) : [0,t*) — R?
by setting

(u,0)(t) = (u",07)(t), fortel0,7), where T € I.
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By Step 2 the function (u, ) is well-defined (i.e. the definition of (u,#)(t) for
a particular value ¢ € [0,t*) does not depend on the choice of 7 € I N (t,00))
and (u, ) is the unique solution of (3.15) on the interval [0,t*). We claim that
t* = 00. Seeking a contradiction, assume that t* < oo. We first show that 6 is
bounded on [0,¢*). Note that since h < 0, 6(-) is non-increasing and combining
this with the assumption that 6, > 0, we see that boundeness of §(-) follows if we
can show that 0(¢) > 0 for all t € [0,t*). Seeking a contradiction, suppose that
there exists a 7 € (0,t*) such that §(7) = 0. Consider the following initial-value
problem on [0,t*)

C(t) = h(c@)le(t)], ¢(r)=0, (3.19)
where e(t) = r — (Vo) (t) — (Fu®(u))(t). Then 6(-) is a solution of (3.19).
Since h(0) = 0, the function ¢ = 0 is also a solution of (3.19). By uniqueness it
follows that 8 = 0, which is in contradiction to 6y > 0. Therefore the function

6(-) is bounded on [0, t*) and hence there exists a constant v > 0 such that

k(DO <, Vtel|o,t).

Multiplying (3.15a) by u and estimating we obtain that, for all ¢ € [0,t*),
u(t)i(t) < [ + (Toozo)?(t) + u?(t) + |(Foo®(w)) ()u(t)]] - (3.20)

Integration yields

300 < 5+ ([0 W)

t t
+/ u2+/ |FOO(I>(u)||u|) , Ytelot). (3.21)
0 0
For v € C(]0,t*),R) and t € [0,t*), we define

or(v) = sup [v(7)].
T€[0,t]

Using (3.21), the boundedness of F, as an operator from L*(R,,R) into L?(R,, R)
and applying Holder’s inequality, shows that there exist v;,v2 > 0 such that for
all t € [0,t%),

%o—t(zf) < %uz(o) +n+y /Ot w7y (/Ot q)(“)2) : (/ot u2)

Denoting the map

1/2

C([O7t*)>R) - R-ﬁ- , Ui [Ut(v)]z
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by o2, we see that there exist suitable constants vs,74,75 > 0 such that for all
te0,t)

ot <7+ [ o2tuyar-+as ([ o2ot)ar) " ([ #2war)

Using asumption (A2), we may conclude that there exist numbers a, 3 > 0 such
that for all t € [0,¢*)

ot <3 [ i s [l gorar) B ([ w2twar)

From this we obtain that there exist numbers 4,77 > 0 such that

1/2

1/2

t
of(u) < s +77/ o2(u)dr, Vtel0,t),
0
and an application of Gronwall’s lemma then shows that
ol(u) < v, Vtelo,t).

Since, by assumption, t* < oo, it follows that u is bounded on [0,%*). Recall
that x and 6 are also bounded on [0,¢*) and thus by the local Lipschitz conti-
nuity of h, so is h o 6. By (A2), it follows from the boundedness of u on [0,t*)
that ®(u) is bounded on [0,¢*) and therefore ®(u) € L*([0,¢*),R). Using the
boundedness of F., as an operator from L*(R,,R) into L?(R,,R), we obtain
that Fo.®(u) € L*([0,¢*),R) C L'([0,t*),R). Therefore, the right-hand sides of
(3.15a) and (3.15b) are in L([0,¢*), R), implying that limg- u(t) and limgy- 6(t)
exist and are finite. Setting u(t*) = limye u(t) and 0(t*) = limyyy- 6(f), makes u
and 6 into continuous functions on [0,¢*]. By Proposition 3.2.1, the initial-value
problem
2t)=Va)(t), t>t"; z(t)=(u,0)(t), te|0,t],

has a unique solution (u*,0*) on [0,t* +¢) for some ¢ > 0. By causality of V', the
function (u*, 6*) is a solution of (3.15) on [0, t*+¢), and so (u*, #*) is a proper right
continuation of (u,#). But this means that t* + ¢ € I, which is in contradiction
to the definition of ¢*.

Finally, let (u,) : R, — R? be the unique solution of (3.15) and define z(-) to

be the unique solution of
&= Ax + B®(u), x(0)=xg.
Then (z(-),u(+),0(-)) is the unique solution of (3.14) defined on R, . O
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3.3 Notes and references

The existence and uniqueness results of Section 3.2, whilst new in this generality,
are proved in a similar way to the less general existence and uniqueness results
of [24] (see Appendix in [24]). In particular, we have a slightly weaker Lipschitz
assumption on V' in (3.10). This implies that Lemma 3.2.3 is slightly stronger
than the similar lemma in [24] (see Lemma 5.3 in [24]). We essentially have

proved the same results as in the Appendix of [24] but with weaker assumptions.
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Chapter 4

Hysteresis operators

4.1 Continuous-time hysteresis operators

In this section we present basic background material on hysteresis operators which

is needed for the subsequent developments in this chapter.

We call a function f : R, — R, a time transformation if f is continuous, non-
decreasing and satisfies f(0) = 0 and lim;_., f(t) = oo, in other words f: R, —
R, is a time transformation if and only if f is continuous, non-decreasing and

surjective. We denote the set of all time transformations f: R, — R, by T .

In the following let ¥ C F(R,,R), F # (. We introduce the following two

assumptions on JF:

(F1) uofeJFforallueFandall feT;

(F2) QuF) cFforallt e R,.
An operator ® : F — F(R,,R) is called rate independent if F satisfies (F1) and
(®(uo f))(t) = (2(u)(f(), YuedF, VfeT, VieR,.
A functional ¢ : F — R is called rate independent if F satisfies (F1) and
ouo fy=pu), YuedF, VfeT.

Definition 4.1.1 Let ¥ C F(R,,R), F # (). An operator ® : F — F(R,,R) is
called a hysteresis operatorif F satisfies (F1) and ® is causal and rate independent.
&

27



For F C F(R,,R), F # (), let T denote the set of all ultimately constant u € F,
ie.

F4 = {u € F|u is ultimately constant} .

Clearly, if JF satisfies (F2), then " # (). Moreover, if F satisfies (F1), then so
does JU°.

Theorem 4.1.2 Let F C F(R,,R), F # 0 and assume that (F1) and (F2) hold.

If & :F — F(R,,R) is a hysteresis operator, then the following statements hold:

(1) for allu € F and all T € Ry
(@(Qru))(t) = (2(u))(1), Vi=T;

(2) the functional
p:F >R, wur lim(P(u))(t), (4.1)

t—o0

1s rate independent and satisfies

(@(w))(t) = p(Quu), YueF, VteR,. (4.2)

Conversely, if ¢ : F* — R is a rate independent functional, then ® : F —

F(R4,R) given by (4.2) is a hysteresis operator and satisfies

lim (®(u)(t) = p(u), Yue Fe. (4.3)

t—o0

For a hysteresis operator ® : ¥ — F(R,,R), we call the rate independent func-
tional ¢ : " — R defined by (4.1) the representing functional of ®.

Proof of Theorem 4.1.2: Assume that & : F — F(R,,R) is a hysteresis
operator. To prove statement (1), let u € F, 7 € R, and s > 7. We define a time
transformation f € T by

t for0<t<r,
ft)y=< 7 forr<t<s,
t+7—5s5 fort>s.

Then, using the causality and rate independence of ®, we have for ¢ € |7, 5]

(©(Qrw))(t) = (B(uo f))(t) = (2(u))(f(#)) = ((u))(7).

Since s > 7 was arbitrary, this yields statement (1). To prove statement (2), we

first note that the limit in (4.1) exists since for ultimately constant u, ®(u) is
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ultimately constant by statement (1). Using the rate independence of ®, we see
that for all w € "¢ and all f € T

p(uo f) = lim (®(uo f))(t) = lim ((w))(f(t) = lim (®(u))(t) = ¢(u),

t—o0 t—o00

showing that ¢ is rate independent. Using statement (1), we obtain for all u € F
and all t € R,

(@(u))(t) = (P(Qru))(t) = Im (B(Q; u))(s) = ¢(Qru),

which is (4.2).

Conversely, assume that ¢ : F* — R is rate independent and define ® : ¥ —
F(R,,R) by (4.2). Then, trivially, ® is causal. Moreover, for allu € F, f € T
and t € Ry

(®(uo f))(t) = (Qi(uo f)) = e((Qruyu) o f) = ¢(Qruyu) = (2(u))(f (1)) ,

thus @ is rate independent. Finally, let v € 3¢ then

lim (®(u))(t) = lim (Qsu) = ¢(u),

t—o0
which is (4.3). O

Let 8" denote the set of all right-continuous step functions u : R, — R, that is
there exists a sequence 0 = t; < t; < ty < ... such that lim,_,t, = oo and
u is constant on each of the intervals [¢;,t;11). For 7 > 0 define 87 C 8" to be
the set of all right-continuous step functions u : R, — R of step length 7, i.e. u
is constant on each interval [iT, (i + 1)7). We note that whilst 8" satisfies (F'1)
and (F2), 8T satisfies (F2), but not (F1). The following corollary is an immediate

consequence of Theorem 4.1.2, statement (1).

Corollary 4.1.3 LetF C F(R,,R), F # 0 and assume that (F1) and (F2) hold.
Let & : F — F(R,,R) be a hysteresis operator. Then

D(F) C T, BIFNS)CS, BIFNS)CS.

For any u € F(R,,R) and any ¢t € R, , we define
M (u,t) := {71 € (t,00) | u is monotone on (¢,7)} .

If u is piecewise monotone, then M (u,t) # () for all t € R,, and the standard

monotonicity partition ty < t; < ty < ... of u is defined recursively by setting
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to = 0 and t;.1 = sup M (u,t;) for all i € Z, such that M(u,t;) is bounded. If u
is piecewise monotone and ultimately constant, then the standard monotonicity
partition of u is finite.

We define C}5, (R, R) to be the set of all ultimately constant u € Cpn (R4, R). We
note that Cpn (R4, R) and C35 (R4, R) both satisfy (F1) and (F2). Let F"*(Z,,R)
denote the space of ultimately constant u : Z, — R. We define the restriction
operator R : C3f (R, R) — F*°(Z,,R) by

u(ty) for ke [0,m|NZ,,
lim; oo u(t) for ke Zy\ [0,m],

(R(u))(k) = {

where 0 =ty < t; < ... < t,, is the standard monotonicity partition of wu.

The following lemma will be an important tool in the next section.

Lemma 4.1.4 Let u,v € C3 (R, R). Then R(u) = R(v) if and only if there
exist f,g € T such that uo f =vog.

The above lemma is essentially due to Brokate and Sprekels [4] (see lemma 2.2.4
in [4]). Since only a sketch of the proof is given in [4], we have included a complete

proof in the Appendices (see Appendix 3).
As an immediate consequence of Lemma 4.1.4 and Theorem 4.1.2, statement (2),

we obtain the following corollary.

Corollary 4.1.5 Let & : C,n(R4,R) — F(R4,R) be a hysteresis operator,
u,v € Com (R4, R) andt € Ry. Then

R(Quu) = R(Quv) = (®(u))(t) = (®(v))(1).

The above corollary says that the output (®(u))(t) at time ¢ € R, of a hys-
teresis operator ® corresponding to a continuous piecewise monotone input w is

determined completely by the local extrema of u restricted to the time interval
[0, ¢].

4.2 Extending Lipschitz continuous hysteresis op-
erators defined on C},,(R;,R) to C(R,R)

The following lemma shows that the range of a Lipschitz continuous hysteresis
operator defined on Cpp (R4, R) or C(Ry, R) is contained in C'(Ry, R).
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Lemma 4.2.1 Let C = Cpp,(RL,R) or € = C(RL,R) and let @ : € — F(R4,R)
be a Lipschitz continuous hysteresis operator. Then ®(C) C C(Ry,R).

Proof: Let ue€ C, e >0, € R, and let A\ > 0 be a Lipschitz constant of ®. By
the continuity of u, there exists § > 0 such that for all s € R

ls—tl<d = |u(s)—u(t)] <e/(2N). (4.4)

Let 7 € Ry be such that |7 —t| < d. If 7 > ¢, then using Theorem 4.1.2, statement
(1) and (4.4)

|(@(w))(7) = (®(w))(®)|

[(®(Qr w))(7) = (®(Qr ) (7)]
< Asup [(Qru)(s) — (Qru)(s)]

seR4
= A sup |u(s) —u(t)] <e.

sE[t,T]

If 7 < t, then again using Theorem 4.1.2, statement (1) and (4.4)

|(@(w))(7) = (@(u))(?)]

(@(Qru))(t) — ((Qru))(t)]
Asup |(Qru)(s) — (Quu)(s)]

seRy

IN

)\Szl[lg] u(t) — u(s)|
Mu(T) —u(t)| + A sup |u(t) — u(s)]

se[T,t]

IA

< g/2+¢/2=¢.

The following two propositions are the main results of this section.

Proposition 4.2.2 Let ¢ : Cpp (R, R) — C(R,R) be a Lipschitz continuous
hysteresis operator with Lipschitz constant A > 0. Then there exists a unique Lip-
schitz continuous extension @, : C(Ry,R) — C(R,,R) with Lipschitz constant

A. Moreover, ®. is a hysteresis operator.

Proof: By Lemma 2.1.4 we know that there exists a unique Lipschitz continuous
extension @, : C(R,,R) — C(R,,R), with Lipschitz constant A. Moreover, the
causality of @, follows easily from the causality of ®. To show rate independence,
let u € C(Ry,R) and f € T. Choose (u,) C Cpm(R4,R) such that u, = u. Then

(up) = () as n — oo,

upof S uof asn— oo, (4.5)
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and
P(uy)o f 5 P (u)of asn— o0o. (4.6)

Now (4.5) implies that

lim sup |(®(un 0 f))(t) — (Pe(uo f))(#)] = 0. (4.7)

=00 teR 4

By the rate independence of @, ®(u, o f) = ®(u,)o f for all n € Z, and therefore
(4.6) and (4.7) imply that ®.(uo f) = P.(u) o f. O

Proposition 4.2.3 Let C = Cpm(Ry,R) or € = C(R4,R) and let & : C —
C(R4,R) be a Lipschitz continuous hysteresis operator with Lipschitz constant
A>0. Then ®(AC(R,,R)NC) C AC(R;,R).

Proof: Let u € AC(R;,R)NC, e > 0and b > a > 0. Then there exists § > 0
such that

~l ™

Y

> fulbe) = ulay)] <
k=1

for every finite family of pairwise disjoint subintervals (ax,bx) C [a,b] of total

length

n

> (bp—ar) <. (4.8)

k=1

Since wu is continuous, there exists ¢ € [ay, b| such that

[uler) = wlag)] = max fu(t) - ular)].

Using the Lipschitz continuity of ® and Theorem 4.1.2; statement (1), we obtain

for any 7,75 € Ry with », > 7

[(@(u))(72) = ((w)(r)] = [(2(Qru))(72) — (P(Qr,u))(72)|

< A5 (@ u)(1) — (Q 0)()
= )\terﬂi}é} lu(t) —u(m)|. (4.9)

Now suppose that the family of intervals (ag, by) satisfies (4.8). Then

and so
n n

max |u(t) —u(ag)| = Z lu(cr) — u(ag)| < % . (4.10)

te€lak,b
k=1 [ak,br]



Using (4.9) and (4.10), we may conclude

D (@) (be) = (®(u))(ar) |<AZ max |u(t) —u(ax)| <€,

te [CLk bk]

showing that ®(u) € AC(R,,R). 0

4.3 Examples of hysteresis operators

For u € Cpm(R4, R) we define a set of partitions of R, by

P, = {(t;) CR, |ty =0,(t;) is strictly increasing, lim t,, = oo

and u is monotone on each of the intervals [t;,¢;11]} .

We now introduce some well known operators and show that they are hysteresis

operators.

Static nonlinearities

Although static nonlinearities do not describe hysteresis phenomena, we include

them here because they form a special subclass of hysteresis operators.

For ¢ € F(R,R), define the corresponding static nonlinearity by
8y F(RL,R) — F(Ry,R), ur ¢ou.

Trivially, 8, is a hysteresis operator.

Relay hysteresis

In relay (also called passive or positive) hysteresis, the relationship between input
and output is determined by two threshold values a; < ay for the input. The
output v(t) = (Re(u))(t) moves, for a given continuous input u(t), on one of two
fixed curves p; : [a1,00) — R and py : (—00,as] — R (see Figure 6), depending

on which threshold, a; or as, was last attained.

More formally, let a;,ay € R with a; < ag and let p; : [a;,00) — R and ps :
(—00, as] — R be continuous. For u € C(Ry,R) and ¢t € R, define

max S(u,t) if S(u,t) #

S(ut) =u" ({an,a2}) N[0,8], 7(u,t) = { 1 if S(u,t) = g
(
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Following Macki et al. [31], for each £ € R, we define an operator R¢ : C(R;,R) —
F(R,,R) by

p2(u(t)) ifu(t) < ai,
pi(u(t)) ifu(t) > as,
Rl _ pa(u(t)) ifu(t) € (a1, as2), 7(u,t) # —1, u(r(u,t)) = as,
(Re(w))(?) pr(u(t)) ifu(t) € (al,a2), T(u,t) # —1, u(r(u,t)) = asg,
pr(u(t)) if u(t) € (a1,a9), 7(u,t) = =1, £ > 0,
\ pa(u(t)) ifu(t) € (a1, asz), T(u,t) = -1, £ <0

(4.12)
The number ¢ plays the role of an “initial state” which determines the output
value (Re(w))(t) if u(s) € (a1, az) for all s € [0,t]. The operator R is called a

relay hysteresis operator and is illustrated in Figure 6.

Re(u)
P1

Figure 6: Relay hysteresis

To see that R¢ is a hysteresis operator in the sense of Definition 4.1.1, note
first that causality of R is immediate. To show rate independence of R, let
ue C(Ry,R),t € Ry and f € T. Then, clearly, S(uo f,t) = () if and only if
S(u, f(t)) = 0; if S(uo f,t) # 0, then it is clear that f(r(uo f,t)) = 7(u, f(t)).

Therefore we may conclude that R is rate independent.

Generalized backlash hysteresis

The backlash operator (also called play operator) has been discussed in a mathe-
matically rigorous context in a number of references, see for example [3], [4], [16]
and [39]. Intuitively, the backlash operator describes the input-output behaviour
of a simple mechanical play between two mechanical elements I and II shown in
Figure 7. The position of element I at time ¢ is denoted by wu(t). The position
v(t) of the middle point of element II at time ¢ will remain constant as long as

u(t) moves in the interior and it will change at the rate v=u as long as wu(t)
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hits the boundary of element II with a velocity which is directed outwards. We
first introduce the generalized backlash operator of which the (standard) backlash
operator is an important example. Generalized backlash (also called generalized

play) was introduced in [16].

2h

Figure 7: Schematic representation of backlash

Let 31, B2 € C(R,R) be non-decreasing, globally Lipschitz with Lipschitz constant
A > 0, and such that im 5, = im 35 and (1(v) < f2(v) for all v € R. To give a
formal definition of generalized backlash, define the function b : R? — R by

b(v, w) = max{F(v), min{Bs(v), w}}. (4.13)

Note that
b(v,w) € [1(v), B(v)], V(v,w) € R>. (4.14)

The following “semigroup property” will prove useful when deriving properties of

the generalized backlash operator.

Lemma 4.3.1 Letty > t, >0, u: [t1,ts] — R be monotone and w € [31(u(ty)),
Bo(u(ty))]. Then, for all t,T € [t1,ts] witht > T,

b(u(t), w) = bu(t), bu(r), w)).

Proof: Let ty > t; > 0, u : [t1,t2] — R be monotone and w € 31 (u(ty)), Ba(u(ty))].
Fix t,7 € [t1,t2] with ¢ > 7. We first note that w = b(u(t;),w) since w €
[B1(u(ty)), B2(u(ty))]. Without loss of generality we may assume that w is non-
decreasing and so w = b(u(ty), w) < b(u(r),w). If w = b(u(T),w), then, trivially,
b(u(t),w) = blu(t), b(u(r),w)). If w < b(u(r),w), then b(u(r), w) = F1(u(7)) and

thus w < b(u(7),w) < Fy(u(t)), since 5 and u are non-decreasing. Consequently,

b(u(t), w) = Bi(u(t)) = b(u(t), b(u(r), w)).
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For all £ € R we introduce an operator B, on Cp, (R4, R) by defining recursively
for every u € Cpm(R4, R)

b(u(0),&) fort =0,

, (4.15)
b(u(t), (Be(w))(t;)) for t; <t < tip, i€ Zy,

(Be(u))(t) = {

4

where (t;) € P,. Again, £ plays the role of an “initial state”.

Let u € Cpom(R4+,R). We now show that the definition of B¢(u) is independent
of the choice of partition. Let (¢;), (r;) € P,. Without loss of generality we may
assume that {7;} C {t;}. Define

and
u(0), &) fort =0,

), (BE(u)(m)) form <t <7, i€Zy.

Obviously (Bg(u))(0) = (BZ(u))(0). It is sufficient to show that if (B(u))(i) =
(BZ(u))(7x), then (Bi(u))(t) = (BF(u))(t) for all t € (73, Tp11]. Let us suppose
that for k € Z, (B¢(u))(me) = (BE(u))(7%). Let t € (7h, Thia] and choose j € Z,
such that ¢ € (t;,tj41]. Since {r;} C {t;}, t; > 7. If t; = 7 then, trivially,
(Be(w)(t) = (B(w))(t). 1 t; > 7, then, since (Bg(u))(7) € [B1(u()), Ba(u(r))]
forall 7 € R, (by (4.14)) and since there exists ¢ < j such that ¢; = 7, a repeated

application of Lemma 4.3.1 gives

(Be(u)(t) = b(u(t), (Be(w)(t;)) = blu(t), (Be(u))(t:)) = (Be(u))(t).

The operator B is is called the generalized backlash operator and is illustrated in

Figure 8.
Proposition 4.3.2 Let £ € R. Then

(1) Be : Com(R4,R) — F(R4,R) is a hysteresis operator;

(2) B¢ : Com(R4,R) — F(R4,R) is a Lipschitz continuous operator with Lips-
chitz constant | = X and B¢(Cpom (R4, R)) C C(R4, R);

(3) Be : Com(Ry,R) — C(R4,R) extends to a Lipschitz continuous hysteresis
operator Be : C(R,R) — C(R4,R) with Lipschitz constant | = \.

Proof: To prove that Be : Cpm(Ry,R) — F(R.,R) is a hysteresis operator,
we first note that B¢ is causal. To show that B, is rate independent, let u &
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By ——

/

Figure 8: Generalized backlash hysteresis

Com(R4,R), f € Tand let (t;) € P,y be such that f(¢;) < f(tiy1) for all i € Z,.
Then (f(¢;)) € P,. Note that (Be(uo f))(0) = (Be(uw))(f(0)) and suppose that
for some ¢ € Zy, (Be(uo f))(t;) = (Be(u))(f(t:)). To prove rate independence,
it is sufficient to show that (Be(uo f))(t) = (Be(uw))(f(2)) for all ¢t € (¢;,t;41]. To
this end let t € (¢;,%;41]. Then

(Be(uo £))(E) = b((uo f)(t), (Be(uo f))(t:))
= b(u(f(1), (Be(u)(f(t:) = (Be(w))(f(1)) . (4.16)

To show that B¢ : Com(Ry,R) — F(R4,R) is a Lipschitz continuous operator

with Lipschitz constant [ = X, note that for all vy, vo, wi, wy € R
| max{vy, ve} — max{wy, we}| < max{|v; —wy|, |ve — wsl}, (4.17)

and

| min{vy, vo} — min{wy, we}| < max{|v; — wy|, |va — ws|}. (4.18)

The above two inequalities imply that
|b(v1,v9) — b(wq, we)| < max{A|vy — ws],|ve — wol}. (4.19)

Let u,v € Com(R4,R) and (t;) € P, N P,. Fort > 0, let j € Z; be such that
t € (tj,tj41]. Then by induction using (4.15) and (4.19)

|(Be(w))(t) = (Be())(#)] [b(u(t), (Be(w))(t;)) = b(v(t), (Be(v))(L))]
max{Afu(t) = v(t)], [(Be(u))(t;) — (Be(v))(t;)]}

(
max{Alu(t) — v(t)], A max |u(t;) — v(t:)|}

IN

IA
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< Amax |u(r) —v(7)|
< Asup |u(T) —ov(7)].

TeERY

Thus B¢ is Lipschitz continuous and by Lemma 4.2.1, B¢ (Cpm (R4, R)) C C(R4, R).

Statement (3) follows from statements (1) and (2) combined with Proposition
1.2.2. .

Standard backlash hysteresis

Let h € Ry and (31,032 : R — R be given by §i1(v) = v — h and (3(v) = v + h.
The function b defined by (4.13) then becomes

b(v,w) = max{v — h,min{v + h,w}} =: by(v,w). (4.20)

By replacing b by b, on the right-hand side of (4.15), we obtain the (standard)
backlash hysteresis operator By, ¢ : Cpm(R4,R) — C(R4,R). The backlash oper-
ator By, ¢ : C(R4,R) — C(R4, R) is illustrated in Figure 9.

Bre(u)

Figure 9: Backlash hysteresis

For future reference we state the following lemma which is an immediate conse-
quence of (4.17) and (4.18).

Lemma 4.3.3 For all hy, hy € Ry and all vy, ve, wy, wy € R,

b, (01, w1) = b,y (v2, w2)| < max{|(v1 — v2) + (h2 — ha)l, [w1 — wal} .
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Elastic-plastic hysteresis

The elastic-plastic operator (also called stop operator) models the stress-strain
relationship in a one-dimensional elastic-plastic element. As long as the modulus
of the stress v is smaller than the yield stress h, the strain w is related to v
through the linear Hooke’s Law. Once the stress exceeds the yield value it remains
constant under further increasing of the strain; however, the elastic behaviour is
instantly recovered when the strain is again decreased. As we shall see, elastic-

plastic hysteresis is closely related to backlash hysteresis.

To give a formal definition of the elastic-plastic operator, define for each h € R,

the function e;, : R — R by
en(v) = min{h, max{—h,v}}. (4.21)
From (4.20) and (4.21), we see that for any v,w € R

v—">bp(v,w) = v—max{v— h,min{v+ h,w}}

= min{h, max{—h,v —w}} =e,(v —w). (4.22)

Following [4], for all h € R, and all £ € R, we introduce an operator &, ¢ on
Com(R4,R) by defining recursively for every u € Cpm(Ri, R)

en(u(0) =€) fort =0,

en(u(t) —u(t;) + (Ene(u))(t;)) fort, <t <tiy,i€Zy,
(4.23)

where (t;) € P,. As with backlash we note that the definition is independent

of the choice of partition. The operator &, ¢ is called the elastic-plastic operator

(Ene(u)(t) = {

and is illustrated in Figure 10.

It follows immediately from (4.22) that
Bhe(uw)+Epe(u) =u, VueCon(Ry,R). (4.24)
Proposition 4.3.4 Let (h,) € Ry x R. Then

(1) Epe: Com(Ry,R) — F(R4,R) is a hysteresis operator;

(2) Ene @ Com(Ry,R) — F(R4,R) is a Lipschitz continuous operator with
Lipschitz constant | = 2 and €, ¢(Com(R4,R)) C C(R4, R);

(3) Ene: Com(Ry,R) — C(R4,R) extends to a Lipschitz continuous hysteresis
operator €, ¢ : C(R4,R) — C(Ry,R) with Lipschitz constant | = 2;
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Ene(u)
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Figure 10: Elastic-plastic hysteresis

(4) Bpe(u)+ Epe(u) =u for all u € C(R4, R).

Remark 4.3.5 [ = 2 is the smallest possible Lipschitz constant for €, .. To
illustrate this, consider u,v € Cp (R4, R) defined by

t+¢ forte|0,h],
u(t) =
h+¢ fort>h,

L€ for ¢ € [0,3h/2],
v(t)=1< 3h—t+¢& forte (3h/2,5h/2],
h/2+¢  fort>5h/2.

Then supieg, |u(t) —v(t)] = h/2 and sup,eg, [(En,e(u))(t) = (Ene(v)) ()] = h. ©

Proof of Proposition 4.3.4: Statement (1) and Lipschitz continuity (with
Lipschitz constant [ = 2) in statement (2), follow from (4.24) and Proposition
4.3.2, parts (1) and (2). Then by Lemma 4.2.1, &, ¢(Com(R4+,R)) C C(R4, R).
Statement (3) follows from statements (1) and (2) combined with Proposition
4.2.2. Finally statement (4) follows from (4.24). O

Preisach Operators

All the hysteresis operators considered so far model relatively simple hysteresis
loops. The Preisach operator, introduced below, represents a far more general
type of hysteresis which for certain input functions exhibits nested loops in the

corresponding input-output graphs.
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A measure p € M(Ry) is called locally finite if |p|(S) < oo for all compact sets
S C R,, where |u| denotes the total variation of u.T In the following, let M¢(R,)
denote the set of all locally finite signed Borel measures on R, . Recall that the

Lebesgue measure on R, is denoted by pp.

We define the set of Preisach memory curves

II:={¢ € C(R4,R) [[C(h1) = C(h2)| < [h1 — ho| Vhi, by € Ry,
¢ has compact support} .

For given ¢ € II, the Preisach operator P, : C(R,R) — C(R,,R), is defined by

00 p(Bp, cny (W) (@)
(Pe(w))(t) = /0 /0 O o, 5) ds dp(h) + wo, (4.95)

where € My;(R,), w € LL (Ry X R;u® pur) and wy € R. It is clear that for

loc

fixed ¢ € II, u € C(R4,R) and t € R, the map

PRy =R, h= (Byem(uw)(t),

is in II: using Lemma 4.3.3, v is globally Lipschitz with Lipschitz constant 1,
and as a direct consequence of the definition of the backlash operator, ¢ also
has compact support. Consequently, the right-hand side of (4.25) is finite for all
u e C(RL,R) and all t € R,

The causality and rate independence of P, follow immediately from the causality
and rate independence of By,  and hence P. is a hysteresis operator in the sense
of Definition 4.1.1.

The proof of the following lemma follows immediately from [4], pp. 58-60.

Lemma 4.3.6 Let € My(R,), we Ll (Ry xR; u®@pur) and wy € R. Suppose

loc

that X == [° sup,eg [w(h, s)|d|p|(h) < co. Then for all ¢ € 11, the Preisach
operator P. : C(Ry,R) — C(R4,R), defined by (4.25), is Lipschitz continuous
with Lipschitz constant A and for u € AC(R,,R)

(Pe(w))'(2) Z/OOO w(h, (Bacny (W) () (B (w)' () du(h),  ae teRy,

where ' denotes differentiation with respect to t.

Remark 4.3.7 Let ¢ € Iland u € AC(R,,R). It is implicit in Lemma 4.3.6 that

TIf 4 € M(Ry) is locally finite, then it follows that the measure || is regular, and hence
that p is a signed Radon measure, see [11], pp. 211-222.
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for pz-almost every t € Ry, (Bpcn)(u))'(t) exists for |u|-almost every h € R..
This result is proved in [4], Lemma 2.4.8. &

As an example, we consider the operator P, obtained by setting ¢ =0, u = pp,

wo = 0 and w = 2 - Xjo,5)x[0,5]- Lhis operator is illustrated in Figure 11.

Figure 11: Example of Preisach hysteresis

If we set w = 1 and wy = 0 in the definition of the Preisach operator (i.e. (4.25)),

we obtain, the Prandtl operator
@)= | Bugan(@)Odut), Yue CRLE), VEcR., (120
0

where ¢ € IT and pu € My(R,), cf. [4], pp. 54. For example, defining the measure
p by p(E) = [4(sin(rh) + 1)x(0,10/(R)dh and setting ¢ = 0 yields the operator
illustrated below in Figure 12.

Finally, we introduce an important subclass of Prandtl operators. Let p €
LYRy,R) and p = (f;° p(h)dh) d — ppr in (4.26). Then we obtain, for ¢ € II,

@)= [ pb)Encon@)B)dh, VueCRLR), VEER,, (120
0
where we have used Proposition 4.3.4, part (4) and the fact that for all £ € R
and u € C(R,R), Boe(u) = u.

For example, setting p = xo5 and ¢ = 0 will produce the operator represented

below in Figure 13.
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Figure 13: Example of Prandtl hysteresis (4.27)

4.4 Extending hysteresis operators defined on
Com(R+, R) to spaces of piecewise continuous

functions

In this section we extend hysteresis operators defined on C,, (R4, R) to spaces of

piecewise continuous functions. This allows us to consider step inputs to hystere-
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sis operators which will prove useful in the context of sampled-data control. Let
NPC(R;,R) C PC(R,,R) denote the space of all normalised piecewise continu-
ous functions v : R, — R, that is u is piecewise continuous and is right-continuous
or left-continuous at each point ¢ € R,. In particular, if u € NPC(R,,R),
then w is right-continuous at ¢ = 0. The set of all piecewise monotone func-
tions u € NPC(R,R) is denoted by NPCy,(Ry,R), whilst NPCyS (R, R)
denotes the set of all ultimately constant v € NPC,,(R;,R). We note that
NPCyn(Ry,R) and NPCyS (R, R) both satisfy (F1) and (F2) (see beginning of
Section 4.1). For u € NPC}S (R, R), we define u(oo) := lim, o u(T).

Lemma 4.4.1 Letu € NPC(R.,R), f € T and t > 0. Define

T :{ max [ ({t}) if u(t—) = u(t),
min f~1({t}) if u(t—) # u(t).

Then (uwo f)(14) = u(t+) and (uo f)(7—) = u(t—).

Proof: Since f is continuous, non-decreasing and surjective, for all ¢ € R,
f71({t}) is a compact interval and therefore 7 is well defined. We consider two

cases.

CAse 1. Suppose that u(t—) = u(t). Then, f(7+ h) >t for all h > 0 and so
(wo f)(7+) = u(f(7)+) = u(t+). Moreover, if f~1({t}) is a singleton, we have
f(r—h) < tforall h € (0,7] and so (uo f)(7—) = u(f(7)=) = u(t—). If f7({t})
is not a singleton, we have f(r — h) = ¢ for all sufficiently small A~ > 0 and so
(wo f)(r—) = u(t) = u(t—).

CASE 2. Suppose that u(t—) # u(t). Then, since u € NPC(R,,R), it follows
that u(t+) = u(t). Adopting an argument similar to that in Case 1 yields the

claim. O

We define the map p : NPCS (R, R) — F"(Zy,R) by
p(u) = (u(to), u(ti—), u(t1+), u(ta—), ..., u(tm—), u(tm+), u(co), u(co),...),

where 0 = tg < t; < ... < t,,, is the standard monotonicity partition of u. Let
7 > 0. We define the prolongation operator P; : F(Z;,R) — Com(Ry,R) by
letting Pyu be the linear interpolant for the values (P.u)(i7) = u(i). Moreover,

we introduce the operator
R:NPCu (R, R) — F*(Zy,R), u— R((Prop)(u)).

The function u, shown in Figure 14, is a normalized piecewise continuous function
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Figure 14: Example of a function in NPC}5 (R4, R)

which is piecewise monotone and ultimately constant, so u € NPCS (R, R). It

has standard monotonicity partition 0 = tg < t; < ty < t3 < t4,

p(u) - (UOa Uz, Ug, Ug, Ug, Us, U3, U7, U2, U1, U1, U1, - - ) )

and

R(U) = (UO, U7, Uyg, U5, U3, U7, U1, U1, U, - - ) .

Clearly, for any 7 > 0
RoP.oR=R, (4.28)

and using (4.28) it is easy to show that Ro P.o R = R.

Lemma 4.4.2 R is an extension of R, the definition of R does not depend upon
the choice of T > 0 and

R(uo f)=R(u), YueNPCX (R, R), VfeT. (4.29)

Proof: Let u € C¢ (R4, R), then, since u(t4) = u(t—) for all £ > 0,

R(u) = R((Pr o p)(u)) = R(u),

showing that R is an extension of R. Let 7,7 > 0 and u € NPCys (Ry,R).
Clearly, R((Pr,op)(u)) = R((Pr,0op)(u)), from which it follows that the definition
of R does not depend upon the choice of 7 > 0.

Finally, let v € NPC (R, R), f € Tand let 0 =5 < t; < ... <, be the
standard monotonicity partition of u. Define 7 := 0 and fori =1,...,m

(tl) )

min fH({t;}) if u(ti—) # u(t) -
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Then 0 =19 < 7 <...< Ty is the standard monotonicity partition of v o f and
by Lemma 4.4.1, (uo f)(m£) = u(t;£) for i = 0,1, ..., m. Hence, p(u) = p(uo f)
and therefore, R(u) = R(u o f), showing that (4.29) holds. O

For any rate independent ¢ : ¢ (Ry,R) — R we define

¢: NPCH (R, R) =R, ur o((ProR)(u)), (4.30)

where 7 > 0. We show that the definition of ¢ does not depend on 7. To this
end, let 71,7 > 0 and u € NPC}; (R, R). Then, clearly there exists f € T such
that (P,, o R)(u) = (P, o R)(u) o f and therefore by the rate independence of ¢

p((Pr, 0 R)(u)) = @((Pr, 0 R)(u)).

Lemma 4.4.3 Let ¢ : C35 (R, R) — R be rate independent and define ¢ by
(4.30). Then

(1) ¢ is an extension of v, i.e.
Pu) = p(u), Vue Cp (R, R);
(2) for any T >0
B(u) = ¢((Prop)w), Yue NPCE(R.,R):

(3) for u,v € NPCy (R, R)

(4) ¢ is rate independent, i.e.

Puo f)=¢(u), VYue NPCL(R,R), VfeT.

Proof: Let 7 > 0 and u € C5 (R, R). Clearly, R(u) = R((P: o R)(u)), and so
using Lemma 4.1.4, there exist f,g € T such that uwo f = (P, o R)(u) o g. Thus

the rate independence of ¢ in combination with Lemma 4.4.2 gives

P(u) = p((Pr o R)(u)) = o((Pro R)(u) o g) = p(uo f) = ¢(u),

which is statement (1). To prove statement (2), let v € NPCS (R, R). By
definition R(u) = R((P; o p)(u)) and therefore,

(Pro R)(u) = P-(R((Pr o p)(u))).
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Thus, invoking (4.28)
R((P: o R)(u)) = R(P(R((Pr 0 p)(u)))) = R((Pr 0 p)(u)),

and so using the rate independence of ¢ and Lemma 4.1.4

P(u) = o((Pr o R)(u)) = ¢((Pr o p)(u)).

For statement (3), let u,v € NPC}S (Ry,R). Suppose that R(u) = R(v); then by
the definition of R, R((P;op)(u)) = R((P,op)(v)). Since (P,op)(u), (Prop)(v) €
Cre (R, R) it follows from an application of Lemma 4.1.4, the rate independence
of ¢ and statement (2) that

P(u) = o((Prop)(u)) = ¢((Prop)(v)) = ¢(v).
Statement (4) follows immediately from (4.29) and statement (3). O
Definition 4.4.4 For a hysteresis operator ¢ : Cpp (R4, R) — F(R,,R) define
®: NPCon (R, R) — F(R,,R),

by setting
(P(w))(t) = p(Qiu), VteRy, (4.31)

where ¢ is the representing functional of ® and ¢ is the extension of ¢ to
NPC (R, R) given by (4.30). &

Theorem 4.4.5 Let ¢ : Cpu(Ry,R) — F(R,,R) be a hysteresis operator and
let ® : NPCyn(Ry,R) — F(Ry,R) be defined by (4.31). Then

(1) ® is an extension of ®;
(2) ® is a hysteresis operator with representing functional O,

(3) for u,v € NPCp(Ry,R) and t € Ry
R(Qiu) = R(Qv) = (2(u)(t) = (2(v))(1);
(4) ®(8") C 8" and ®(ST) C 8.

Proof: Statement (1) is clear since ¢ is an extension of ¢ and thus ® is an
extension of ®. By Lemma 4.4.3, part (4), @ is rate independent. Therefore, by

Theorem 4.1.2, ® is a hysteresis operator with representing functional @, showing
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that statement (2) holds. Statement (3) follows from the definition of ® and
Lemma 4.4.3, part (3). Since 87 C 8" C NPCpy, (R4, R), statement (4) follows
from statement (2) combined with Corollary 4.1.3. O

In the following we define continuous, piecewise monotone “approximations” uy,
Uy, us, . .. of a given function u € NPC}; (R, R) such that ®(uy) “approximates”
&D(u) as k — o0o0. Let 0 <73 <7 <...<T, denote the points of discontinuity of
u and set 7y := 0. For each k € Z, define

L in (r— ). (4.32)

%::kr+2é5@

For each k € Z,, define an operator C}, : NPC}S (R, R) — Cf (R, R) by
setting:

(1) if t € [1; — ey, 7j) and w is right-continuous at 7;, then

linear interpolant of u(7; — ex) and u(7;—), t € [1; — ek, 77 — €x/2],
(Chlw)(#) = { j ; 5= ek

linear interpolant of u(7;—) and u(7;), telr—er/2,75);
(2) it t € (15,7 + €x) and u is left-continuous at 7;, then

() () linear interpolant of u(7;) and u(r;+), t e (15,7 +er/2],

u =

* linear interpolant of u(7;4) and w(7; +¢x), t € [1j + €x/2, 7j + €k
(3) (Cr(u))(t) = u(t) otherwise

(see Figure 15 for an illustration).

Figure 15: Example of a function v € NPC}S (R, R) and its approximation
Ci(u)

Lemma 4.4.6 Let u € NPCS (R, ,R). Then
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(1) for anyt € Ry, there exists | > 0 such that

R(Q;u) = R(Q; Cy(u)), Vk=>1I;

(2) for any ty > t; > 0, if u is continuous on [t1,ts], then there exists | > 0
such that

R(Q,u) = R(Q,C(u)), Vseltt)], Yk>I.

Proof: Let u € NPC}S (R, R), let 0 <7 <7 < ... <7, denote the points of
discontinuity of v and let 0 =ty < t; < ... < t,,, be the standard monotonicity
partition of u. Define ¢ by (4.32).

For statement (1), let t € Ry and choose [ > 0 such that
g <min{lt, — 7| [1<i<m,1<j<nt #7},

and
g <min{|t — 7| |1 <j<n,t#T}.

Then R(Qqu) = R(Q, Ci(u)) for all k > 1.

To prove statement (2), let to > ¢; > 0 be such that u is continuous on [t, t5].

Hence, there exists [; > 0 such that
Cr(w)|jt1,10] = Ulprte], VE =1 (4.33)
Moreover, by statement (1), there exists ls > 0 such that
R(Qi u) = R(Qq, Ci(u)), Vk=>1lp. (4.34)

Hence, by (4.33) and (4.34) statement (2) holds for | := max(ly,l5). O
For u € NPCp(Ry,R), t > 0 and ¢ > 0, we define

Jo(u,t) :=UL (1, —e,7i+¢) and d(u,t):= min (1,11 —7)/2,

1<i<n—1
where 0 < 7y < 7 < ... < 7, denote the points of discontinuity of Q; u.

Proposition 4.4.7 Let & : C,p, (R4, R) — F(R,,R) be a hysteresis operator and
u € NPCy (R4, R). Then

(1) for allt € Ry, there exists | > 0 such that
(P())(t) = (P(CH(Quu)))(t), Yk >1;
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(2) if for ts > to > t; > 0, u is continuous on [t1,ts], then there exists | > 0
such that

(D()(s) = (P(CL(Qu))(5), Vs € [t,bo], V=1
(3) for allt € Ry and all € € (0,d(u,t)), there exists | > 0 such that

(®(u)(s) = (2(Cu(Quu)))(s). Vs €[0,0)\ J(ut), YVk=I.

Proof: Let ® : Cpn(Ry,R) — F(R;,R) be a hysteresis operator and u €
NPC,m(R,R). Statement (1) follows from Theorem 4.4.5 and Lemma 4.4.6,
part (1), and statement (2) follows from Theorem 4.4.5 and Lemma 4.4.6, part (2).
For statement (3), lett € Ry, e € (0,d(u,t)) andlet 0 < 7 < 7 < ... < 7, denote
the points of discontinuity of Q;u. Clearly u is continuous on [1; +¢, 7,41 — ¢ for
1 < i < n—1. Therefore by statement (2) and the causality of ®, there exists
[; >0such that for 1 <i<n-1

(D(w))(s) = (P(CL(Quu)))(s), Vs €[n+emm—e, Ykl

To conclude the proof, we distinguish between two cases: 7,+¢ < t and 7,,+¢ > t.

If 7,, + € < t, then u is continuous on [7,, + ¢, ] and therefore again by statement
(2), there exists , > 0 such that

(2(w)(s) = (2(Ch(Qiu))(s), Vs €lmted, Ykl

If 7,, + & > t, then set [, := 0.
In both cases define [ := max;<;<, [; and statement (3) then follows. O

The following example shows that ®, defined by (4.31), is not the unique hysteresis
operator extending a given hysteresis operator ® : Cp,(Ri, R) — F(Ry,R) to
NPC,m(R4, R).

Example 4.4.8 Define Z, : NPC,,(R4,R) — F(R4,R) by
0 ift=0,

(Ze)® =93 S (ulr) —u(r—)) ift>0.

0<r<t

Clearly, Z, is a causal extension of the trivial operator

Z:Com(R,R) — F(Ry,R), uw—0.
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We show that Z, is rate independent. Let u € NPC(Ry,R), f €T, ¢t >0 and
let 0 <t; <...<ty < f(t) be the points at which Q) u is not left-continuous.
Define, for i = 1,...,m, 7; := min f~}({t;}). Then 0 <7y < ... <7, <t are the
points at which Q; (uo f) is not left-continuous. By Lemma 4.4.1, (uvo f)(r,—) =
u(t;—) for i =1,...,m, and thus

(Ze()(F®) = Y (ulr) —u(r=))

= Z(u(ti) —u(ti—))

= D ((wof)(n) —(uo f)(r-))

i=1

= 3 (wo H)r) — (wo fi7-))

0<r<t

= (Ze(uo f))(t),

showing that Z. is rate independent. Therefore Z, is a hysteresis operator, but
Z, # Z = 0. Tt follows that if ® : C,n(R,R) — F(Ry,R) is a hysteresis
operator, then ® + Z., as well as @, are hysteresis operators which extend ® to
NPC,m(R4, R). &

The following corollary says that, given a hysteresis operator ® : Cpp (R4, R) —
F(R,,R), then ® is the unique operator extending ® to N PC,m(R4,R) and
satisfying statement (3) of Theorem 4.4.5.

Corollary 4.4.9 Let @ : Cpi (R4, R) — F(R4,R) be a hysteresis operator. Sup-
pose that O, is an extension of ® to NPCpw (R4, R). If for allu,v € NPCpn(R4,R)
and all t € R

RQuu) = R(Quv) = (De(w))(t) = (Dc(0))(t), (4.35)
then ®, = ®.

Proof: Let ® : C,n(R4,R) — F(R4,R) be a hysteresis operator, ®. be an
extension of ® to NPCp, (R, R) satisfying (4.35), let v € NPCpn(Ry,R) and
t € R,. By Lemma 4.4.6, part (1), for all sufficiently large k, we have

R(Q:u) = R(Q: Cr(Qw)) .

Hence, by (4.35), for all sufficiently large k

(Pe(u))(t) = (Pe(Cr(Qru)))(t) = (P(Cr(Qru)))(t) .-
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It follows from Proposition 4.4.7, part (1), that (®.(u))(t) = (®(u))(t). O

Corollary 4.4.10 Let ® : Cpn(Ry,R) — F(R4,R) be a hysteresis operator.
Assume that ©(Cpm (R4, R)) C C(R4,R). Then

®(NPCyn(R.,R)) € NPC(R,,R),

and for u € NPCyn(R4,R), right-continuity of w at t > 0 (respectively, left-
continuity at t > 0) implies right-continuity of ®(u) at t > 0 (respectively, left-
continuity at t > 0).

Proof: Let & : Con(R4,R) — F(R4,R) be a hysteresis operator and assume
that ®(Com (R4, R)) € C(R,R). Let u € NPCp,(R4,R). We proceed in four
steps.

STEP 1. Let us suppose that w is right-continuous at ¢ > 0, then there exists
T > t such that w is continuous on [t, 7]. So by Proposition 4.4.7, part (2), there
exist [ > 0 such that

(@(w)(s) = (2(Ch(Q- w)))(s), Vselt7], Yhk=>L.

Since by assumption ®(Cpm(Ry,R)) C C(R4+,R), (Cr(Qru)) is a continuous

function and so ®(u) is right-continuous at t.

STEP 2. Similarly, if u is left-continuous at ¢ > 0, then it is easy to show that

®(u) is left-continuous at t.

STEP 3. Assume that u is left-continuous at ¢ > 0. We now show that the right
limit lim,,(®(u))(s) exists and is finite. To this end, define w = u on Ry \ {t}
and w(t) = lim,; u(s). Thus w is right-continuous at t. Now R(Q,u) = R(Q, w)

for all 7 € Ry \ {t} and therefore by Theorem 4.4.5, part (3), ®(u) = ®(w) on
R, \ {t}. Thus

lim(®(w))(s) = Lim(®(w))(s) = (2(w))(1),

slt slt

since ®(w) is right-continuous at ¢ by Step 1.

STEP 4. Similarly, if u is right-continuous at ¢ > 0, then it is easy to show that

the left limit limg (P (u))(s) exists and is finite. O

We end this section by considering the extension of the standard backlash (or

play) operator introduced in the previous section.

Example 4.4.11 By Theorem 4.4.5, the extension @h,g, given by (4.31), of By, ¢
to NPCpm(R4,R) is a hysteresis operator. By Corollary 4.4.10, we know that
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By e(NPCom(Ry,R)) € NPC(R4,R). Tt is shown in the Appendices (see Ap-

pendix 4) that @h,g can be written recursively as

bh(u(O),SE fort =0,
. ) bu(t), (B e(w)(0) for 0 <t <t
(Bre(w)(t) = b (u(ts), (B e(w))(t;i—) fort =t;, i€ N,
b (u(t), b (u(t+), (Bre(u)(ti—))) fort; <t <tu,i€N,

(4.36)
where 0 = {5 < t; < t9 < ... is such that lim,,_, . t, = oo and u is monotone on

each interval (¢;,t;11). &

4.5 Discrete-time hysteresis operators and dis-
cretizations of continuous-time hysteresis op-
erators

We call a function f : Z, — Z, a (discrete-time) time transformation if f

is surjective and non-decreasing. We denote the set of all discrete-time time

transformations f : Z, — Z, by T¢ For each k € Z,, we define a (discrete-
time) projection operator Q¢ : F(Z,,R) — F(Z,,R) by

u(n) forn € [0,k]NZ;,

(Qu)(m) = { (k) form € Zy \ [0,k].

We call an operator @ : F(Z,,R) — F(Z4,R) causal if for all u,v € F(Z;,R)
and all k € Z,; with u(n) = v(n) for all n € [0, k]NZ. it follows that (®(u))(n) =
(®(v))(n) for all n € [0, k] NZ,. An operator ¢ : F(Z,,R) — F(Z,,R) is called

rate independent if
(®(uo f))(n) = (®(u)(f(n)), YueF(Zi,R), VfeT' Vnel,.

Definition 4.5.1 An operator ® : F(Z,,R) — F(Z,,R) is called a (discrete-

time) hysteresis operator if ® is causal and rate independent. &

Recall that F"¢(Z,,R) denotes the set of all ultimately constant u € F(Z,R).
A functional ¢ : F"(Z,,R) — R is called rate independent if

p(uof) =), YueF"(Zy,R), VfeT

The proof of the following theorem is analogous to the proof of Theorem 4.1.2

and is therefore omitted.
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Theorem 4.5.2 [f®: F(Z,,R) — F(Z4,R) is a hysteresis operator, then

(1) for allu € F(Z4+,R) and all k € Z
(@(Qiw))(n) = (2(w))(k), Vn=>k;
(2) the functional

o: F*Z.,R) =R, wur~ lim (®(u))(n), (4.37)

n—oo

1s rate independent and satisfies

(@(u)(n) = p(Qlu), Yuec F(Z,,R), VYneZ,. (4.38)

Conversely, if ¢ : F'(Z,,R) — R is a rate independent functional, then ® :
F(Zy,R) — F(Zy,R) given by (4.38) is a hysteresis operator and satisfies

lim (®(u))(n) = (u), Vue F'(Zy,R).

n—oo

For a hysteresis operator ® : F(Z,R) — F(Z,,R), we call the rate independent
functional ¢ : F"(Z,,R) — R defined by (4.37) the representing functional of ®.

Let 7 > 0. The hold operator H, : F(Z4,R) — 8 is defined by
(Hou)(nt+t) =u(n), VueF(Z,,R), VneZ,, Vtel0,T1),
and the sampling operator S; : F(Ry,R) — F(Z,,R) by
(S;u)(n) =u(nt), Yue F(R,R), VneZ,.

Definition 4.5.3 For a continuous-time hysteresis operator @ : Cp (R4, R) —
F(R.,R) define & : F(Z,,R) — F(Z,,R) by

=S, 0 H,, (4.39)
where ® is the extension of ® to NPCyy (R4, R) defined in (4.31). &

The definition of ®? is independent of the choice of 7 due to the rate independence
of @.

Proposition 4.5.4 Let @ : Cp(R,R) — F(R,R) be a continuous-time hys-
teresis operator. Then ®% : F(Z,,R) — F(Z,R), defined by (4.39), is a

discrete-time hysteresis operator.
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Proof: It is clear that ®¢ is causal. It remains to show that ®? is rate in-
dependent. Let u € F(Z.,R) and f € T then f¢ := 7P,(f) € T and
(H,;u) o f¢= H,(uo f). Hence using the rate independence of ®,

(@ (uo f))(n) = (R(H-(uo f)(n) = (B((Hu)o [))(nT)
b(

showing that ®? is rate independent. O

Definition 4.5.5 Let T =Z,,R, and F C F(T,R), F # 0); then the numerical
value set of an operator ¥ : F — F(T,R), NVS U is defined by

NVS© = {(U(w))(t)|ue F, t € T}. (4.40)
&

The following proposition shows that for a continuous-time hysteresis operator ¢
defined on C,,,(R,,R), the numerical value sets of ® and ®? (defined by (4.39))
coincide. This result is important in the context of sampled-data low-gain control
of systems subject to input hysteresis (see Chapter 8), but is also of some interest

in its own right.

Proposition 4.5.6 Let @ : Cp(Ry,R) — F(R,R) be a continuous-time hys-
teresis operator and let ®¢ : F(Z,,R) — F(Z,,R) be defined by (4.39). Then

(CI)d(u))(n) = (®(Pru))(nt), VueF(Zy,R), VneZ,, (4.41)
and NVS &% = NVS .

Proof: Let u € F(Z,,R) and n € Z,. We note that R(Q,, H, u) = R(Q,, P; u)
and so by Theorem 4.4.5, parts (1) and (3)

(@%(u))(n) = (P(H: w))(nT) = (P(Pr w))(nT).

To prove that NVS ®¢ = NVS @, note first, that by (4.41), NVS®¢ c NVS®. To
show the reverse inclusion, let a € NVS ®. Then there exist v € Cpp (R4, R) and
t € Ry such that a = (®(v))(t). Set w:= Qv € C}5 (R, R). Clearly

Qurw=w, Yk>t/T.
Moreover, (P; o R)(w) € Cp¢ (R, R) and so there exists ko > 0 such that

Qir((Pr o R)(w)) = (Pro R)(w), Yk > k.
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For k > max(ko,t/7) =: k1 we then have
(Pr o R)(Qur w) = (Pr o R)(w) = Qi (P 0 R)(w)) . (4.42)

Let ¢ be the representing functional of ®, then for k > £,

a = (2(w))(t) = (2(w))(kT) = ¢(Qur w) = G(Qur w) = V(P 0 B)(Qr w))
(4.43)
where we have used Theorem 4.1.2; statements (1) and (2) and the fact that ¢ is
an extension of ¢. Combining Theorem 4.1.2, statement (2), (4.41), (4.42) and
(4.43), we obtain for any k > ky

a=@(Qur (P, o R)(w)) = (B((P, o R)(w)))(k7) = (P4(Rw))(k) € NVS ®? .

We finally look at the discretization of the (standard) backlash operator.

Example 4.5.7 Let h € R, and £ € R. Let By ¢ : C(R4+,R) — C(R4,R) be
the (standard) backlash operator defined by (4.15), where b is given by (4.20).
We consider the discretization Byl , : F(Zy,R) — F(Zy,R) given by Bf . =
Sy Bh, e Hy, where By, ¢ is the extension of B, ¢ to NPCpp, (R4, R) given by (4.31).
Using (4.41), we see that for all u € F(Z;,R), B} .(u) can be expressed recur-

sively as
J ) bu(u(0),€) forn =0,
(Bie(w)n) = { bu(u(n), (BY ((u))(n—1)) forn €N, (4.44)
where by, : R? — R is given by (4.20). &

4.6 Notes and references

In Section 4.1, our treatment of hysteresis operators is strongly influenced by
chapter 2 in the book [4] by Brokate and Sprekels. Most of the results in this
section can be found in a somewhat different and less general form in chapter 2 of
[4] though not always with proof. In contrast to most of the literature (see [4] and
[39]), where hysteresis operators act on functions with a finite time horizon, we
have considered hysteresis operators acting on functions defined on the infinite
interval, [0,00). The results of Section 4.2 are new. The models of hysteresis
presented in Section 4.3 are all well known: specifically relay hysteresis can be

found in [31]; generalized backlash in [16]; elastic-plastic in [4]; and Preisach in [4].
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It should be noted though that we have proved some results for the generalized
backlash and elastic-plastic operators which are not proved in [16] or [4] (in
particular the proofs that the definitions of B¢(u) and &€, ¢(u) are independent
of the choice of partition (¢;) € P,). Sections 4.4 and 4.5 consist of entirely new
material, and form the basis of [20] by Logemann and Mawby. The extension
introduced in Section 4.4 and the discretization introduced in Section 4.5 were
motivated by our interest in sampled-data control of systems with hysteresis
effects. However, we believe that the results of Sections 4.4 and 4.5 are of interest
in their own right and therefore many of the results (such as Proposition 4.4.7
and Corollary 4.4.10) are more general than is needed in Chapter 8 where we

consider sampled-data control of systems with hysteresis effects.
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Chapter 5

Classes of hysteresis operators

5.1 Classes of continuous-time hysteresis oper-

ators

Let v € C(Ry,R). The function wu is called wltimately non-decreasing if there
exists 7' € Ry such that u is non-decreasing on [T, 00); u is said to be approz-
imately ultimately non-decreasing, if for all ¢ > 0, there exists an ultimately

non-decreasing function v € C(R;,R) such that

sup |u(t) —v(t)] <e.
teRy

For the rest of this chapter let € = Cpn(R4,R) or € = C(R4,R). For a € Ry,
define €, := {flj,a|f € €}. For « € Ry, w € €, and §;,0, > 0, we define
C(w; 1, 92) to be the set of all u € € such that

u(t) =w(t), Vtel0,q] and lu(t) —w(a)| < 6, Vt e |a,a+ .
We introduce seven assumptions on the nonlinear operator ® : ¢ — C(R,R):

(C1) @ is a hysteresis operator;

(C2) there exists A > 0 such that for all @« € Ry and all w € C,, there exist
numbers dy, d2 > 0 such that for all u,v € C(w; dy, d2)

sup |(@(w))(t) = (@) <A sup Ju(t) —v(t)];

te[a,a+02) te[a,a+02]

(C3) B(AC(R,,R)NC) C AC(R.,R);
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(C4) @ is monotone in the sense that for all u € AC(R,R) N C with ®(u) €

AC(R-H R)u
d

E(@(u))(t) u(t) >0, ae teR,;
(C5) if u € € is approximately ultimately non-decreasing and lim; .o, u(t) =
oo, then (®(u))(t) and (®(—wu))(t) converge to sup NVS ® and inf NVS &,

respectively, as t — oo;

(C6) if, for u € C, L := limy_o(P(u))(t) exists with L € int NVS®, then u is
bounded.

If €= C(R,,R), then we introduce an additional assumption:
(C7) for all a > 0 and all u € C([0,a),R), there exist a, 3 > 0 such that

sup [(®(u))(t)| < a+ B sup |u(t)], V7e0a). (5.1)

tel0,7] tel0,7]

Strictly speaking, to make sense of (5.1), we have to give meaning to (®(u))(t),
t € [0,a), when u is a continuous function defined on a finite interval [0, a). This
is done by defining (®(u))(t) = (®(Qsu))(t) for all t € [0, a).

Remark 5.1.1 (1) Assumptions (C1), (C2) and (C7) ensure existence and unique-
ness of solutions on R to the continuous-time nonlinear closed-loop system (3.14)

(see Corollary 3.2.4, noting that (C2) and (C7) and the assumptions (A1) and

(A2), in Section 3.2, are identical).

(2) Occasionally we refer to (C2) as a weak Lipschitz condition and any number

[ > 0 such that (C2) holds for A = [, we call a weak Lipschitz constant of ®.

(3) If (C1) and (C5) hold, then the numerical value set of ®, NVS ® (defined in

(4.40)), is an interval. <&

We shall show in the following section that the assumptions (C1)—(C7) are sat-
isfied by a large class of hysteresis operators. Some of the implications of the

assumptions (C1)—(C3) are described in the following lemma.

Lemma 5.1.2 Let C = Cppy (R4, R) or € = C(R4,R). For an operator ® : C —
C(R4,R) the following statements hold:

(1) if ® satisfies (C1) and (C2), then for alluw € C and all o« € R, there exists
§ > 0 such that for all t € [o, o + 6]

|(@(w))(t) = (@(u)) ()] < A sup fu(7) —u(@)]; (5.2)

TE[a,t]
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(2) if ® satisfies (C1)-(C3), then for all u € AC(R.,R)NC

d
GO0 <Ml ViR B, (5.3
where X is a weak Lipschitz constant of ® and E, is the set of all t € R

such that u or ®(u) is not differentiable at t.

Proof: To prove statement (1), let v € € and a € Ry and define w € €, by
w(t) = u(t) for all t € [0,a]. By (C2), there exist numbers ¢, > 0 such that
for all vy, ve € C(w; dy, d2)

sup  [(@(v1)) (1) = (B(v2))(O)] <A sup oi(t) — va(t)]

te|a,a+d2] te[a,a+02]

By continuity of u, there exists § € (0,d2) such that Quu € C(w;dy,dz) for all
t € [a, a + 0]. Thus, using, we may conclude that for ¢ € [a, o + ]

[(@(w)(t) = (2(u))(@)] < sup [(®(u))(7) — (®(u))(a)]

TE[a,t]
= sw [(2(Qeu))(T) — (2(Qau))(T)|
< A S [(Qeu)(7) — (Qau)(7)]

= A sup |u(7) — u(e)],
TE[at]

which is (5.2).

To prove statement (2), let u € AC(R,,R)NC. Let E, be the set of all t € R,
such that u or ®(u) is not differentiable at t. By (C3), E, is of measure zero.
Using statement (1), we obtain for all t € R, \ E,

d o (@) +e) = () ()]
S| - )
< Alim SUDrclt t+e] [u(r) —u(?)]
el0 £
o [ su u(T) — u(t) i
< M;w (m(tﬁa] — ‘ ) Alu(t)],
which is (5.3). O

Let @ : € — C(R4, R) satisty (C1)-(C4) and u € AC(R,,R). We define E(®, u)
to be the set of all t € R, such that u or ®(u) is not differentiable at ¢ and
F(®,u) :={t € Ry \ E,|u(t) = 0}. By (C3), E(P,u) is of measure zero. For
convenience we define G(®,u) := E(®,u) U F(P,u).
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Definition 5.1.3 Let C = C,,, (R4, R) or € = C(R4,R), @ : € — C(R4, R) sat-
isfy (C1)—(C4) and A be a weak Lipschitz constant of ®. Define &Y : AC(R,,R) —
F(R,,R) by

(@(u))(®)/u(t) ift e R\ G(P,u),
if t € G(P,u).

t

>~ e

(@7 (u))(t) = {
o

By construction, for each u € AC(R,,R), the function ®¥(u) is measurable and
by (C3), (C4) and (5.3)

(@Y(u))(t) € [0,\], Yue AC(R,,R), ae teR,.

By (5.3), for t € R, and u € AC(R4,R), we have that a(t) = 0 implies
(®(u))'(t) = 0. Therefore, for u € AC(R4,R)

%(q)(U))(t) = (®"(w)(B)a(t), VteR\E(Qu). (5.4)

The following remark will prove useful later in the chapter (see proofs of Propo-
sition 5.2.13 and Proposition 5.2.17).

Remark 5.1.4 Consider the following assumption which is slightly stronger than
assumption (C4):

(C4') @ is monotone in the sense that for all u € AC(R,,R) N € with ®(u) €
AC(R-H R)J

q
dt

(@) () alt) >0, VteR,\ E® u).
If @ : € — C(R,,R) satisfies (C1)-(C3) and (C4’), then,

(@Y (u)(t) €[0,N], Yue AC(R,,R), VteR,.
&

We are now in the position to define the classes of nonlinear operators we will be
considering in the context of the low-gain control problems in Chapters 6, 8 and
9.

Definition 5.1.5 Let A > 0. The set of all operators ® : C(R,,R) — C(R,,R)
satisfying (C1)—(C7) with € = C(R,,R) and having weak Lipschitz constant
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A is denoted by N, (A). The set of all operators ® : Cpm(Ry,R) — C(R4,R)
satisfying (C1)—(C6) with € = Cpm (R4, R) and having weak Lipschitz constant
A is denoted by Nyg (A). <&

Remark 5.1.6 (1) The class N, () contains operators for which the continuous-
time low-gain integral control results of Chapters 6 and 9 hold.
(2) The class Ngq () contains operators for which the sample-data low-gain con-
trol results of Chapters 8 and 9 hold.
(3) (C7) is only required for the existence of solutions on R, of the continuous-
time closed-loop system (3.14) (see Corollary 3.2.4), but not for the sampled-data
results in Chapter 8.

&

The following lemma will be needed in Section 5.3.

Lemma 5.1.7 Let ® € Ny (A); then for every u € AC(R4,R)NCom (R4, R) and
to >t > 0, there exists a constant n € [0, \] such that

u affine linear on [t,ts] = (P(u))(t2) — (P(u))(t1) = n(u(ts) — u(ty)).

Proof: Let ® € Ny (A), v € AC(Ry,R) N Cpm(R4,R) and ¢ > t; > 0 and

assume that u is affine linear on [tq,?;]. By (5.4),

(®(w))(t2) = (®(u))(tr) = /t (@ () () dt. (5.5)
Since w is affine linear on [t1, t5], & = (u(ta) —u(t1))/(t2—t1) on (¢1,t3). Combining
this with (5.5) gives

(@(w))(ta) — (D) (1) = L2 =) | @ )@= nu(e) - uie),

t2 - tl t1

where n = —— [2(®V(u))(t) dt € [0, A]. O

to—t1 Jt1

Lemma 5.1.8 If & : C(Ry,R) — C(R4,R) is a Lipschitz continuous hysteresis
operator with Lipschitz constant | > 0, then assumptions (C1), (C2) (with weak
Lipschitz constant A =1), (C3) and (C7) hold.

Proof: Let ® : C(R;,R) — C(R,;,R) be Lipschitz continuous hysteresis op-

erator with Lipschitz constant [ > 0. Obviously (C1) holds. By causality and
Lipschitz continuity (with Lipschitz constant [), it is clear that (C2) holds with
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weak Lipschitz constant A = [. The fact that (C3) holds follows from Proposi-
tion 4.2.3. Finally, we show that (C7) is satisfied. To this end let a > 0 and
u € C([0,a),R), then by Lipschitz continuity

sup [(2(Q; u))(t) — ((0)) ()] < Lsup [(Qr u)(?)], VT €0,a).

teR 4 teR 4

Therefore, by Theorem 4.1.2, statement (1)

sup |(@(w))(1)] < 1 sup Ju(t)] + [(@0)(O)], V7 e0,a).

te[0,7] t€[0,7]

showing that (C7) is satisfied with a = ($(0))(0) and § = [. O

Consider the following assumption which is slightly weaker than assumption (C5):

(C5') For any ultimately non-decreasing u € C'(R,,R) with lim; . u(t) = 0o

lim (®(u))(t) =supNVS®  and  lim (P(—u))(t) = inf NVS .

t—o00 t—o0

For future reference we state the following lemma.

Lemma 5.1.9 Let & : C(R.,R) — C(R,,R) be Lipschitz continuous. If ®
satisfies (C9' ), then ® satisfies (C5).

Proof: Let u € C(Ry,R) be approximately ultimately non-decreasing and such
that lim; ., u(t) = co. Then there exists a sequence of ultimately non-decreasing
functions (u,) C C(R,,R) such that u, — u asn — oo. By (C5'), for alln € Z,,
(®(un))(t) and (P(—u,))(t) converge to sup NVS & and inf NVS &, respectively,
as t — oo and therefore by Lipschitz continuity of ®, (®(u))(t) and (®(—u))(t)
converge to sup NVS @ and inf NVS @, respectively, as t — oc. O

We end this section by defining the notion of critical numerical value for an
operator ¢ : € — C(R,,R).

Definition 5.1.10 Let ¢ = C,n(R4,R) or € = C(R4,R) and let & : C —
C(R4,R) be an element of either N4 (A) or N.(A). We call &* € NVS® a
critical numerical value of ® if there exists a bounded u € AC(R,R) N €, with
limy oo (®(u))(t) = ®* and such that for all 7 > 0 and all ¢ > 0, pp{t >
T|(®V(u))(t) <e} > 0. &

The above definition of critical numerical value might seem artificial but it is
closely related to the concept of a critical value of a function, as we shall show in

Section 5.2 (see subsection on static nonlinearities).
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Proposition 5.1.11 Let € = Cpp(R1,R) or € = C(R4,R) and let & : € —
C(R4,R) be an element of either Nyq () or N (A). If @* € NVS &\ int (NVS @),

then ®* is a critical numerical value of ®.

Proof: If ®* € NVS® \ int (NVS®) # (), then there exists v € AC(R;,R)NC
and 7 > 0, such that (®(v))(7) = ®*. Without loss of generality we suppose that
¢* = sup(NVS ®). Define u € AC(R4,R) N € by setting v = v on [0, 7] and
u(t) =v(r)+1/7 — 1/t for t > 7. Since ¥ satisfies assumptions (C3) and (C4),
(®(u))(t) = ®* for all ¢ € [r, 00) and therefore, £ (®(u))(t) = 0 for all ¢ € (7, 00).
So (®Y(u))(t) = 0 for all t € (7,00) and thus ®* is a critical numerical value of

. O

5.2 Hysteresis operators contained in N, ()\) and

Nsq (A)

In this section we consider various hysteresis operators first introduced in Section
4.3, and we show that under certain extra assumptions these operators are con-
tained in N, (A) (and thus in Ng; (N)). Additionally, for certain ® € N, (), we
identify subsets of NVS ® which contain no critical numerical values of ®.
Static nonlinearities

For a continuous function ¢ : R — R, define the corresponding static nonlinearity

8o C(RL,R) = C(R4,R), ur dou. (5.6)

The proof of the following proposition is straightforward and is therefore omitted.

Proposition 5.2.1 If ¢ : R — R is non-decreasing and globally Lipschitz with
Lipschitz constant A > 0, then the static nonlinearity 8,, defined by (5.6), is
contained in No(\).

The following lemma will prove useful when we consider critical numerical values

of Sfi)'

Lemma 5.2.2 Let ¢ : R — R be piecewise C*, non-decreasing and globally Lips-
chitz. Define 8 by (5.6). Foru € AC(R4,R) andt € Ry \ G(84,u), if u(t) >0,
then (8(u))(t) = ¢ (u(t)) and if i(t) <0, then (85(u))(t) = ¢" (u(t)).
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Proof: Let u € AC(R.,R) and t € Ry \ G(84,u), and suppose that u(t) > 0
(the case when u(t) < 0 can be treated in a similar fashion). Let A > 0 be a
Lipschitz constant of ¢, then since ¢/ (u(t)), @(t) and (¢ o u)'(t) exist

|0, (u(t))alt) — (6 ou)'(t)]

o Q00+ R(1) = S(u(t) | S{ult +h) = o(u(t)

- 10 h - 1}1{8 h
| B+ hit) — p(ut + 1)
) h
< Alim u(t) + ha(t) — u(t+ h) '
) h
_ )\I}iﬂ)l u(t) —u(t + h) +u(t)’ o,
and so (87 (u))(t) = ¢/, (u(?)). D

For a piecewise C!' function ¢ : R — R, we call ¢* € im ¢ a critical value of ¢ if
there exists v € R such that ¢(u) = ¢* and ¢/, (u)¢’ (u) = 0.

Proposition 5.2.3 Let ¢ : R — R be piecewise C*, non-decreasing and globally
Lipschitz. Define 8, by (5.6). Then ®* is a critical numerical value of 8, if and

only if ®* is a critical value of ¢.

Proof: Suppose first that ®* is a critical numerical value of 8. Then there exists
abounded u € AC (R, R) such that lim;_,« ¢(u(t)) = ®* and for all 7" > 0 and all
e>0, up{t > T|(85(u))(t) < e} > 0. Therefore there exists (,) C R\ G(8y, u)
with lim,, o ¢, = oo and such that lim,, (8 (u))(t,) = 0 and (u(t,)) converges.
Define u® := lim,, ., u(t,). Choosing a subsequence if necessary, we have that
either u(t,) > u™ for all n € Z, and (u(t,)) is non-increasing, u(t,) < u® for all
n € Z, and (u(t,)) is non-decreasing, or u(t,) = us for all n € Z,. Let us first
suppose that u(t,) > u™ for all n € Z, and (u(t,)) is non-increasing (the second
case can be treated in a similar fashion). There exists N € Z, such that ¢’ exists
on (oo, u(tn)] and therefore ¢/, is continuous on [us,u(ty)]. Therefore, since
lim,, oo @ (u(tn)) = lim, .oo(85(u))(tn) = 0, ¢ (use) = 0. Now suppose that
u(tn) = U for all n € Z,. Then since lim, ..(84(u))(t,) = 0 and by Lemma
5.2.2, for each n € Zy, (8(u))(t,) is equal to either ¢/, (u(t,)) or ¢’ (u(t,)), we
have that either ¢/, (us) = 0 or ¢’ (us) = 0. By continuity of ¢, ¢(u™) = @*.

Now suppose that ®* is a critical value of ¢. Therefore there exists v € R such
that ¢(v) = ®* and ¢/ (v)¢’_(v) = 0. Let us suppose that ¢ (v) = 0 (the case
when ¢’ (v) = 0 can be treated in a similar fashion). Let w > v be such that ¢ is

continuously differentiable on (v,w] and thus ¢’, is continuous on [v,w]. Define
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u:Ry — [v,w], t — (w—v)/(1+1t)+v. Then

t—o0 t—o0

fm (83 (u))(6) = Jim & (u(t)) = Jim o/ (u($)) = lim &', (+) = &, (0) = 0,

and thus for all 7' > 0 and all € > 0, pr{t > T'[(87(u))(t) < e} > 0. Since, by
continuity of ¢, lim; ., (84(u))(t) = ®*, we have that ®* is a critical numerical

value of 8. O

Relay hysteresis

We introduced the relay hysteresis operator R : C(Ry,R) — F (R, R) in Section
4.3. Here though we require that R, maps into the space of continuous functions
and therefore restrict or attention to “continuous” relay hysteresis operators,
i.e. the two curves p; and p, join at a; and as. We note that in this case
NVSRe = im p; Uim po.

Proposition 5.2.4 If p; and py are both non-decreasing, globally Lipschitz with
Lipschitz constant X > 0 and such that pi(a1) = p2(a1) and pi(as) = p2(az), then
for each & € R, the relay hysteresis operator Re, defined by (4.12), is contained
in Ne(N).

Proof: Clearly R¢(C(R4,R)) € C(R4,R). A straightforward consequence of
the definition of the relay hysteresis operator is that R, satisfies conditions (C1),
(C2), (C5) and (C7). To show that (C3) and (C4) hold, let u € AC(R,,R). For
any compact interval J C R, u is uniformly continuous on J, and therefore,
using that a; # as, there exists 6 > 0, such that for all ¢1,t; € J

u(tl) =aj, u(tg) = Q2 — |t2 — t1| Z d.

As a consequence, there exist 0 =ty < t; < ty < ... with lim,_, ¢, = o0 and a
map j: Z, — {1,2} such that for all i € Z

(Re(w)(t) = pjoy(u(t)), Vt€ [titi]. (5.7)

It follows that R¢(u) is absolutely continuous on [¢;,¢;11] for each i € Z. Hence,
by continuity of R¢(u), we may conclude that Re(u) € AC(R4,R), showing that
(C3) holds. Furthermore, since p; and py are non-decreasing and Lipschitz, (5.7)
yields that for all i € Z,

d

ﬁ(jzg(u))(t)u(t) >0, ae. telt,ti],
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which implies that (C4) holds.

Finally, to show that (C6) is satisfied, let © € C(R,,R) and suppose that
limy oo (Re(w))(t) = | € int NVSR. Then there exist ¢ > 0 and 7" > 0 such
that I, == (I —e,l +¢) C it NVSR, and (Re(uw))(t) € I for all ¢ > T, which
implies

u(t) € py (L) Upy H(L) = U, Vt>T. (5.8)

But the set U is bounded since sup py, inf po & I. and p; and p, are non-decreasing.
Combining this with (5.8) shows that u is bounded. O

The following result follows from Proposition 5.2.3.

Corollary 5.2.5 Let p; and py be piecewise C*, non-decreasing, globally Lips-
chitz with Lipschitz constant X > 0 and such that pi(a1) = pa2(a1) and py(az) =
p2(az), and let & € R. Define the relay hysteresis operator Re by (4.12). Then

O* is a critical numerical value of Re if and only if ®* is a critical value of py or

2.t

We remark that whilst the “continuous” relay hysteresis operator R, : C(R4,R) —
C(R4,R) is weakly Lipschitz continuous, R¢ is not Lipschitz continuous in the
sense of Definition 2.1.3. In particular, when we talk about “continuous” relay
hysteresis, we simply mean that the output corresponding to a continuous input is
continuous, but not that the relay hysteresis operator is continuous with respect

to any natural topology on C(R,,R).

Generalized backlash hysteresis

The generalized backlash operator B : C(Ry,R) — C(R4,R) was introduced in
Section 4.3 and shown to be a Lipschitz continuous hysteresis operator. We note

Proposition 5.2.6 Let £ € R and let A > 0 be a Lipschitz constant of 31 and
Ba. Then the backlash operator B¢ : C(R4,R) — C(Ry,R) is contained in N (X)
and additionally satisfies (C4').

Proof: From Proposition 4.3.2, part (3), we know that B, is a Lipschitz continu-

ous hysteresis operator and therefore an application of Lemma 5.1.8 implies that

t Although we have only defined a critical value for a function with domain R, it is clear how
to define a critical value for ¢ : I — R where I C R is an interval.
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(C1)—(C3) and (C7) all hold. To show that (C4’) holds, let u € AC(R,,R). We

need to show that

d
7 (Be(w))(®)a(t) 20, Vt€Ry\ E(Bg,u). (5.9)
Let t € Ry \ E(Bg,u). If u(t) = 0, then (5.9) holds trivially. If @(t) > 0, then
there exist t; > ¢ and u, € Cpn(Ry,R) such that sup,co ) [ua(t) — u(t)] — 0
as n — 00 and u,(7) > wu,(t) for all 7 € (t,¢1) and all n € Z,. It follows that
(Be(un)) (1) > (Be(uy))(t) for all 7 € (¢,¢1), which in turn implies (Be(u))(1) >
(Be(u))(t) for all 7 € (t,t1). Therefore

d 1y Bew)(t+e) = (Be(w)() _

2 (Be(w)) (1) = lim :

Y

and so (5.9) holds. If u(t) < 0, then (5.9) can be obtained by a very similar

argument.

To show that (C5) is satisfied, let u € C'(R,, R) be ultimately non-decreasing with
lim; o u(t) = co. Then there exists 7' € R such that (B¢(u))(t) = 51 (u(t)) for
allt > T'. Thus, lim;_,o(Be(w))(t) = sup (im ;). Similarly, lim; o (Be(—u))(t) =
inf (im ;). Thus (C5') holds and it follows from Lemma 5.1.9 that (C5) holds.

For (C6), let u € C(R4,R) and suppose lim;_,o(Be¢(u))(t) = | € R. Then there
exist 6 > 0 and T" € R, such that (Be(u))(t) € (I — 6,0+ 9) for all t > T.
Consequently, there exists € > 0 such that u(t) € (8:1(l) — €, 52(l) + €) for all
t > T, and hence, u is bounded. O

Although for a given general backlash operator it is easy to say what numerical
values are critical numerical values, it is none the less difficult to express this in a
general proposition. We therefore, in the following result, consider only standard
backlash.

Proposition 5.2.7 Let By : C(Ry,R) — C(R4,R) be the standard backlash

operator and ®* € R. Then ®* is a critical numerical value of By, ¢.

Proposition 5.2.7 follows immediately from the definition of Bj, ¢ and the defini-

tion of a critical numerical value.

Elastic-plastic hysteresis

To show that elastic-plastic hysteresis and the Preisach operator satisfy (C1)-

(C7), we need the following lemma.
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Lemma 5.2.8 Let u € C(R.,R) be unbounded. Then there exists an increasing

sequence (t,) C Ry with lim, . t, = 0o such that either

u(t,) = sup |u(t)|, Vn€Zy or u(t, =-— sup |u(t)], VneZ,.
te[0,tn] te[0,tn]

Proof: Let u € C(R,,R) be unbounded and (7,,) C R, be an increasing sequence

with lim,, . 7, = 00. By continuity of u, there exist s,, € [0, 7,] such that

lu(sp)| = sup |u(t)| = sup |u(t)].
t€[0,75] t€[0,5n]

Since u is unbounded, limy, . SUp;¢(g -, [u(t)| = oo and we can find a subsequence
(t,) of (sy,) such that either

u(t,) = sup |u(t)], VneZi or u(t,) =— sup |u(t)], VneZ,.
t€[0,tn] te[0,tn]

We remark that NVS &), ¢ = [—h, h.

Proposition 5.2.9 For (h,§) € Ry xR let &, ¢ : C(R4,R) — C(R4,R) be the

elastic-plastic operator. Then:

(1) for H € R, globally Lipschitz ( : R, — R with Lipschitz constant 1,
ue CRLR) andt € Ry

Emem)t)=H = (Encw(w)(t)=h, Vhel0,H],
and

(Emem)t)=-H = (Epem(u)(t)=—h, Vhe|0,H|;

(2) Epe: C(Ry,R) — C(R4, R) is contained in N, (2) and additionally satisfies
(C4).

Proof: To prove statement (1), note that, using Lemma 4.3.3, we have for for
every u € C(R;,R), &,&% € Rand ¢, hy, hy € Ry

[(Bha, 0 () (t) = (Bhs, o (u))(1)| < max(lhy = hol, &1 — &) - (5.10)

Now let H € R,, ( : Ry — R be globally Lipschitz with Lipschitz constant 1,
u € C(Ry,R), t € Ry and suppose (Ex,¢(my(w))(t) = H. Then using (5.10) and
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Proposition 4.3.4, part (4), we have for all h € [0, H]

H — (4.c00/() () = (Em.cm ()(1) ~ (e (W) () < H — I,

and so since (& ¢n)(u))(t) < h, we obtain (Ep, ¢ny(u))(t) = h for all h € [0, H].
The second implication in statement (1) can be proved in a similar way.

To prove statement (2), we note that by Proposition 4.3.4, part (3), &, ¢ is a
Lipschitz continuous hysteresis operator and so by Lemma 5.1.8, &, ¢ satisfies
conditions (C1)—(C3) and (C7). To show (C4’) holds, let v € AC(R,,R). We

need to show that

%(sh,g(u))(t)u(t) >0, VteR,\E(Eneu). (5.11)

Let t € R\ E(Ep ¢, u), then by Proposition 4.3.4, part (4), u, Ep,¢(u) and By, ¢(u)

are all differentiable at ¢ and

d d .
— (Ene(u)(t) = == (Bn,e(uw))(t) +u(t) . (5.12)
dt dt
Since Bj, ¢ € N (1), and By, ¢ satisfies (C4'), it follows from Remark 5.1.4 that
(B e(w)(t) € [0,1] for all t € Ry. By (5.12)

d

S Ene)(t) = (1= (B (w)()it), VieR\E(Eneu),

and thus (5.11) holds.
To show that (Cb) is satisfied, let v € C(R,,R) be ultimately non-decreasing

with limy_, u(t) = oo, then

lim (Ep,¢(u))(t) = h =supNVSEy ¢

t—o0

and, similarly, lim o (Ep ¢(—u))(t) = —h = inf NVS &, . Thus (C5’) holds and
it follows from Lipschitz continuity and Lemma 5.1.9 that (C5) holds.

For (C6), let u € C(R4,R) and suppose
thm (8h75(u))(t) € int NVS Sh,g = (—h, h) .

Seeking a contradiction, assume that u is unbounded. Then, by Lemma 5.2.8,
without loss of generality, we may assume that there exists an increasing sequence
(tn) C Ry such that lim, . t, = 0o and u(t,) —§ = supejo 4, |u(t)—§[. Moreover,
again without loss of generality, we may assume that u(t,) > h+¢ for alln € Z,.
Define for each n € Z;, H, = u(t,) — & > h, then (Ep, ¢(u))(t,) = H, for
all n € Z,. By statement (1), (Ep,¢(u))(t,) = h for all n € Z,, which is in
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contradiction to the assumption that lim . (Ep ¢(u))(t) € (—h, h). O

To determine non-critical numerical values of the elastic-plastic and Prandtl op-

erators we require the following lemma.

Lemma 5.2.10 Let (h,§) € Ry xR, u € AC(R,R) and t > 0. Assume that
U(t) exists and is non-zero. If [(Ep ¢(u))(t)| = h, then (Ep,¢(u))(t) = hsign (u(t))
and (Ep,¢(uw)) (t) = 0 whenever this deriwvative exists. If (Ep ¢(u))(t) € (—h,h)
then (Ep,e(w)) (t) exists and equals u(t).

Proof: Let us suppose that (t) exists and is positive (the case when () is
negative can be treated in a similar fashion). Then there exists ¢ € (0,¢) such
that

u(t—9) <u(t) <u(t+9), Voe(0,¢e). (5.13)

Let &1 € (0,¢) be such that supy, o cp—e, tre,) [0(51) — u(s2)| < h.

Suppose that [(Ep ¢(w))(t)] = h. In order to show that (€ ¢(w))(t) = h, let us
suppose, seeking a contradiction, that (€ ¢(u))(t) = —h. Then, by the continuity
of €y ¢(u), there exists e5 € (0,¢1) such that (€, ¢(u))(7) < 0 for all 7 € [t —ea, 1.
Choose (u,) C Cpm(R4,R) such that u,(7) = u(r) for 7 € {t —e9,t} and all

uc
nely, u, — uasn— oo,

sup  |up(s1) —unp(se)| < h, VneZ,,

$1,82€[t—e2,t]

and (Ep¢(uy))(r) < Oforall 7 € [t —eg,t] and all n € Z,. Let t —ey = 7§ <
T < ... <7} =1t be a partition of [t — eq,t] such that u, is monotone on each
(7, 7). By definition (€, e(un)) (773) = en((Ene (1)) (7) + () — ()
and since (Ep,¢(un))(77") + un(771) — un(7]") < h we have

(Ene(un))(1h1) = (En,e(un))(77") + un(Ti1) = un(7') -

It follows by repeated application of the above inequality, that (£ ¢(u,))(t) >
(Enye(un))(t — 2) + un(t) — un(t — 2) and therefore,

(Ene(un))(t) = =h 4 (un(t) = un(t — 2)) = =h + (u(t) — u(t — &)

Combining this with (5.13) and taking the limit as n — oo, we have (£, ¢(u))(t) >
—h, a contradiction. Therefore, (€ ¢(u))(t) = h.

To show that (€, ¢(w))'(t) = 0 whenever this derivative exists, let (d;) C (0,¢1)
be such that limy_.., 0 = 0 and u(t + 6) = max-¢cp 45, u(7) for all k € Z,. Let
k € Z. be fixed but arbitrary. Choose (u,) C Cpm (R4, R) such that u, (1) = u(t)

71



for all 7 € [0,¢] and all n € Zy, u,(t + 0x) = u(t + ;) for all n € Z, and

SUD, e[t 00) [Un(T) —u(T)| — 0 as n — oo. Define v := u(t) — h, then for all n € Z,

(Env(un))(t) = (Enp(un))(0) = en(un(0) —v)
= en(u(t) —v) = en(h) = h = (Ene(u))(?) .

Thus
lim (€5, (1)) () = (Ene(w)(7), V7 >t.

Therefore, since (&, (uy))(t + 0x) = h for all sufficiently large n € Z,, we have
(Ene(u))(t + ) = h. Since k € Z, was arbitrary, (€ ¢(u))(t + ;) = h for all
k € Z.. Let us suppose that (€, ¢(u))’(t) exists, then

(Enc(w))/ () = Tim Ene@EF ) = Ene(w)(®)

=0.
k—o00 5k

If (Ep,e(u))(t) € (—h,h), choose €3 € (0,e1) such that (€, ¢(u))(r) € (—h,h) for
all T € [t—es,t+e3] = 1. Let (u,) C Cpm(Ry, R) be such that, u, (1) = u(t —e3)
for all 7 € [0, —e3] and all n € Zy, u,(7) = u(r) for 7 € {t,t + 3} and all
n € Zy, and SUD,¢(y—c, o) [Un(T) — u(7)] — 0 as n — co. Define v := u(t — e3) —
(En,e(u))(t —e3), then, for all n € Z

(Env(un))(t —€3) = (Enu(un))(0) = en(un(0) —v) = en(u(t —3) —v)
= enl((Ene(w))(t —e3)) = (Ene(u))(t —e3).

Therefore
lim (Ep,,(un))(T) = (Epe(w))(r), VT >1t. (5.14)

n—oo

For all sufficiently large n € Z.,
(Enu(un))(7) € (~h,h), Vrel. (5.15)

Let t —e3 =70 < 1" < ... <70 =t+e3 be a partition of [t — 3,1+ €3] such that
u;, is monotone on each |77, 77%,]. From (5.15), we know that for sufficiently large
n € Zy, (Enu(un))(1]1) = (En,u(un))(17) + un (7)) — un (7)) and therefore, for
sufficiently large n € Z, and all 7 € [

(Eh,w(un))(T) = up(7) —u(t —e3) + (Ene(w))(t —e3) = up(1) — V. (5.16)

Combining (5.14) and (5.16) we have (&, ¢(u))(7) = u(r) — v for all 7 € I. Thus
(Ene(w))'(t) = aft). O

Proposition 5.2.11 For (h,§) € Ry xR let €, ¢ : C(RL,R) — C(R4,R) be the
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elastic-plastic operator and ®* € (—h,h). Then ®* is not a critical numerical

value of € ¢.

Proof: From Proposition 5.2.9, part (2), we know that &, € N.(2). Let
®* € int (NVS &), ¢) and suppose that u € AC(R4,R) is bounded and such that
limy oo (Ep,e(w))(t) = ®*. Then there exists 7' € Ry such that (€ ¢(u))(t) €
(—h,h) for all t > T. By Lemma 5.2.10, (&, ¢(u))'(t) = u(t) for all t € [T, 00) \
E(Epe,u). Then &) ((u), defined in Definition 5.1.3, is equal to 1 for all ¢ €
[T, 00) \ G(Ep,e,u) and equal to 2 for all ¢t € G(Ep ¢, u) and therefore, pp{t >
T (&) ¢(u))(t) < 1} = 0 implying that ®* is not a critical numerical value of

8h7£. ([

Preisach Operators

The Preisach operator P, : C(Ri,R) — C(R4,R) was introduced in Section 4.3
(see (4.25)). The following lemma will be useful for the verification of (C1)—(C7)

for a large class of Preisach operators.

Lemma 5.2.12 Suppose that p € My(R,), w € LL, (Ry X R; @ ur), wy € R,
¢ € I and define P : C(Ry,R) — C(Ry,R) by (4.25). Let u € C(Ry,R) and
teRy. Ifu(t) =sup, gy lu(r)] and ¢ =0 on [u(t),o0), then

u(t) pu(t)—
/ / w(h, s)dsdu(h) + wg .

Ifu(t) = —sup, ¢ [u(r)| and ¢ =0 on [~u(t), ), then

—u(t)
/ / w(h, s)dsdu(h) + wy .

Proof: Let u € C(R,,R), t € R, and suppose that u(t) = sup,cj [u(7)| and
¢ =0 on [u(t),c0). Setting H := u(t), we have (By cm)(u))(t) =0 =wu(t) — H
and (Bpcny(u))(t) = 0 for all h > H. Combining Proposition 5.2.9, part (1) and
Proposition 4.3.4, part (4), shows that (B, ¢n)(u))(t) = u(t) —h for all h € [0, H]

and therefore

u(t) pu(t)—
/ / w(h, s)dsdu(h) + wy .

The second result can be proved in a similar fashion. O

Proposition 5.2.13 Let u € My (R ) be positive, let w € L (Ry x Ry u® py)
be non-negative and let wo € R. Suppose that X := [ sup,cp w(h, s) du(h) < co.
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Then, for all ¢ € 11, the Preisach operator P, defined by (4.25), is contained in
Ne (V).

Remark 5.2.14 Under the assumptions of Proposition 5.2.13, we see from Lemma
5.2.12 that

supNVS P, = / / w(h, s)dsdu(h) + wo € [wy, o],
inf NVSP, = / / w(h, s)dsdu(h) + wy € [—00, wy) .

<&

Proof of Proposition 5.2.13: By Lemma 4.3.6, P, : C(R;,R) — C(R4,R)
is Lipschitz continuous with Lipschitz continuity constant A and, since By, ¢ is a

hysteresis operator, P is a hysteresis operator. Therefore, by Lemma 5.1.8, P
satisfies conditions (C1)—(C3) and (C7).

To show that (C4) holds, let v € AC(R.,R). By (C3) and Lemma 4.3.6 (see
also Remark 4.3.7) there exists £ C R, with p,(E) = 0 and such that for all
te R\ B, a(t) and (Pe(u))'(t) exist, (Bpcn(w))' (t) exists for |u|-almost every
h € Ry and

(Pe(w)'(t) = /0 " uih, (Bhcom () () (Bncom () (8) dpa(h) - (5.17)

Let t € Ry \ E. If u(t) = 0, (C4) immediately follows. If u(¢) > 0, then, since
(C4’) holds for By, ¢y, we have (Bpcmy(w))'(t) > 0, whenever this derivative
exists (which is the case for |u|-almost every h € R,). Since w and p are non-
negative, we obtain from (5.17) that (P¢(u))' () > 0. If u(t) < 0, then (C4) can

be shown to hold by a similar argument.

To show that (C5)
with limy_ ., u(t) = oo. Then there exists T € R, such that for all ¢ > T,
SUp,c(o.4 [4(7)| = u(t) and ¢ = 0 on [u(t),00). So by Lemma 5.2.12,

is satisfied, let u € C'(R.,R) be ultimately non-decreasing

u(t) pu(t)—
/ / w(h,s)dsdu(h) +wy, Vt>T,

and since lim;_ ., u(t) = oo,

lim (Pe(u / / w(h, s)dsdu(h) +wy € [wp, 0] (5.18)

t—o00
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We note that because p and w are non-negative

supNVSfPCS/ / w(h,s)dsdu(h) + wo,
o Jo

and therefore, by (5.18),

t—o0

lim (P¢(w))(t) = sup NVS P, = /OOO /Ooow(h, s)ds du(h) + wp . (5.19)

Similarly, limy;_oo(P¢(—u))(t) = inf NVS P.. It follows from Lipschitz continuity
and Lemma 5.1.9 that (C5) holds.

For (C6), let v € C(R,,R) and suppose that

lim (P (u))(t) € int NVS P .

t—o00

Let H € R, be such that ( = 0 on [H, 00). Seeking a contradiction, suppose that
u is unbounded. Then, by Lemma 5.2.8, without loss of generality, we may assume
that there exists an increasing sequence (t,) C R, such that lim,,_ . t, = oo and

u(tn) = Supiejoy, |u(t)]. Moreover, again without loss of generality, we may
assume that u(t,) > H for all n € Z,. By Lemma 5.2.12

u(tn) u(tn)—
/ / w(h,s)dsdu(h) +we, Vné€Zy.
Since lim,,—, u(t,) = 0o, it follows from the second equation in (5.19) that

lim (Pe(u))(t) = lim (Pe(u))(tn) = sup NVS P,

t—o0 n— oo

which is in contradiction to limy_..(P¢(w))(t) € int NVS P,. O

The following corollary is a special case of Proposition 5.2.13.

Corollary 5.2.15 Let i be a finite positive Borel measure on Ry. Then for all
¢ € 11, the Prandtl operator P., defined by (4.26), is in N. (), where A := p(R,).

Remark 5.2.16 If p # 0, then it follows from Remark 5.2.14, that for the
Prandtl operator P, defined by (4.26), we have NVS P, = R. O

An example covered by Corollary 5.2.15 is backlash hysteresis. Indeed, the back-
lash operator By, ¢ can be obtained from (4.26) by setting p = 05, (Where 0y, is
the unit point mass at hg) and by letting ¢ : R, — R be any continuous function

with compact support and such that ((hg) = &.

We now consider the Prandtl operator given by (4.27).
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Proposition 5.2.17 Let p € L*(R,R) be non-negative. Then for all ¢ € T1, the
Prandtl operator P : C(Ry,R) — C(R4,R), given by (4.27), is in N, (X), where
A =2 " p(h) dh.

Remark 5.2.18 It follows from the proof below that under the assumptions of
Proposition 5.2.17

sup NVS P, = / p(h)hdh € [0,00], InfNVSP, = —/ p(h)hdh € [—00,0].
0 0

&

Proof: By Lemma 4.3.6, P, : C(R;,R) — C(R4,R) is Lipschitz continuous with
Lipschitz continuity constant A = 2 fooo p(h) dh and is also a hysteresis operator
and therefore by Lemma 5.1.8, satisfies conditions (C1)—(C3) and (C7).

To show that (C4) holds, fix u € AC(R,R). By (C3), Proposition 4.3.4, part (4)
and Lemma 4.3.6 (see also Remark 4.3.7) there exists £ C R, with u,(E) =0
and such that for all t € Ry \ E, a(t) and (Pe(u))'(t) exist, (Epcmny(w))(t) exists

for almost every h € R, and

[e.e]

(Pe(w))'(t) = / p(0) (Encim(w)) (1) dh

0

Let t e Ry \ E. If a(t) = 0, (C4) immediately follows. If @(t) > 0, then, since
(C4) holds for €, ¢(n), we have (Ep cny(u))'(t) > 0 whenever this derivative exists
(which is the case for almost every h € R,). Since p is non-negative, we may
conclude that (P¢(u))'(t) > 0. If u(t) < 0, then (C4) can be shown to hold by a

similar argument.

To prove that (C5) is satisfied, let u € C(R4,R) be ultimately non-decreasing
with limy ., u(f) = o0o. Then there exists 7' € R, such that for all t > T,
SUp, (o4 [u(7)] = u(t) and ¢ = 0 on [u(t), c0). So, by Lemma 5.2.12, with wo = 0,
w=1and p= (f;°p(h)dh)dy — ppr, we obtain

u(t) 00
(Pe(w))(t) = / p(h)h dh + u(t) / p(h)dh, Vt>T. (5.20)
0 u(t)

We note that because p is non-negative, sup NVS P, < fooo p(h)hdh € |0, 0]
Now using (5.20) and the fact that p is non-negative

00 u(t)
/ p(h)hthsupNVSiPCZ(Tc(u))(t)2/ p(h)hdh, Yt>T.
0 0
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Since lim;_, u(t) = oo, it follows that

t—o0

lim (Pe(u))(t) = /000 p(h)hdh = sup NVS P, .

Similarly, lim; . (P¢(—u))(t) = inf NVS P.. Consequently, (C5) follows from the

Lipschitz continuity of P, and an application of Lemma 5.1.9.

For (C6), let u € C(R4,R) and suppose lim; o (Pe(u))(t) € int NVSP.. Let
H € R, be such that ( =0 on [H,00). Seeking a contradiction, suppose that u
is unbounded. Then, by Lemma 5.2.8, without loss of generality, we may assume
that there exists an increasing sequence (t,) C R, such that lim, . t, = oo
and u(t,) = supe(o,,) [u(t)|. Moreover, again without loss of generality, we may
assume that u(t,) > H for all n € Z,. Then, by Lemma 5.2.12

u(tn) 0o
(Pe(w))(t) = /0 p(h)h dh + u(t,) / L Pdh, ez,

Combining this with lim,, .., u(t,) = oo, we may conclude as in the proof of
(C5) that limy oo (Pe(w))(t) = limyoo(Pe(u))(tn) = supNVS P, which is in
contradiction to lim; . (Pc(u))(t) € int NVS P.. 0

We end the section by showing that the Prandtl operator given by (4.27) does

not have any critical numerical values in the interior of its numerical value set.

Proposition 5.2.19 Let p € LY(R,,R) be non-negative. For ( € 11, let the
Prandtl operator P, : C(R4,R) — C(R.,R), be given by (4.27). If ®* €
int (NVSP,), then ®* is not a critical numerical value of P.

Proof: By Proposition 5.2.17, P € N.(A), where A := 2 [ p(h)dh. Let
®* € int (NVSP,). Seeking a contradiction suppose that ®* is a critical nu-
merical value of P.. Then there exists a bounded function u € AC(R4,R)
with limy_o(P¢(w))(t) = ®* and such that for all 7" > 0 and ¢ > 0, p {t >
T (P{(uw)(t) < e} > 0, where P! (u) is given by Definition 5.1.3. In particular
we can choose (t,,) C Ry such that lim, . t, = 00, lim, .o (P{(u))(t,) = 0 and
(En,cny(w))'(ty) exists for a.e. h € R (possible by Remark 4.3.7 and Proposition
4.3.4, part(4)).

Define H,, = sup{h € Ry | |(En,¢n)(u))(tn)| = h}. Since w is bounded, (H,) C Ry
is bounded and therefore without loss of generality we can assume that (H,)
converges. We denote the limit by H € R,. Again without loss of generality
we can assume that u(t,) > 0 for all n € Z,. From Proposition 5.2.9, part (1),
|(En,cny(u))(tn)| = h for all h € [0, H,] and moreover, (€ ¢y (w))(t,) € (—h, h)
for all h > H,. Thus applying Lemma 5.2.10, (Epcmny(u))(t,) = h for all h €
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0, Hy.], (Encny(u)) (tn) = 0 for all h € [0, H,] such that this derivative exists and
(Encny(w)) (tn) = ult,) for all h > H,. Therefore, using Lemma 4.3.6 combined
with Proposition 4.3.4, part (4), for all n € Z,

ey = Pt < Ern(@) () [
(Pt = TR = [ ST = [y an.

Since lim, oo (P¢ (v))(t,) = 0, p(h) = 0 for a.e. h € [H,00). Now for all n € Z,

H

(Pe(w)(tn) = P(R)(Encany(w))(tn) dh

/Onp(h)hdh—l-/H p(h)(8h74(h)(u))(tn)dh.

Therefore,

O* = lim (Pe(w))(tn) = /0 p(h)hdh = /Ooop(h)h dh =sup (NVSP,),

n—0o0

which is in contradiction to the fact that ®* € int (NVSP;). O

5.3 A class of discrete-time hysteresis operators

Let v € F(Z4,R). The function w is called witimately non-decreasing if there

exists m € Z, such that u is non-decreasing on Z, \ [0, m].

We introduce the following four assumptions on the operator ® : F(Z.,R) —
F(Z+, R)

(D1) @ is a hysteresis operator;
(D2) there exists A > 0 such that for all w € F(Z,,R) and all n € Z

u(n) £un+1) = (®()(n+1) -

®(u))(n) ,
u(n+1) €[0.A);

u(n)

(D3) if u € F(Z+,R) is ultimately non-decreasing and lim,,_,., u(n) = oo, then
(®(u))(n) and (P(—u))(n) converge to sup NVS ® and inf NVS ®, respec-

tively, as n — oo;

(D4) if, foru € F(Z4+,R), L := lim,,_(P(u))(n) exists with L € int (closNVS ®),

then u is bounded.
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Remark 5.3.1 (1) We note that if (D1) holds, then (D2) is implied by the

monotonicity condition
[(@(u))(n+1) = (2(uw)(n)][u(n+1) —u(n)] =0, VueF(Zy,R), YVneZ,,
together with the Lipschitz continuity condition

sup [(®(u))(n) = (®(v))(n)] <A sup |u(n) —v(n)], Vu,ve F(Z,R).

(2) If (D1) and (D2) hold, then
[(@(uw)(n+1) = ((u)(n)| < AMu(n+1)—u(n)|, Vue F(Z+R), VneZ,.

Thus if (D3) also holds, clos (NVS®) is an interval. However, it can be shown
that NVS ® is not necessarily an interval, see Appendix 5 for a counterexample.
O

If®: F(Zy,R) — F(Z,R) satisfies (D2), then any number [ > 0 such that (D2)
holds for A = [, is called a weak Lipschitz constant of ®.

Definition 5.3.2 Let ® € Ny (). For u € F(Z,,R), define §¢ : F(Z;,R) —
F(Z.,R) by

u(n+1)—u(n)
A if u(n+1) =u(n).

(@)D =(@@)®) 3¢ . u(n
(50(u))(n) = { o

&

By construction, using (D2), (60®(u))(n) € [0,A] for all n € Z, and all u €
F(Z.,R). By (D1) we have that for all v € F(Z,,R)

(@(w)(n+1) = (®(u))(n) = (62(u))(n)(u(n+1) —u(n)), Vnezy.

We are now in a position to define the class of nonlinear operators we will be
considering in the context of the discrete-time integral control problem in Chapter
7.

Definition 5.3.3 Let A > 0. The set of all operators ¢ : F(Z;,R) — F(Z;,R)
satisfying (D1)—(D4) and having weak Lipschitz constant A is denoted by Ny (\).
&

We now consider the discrete-time backlash operator and show that it satisfies
(D1)—(D4).
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Example 5.3.4 Let h € R, be arbitrary. Define the function b, : R? — R by
(4.20). We note that

bp(v,w) € [v—h,v+h], Vv,weR, (5.21)
bp(v,w)=w, V(v,w) € {(z1,2)]21 € R 29 € [21 —h, 21+ h]}, (5.22)
(b, (v1,w) — by (v, w))(v1 —v2) >0, Vo, v,weR. (5.23)

Let B} . : F(Zy,R) — F(Z,R) be the discrete-time backlash operator defined
in Example 4.5.7. We show that Bzé € Ny (1). By Proposition 4.5.4 we know
that Bf . satisfies (D1) (since B . is the discretization of the continuous-time
hysteresis operator By, ¢). Combining (5.21)-(5.23) leads to

[(Bj,¢(w)(n +1) = (Bj (w)(n)][u(n + 1) —u(n)] > 0,
Vue F(Zy,R), VYneZy.(5.24)

From Lemma 4.3.3

|br (v1, w1) — by (ve, we)| < max(|vy — vl jwy —wal), Vv, vy, wy,wy € R.
Thus,
(B, ¢(w)(n+1) = (B} ((w)(n)] < [u(n+1)~u(n)|, Yue F(Z,R), Vn €Ly,

which combined with (5.24) implies that (D2) holds for A = 1. Note that
NVSBi . = R. By (5.21), for all u € F(Zy,R) and all n € Zy, (B, .(u))(n) €
[u(n) — h,u(n) 4+ h|, showing that (D3) holds. Finally, it is clear that

v € [bp(v,w) — h,by(v,w) +h], Yov,weR,
and so
u(m) € (B c()(m) — b, (BL()() + ], VueFEZ.R), VneL,,

showing that (D4) is satisfied. We have shown that (D1)-(D4) hold for B, , (with
A = 1) and hence By, . € Ny(1). <&

In fact what we have shown above directly is true in general, that is the dis-
cretization of an element of N4 (M) is an element of Ny (A). This is expressed in

the following proposition which is the main result of this section.

Proposition 5.3.5 Let ® € Ny (\) and let ®* : F(Z,,R) — F(Z,,R) be de-
fined by (4.39). Then ¢ € Ny ().
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Proof: By Proposition 4.5.4, (D1) holds. Let u € F(Z,R), n € Z, and suppose
that u(n+ 1) # u(n). Then by Proposition 4.5.6 and Lemma 5.1.7 there exists a
constant 7 € [0, \] such that

(@/(w))(n+1) = (2(w))(n) = (B(Prw))((n+1)7) = (®(Pru))(nT)
= nl(Pru)((n+1)7) = (Pru)(n7)]
= nu(n+1) —u(n)],

and thus (D2) holds. Since NVS®? = NVS® (by Proposition 4.5.6) and ®
satisfies (C5), (D3) follows from an application of Proposition 4.5.6. Finally, to
show that (D4) is satisfied, let v € F(Z,,R) be such that lim,,_.(®%(u))(n)

exists and

L := lim (®%(u))(n) € int (clos (NVS &%)). (5.25)
By Proposition 4.5.6,
lim (®(P;u))(nt) = L. (5.26)

Clearly P;u is monotone on [n7, (n + 1)7] for each n € Z, and therefore, by the
fact that & satisfies (C4), ®(P; u) is monotone on [n, (n + 1)7] for each n € Z,.
Combining this with (5.26) shows that

tlim (P(Pru))(t)=L.
By Remark 5.2.14, NVS ® is an interval; since by Proposition 4.5.6, NVS ®? =
NVS @, it follows from (5.25) that L € int (clos (NVS ®)). Now & satisfies (C6),

and so we may conclude that P, u and thus u are bounded. O

As in continuous-time, we introduce a concept of critical numerical value of an
operator ® € Ny (A).

Definition 5.3.6 We call ®* € int (clos (NVS ®%)) a critical numerical value of
® € Ny (\) if there exists a bounded u € F(Z,R), with lim,,_...(®(u))(n) = &*
and

liminf(d®(u))(n) =0.

n—oo

&

Proposition 5.3.7 Let ® € Ny (\) and let ®* : F(Z,,R) — F(Z,,R) be de-
fined by (4.39). If ®* is a critical numerical value of ®?, then ®* is a critical

numerical value of ®.

Proof: By Proposition 4.5.6, NVS® = NVS®? Let ®* be a critical nu-
merical value of ®?. Then there exists a bounded v € F(Z,,R) such that
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lim,, o (®4(u))(n) = ®* and liminf, .. (6®%(u))(n) = 0. Defining v := P,u €
AC(Ry,R)NCom(R4,R), ®(v) is monotone on each [n7, (n+ 1)7]. Therefore, by
(4.41), limy_, oo (®(v))(t) = ®*. It is clear that

(n+1)7
v )= [ (@ @) dr

and therefore since liminf, . (6®%(u))(n) = 0, for all T > 0 and all € > 0,

pur{t > T | (®Y(v))(t) < e} > 0. Thus ®* is a critical numerical value of . O

5.4 Notes and references

The assumptions (C1)—(C7) were first introduced by Logemann and Mawby in
[19] (see (N1)—(N8) in [19]) and later appeared in [21]. The majority of Section 5.2
is also contained in [19] by Logemann and Mawby. The assumptions (D1)—(D4)
were first introduced by Logemann and Mawby in [21]. All the results of Section
5.1 are new. The concept of a critical numerical value is seen here for the first
time. The results of Section 5.2, which show that specific operators are contained
in N, (), and those dealing with critical numerical values, are new. Proposition
5.2.9, part (1), is a property of the elastic-plastic hysteresis operator which could
not be located in the literature, and Lemma 5.2.10, although contained in [4] (see
Lemma 2.3.8 in [4]), was not proved there. Section 5.3 consists entirely of new

material.
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Chapter 6

Low-gain integral control of
continuous-time regular linear
systems subject to input

hysteresis

6.1 Integral control in the presence of input non-
linearities in N, (\)

We consider the following nonlinear system of differential equations (see Figure
2)

t = Arx+ B®(u), z(0)=xz9€ X, (6.1a)
U = k[r—Crx—D®(u)], u(0)=uyeR, (6.1b)

where k is a real parameter, (A, B,C, D) € L and ® € N, (\). We recall that for

a € (0, 00], a continuous function
0,a) = X xR, ¢ (x(t),u(t))

is called a solution of (6.1) if (z(-),u(+)) is absolutely continuous as a (X_; X R)-
valued function, z(¢t) € dom(C}) for a.e. t € [0,a), (2(0),u(0)) = (zo,uo) and
the differential equations in (6.1) are satisfied almost everywhere on [0, a), where

the derivative in (6.1a) should be interpreted in the space X_;.f

T Being a Hilbert space, X 1 x R is reflexive, and hence any absolutely continuous (X _; x R)-
valued function is a.e. differentiable and can be recovered from its derivative by integration, see
[2], Theorem 3.1, p. 10.
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The next result asserts that (6.1) has a unique solution on the whole of R.

Lemma 6.1.1 Let A > 0. Assume that ® € N.(\), (A, B,C,D) € L and r € R.
For each (zo,up) € X x R, there ezists a unique solution (x(-),u(-)) of (6.1)
defined on R, .

Proof: To recover (6.1) from (3.14), set h = 0, §y = 1 and k = k. Then the

result follows from Corollary 3.2.4. O

Let G(s) be the transfer function of (A, B,C, D). If G € H>(C,,) for some o < 0
(which is the case if T is exponentially stable) and G(0) > 0, then it is easy to

show that
G(s)

s
for all sufficiently small £ > 0, see Lemma 3.10 in [28]. We define

1+ kRe

>0, VseCy, (6.2)

K :=sup{k > 0](6.2) holds} . (6.3)

Henceforth, let M¢(R,) C M(R,) denote the space of all finite signed Borel
measures on R . Recall that a signed measure p on R} is called finite if |u|(R,) <
oo. For a € R, we define the exponentially weighted space M (R.) as the set of
all 11 € My¢(Ry) with the property that the weighted measure E — [ e~ dpu(t)
belongs to M¢(R,).

The main result of this chapter is the following theorem.

Theorem 6.1.2 Let A > 0. Assume that ® € N, (\), (A,B,C,D) e L, £7'(G) €
Me(Ry), k€ (0, K/X\) and r € R is such that

¢, :=1r/G(0) € clos(NVS D). (6.4)

Then, we have that for all (zg,ug) € X xR, a unique solution (x(-),u(-)) of (6.1)

exists on Ry and satisfies
(1) limy oo (®(w))(t) = Py,
(2) limy—o [|2(t) + A7'BO, || = 0,
(3) Nimy—oc[r — y(t) + (Pooz0)(t)] = 0, where y(t) = Cra(t) + D(P(w))()
(4) if @, € int (NVS®), then u(-) is bounded,

(5) if . € int (NVS®) and O, is not a critical numerical value of ®, then the
convergence in (1) and (2) is of order exp(—pt) for some p > 0; moreover,
if £71(G) € M&(R,) for some a < 0, then the convergence in (3) is of
order, exp(—pt) for some p € (0, —a),
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(6) if ®, € int (NVS®) and O, is not a critical numerical value of ®, then

there exists s € R such that limy_o u(t) = U -

Remark 6.1.3 (1) Since (V2)(t) converges exponentially to 0 as t — oo for
all zg € X; = dom(A), it follows from (3) that the error e(t) = r —y(t) converges
to 0 for all zp € dom(A). If C is bounded, then this statement is true for all
xo € X. If C is unbounded and zy ¢ dom(A), then e(t) does not necessarily
converge to 0 as t — 0o. However, the proof of Theorem 6.1.2 will show that e(t)
is small for large ¢ in the sense that e(t) = ey (t) + ea(t), where the function e; is
bounded with lim; ., e;(t) = 0 and e; € L2(R,R) for some o < 0.

(2) The assumption that £7'(G) € M(R) (or that £7'(G) € M¢(R,) for some
a < 0) is not very restrictive and seems to be satisfied in all practical examples
of exponentially stable regular systems. In particular, this assumption is satisfied
if B or C is bounded (see Lemma 2.3 in [24]).

(3) In applying Theorem 6.1.2 it is important to know the constant K or at least a
lower bound for K. In principle, K can be obtained from frequency/step response

experiments performed on the linear part of the plant, see [25] for details. &

Proof of Theorem 6.1.2: By Lemma 6.1.1, there exists a unique solution of
(6.1) on Ry. We denote this solution by (x(-),u(-)) and introduce new variables

by defining
2(t) == a(t) + AT B(@(u)(t) . w(t) = (2(w))(t) — @5 VE>0.

By regularity it follows that z(t) € dom (C}) for a.e. t € R,. For convenience we
let d,, := ®"(u) (recall ® from Definition 5.1.3). Then, by (5.4), 4(®(u))(t) =
d,(t)u(t) for a.e. t € Ry. Therefore an easy calculation yields that for a.e. t € R,

) = Az(t)+ A 'Bw(t), =2(0) =z, (6.5a)
o(t) = w(t), v(0) =1y, (6.5b)
where
w(t) = —kd,(t)(Crz(t) + G(0)v(t)),
and

2 =20+ AT B(®(w))(0), wo:= (®(u))(0) — D,

The derivative on the left-hand side of (6.5a) has to be understood in X _;. Choose
c € (kA K). We consider the quadruple E = (A4, A™'B,C,1/c) of operators,

which are the generating operators of an exponentially stable Pritchard-Salamon
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system' on the spaces X; — X (this implies that = defines an exponentially

stable regular system). The function
H(s)=C(sI — A)'A'B+1/c,
is the transfer function of E. Then

H(s) = -

(G(s) —G(0))+1/c.
By the definition of K there exists 6 > 0 such that

ReH(iw) >, VweR.

Consequently, by a result in van Keulen [15] (see Theorem 3.10 and Remark 3.14
in [15]), there exists P € L(X), P = P*, such that

<A$1,pl’2> + <pZL'1,A£L'2> =

g([(A‘lB)*P +Clay, [(A'B)*P + Clas), Va2 € X,. (6.6)

Setting
P .= _peL(X>7 M = \/g[c—(A_lB>*P]€L(X1,R),

we obtain, using (6.6),

<AI‘1,PLU2> + <PZL’1,AJJ2> = —(M:L‘Q(M@), Vl’l,IQ c Xl, (67&)
(A'B)*Pr = Czx—+/2/cMxz, VzeX. (6.7b)

We show that P > 0. Let zy € X; and define z(t) = T;z. Then using (6.7a),
%@(t),PZ(t)) = (Az(t), P2(t)) + (Pz(t), Az(t)) = —(M=(t))?,

for all £ > 0. Since T is exponentially stable we can integrate the above from 0
to oo to obtain —(z, Pzo) = — [~ (Mz(t))?dt < 0. Therefore (z9, Pzo) > 0 for
all z5 € X;. Since X is dense in X we can infer that P > 0.

For an intermediate step in the stability analysis we need differentiability in X,
and therefore we will use an approximation argument. To this end let T > 0 be
fixed, but arbitrary, and choose (z) C X; such that

lim ||zo — 25| = 0. (6.8)

See [15] for the concept of a Pritchard-Salamon system.
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Consider the system
0(t) = An(t) + A Bw(t), 1(0) = 25 - (6.9)

The abstract initial-value problem (6.9) has a strong solution z, on [0,7] in the
sense that z,(0) = z{ and (6.9) is satisfied for a.e. t € [0,7] in X (see Pazy [34],
Theorem 2.9, p. 109). Using (6.8) we obtain

n—oo

By (6.7b), M is an admissible output operator for T with dom M = dom C.
Moreover, defining M}, by (3.4) with C' and Cp, replaced by M and M|, respec-
tively, it follows from (6.7b) that

ML =\ C/Q(CL - (A_lB)*P)
with dom M}, = dom C},. Since for a.e. t € [0,

Crz(t) — Cz,(t) = CLTizg — CTizy,  Mpz(t) — Mz, (t) = M Tizg — MT 2y,

we have
nh_)IIolo HCLZ — CZnHL2([O,T],R) = O; nh—{go HMLZ — Mzn||L2([07T],R) =0. (610)

Differentiating the function
7= Vo(7) = (2u(7), P2n(7)) + G(0)0(7)?,
we obtain for a.e. 7 € [0, 7],

V(1) = (Az(7), Pzo(7)) + (Pza(7), Azn(T))
+2w(T) (A B)* P2y (1) + 2G(0)v(T)w(r) .

Since z,(7) € X; for all 7 € [0, 7], we may use (6.7) to obtain
V(1) = —(M2, (7)) 4 2w(7) (Crzn(T) — \/2/cMz, (1)) + 2G(0)v(1)w(7) .

For 0 < s <t <T, integration from s to t gives

Vn(t)—Vn(s):/t [—(Mzn) + 2w(Crzn — \/2/cMz,) + 2G(0 ] . (6.11)
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Then taking limits in (6.11) as n — oo, invoking (6.10) and setting
V(7) = (2(7), P2(7)) + G(0)v(r)?, (6.12)
we obtain
V() — V(s) = / t [-(MLZ)2 +2w(Crz — \/2]cMy2) + 2G(0)ow
Completing the square gives
VO -V(s) = — [ Mz K /3TCLz + GO’
+ /t(k2d§2/c — 2kd,)(Crz + G(0)v)?, (6.13)

which holds for all s,¢ € [0,7] with s < t. Since T' > 0 was arbitrary, it follows
that (6.13) holds for all 0 < s < t. Therefore, using (6.13)

t 2 .72
2/ (k;du _ k"cd) (CLz+ GOW?2<V(0) <00 VteR,.  (6.14)
0

Now recall that ¢ > kX and d,(t) € [0, A] for a.e. t € Ry, so that

k2d,(t)?
C

kdu(t) -

> kd, (1) (1 - k—j) > k%du(t)z, ae tcR,,  (6.15)

where § := 1 — kX\/c > 0. Therefore, (6.14) gives
we L*(R,R). (6.16)

Using this in (6.5a) and appealing to the fact that A™'B is a bounded (and hence
admissible) control operator for T, we may use Lemma 3.1.4, part (2), to conclude
that

lim ||z(¢)|| = 0. (6.17)

t—o00
Since V' is non-increasing (follows from (6.13) and (6.15)) and non-negative, we
have that V(t) converges as t — oo. Combining this with (6.17) and (6.12)
implies that v? converges. By continuity of ®(u), it follows that there exists a
number ®., € R such that
lim (®(u))(t) = Poo -

t—o0
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We show that ®,, = ®,.. Setting
Yo(t) = (Toowo) (1), 1(t) = [£71(G) * (D(w))](t) ,

where * denotes convolution, we have

u(t) = klr —yo(t) —1(t)], ae. teR. (6.18)
Since limy_, oo (P(u))(t) = o, and £71(G) € M¢(R,), it follows that

tll>I£<J y1(t) = G(0)P , (6.19)
see [12], Theorem 6.1, part (ii), p. 96. Define a function ¢, : R, — R by setting
n(t) =r—u(t) = GO)Pr —u1(t).

Seeking a contradiction, suppose that ®,, # ®,. Then, either ®, > &, or
O, < . If &, > D, then by (6.19), there exists a number 75 > 0 such that

71(t) > =G(0)(P, — D) >0, VtE>r9. (6.20)

N —

Integrating (6.18) yields

u(t) = u(r) + k (/t i1(s) ds — /: yo(s) ds) L t>T> . (6.21)

By exponential stability, yo € L? (R, ,R) for some o < 0, and thus yo € L' (R, , R).

Therefore, for given € > 0, there exists 7. > 7y such that

/OO |yo(s)|ds < - (6.22)

| ™

Defining u. € C(R,;,R) by

u(t) for0 <t <,
ue(t) = t -
u(r.) +k [ h(s)ds fort >,

it follows from (6.20) that u. is ultimately non-decreasing, and moreover, by
(6.21) and (6.22)
ut) —ue(t)| <e, VieRy,

showing that u is approximately ultimately non-decreasing. Since, by (6.20)—
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(6.22), u(t) — oo as t — 0o, we may invoke (C5) to conclude that

®, > & = lim (P(u))(t) =supNVS P,

t—o0

which is in contradiction to (6.4). If ., < &, then a very similar argument shows
that —u is approximately ultimately non-decreasing and lim;_,..(—u)(t) = oo.

Invoking (C5) gives

¢, < Py, = lim (P(u))(t) =inf NVS P,

t—o0

which again is in contradiction to (6.4). Therefore, we may conclude that ®., =
@, and thus lim; o (P(u))(t) = P,., which is statement (1). Statement (2) follows

from statement (1) and Lemma 3.1.4, part (1). For statement (3), we have
y(t) = CLTywo + (£71(G) x D(u))(t) . (6.23)

By assumption £ (G) is a finite signed Borel measure and since limy_ .o (®(u))(t)
= &, (by statement (1)), it follows from [12] (Theorem 6.1, part (ii), p. 96) that

lim [£7HG) x ®(u)](t) = G(0)®, = 7.

t—o0

Combining this with (6.23) shows that statement (3) holds. To prove statement
(4), let &, € intNVS®. Then, boundedness of u follows immediately from
statement (1) and (C6).

For statement (5), suppose that ®, € int (NVS®) is not a critical value of ®.
Since, by statement (4), u is bounded, there exists d > 0 and 7" > 0 such that

kd(t) € [d, kN ae. t>T. (6.24)

Choose a € (kX, K) and let 6 € (0,d) be such that a + § < K. Define

,21;:(‘3 8) B::(A_;B>, ¢=(c co),

K= “;5 € (M2, K/2), Gu(s) := @ (1 + 5%) o

S

It is clear that (fl, B,C, 0) are the generating operators of a regular linear system

with transfer function @ Let Cp, be the Lebesgue extension of C. Clearly,

Cr = (C1,G(0)). Define A, := A — kBCy. Then, G,(s) is the transfer function
of the closed-loop system (A,, B, C,0). It follows from [44] (see Theorem 7.2 in
[44]) that (A, B,C,0) are the generating operators of a regular linear system,
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where A, has domain dom (A) xR, and hence A,, generates a strongly continuous

semigroup S.

Introduce Z = ( : ); then, by (6.5), for a.e. t € Ry

(%

Z(t) = A2(t) — kd, () BCL3(t) = A2(t) — (kdu(t) — k) BCLA(t) . (6.25)

To establish that S is an exponentially stable semigroup, we consider, for (zg, vg) €
X x R, the system

(5)-+(8). ()-(2). o
U1 (t) U1 (t) U1 (O) Vo

which is equivalent to the system

Ht) = Azn(t) + A'Bw(t), 2(0) = 2, (6.27a)
1)1 (t) = w (t) N Ul(O) = o, (62713)

where
wy(t) = —k(Crz1(t) + G(0)vy(t)) . (6.28)

Taking the nonlinearity ® to be the identity and k& = & in (6.5), gives the same
system as represented in (6.27) and thus by (6.16), w; € L?*(R,,R). An applica-
tion of Lemma 3.1.4, part (2), to (6.27a), gives z; € L?*(R, X) and an application
of Lemma 3.1.4, part (3) to (A, A~'B, C) gives that Cpz; € L*(R;,R). Finally,
since wy,Cpz; € L*(Ry,R) and G(0) # 0, we may conclude from (6.28) that
v € L*(R,,R) and so

U1

(2)-(2)
Vo Ul(t)

by [8] (see Lemma 5.1.2 in [8]), S is exponentially stable.

(Zl ) € L2(R,, X X R).

Therefore, since

We know from [28] that
G, € H*(Cy). (6.29)

Moreover, Lemma 3.10 in [28] yields

1
|Gilloo := sup |Gk(s)| = = (6.30)

s€Cop
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Setting
a—90

9 )
and using (6.24), we obtain |kd,(t) — k| < 7, for a.e. t > T and therefore,

= U(f):=—(kd,—r)f, YVfeFR:R),

(TN <A@, VfeFRLR), ae t=>T. (6.31)
Clearly, k > 7 > 0, and hence by (6.30)
MGrlloo < 1. (6.32)

Let ¢ > 0 be sufficiently small such that the semigroups e*'T; and ¢°'S; are

exponentially stable,

G, € H*(C_.,), (6.33)
and
v sup |Gu(s)| < 1. (6.34)
seC_¢

For all sufficiently small € > 0, (6.33) follows via a routine argument from (6.29)
and the fact that G € H>*(C_.), whilst (6.34) is a consequence of (6.32) and
(6.33) combined with the fact that a holomorphic function which is bounded in
an open vertical strip in the complex plane is uniformly continuous in any closed

vertical substrip (see [7], p. 82).

From (6.25)
2(t) = ALZ(t) + B(Y(CL2))(t) - (6.35)

By (6.31), (6.24) and the fact that w € L*>(Ry,R), we have ¥(Cp%) € L*(R,,R).
Define the bounded operator H from L*(R,,R) to L*(R,,R) by setting

}{(f) ::1:_1((;n1:(f))7 vf E-Lz(E§+’H§)'

By (6.33), H restricts to a bounded operator from L?_(R,,R) to L?_ (R, R).
The L*_(Ry,R)-induced operator norm of H is given by

sup |G,(s)|=:h. (6.36)

seC_¢
Since (A, B,C,0) is regular,
Crz(t) = CrSi2(0) + (H(W(Cp2))(t).

Taking the L? _-norm of Py(C%) (where t € R,), using the causality of H and
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estimating gives

</° e dT) T (/ow 7SO dT) i
o (/Ot e (W(CL2)) (7)) dT) 1,/2Vt >0.(6.37)

Combining (6.31), (6.37) and using (3.6) applied to the exponentially stable reg-
ular system (AK +¢el,B,C, 0), we may conclude that there exists N; > 0 such
that

1/2

t 1/2 t
(/ lesTOL2(7)|? dT) < Ny +~vh (/ 157 CLz(7)|? dT) , Vt>0.
0 0

By (6.34) and (6.36), vh < 1, and therefore, Cz € L2 _(Ry,R). Thus
we L? (R, R). (6.38)
Define z.(t) = exp(et)z(t) and w.(t) = exp(et)w(t). Then using (6.5a)
2(t) = (A+el)z(t) + A~ Bu.(t),

for a.e. t € R, and therefore since e*'T; is exponentially stable, by Lemma 3.1.4,
part (2), z. is bounded. Let p € (0,¢); we show that exp(pt)v(t) is bounded. By
(6.38), an application of Lemma 3.1.5 to (4, A7 B, C,0) gives, Crz € L*>_(R,,R),
and therefore since Cpz + G(0)v = C1.7 € L* (R4, R),

vel? (Ry,R). (6.39)
Define v,(t) = e”'v(t) and w,(t) = e”"w(t), then using (6.5b), for a.e. t € Ry

Up(t) = pp(t) +wp(t),

and therefore by (6.38) and (6.39), v, € L> _(Ry,R) C L'(Ry,R) and thus
v, is bounded. By the boundedness of v,, the convergence in statement (1) is
of order exp(—pt). Define z,(t) = e’ (x(t) + A~'B®,), then for a.e. t € Ry,
t,(t) = (A+ pl)x,(t) + Bv,(t). Therefore, by Lemma 3.1.4, part (3), since v, is
a bounded input and e”"T; is an exponentially stable semigroup, z, is bounded.

Thus the convergence in statement (2) is of order exp(pt).

Suppose 1 = £71(G) € M¢(R,) for some o < 0 and let p € (0, —a) be such
that the convergence in statements (1) and (2) is of order exp(—pt). We show

that the convergence in statement (3) is also of order exp(—pt). Recall that U
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denotes the unit-step function. We have for all t € R
= y(t) + (Wooo) (1)] < [[pr (®(u) — . U)](H)] + @, [(ux U)(E) — G(O)]] . (6.40)

We see that
e ux (®(u) — @,U)|(t) = /0 (®(w)(t — 5) — ®p)e? e du(s) ,

and since t — e |(®(u))(t) — ®,| is a bounded function and E — [, e’ du(t)
belongs to M¢(R ), we may conclude that the function t — e [ux(®(u)—®,U)](t)

is bounded on R,.

Since p € M&(R,), the total variation |u| of p also belongs to M (R, ). Hence

ra, ([ auto) - [ auts) )

< jo] [ e dul(s) < oc.
t

|7, [(ux U)(t) — G(O)]]

showing that the function ¢ — e”"[(u* U)(t) — G(0)] is bounded on R,. Conse-
quently, appealing to (6.40), we deduce that the function

Ry =R, teelr—y(t) + (Toowo)(t)]

is bounded.

Finally for statement (6), we recall that lim; ...(®(u))(t) = @, (by statement
(1)) and that ®(u) — @, € L*_(Ry,R) (by (6.39)). Applying Lemma 3.1.5, we
may conclude that y — G(0)®, =y —r € L? (R, ,R). Thus w € L? _(R,,R) C

L'(R,,R) and so u converges to a finite limit. O

Remark 6.1.4 We see from the proof of Theorem 6.1.2 that (C6) is only needed
for statement (4) and that nowhere do we require the operator ® to be rate inde-
pendent. All we need is that ® is causal and satisfies the property expressed in

statement (1) of Theorem 4.1.2 (this property is a consequence of rate indepen-
dence). <&

One of the conditions imposed in Theorem 6.1.2 is that r/G(0) € clos (NVS ®).
The following proposition shows that this condition is close to being necessary for

tracking insofar as, if tracking of r is achievable whilst maintaining boundedness
of ®(u), then r/G(0) € clos (NVS ®).

Proposition 6.1.5 Let A\ > 0 and r € R. Suppose that (A, B,C,D) € L and

O € N.(N). If there exist an initial condition xo € X and a continuous function
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u: Ry — R such that ®(u) is bounded and
tlim [Crz(t) + D(®(u))(t)] =r,
where x(t) = Tyxo + fot T, . B(®(w))(7)dr, then r/G(0) € clos (NVS ®).

Proposition 6.1.5 can be proved in a similar way to Proposition 3.4 in [10].

6.2 Example: controlled diffusion process with

output delay

Consider a diffusion process (with diffusion coefficient £ > 0 and with Dirichlet
boundary conditions), on the one-dimensional spatial domain [0, 1], with scalar

nonlinear pointwise control action (applied at point x; € (0,1), via an operator
®: C(Ry,R) — C(Ry,R), as defined below) and delayed (delay 7' > 0) pointwise

scalar observation (output at point x5 € (x1,1)).
We formally write this single-input, single-output system as

2i(t,x) = Kzge(t,x) + 0z — 21)(P(u))(t),
y(t) = z2(t—"T, xy),

with boundary conditions
2(t,0) =0=2(t,1), Vt>0.
For simplicity, we assume zero initial conditions
2(t,x) =0, VY(t,x) € [-T,0] x[0,1].

These equations model the problem of heating a rod of unit length whose ends
are kept at zero temperature and which is initially zero temperature across its
length. We want to raise the temperature at a point x5 along its length, to value
r, by applying heat at a point z; along its length. The function z(¢,-) is the
temperature profile along the length of the rod at time ¢t € R.

With input (®(u))(-) and output y(-), this example qualifies as a regular linear

system with transfer function given by

e~ sinh (x1m> sinh ((1 - 132)\/5/7>
Kky/s/ksinh \/s/k .
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It is not difficult to show that £7(G) € M&(R, ) for any a > —r7? (see Appendix
6 for details). A detailed analysis (see [25]) shows that K, defined by (6.3),

satisfies
1 6K2

TIG0)]  an(T = 2a) (67K + L —af — (1 —a)?)
Therefore, by Theorem 6.1.2, if & € N, () for some A > 0 and k € (0, K/\),
the integral control, u(t) = k[r — y(t)], with u(0) = wg, guarantees asymptotic

K

tracking of all feasible constant reference signals r. For purposes of illustration,

we adopt the following values

1 2
HIO.l, l’lzg, T2 = =, Tzl,

and so K = 243/620 ~ 0.3919.
We consider relay, Prandtl and backlash hysteresis operators:

(a) Let ® = R¢ be a relay hysteresis operator as defined in (4.12), where £ = 0,
a; = —1,a, =1, p1(u) = vu+ 1.1 and ps(u) = V0.1 + v2.1 — /1.1 — u. Then
® € N.(\) where A = 1.6, NVS® = imp; U imps = R and K/\ = 0.245. We
take r = 1.42 and ug = 0. Then

T TR

®, — . — 1.278 € int (NVS ®).
GO) ~ m(i—n) 78 € int (NVS @)

In each of the following three cases of admissible controller gains
(i) £ = 0.244 (solid), (ii) £ = 0.17 (dashdot), (iii) £ = 0.1 (dotted),

Figure 16 depicts the output behaviour of the system under integral control, Fig-
ure 17 depicts the corresponding control input and Figure 18 shows the input of
the relay hysteresis operator. Figure 19 illustrates the evolution of the temper-
ature profile z(t,-) in case (i). Since @, is not a critical value of R¢, statements
(5) and (6) of Theorem 6.1.2 hold and therefore the convergence seen in Figures
16, 17 and 19 is of exponential order and u converges in Figure 18. In particular
for (i), limy_o u(t) = p; 1(®,) and for (ii) and (iii), limy_. u(t) = p; (®,).

(b) Let @ = P, be a Prandtl operator, as defined in (4.27), where p = (1/10)x2,5
and ¢ = 0. Then ® € N, (A) where A = 1, NVS® = [-10.5,10.5] and K/\ =
K =~ 0.3919. We take r =1 and ug = 2. Then

r TK

d, = = =0.9 € int (NVS D).
G(O) 1'1(1 — 1‘2) ( )
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In each of the following three cases of admissible controller gains
(i) £ =0.39 (solid), (ii) k£ = 0.25 (dashdot), (iii) k£ = 0.1 (dotted),

Figure 20 depicts the output behaviour of the system under integral control,
Figure 21 depicts the corresponding control input and Figure 22 shows the input
of the Prandtl operator. We know from Proposition 5.2.19 that @, is not a
critical numerical value of P, and therefore u, the input to the hysteresis operator,
converges, and y and ®(u) (as well as the state) converge with exponential order.
We see from Figure 22 that in each of the three cases, u converges to a different

value because of the formation of “different” hysteresis loops.

(c) Let ® = By 5 ¢ be a standard backlash hysteresis operator as defined in Section
4.3. Then ® € N, () where A = 1, NVS® = R and K/\ = K ~ 0.3919. We
take r = 1 and ug = 0. Then

r rK

R R (NVS ®).

In each of the following three cases of admissible controller gain
(i) £ =0.39 (solid), (ii) k = 0.25 (dashdot), (iii) k¥ = 0.1 (dotted),

Figure 23 depicts the output behaviour of the system under integral control,
Figure 24 depicts the corresponding control input and Figure 25 shows the input
of the backlash operator. We remark that the convergence of u(t) as t — oo is
not guaranteed by Theorem 6.1.2 and in fact it seems that u does not converge

in two of the cases.

Figures 16-25 were generated using SIMULINK Simulation Software within MAT-
LAB wherein a truncated eigenfunction expansion, of order 20, was adopted to

model the diffusion process.

2

osk / controlled output y 1

0 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50

Figure 16: Controlled output
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1.6

141

1.2

08 control input ®(u) 1
06 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
Figure 17: Control input
1 B
08l TN e R
0.6 // 4
,/
0.4 // q
) . o
02H) nonlinearity input u 1
O 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Figure 18: Input of relay operator

Figure 19: Temperature profile in case (i) (k=0.244)

2
AN
st |\ controlled output y 1
N\

1 L ~ ~—
0.5 b

0 1 1 1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 80 90 100

Figure 20: Controlled output
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control input ®(u)

40 50 60 70 80 90 100
Figure 21: Control input
3
nonlinearity input « 8
T \777\7771777\7777\777\777
40 50 60 70 80 90 100
Figure 22: Input of Prandtl operator
15
17(77\\ ,,,,,,,,,,,,,,,, -
[
|
|
0.5 B
r controlled output y
1
I
0 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400
Figure 23: Controlled output
1.4
1.2 b
1 | - -
0.8 i
|
0.6t |
0. control input ®(u) 1
0.2 b
ol I I I I I I I
0 50 100 150 200 250 300 350 400

Figure 24: Control input
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nonlinearity input u

I I
0 50 100 150 200 250 300 350 400

Figure 25: Input of backlash operator

6.3 Example: controlled damped wave equation

with output delay

Consider a damped wave equation (with Dirichlet boundary conditions), on the
one-dimensional spatial domain [0, 1], with scalar nonlinear pointwise control ac-
tion (applied at point z; € (0,1), via an operator ® : C(R,,R) — C(R.,R), as
defined below) and delayed (delay 7" > 0) scalar observation generated by a spa-
cial averaging of the delayed state over an e-neighbourhood of a point x5 € (0, z1),

where ¢ € (0, min(za, z1 — x2)).

We formally write this single-input, single-output system as

2i(t,x) = Kzg(t, o) — bze(t,x) + 0(z — 21)(P(w))(t) ,
1 rote

y(t) = % - 2(t =T, z)dx,

with boundary conditions
2(t,0) =0=z(t,1), Vt>0.
We take zero initial conditions:

2(t,x) =0=z(t,xz), V(t,z)e[-T,0]x][0,1].

With input (®(u))(-) and output y(-), this example qualifies as a regular linear
system with bounded observation operator. To find the transfer function we take
Laplace transforms of the partial differential equation (with input v = ®(u)).

Writing f for the Laplace transform of f, this yields a boundary value problem
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for Z(s,z), where we regard s as a parameter:

$22(s, ) = Kize(s, ) — bsi(s,2) + 6(z — x1)0(s)
2(5,0) = 0= 2(s,1).

This can be rewritten as a first-order system

d z 0o 1 3 0 A
%<%>(S’x):<u(s) ()) ( %)(5@)— ( % )6(x—x1)v(s),

—32:1’5. For s # 0 the above first-order system has solution

2 cosh(v/v(s)x L_ sinh(\/v(s)x
<dg>@W)= F (s)) 70 (Vv(s)r) <&0 )
de v(s)sinh(y/v(s)x) cosh(/v(s)x) (5,0)

1

_1Ax< o S WQ@_V»)aw—mw@mw

" cosh(y/v(s)(z = 7))

where v(s) =

In addition we have

0=2(s,0) =

50—~ ) sinh(y/v(s)(1 — x1))0(s) .

Thus
d? 5 0) = sinh(y/v(s)(1 —x1)) .

T VO

and therefore

H(s.2) = sinh(z+/v(s))sinh((1 — z1)+/v(s)) .
’ ky/V(s)sinh(y/v(s))

for all x € (0,2;). Thus,

/xi ] Z(s,x)dx
_ 2 sinh((1 — z1)/v(s))0(s)

o sinh(z+/v(s)) dz
ky/V(s)sinh(y/v(s)) /m_e ( ()
_ [cosh((zg — )/ (s)) — cosh((zg + €)4/v(s))] sinh((1 — x1)/v(s))0(s) _
kv (s)sinh(y/v(s))

Hence, applying Fubini’s theorem,

e *Tcosh((zg — €)\/v(s)) — cosh((xq + €)+/v(s))] sinh((1 — z1)\/v(5)) .

G(s) =
(s) 2erv(s) sinh(1/v(s))
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Since we have a bounded observation operator, £ '(G) € M¢(R,) (see Lemma
2.3 in [24)).

From [25] we know that K > 1/||E||, where

and so K > 1/||E||» ~ 0.657.

Therefore if & € N, (\), for some A > 0, by Theorem 6.1.2, for each k € (0, K/\),
the integral control u(t) = k[r — y(t)], with u(0) = 5, guarantees asymptotic

tracking of all feasible constant reference signals 7.

Let ® = Bys,0 be a standard backlash hysteresis operator as defined in Section
4.3. Then ® € € (1) and NVS® = R. For reference value r = 1

r TR
d, = = =0.9 € int (NVS D).

In each of the following three cases of admissible controller gain
(i) £ = 0.65 (solid), (ii) K = 0.5 (dotdash), (iii) kK = 0.35 (dotted),

Figure 26 depicts the output behaviour of the system under integral control,
Figure 27 depicts the corresponding control input and Figure 28 shows the input
of the backlash operator. We remark that although Theorem 6.1.2 does not

guarantee the convergence of u, it appears that in this example u does converge.

Figures 26-28 were generated using SIMULINK Simulation Software within MAT-
LAB wherein a truncated eigenfunction expansion, of order 20, was adopted to

model the diffusion process.

15

0.5

70 80 90 100

Figure 26: Controlled output
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5 control input ®(u) 1

4 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

Figure 27: Control input

10

61/ nonlinearity input u 1

5 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

Figure 28: Input of backlash operator

6.4 Notes and references

As previously remarked, Theorem 6.1.2 is an extension of the main result in [26].
However, the method used here to prove statements (1)—(4) of Theorem 6.1.2 is
different from that used in [26]. In [26], complex stability radius results were
used to show that the generating operators of the regular system satisfy a certain
Riccati equation. Here we made use of the positive-real Riccati equation theory
for Pritchard-Salamon systems developed by van Keulen [15]. This new method
(suggested by H. Logemann) seems to be more natural than the approach in [26].
Additionally, we remark that the results contained in statements (5) and (6) of
Theorem 6.1.2 are not an extension of any results contained in [26] and are in fact
new even for static nonlinearities. Theorem 6.1.2 is also new in the case when
(A, B,C, D) is a finite-dimensional system. The results contained in statements
(1)—(4) of Theorem 6.1.2 first appeared in [19] by Logemann and Mawby.
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Chapter 7

Low-gain control of discrete-time
linear systems subject to input

hysteresis

7.1 Discrete-time integral control in the pres-

ence of input nonlinearities in Ny ()
Consider a single-input, single-output, discrete-time system

z(n+1) = Az(n)+ Bu(n), z(0)=1x¢€ X, (7.1a)
y(n) = Cxz(n)+ Du(n), (7.1b)

evolving on a real Hilbert space X (with norm || -||). Here A € L(X), B €
L(R,X), C € L(X,R) and D € R. A system of the form (7.1) is called power-
stable if A is power-stable, i.e. there exist M > 0 and 6 € (0, 1) such that

JA"| < MO", YneZ,,

where || - || denotes the operator norm on L(X) induced by the norm || - || on X.

The transfer function G of (7.1) is given by
G(z)=C(zI —A)'B+D.

For future reference we state the following simple lemma. It is the discrete-time

analogy of Lemma 3.1.4.

Lemma 7.1.1 Assume that A is power-stable. Then the following statements
hold.
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(1) If u € I°(Z4,R) is such that lim,, o u(n) = us exists, then, for all xo € X,
the state x(-) given by (7.1a) satisfies

lim x(n) = (I — A) ' Bug, .

n—oo

(2) If u € I>(Z,R), then, for all o € X, the state x(-) given by (7.1a) satisfies

lim #(n) =0, z¢€l*Z.,R).

n—oo

Suppose that system (7.1) is subject to a causal input nonlinearity ® : F(Z,,R) —
F(Z,,R), yielding the nonlinear system

x(n+1) = Az(n)+ B(®(w))(n), z(0)=mz€ X, (7.2a)
y(n) = Cx(n)+ D(P(u))(n). (7.2b)

Denoting the reference value by r, the control law
u(n+1) =u(n)+ k(r —y(n)),

where k is a real parameter, then leads to the following nonlinear system of

difference equations

z(n+1) = Az(n)+ B(®(w))(n), z(0)=z€ X, (7.3a)
un+1) = uln)+k(r—Czx(n) — D(®(u))(n)), u(0)=uy € R.(7.3b)

If G € H*(E,) for some o € (0,1) (which is the case if (7.1) is power-stable)
and G(1) > 0, then it can be shown that
G
1+kReLZiZO, VzeE, (7.4)

z —

for all sufficiently small £ > 0, see Lemma 2.9 in [27]. We define
K :=sup{k > 0](7.4) holds} . (7.5)

Before we formulate the main result of the section, we derive a lower bound for
K. To this end it will be convenient to introduce the following auxiliary transfer

function
G(2) - G(1)

z—1
The above definition makes sense for all z # 1 for which G(z) is defined. If G(z)
is holomorphic at 1, then we set E(1) = G'(1).

E(z) =
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Lemma 7.1.2 Assume that G € H*(E,) for some o € (0,1) and that G(1) > 0

and let k > 0. Then the following statements are equivalent

(1) 1+ kReS& >0, for all z € E,,
(2) 1+ kRe &) > 0, for all 6 € (0,2n),

(3) 1+ k(ReE(e?) — G(1)/2) > 0, for all § € [0, 27),

(4) 1+k(ReE(z) — G(1)/2) > 0, for all z € E;.

Proof: Trivially, (1) implies (2), and since G(1) is real and

1+ e
e .
1 — e

R

=0, V0#e(0,2m),

(2) implies (3). In order to show that (4) follows from (3), assume that (3) holds.
Define f(z) = exp(—(1+kE(z) —kG(1)/2)) for all z € E,. Now f is holomorphic
on [E; since G is holomorphic on E; and f is bounded and continuous on clos [Eq

since G € H*(E, ). Therefore by the maximum modulus theorem

1 flloc = sup [f(2)| = sup [f(e")],

z2€Eq 0el0,27)
which implies that (using (3))
— inf (1 + kReE(z) - kG(1)/2) = - i{gg )(1 +EkReE(e?) — kG(1)/2) <0.
z€Eq €|0,27

Thus (4) holds. Finally, since G(1) > 0, we have that G(1)Re Z5 > 0 for all

z € Ey, and therefore (1) is implied by (4). O

The following corollary provides a lower bound and an upper bound for K in

terms of the transfer function E.

Corollary 7.1.3 Assume that G € H*(E,,) for some a € (0, 1) and that G(1) >
0. Then

1 .
! <K< { weEmrems L ReE() <0 70

B[l + G(1)/2 00 if ReE(1) > 0.

Proof: For k > 0 we have that

1+ kReE(2) — kG(1)/2 > 1 — k(|E|w + G(1)/2), Vz€E,.
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Combining this with Lemma 7.1.2; we see that

1

K> ,
Bl + G(1)/2

which is the first inequality in (7.6). Moreover, using Lemma 7.1.2 again, it follows
from the definition of K that 1+ K(ReE(1) — G(1)/2) > 0. If ReE(1) <0, we

may conclude that
1

K< ez

yielding the second inequality in (7.6). O

We now state the main result of this section.

Theorem 7.1.4 Let A > 0. Assume that ® € Ny (\), A is power-stable, G(1) >
0, k € (0, K/A) and r € R is such that ®, := r/G(1) € clos (NVS®). Then for
all (xg,ug) € X X R the solution (x,u) of (7.3) satisfies

(1) Timp oo (®(u))(n) = Py,

(2) lim,, .. x(n) = (I — A)"'B®,

(3) lim,, o y(n) =, where y(n) = Cz(n) + D(®(u))(n),

(4) if @, € int (clos (NVS ®)), then u is bounded,

(5) if . € int(clos (NVS®)) and @, is not a critical numerical value of P,
then the convergence in (1) and (2) (and hence in (3)) is of order p=™ for
some p > 1 (in the sense that the functions p"((®(u))(n) — ®,.), p"(z(n) —
(I — A)™1B®,) and p"(y(n) —r) are bounded),

(6) if @, € int(clos(NVS®)) and ®, is not a critical numerical value of P,

then there exists us € R such that lim, . u(n) = s -

Proof: Denote the solution of (7.3) by (x,u) and introduce new variables by

defining
2(n) = a(n) — (I — A)7'B(@(w))(n), v(n):=(P(w)(n) — 5 VneZy.

For convenience we define d, = §®(u) (recall ¢ from Definition 5.3.6). Then

(®(u))(n + 1) = (P(uw))(n) = dy(n)(u(n+ 1) —u(n)) for all n € Z,. Using the

identity A(I — A)™' = (I — A)~! — I, a straightforward calculation yields
z(n+1) = Az(n)— (I —A) ' Bw(n), z(0)=z (7.7a)
vin+1) = v(n)+wn), v0)=uv, (7.7b)
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where
w(n) = —kd,(n)(Cz(n) + G(1)v(n)),

and

20 =20 — (I — A)'B(®(u))(0), v :=(®(u))(0) — P, .

Choose ¢ € (kA K) and define
H(z) = —C(zI — A "I - A)'B+J,

where J :=1/c¢ — G(1)/2. Then

H(z) = (G(2) —G(1)) + J.

Since ¢ < K, there exists € > 0 such that

1 G
—+Reﬁ25, Viz| > 1,
c z—1

and hence, using the identity

1 1
Re(. ):—57 v9€(0,2’ﬂ'),

e — 1

we may conclude that

ReH(e) > ¢, VO e[0,27).

An application of the discrete-time positive real lemma (see Appendix 7) shows
that there exist P € L(X), P=P* >0, L € L(R, X) and W € R such that

A*PA—-P = —LL*,
A*P(I-A)'B = LW -C~,
W? = 2J-B*(I—-A)"'PI—-A)"'B.

For n € Z, define
V(n) = (z(n), Pz(n)) + G(1)v(n)*.
Using (7.7) and (7.8), we obtain for all n € Z,

V(n+1)—V(n)

(7.8a)
(7.8b)
(7.8¢)

= (2(n+1),Pz(n+1)) — (2(n), Pz(n)) + G(1)(v(n+1)* —v(n)?)
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= —(L*2(n))? = 2L*2(n)Ww(n) + 2Cz(n)w(n)

+w(n) (2] = W w(n) + G(1)(w(n)? + 2w(n)v(n))
= —(L"z(n))* = (Ww(n))* — 2L"z(n)Ww(n)

+2Cz(n)w(n) + %w( )2+ 2G(1)w(n)v(n)
= —(L*z(n) + Ww(n))* + 2Cz(n)w(n)
+%w(n)2 — 2G(1)kdy(n)(G(1)v(n)? + Cz(n)v(n))

= —(L*z(n) + Ww(n))? + %w(n)2 — 2kd,(n)(G(1)v(n) + Cz(n))?

— (L) + Ww(n))® — 2 (kdu(n) _ Fdu(m) ) (G(1)o(n) + C=(n))?.

C

Summing then gives

22 (kd _ By ) (G(1)v(n) + Cz(n))* < V(0) < <. (7.9)

C

Now, since ¢ > kX and d,(n) € [0, A\] we have

k2d,(n)?

kd,(n) — .

— kdy(n) (1 - M) > k;du(n)2, Vnez,,
c
where § := 1 — kX/c > 0. Therefore (7.9) implies that

d.(Cz + G(1)v) € I*(Zy,R), (7.10)

and hence
w e 1*(Z,,R). (7.11)

Appealing to the fact that A is power-stable, we may conclude from (7.7a) and
(7.11), by Lemma 7.1, part (2), that

2 €PP(Zy, X). (7.12)
Consequently, Cz € I*(Z,,R) and hence, by (7.10) and the boundedness of d,,

dyv € ’(Z,,R). (7.13)
From (7.12) and (7.13) we obtain that

(C2)dyw € 1Y(Z4,R). (7.14)
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Using (7.9), (7.12)—(7.14) and the boundedness of d it follows that
dv* € MZy,R). (7.15)

It follows from (7.7b) that, for all m € Z,

v(m+1)? =00+ wn)*+2> v(n)w(n). (7.16)

Combining (7.16) with (7.11), (7.14) and (7.15) and recalling that w = —kd,, (Cz+

G(1)v), we see that there exists a number v,, € R, such that

lim v(n)? = Vs - (7.17)

n—oo

In order to prove statement (1) it is sufficient to show that v, = 0. Seeking a
contradiction, assume that v, > 0. By (7.10), lim, . w(n) = 0, and thus we

may conclude from (7.7b) that

lim (v(n + 1) — v(n)) = 0. (7.18)

n—oo

Since v, > 0, equations (7.17) and (7.18) yield that v(n) does not change sign

for sufficiently large n and so

lim v(n) = /oo or lim v(n) = —/Veo .

n—oo n—oo

Assuming that lim,, ., v(n) = —/U (the case lim,_., v(n) = /U can be dealt

with in an entirely analogous fashion) we obtain that

Oy = lim (P(u))(n) < @, , (7.19)

n—oo

and thus by Lemma 7.1.2, part (1),

lim x(n) = (I — A)"'Bd,, . (7.20)

n—~0o0

It then follows from (7.3b), (7.19) and (7.20) that

lim (u(n+1) —u(n)) = k(r —C(I — A)"'B®,, — D®,.) = kG(1)(®, — ) > 0.

n—0o0

Therefore, lim,, . u(n) = oo and w is ultimately non-decreasing, so by (D3) and
the assumption that ®, € clos (NVS ®), we obtain

O = lim (P(u))(n) = sup(NVS®) > &, ,

n—~0o0
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contradicting (7.19). Therefore, lim,, . v(n) = 0 and consequently

lim (®(u))(n) = @,

which is statement (1).

Statement (2) follows from statement (1) and Lemma 7.1.2, part (1). Statement
(3) is an easy consequence of statements (1) and (2). Finally, to prove statement
(4), let &, € int(clos(NVS®)). Then, boundedness of u follows immediately
from statement (1) and (D4).

For statement (5), suppose that ®,. € int (clos (NVS ®)) is not a critical value of
®. Therefore, since by statement (4) u is bounded, there exists d > 0 and N > 0
such that

kd,(n) € [d,kA], ¥Yn>N. (7.21)

Choose a € (kX, K) and let 0 € (0, d) be such that a +§ < K. Define

- (40 5 [ —U-A)7'B S
Af<01>,3_< 1 >,cf(CGm),

-1

P 0 € (kX/2,K/2), Gy(z) = G(zi <1 + KG(Zi) , A= A—kBC.
z— z—

Since % is the transfer function of the system (fl, B,C, 0), G, is the transfer

function of the feedback system (A,, B, C,0).

z
Introduce zZ = (

(%

); then for all n € Z

Z(n+1) = Az(n) — kd,(n)BC%(n) = A.2(n) — (kdy(n) — k)BCZ(n). (7.22)

To establish the power-stability of A,, we consider, for (zp,vy) € X x R, the

( z(n+1) ) i ( 21(n) ) | ( 2 (0) ) _ < . ) | (729
vi(n+1) v1(n) v1(0) Vg

which is equivalent to the system

system

z2(n+1) = Azn(n) — (I — A 'Bwi(n), z(0)=2z, (7.24a)
viln+1) = vi(n)+wi(n), v1(0) =1, (7.24Db)

where

wi(n) = —k(Cz1(n) + G(1)v1(n)) . (7.25)
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Taking the nonlinearity ® to be the identity and & = k in (7.7), gives the same
system as represented in (7.24) and thus by (7.10), wy € I*(Z,R). An application
of Lemma 7.1.2, part (2), to (7.24a) gives z; € *(Zy,X) and therefore Cz; €
I>(Z+,R). Finally, since wy,C2; € [*(Zy,R) and using the fact that G(1) # 0,
we may conclude from (7.25) that v; € [*(Z,,R) and therefore

( - ) € 2(Z,, X xR).

U1

A( ) _ <Zl<”> ) ez,
U vi(n)

we have, by a result in [45] (see Proposition 1.2 in [45]), that A, is power-stable.

Since

Since A, is power-stable
G, € H*(E,). (7.26)

Moreover, Lemma 2.9 in [27] yields

1
||G'n||oo ‘= sup |GH(Z)| = - (727)
z€E, K
Setting
a—9
yoi= 5 ; \If(f> = —(kdu—ﬁ>f, er F(Z+7R>7

and using (7.21), we obtain |kd,(n) — k| < 7, for all n > N and therefore,
() <Af(n)], VfeF(Z,R), Vn=>N. (7.28)
Clearly, k > v > 0, and hence by (7.27)
MGl < 1. (7.29)

Let p > 1 be sufficiently small such that pA and pA, are power-stable,

G, € H*(Ey,), (7.30)
and
v sup |Gg(z)| < 1. (7.31)
ZE]El/p

For all sufficiently small p > 1, (7.30) follows via a routine argument from (7.26)
and the fact that G € H*(E,/,), whilst (7.31) is a consequence of (7.29) and
(7.30) combined with the fact that a holomorphic function which is bounded on

a compact set is uniformly continuous on that set.
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From (7.22)

Z(n+1)=AzZ(n) 4+ B(¥(C2))(n). (7.32)
Define the bounded operator H from [?(Z,,R) to (*(Z,,R) by setting
H(f)=3"(G:3(f), Y[fel(Z+R).

By (7.30), H restricts to a bounded operator from 1§, (Z,R) to [, (Z,R). The

12 Jp(Z+, R)-induced operator norm of H is given by

sup |Gy(2)| =:h. (7.33)

ZeEl/P

Noting that
Cz(n) = CALZ(0) + (H(¥(CZ)))(n)

taking the [ Jp-horm of Pg(é’%), using the causality of H and estimating gives
n 1/2 o 1/2
(lekéi(kﬁ)Iz) < (Z\MéAﬁz(o)F)
k=0 k=0
n 1/2
+h (Z |pk(\If(C~’2))(k:)|2> , VneZy. (7.34)
k=0

Combining (7.28), (7.34) and using the power-stability of pA,, we may conclude
that there exists M > 0 such that

n 1/2 n 1/2
(Swcswr) careon(Siwesor) . vaea.
k=0

k=0

By (7.31) and (7.33), vh < 1, and therefore, CZ € I3, (Zy,R). Thus
w e}, (Zy,R). (7.35)
Define z,(n) = p"z(n) and w,(n) = p"w(n). Then, using (7.7a),
2o(n+1) = (pA)z,(n) — (I — A) ' B(pw,(n))

and therefore since pw, is a bounded input and pA is power-stable, z, is bounded.
Since w, and z, are bounded, by (7.21), we have that v,(n) := p"v(n) is bounded
and so the convergence in statement (1) is of order p™". Now define z,(n) =
p"(z(n) — (I — A)"'B®,), then z,(n + 1) = (pA)z,(n) + B(pv,(n)). Therefore,

since pv, is a bounded input and pA is power-stable, z, is bounded. Thus the
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convergence in statement (2) is of order p=".

Finally, for statement (6), since y —r € 1§, (Z+,R), u(- + 1) — u(-) € I(Z4,R)
and so u converges to a finite number. O
We see from the proof of Theorem 7.1.4 that (D4) is only needed for statement (4).
One of the conditions imposed in Theorem 7.1.4 is that r/G(1) € clos (NVS ®).
The following proposition shows that this condition is close to being necessary for

tracking insofar as, if tracking of r is achievable whilst maintaining boundedness
of ®(u), then r/G(1) € clos (NVS ®).

Proposition 7.1.5 Let A > 0 and r € R. Suppose that & € Ny (A\), A is power-
stable and G(1) > 0. If there exist an initial condition xy € X and a function
u € F(Zy,R) such that ®(u) is bounded and

lim [Cx(n) + D(®(u))(n)] =r,

n—~o0

where x € F(Zy,X) is given by (7.2a), then r/G(1) € clos (NVS ®).

Proof: Since ®(u) is bounded and A is power-stable, x is bounded. Let n € Z
and define y : Z, — R by (7.2b), then

y(n) = C(x(n) — (I = A)7'B(®(u))(n)) + G(1)(®(u))(n),
and therefore
C(A=I)"x(n+1) —2(n) = y(n) — G(1)(®(u))(n) .

For p,m € Z, with p > m, summing the above from m to p — 1 gives

p—

C(A =D (alp) — 2(m)) = Y (y(k) = G(1)(®(w))(k)) - (7.36)

=m

=

Seeking a contradiction, let us suppose that r/G(1) ¢ clos(NVS®). Since
lim, . y(n) = r and clos (NVS®) is an interval (see Remark 5.3.1, part (3)),
there exist € > 0, 3 € {—1,1} and m € Z, such that

Bly(n) = G)((u))(n) =2, Ynz=m.

Combining the above with (7.36), it follows that

[y

n—

BO(A=I)" (z(n)—x(m)) = }  Bly(k)—G(1)(2(w))(k)) > e(n—m), Yn>m.

>
Il
3

Therefore lim,, .., 3C(A—I)~'z(n) = oo, contradicting the boundedness of x. O
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7.2 Example: finite-dimensional system

As a simple example we consider

s(n+1) = (0(')5 _§_4>x<n>+(f><38.5,5<u>><n>, #(0) =0,

y) = (10 )a(),

where B ; ; is the discrete-time backlash operator defined in (4.44). The transfer

function is given by
224 4.8

(2—0.5)(z4+0.4)
Now B 5 5 € Na (1), NVS B ; 5 = R and using Corollary 7.1.3 we get the follow-

ing lower bound for K

G(z) =

1
K>
Bl + G(1)/2

~ 0.0355.

For r = 1, we have

7
P, = = — €int (NVSB{; ;).
Therefore, by Theorem 7.1.4, for any k € (0,0.0355), the integral control, u(n +
1) = u(n) + klr — y(n)], with «(0) = 0, guarantees asymptotic tracking. For

purposes of illustration we choose k = 0.035.

Figure 29 depicts the output behaviour of the system under integral control,
Figure 30 depicts the corresponding control input, Figure 31 shows the input of
the backlash operator and Figure 32 shows the state vector. We remark that
since r/G(1) is a critical numerical value of By 5, exponential convergence is
not guaranteed by Theorem 7.1.4 and indeed convergence seems to be slow. Also
Theorem 7.1.4 does not guarantee the convergence of u, and indeed it appears

that u does not converge.

Figures 29-32 were generated using SIMULINK Simulation Software within MAT-
LAB.
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7.3 Notes and references

We remark that Theorem 7.1.4 (the discrete-time counterpart of the continuous-
time result expressed in Theorem 6.1.2) is new for both static nonlinearities
and for finite-dimensional linear systems. Lemma 7.1.2 and Corollary 7.1.3 are
discrete-time counterparts of results in [25] (see Lemma 3.3 and Corollary 3.4 in

[25]). Proposition 7.1.5 is an extension of a result in [23] (see Proposition 2.3 in
23]).
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Chapter 8

Sampled-data low-gain control of
regular linear systems subject to

input hysteresis

8.1 Sampled-data integral control in the pres-

ence of input nonlinearities in Ny; ()

The aim in this chapter is to show that for an exponentially stable, regular,
linear, infinite-dimensional, continuous-time, single-input, single-output system
with transfer function G(s), subject to a continuous-time dynamic input non-
linearity ®, the output y(t) of the sampled-data closed-loop system, shown in
Figure 5, converges to the reference value r as t — oo, provided that G(0) > 0,

r is feasible in some natural sense and k£ > 0 is sufficiently small.

Consider a single-input, single-output, discrete-time system

r’(n4+1) = A%%n)+ Bul(n), z(0)=20€ X, (8.1a)
yi(n) = C%%n)+ D% (n), (8.1b)

evolving on a real Hilbert space X. The transfer function G¢ of (8.1) is given by
Gi(2) = C¥zI — AY)™'B? + D?.

As in Chapter 7, if G¢ € H*®(E,) for some a € (0,1) (which is the case if A¢ is
power-stable) and G%(1) > 0, then

G’(2)

1+ kRe 120

, VzelE, (82)

z —
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for all sufficiently small £ > 0, see Lemma 2.9 in [27]. We define
K :=sup{k > 0](8.2) holds} . (8.3)
We recall the discrete-time closed-loop system considered in Chapter 7

zin+1) = A%%n)+ BY4u?))(n), 2%(0) =10 € X, (8.4a)
w'in+1) = u(n)+ k(r — C%%n) — DY@ (u?))(n)), u’(0) = uy € R,(8.4b)

where k is a real parameter and ®¢ € Ny ()).

Let u? € F(Z,,R) and apply the continuous-time signal
uw= H.ut, (8.5)

(where H. is the standard hold operator defined in Chapter 4) to the continuous-
time system given by (3.7) (where (A, B,C, D) € L). Then the state x(nt + t)

satisfies
z(nt +t) = Tx(nt) + (T, — )A'Bu(n), VneZ,, Ytel0,7).
Accordingly, we define 2% : Z, — X by
z%(n) = z(n1). (8.6)

Clearly, T, € L(X) and (T, — I)A™'B € L(R, X) define appropriate state-space

operators for the state evolution of the discretization of (3.7a). However, in gen-

2

ie(R4,R) so that, even with piecewise

eral, regularity only guarantees that y € L
constant input functions, standard sampling of the output is not defined. More-
over, even if the output function is continuous (in which case standard sampling is
defined), in general the resulting discrete-time system will not have a bounded ob-
servation operator. We therefore distinguish two cases: bounded and unbounded

observation.

Bounded observation

Assume that C' = Cp, € L(X,R). If zyp € X and u is given by (8.5), then the
output y given by (3.7b) is piecewise continuous, the discontinuities being at nr.

It is clear that y is right-continuous at nrt for all n € Z,. We define

yd = oy (87>
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(where S, is the standard sampling operator defined in Section 4.5) and

At B\ [T, (T.-DA'B 558)
ci pi )]\ C D ’ ‘

The proof of the following proposition is an immediate consequence of Proposition
41 in [27).

Proposition 8.1.1 Suppose that T, is exponentially stable and that the obser-
vation operator C' is bounded. Let 7 > 0 and u® € F(Z,,R). If u given by (8.5)
is applied to (3.7), then x@ and y* given by (8.6) and (8.7), respectively, satisfy
(8.1) where (A, B4, C4, D?) is given by (8.8). Moreover, A¢ is power-stable and
we have that

G 1) =CI - AH™'B* + D' = G(0). (8.9)

For ® € Ny (\), let ® denote the extension of ® to N PCom(R4,R) given by
(4.31) and let ®¢ denote the discretization of ® given by (4.39). For u € 8, we
have H.S;u = u and so, by Lemma 4.4.5, part (4)

OH,=H, d¢. (8.10)

Consider the continuous-time system (3.7) with continuous-time input nonlinear-
ity ® and (4, B,C,D) € L

i = Ar+Bd(u), z(0)=z0€X, (8.11a)
y = Cpz+ DO(u), (8.11b)

controlled by the sampled-data integrator

u(t) = ut(n), fortenr,(n+1)7),neZ,, (8.12a)
yi(n) = y(nr), neZ,, (8.12b)
uln4+1) = u(n) +k(r—yin)), v 0)=u €R,necZ, . (812c)

Theorem 8.1.2 Let A > 0. Assume that ® € Ny (N), (A, B,C,D) € L, C
is bounded and r € R is such that ®, := r/G(0) € clos (NVS®). Let K > 0
be defined by (8.3), where (A%, B4, C? D?) is given by (8.8). Then, for all k €
(0, K/A) and all (zg,up) € X xR, the unique solution (z(-),u(-)) of the closed-loop
system given by (8.11) and (8.12) satisfies

(1) Timy oo (P(w))(t) = @7,
(2) limy_ [|2(t) + A7'BE,[| =0,
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(8) limy_ o y(t) =1,
(4) if @, € int (NVS®), then u is bounded,

(5) if @, € int (NVS®) and @, is not a critical numerical value of ®, then the
convergence in (1), (2) and (3) is of order exp(—pt) for some p >0,

(6) if &, € int (NVS®) and @, is not a critical numerical value of ®, then

there ezists us € R such that limy_ o u(t) = U -

Proof: Let (z(),u(-)) be the unique solution of the closed-loop system given by
(8.11) and (8.12). Let ®¢ be given by (4.39) and so ®¢ € N, (\) (by Proposition
5.3.5) and

(B(w)(n7) = (B(Hu"))(n7) = (B u))(n), Vn €Ly,
Note that by Proposition 4.5.6
NVS®¢ =NVS®. (8.13)

Defining 24 € F(Z,,R) by (8.6), it follows from Proposition 8.1.1 that (2%, u9)
satisfies the discrete-time closed-loop system (8.4), where (A4, B¢, C¢, D?) is given
by (8.8). Therefore, using Theorem 7.1.4, Proposition 8.1.1 and (8.13) we see that
for all £ € (0, K/\)

lim (®4(u?))(n) = ®, . (8.14)

n—oo

This implies that for all k € (0, K/\), lim; oo (H,(®4(u?)))(t) = ®, and so by
(8.10), limy_ oo (®(u))(t) = ®,, which is statement (1). Statement (2) is a con-
sequence of statement (1) and Lemma 3.1.4. Statement (3) follows easily from
statements (1) and (2) and the boundedness of C'. To prove statement (4), as-
sume that ®, € int NVS®. Then, by (8.13), ®, € int NVS ®¢. Boundedness of
u? and thus boundedness of u now follows immediately from (8.14) and the fact

that (D4) holds for ®.

For statements (5) and (6) assume that ®, € int (NVS®) and that ®, is not
a critical numerical value of ®. Then by Proposition 5.3.7, ®, is not a critical
numerical value of ®¢. So by Theorem 7.1.4, part (5), there exists & > 1 such
that lim, e &"((®(u))(n7) — ®,) = 0 and lim,_ &"||z(n7) + A"'B®,|| = 0.
Therefore, for p := (In€)/7 > 0, we have, using (8.10), lim,_., exp(pt)((®(u))(t)—
®,) = 0 and limy_, exp(pt)||z(t) + A~ B®, || = 0. Since C is bounded, £ 1(G) €
M¢(R,) for some a < 0 (see Lemma 2.3 in [24]) and therefore the fact that the
convergence in (3) is of order exp(—pt), for some p > 0, follows as in the proof of

Theorem 6.1.2. By Theorem 7.1.4, part (6), u¢ converges, and so u converges. O
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Let o(-) denote the step response of the regular system (A, B,C, D) € L, i.e.
t
o(t) = CL/ T, ,BU(t)dr + DU(t) .
0

Define the step-response error £(+) by

with Laplace transforms given by [£(0)](s) = G(s)/s and [£(¢)](s) = (G(s) —
G(0))/s, respectively.

The following proposition is due to N. Ozdemir and S. Townley [33] (see Remark
3.7 in [33]). For completeness we include a proof.

Proposition 8.1.3 Assume that (A, B,C, D) € L and C' is bounded. Let K > 0
be defined by (8.3), where (A4, BY,C4, DY) is given by (8.8). Then

1

K> — , (8.15)
2 k=0 (kT)[ + G(0)/2
and if D =0 and o(-) is non-decreasing, then G'(0) < 0 and
1
K > (8.16)

— |G(0)]/T+3G(0)/2"

Proof: Defining 5(z) = Y o, 0(k7)z7%, we may write G%(z) = (1 — z271)5(2).

Set
Gi(z) — G4(1)

El(z) = pog| :
then, using (8.9) . G0
B'(z) = - ((7(2’) = Z(_>1z)

Therefore

B = sup [Ee”)| = sup | e(kr)e ™| < |e(kr)].
0€[0,27) ve0.2m) =5 —o

Combining the above with Corollary 7.1.3 gives (8.15). Since C' is bounded,
£7HG) € M¢(R,) (see Lemma 2.3 in [24]) and therefore o is continuous. If
D =0 and o is non-decreasing, then £(t) < 0 for all ¢ € R,. Therefore, defining
E(s) := (G(s) — G(0))/s, we have for s € Cy

_/Owa(T)dT:/Owle(T)\ >0,
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and thus G’(0) < 0. Additionally

Y lekr)| = =D e(kr)=—

WE

c(kr) — £(0) < —% /ooe(t) dt + G(0)

0

e
Il
—

= %(2(5))(0) + G(0) = —%G’(O) + G(0).

Combining the above with (8.15) gives (8.16). O

Unbounded observation

As mentioned earlier, in this case we cannot define a sampled output via (8.7).
Instead, we introduce a generalized sampling operation. In the following, let

w € L?*([0,7],R) be a function satisfying the conditions
(a) / w(t)dt=1 and (b) / w(t)Tixdt € Xy Vre X. (8.17)
0 0
Whilst condition (8.17)(b) is difficult to check for general w, it is easy to show

(using integration by parts) that (8.17)(b) holds if there exists a partition 0 =
to <ty <...<ty=r7such that w|q, ) € W' ((tio1,6),R) fori =1,2,...,m.

We define a generalized sampling operation by
yi(n) = / w(t)y(nt +t)dt, YneZ,. (8.18)
0
Introducing the linear operator

L:X— Xy, x»—>/ w(t)Tyxdt,
0

At Bt [T, (T.,-1)A"'B (8.19)
¢t pt ) \ CL CLA'B+G(0) | '

The following result is an immediate conquence of Proposition 3.4 in [23].

we define

Proposition 8.1.4 Suppose that T, is exponentially stable. Let 7 > 0 and u® €
F(Zy,R). If u given by (8.5) is applied to (3.7), then ¢ and y¢ given by (8.6)
and (8.18), respectively, satisfy (8.1), where (A%, B4, C? D% is given by (8.19).
Moreover, A% is power-stable, C? € L(X,R) and (8.9) is satisfied.
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Consider the following sampled-data low-gain controller for (8.11)

u(t) = u'n), forte€nr,(n+1)7),ncZ,, (8.20a)
i) = / w(t)y(nr +8)dt, neZ,, (8.20b)

u'n4+1) = u(n) +k(r—y*(n)), uw0)=us€R,necZ, . (820c)

Theorem 8.1.5 Let A > 0. Assume that & € Ny (N), (A, B,C,D) € L,
£7YG) € M¢(Ry) and r € R is such that ®, := r/G(0) € clos (NVS®). Let
K > 0 be defined by (8.3), where (A%, B4, C? D% is given by (8.19). Then, for
all k € (0, K/X\) and all (zo,ug) € X x R, the unique solution (x(-),u(-)) of the
closed-loop system given by (8.11) and (8.20) satisfies

(1) limyoo(®()) () = P,

(2) limyco [[2(t) + A7' B, || =0,

(3) limyoclr — y(t) + C Tog) = 0,

(1) if ®, € int (NVS®), then u is bounded,

(5) if @, € int (NVS®) and @, is not a critical numerical value of ®, then the
convergence in (1) and (2) is of order exp(—pt) for some p > 0, moreover,
if £7(G) € M&(R,) for some a < 0, then the convergence in (3) is of
order exp(—pt) for some p € (0, —a),

(6) if . € int (NVS®P) and ®, is not a critical numerical value of ®, then

there exists s € R such that lim;_q u(t) = U -

Proof: By using Proposition 8.1.4 instead of Proposition 8.1.1, statements (1),
(2) and (4) follow exactly as in the proof of Theorem 8.1.2. Statement (3) follows
from statement (1) as in the proof of Theorem 6.1.2. For statements (5) and (6)
assume that ®, € int (NVS ®) and that ®, is not a critical numerical value of .
Then the fact that the convergence in statements (1) and (2) is of order exp(—pt)
for some p > 0 and that u converges, follows as in the proof of Theorem 8.1.2.
Let us now assume that £7'(G) € M&(R,) for some a < 0, then the fact that
the convergence in (3) is of order exp(—pt) for some p € (0, —«) follows as in the
proof of Theorem 6.1.2. O

Remark 8.1.6 We see from the proofs of Theorems 8.1.2 and 8.1.5, and the
results related to extending ® € N4 (A) to NPCpy (R4, R), that ® need not
satisfy (C5) but only the weaker assumption (C5’). &
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8.2 Example: controlled diffusion process with

output delay

Consider a diffusion process (with diffusion coefficient £ > 0 and with Dirichlet
boundary conditions), on the one-dimensional spatial domain [0, 1], with scalar
nonlinear pointwise control action (applied at point x; € (0,1), via an operator
® € Ny (M) and delayed (delay T' > 0) scalar observation generated by a spatial
averaging of the delayed state over an e-neighbourhood of a point x5 € (z1,1),

where € € (0, min(l — z9, xy — x1)).
We formally write this single-input, single-output system as
Zt(tu .CL’) = szx(t, .CL’) + 5(I - ml)((i)(“))(t> )

1 Trote

y(t) = 5 - 2(t =T, x)dx,

with boundary conditions
2(t,0) =0=z(t,1), Vt>0.
For simplicity, we assume zero initial conditions

2(t,x) =0, VY(t,xz) e [-T,0] x[0,1].
With input (®(u))(-) and output y(-), this example qualifies as a regular linear
system with bounded observation and with transfer function given by

Gs) = T oinh (o1y/F) eosh (1= @2+ ) /5) —cosh (1 =22 =) E)]

2es sinh \/g

Since the observation is bounded, we may sample the output using the stan-

dard sampling operation given by (8.7). Further analysis (invoking application
of the maximum principle for the heat equation which, for brevity, we omit here)
confirms the physical intuition that the impulse response £ *(G) is nonnegative
valued. Consequently, the corresponding step-response is non-decreasing, and
therefore we may apply Proposition 8.1.3 to obtain the following lower bound for
K

K

1
@O rsame (821)

A simple calculation yields that
G(0) = x1(1 — x9) @) = (1= @) (6T +1— g2 — 22 — (1 — 29)?) ’

K 6k2
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and therefore, using (8.21)

6K>T

K>Kp= .
= T L (1= 1) (6Tk +1— 2 — 22 — (1 — 29)% + 9k7)

By Theorem 8.1.2, for all £ € (0, K./\) C (0, K/X), the sampled-data control

(8.12), guarantees asymptotic tracking of all reference values r which are feasible
in the sense that r/G(0) € clos (NVS ®). For purposes of illustration, we adopt

the following values

1
k=01 x = 3
For these specific values we obtain K = 0.147.

We consider relay and backlash hysteresis operators:

(a) Let ® = R¢ be a relay hysteresis operator, defined in (4.12), where { = 0,

a; =—1,ay =1, p1(v) =+Vv+ 1.1 and py(v) = v0.1 + v2.1 — /1.1 —v. Then
® € C(1.6) and NVS® =imp; U im py = R. For reference value r = 1.54
r rK

D, — . — 1.386 € int (NVS ®).
GO~ m—m) 386 € int (NVS ®)

In each of the following three cases of admissible controller gain
(i) K =0.08, (ii) £ =0.06, (iii) &k = 0.04,

Figure 33 depicts the output behaviour of the system under sampled-data control,
Figure 34 depicts the corresponding control input and Figure 35 shows the input
of the relay hysteresis operator. Since ®, is not a critical value of ®, statements
(5) and (6) of Theorem 8.1.2 hold and therefore the convergence seen in Figures
33 and 34 is of exponential order and u is seen to converge in Figure 35. We
see from Figure 35 that for (i), limy .. u(t) = p;*(®,) and for (ii) and (iii),
limy o u(t) = p3 H(®,).

(b) Let ® = By 5 o be a standard backlash hysteresis operator as defined in Section
4.3. Then ® € C(1) and NVS® = R. For reference value r = 1

r TK
o, = = =0. int (NVS®) .
G0) ~ m(i—x) 0.9 € int (NVS @)

In each of the following three cases of admissible controller gain
(i) K = 0.145 (solid), (ii) £ = 0.11 (dashdot), (iii) £ = 0.08 (dotted),
Figure 36 depicts the output behaviour of the system under sampled-data control,
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Figure 37 depicts the corresponding control input and Figure 38 shows the input
of the backlash operator. We remark that the convergence of u(t) as t — oo is
not guaranteed by Theorem 8.1.2 and in fact it seems that u does not converge

in all three cases.

Figures 33-38 were generated using SIMULINK Simulation Software within MAT-
LAB wherein a truncated eigenfunction expansion, of order 10, was adopted to

model the diffusion process.

2

150 1 )= =

il 1ii) |

controlled output y
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Figure 33: Controlled output
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08 control iHPUt (i)(u)
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Figure 34: Control input
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Figure 35: Input of relay operator
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Figure 36: Controlled output

400

control input ®(u)

I I I I I I
100 150 200 250 300 350

Figure 37: Control input

nonlinearity input u

I I
100 150 200 250 300 350

Figure 38: Input of backlash operator

8.3 Notes and references

400

Theorems 8.1.2 and 8.1.5 are new for both finite-dimensional plants and static

nonlinearities. The proof of Proposition 8.1.3 was first seen in [33] (see Remark
3.7 in [33]). Statements (1)—(4) of Theorems 8.1.2 and 8.1.5 can be found in [21]
by Logemann and Mawby.
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Chapter 9

Time-varying and adaptive
integral control of linear systems

subject to input hysteresis

In Chapter 5, constant-gain integral control was considered in the context of sys-
tems (A, B,C, D) € L with input nonlinearities ® € N.(A): there, the existence
of a value k* > 0, with the property that asymptotic tracking of “feasible” refer-
ence signals r is ensured for all fixed gains k € (0, k"), is established. However,
k* is, in general, a function of the plant data and so, in the presence of plant
uncertainty, may fail to be computable in practice. In such circumstances, one
might be led naively to consider a time-dependent gain strategy t — k(t) > 0
with k(t) approaching zero as t tends to infinity. We consider this situation in
Section 9.1. In Section 9.2, we consider an adaptive gain strategy, where k(t) > 0
is updated on the basis of output information from the plant. Section 9.3 con-
tains the discrete-time and sampled-data analogies of the continuous-time result

contained in Section 9.2.

9.1 Continuous-time integral control with time-
varying gain in the presence of input non-

linearities in N.(\)

Let A > 0, ® € N.(\), (A, B,C,D) € L and k € L*(R,,R). We denote, by
r € R, the value of the constant reference signal to be tracked by the output y(¢).
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We will investigate integral control action

u(t) = ug + /0 k(T)[r — Crz(t) — D(®(w))(7)] dr,

with time-varying gain k(-), leading to the following nonlinear system of differ-

ential equations

#(t) = Ax(t) + B(®(u)(t), 2(0) =o€ X, (9.1a)
a(t) = k(t)[r — Cra(t) — D(@W)®)], u(0) =uo € R. (9.1b)

For a € (0, 00], a continuous function
[0,a) = X xR, t (z(t),u(t))

is a solution of (9.1) if (z(-), u(+)) is absolutely continuous as a (X_; x R)-valued
function, z(t) € dom(Cp) for almost all t € [0,a), (2(0),u(0)) = (xq, up) and the
differential equations in (9.1) are satisfied almost everywhere on [0, a), where the

derivative in (9.1a) should be interpreted in the space X _;.f

An application of a well-known result on abstract Cauchy problems (see Pazy [34],
Theorem 2.4, p. 107) shows that a continuous (X x R)-valued function (x(-), u(-))
is a solution of (9.1) if, and only if, it satisfies the following integrated version of
(9.1)

¢
x(t) = Tyxg +/ T, ,B(®(u))(r)dr, (9.2a)
0
t
u(t) = ug + / k(T)[r — Crz(t) — D(®(w))(7)] dr. (9.2b)
0
The next result asserts that (9.1) has a unique solution on the whole of R.

Lemma 9.1.1 Let A > 0. Assume that ® € N.(\), (A,B,C,D) € L, k €
L>*(R,R) and r € R. For each (xg,ug) € X X R, there ezists a unique solution

(x(-),u(-)) of (9.1) defined on R

Proof: To recover (9.1) from (3.14), set h = 0 and 6y = 1 (in this case (-) plays
the role of the gain function k(-)). Then the result follows from Corollary 3.2.4.
O

The main result of this section is contained in the following two theorems. In

particular, Theorem 9.1.2 proves that if ¢ — k() > 0 is chosen to be bounded and

 Being a Hilbert space, X 1 x R is reflexive, and hence any absolutely continuous (X _; x R)-
valued function is a.e. differentiable and can be recovered from its derivative by integration, see
[2], Theorem 3.1, p. 10.
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monotone decreasing to zero, then the unique solution of (9.1) is such that both
x(-) and (®(u))(-) converge. The essence of Theorem 9.1.4 is the assertion that
if, in addition, r is such that ®, := r/G(0) € clos (NVS ®), and k() approaches
zero sufficiently slowly, then (®(u))(+) converges to the value ®,., thereby ensuring

asymptotic tracking of r.

Theorem 9.1.2 Let A > 0. Assume that & € N.()\), (A,B,C,D) € L and
reR. Let k: R,y — (0,00) be a bounded, monotone function with k(t) | 0 as
t — 00. For all (xg,up) € X xR, the unique solution (x(-),u(-)) of (9.1) satisfies

(1) limy_(®(u))(t) exists and is finite,

(2) limy_.oo [|2(t) + AV BO*|| = 0, where &* := lim,_ . ((w))(t).

Proof: Let (zg,ug) € X xR be arbitrary. By Lemma 9.1.1, there exists a unique
solution of (9.1) on R,. We denote this solution by (x(-), u(+)) and introduce new
variables by writing ®, = r/G(0) and defining

2(t) == x(t) + AT B(®(w)(t), o(t) = (®(u))(t) —®,, VteR,. (9.3)

By regularity, it follows that z(¢) € dom(Cy) for almost all t € R,. For conve-
nience we write d,, = ®¥(u) (recall ¥ from Definition 5.1.3) and then, by (5.4),
0(t) = dy(t)u(t) for a.e. t € Ry. Since (z,v) is absolutely continuous as an

(X_1 x R)-valued function, we obtain by direct calculation

= () () () AT B(Cpe(t) + G(0)u(t)), (9.4a)
)

(
)+ G(0)v(t)), (9.4b)

We claim that there exist positive constants 1, 72 and o7 such that, for all ¢, s
with 07 < s <'t,

t t
[ 1custkdal <l [ #2a?)

In order to prove (9.5), let us first estimate f: |Crz]2. For notational convenience,
write w = d,, [Cz + G(0)v]. As a solution of (9.4a), z(-) satisfies

1/2 t
s / Bda?.  (9.5)

A7) = Tomzls) = A7 [ T BHO() de
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for all s with 0 < s < 7. Invoking (3.6), (3.5) and noting that Cp A~ maps X

boundedly into R, there exist constants ag, a; > 0 such that

t t
/ CLe(r)Pdr < agll=(s)]? + an /

for all 0 < s < t. By Lemma 3.1.4, part (2), interpreted in the context of the

initial-value problem

(9.6)

/ T BR(Ew(E)

¢ = AC + Bkw, ((s)=0,

¢ 2 1/2 ¢ 1/2
(/ d7‘> < (/ |kw|2)

for some constant . Therefore, by (9.6) and monotonicity of k, it follows that,

we have

/ T BR(E)w(e)

for some constants asg, ay > 0,

(/chzP)I/Q < agll=(s)]| + Ks) (/ |d||cLz|2)

+a,G(0) </ \kduv|2) , VO<s<t. (9.7)

Fix o1 > 0 such that 0 := k(o1)ayA < 1. Then,

t 1/2 t 1/2
k(s)ay (/ |du|2\CLz|2) ga(/ |CLZ\2) , Vo, <s<t,

and so, by (9.7),

1/2

t 1/2 ¢
(/ \C’Lz|2) < Billz(s)|| + B2 (/ k*d uvz) , Vo <s<t, (9.8)

with 3, = a3 /(1 —0) and 3, = asG(0)v/A/(1 — ). We may now deduce that, for
all £, s with o1 < s <'t,

t t 1/2 t 1/2
/|C’Lz\|k5duv| < (/ |C'Lz\2) (/ |kduv|2) ,

1/2 ¢
< BVAl(s)] (/ k*d uv) +WX/ K d,o?,
which is (9.5) with v, = £1v/A and 75 = B2/ X. By (9.4b), for almost all ¢ > 0,

v(t)o(t) = —k(t)G(0)du(t)v*(t) — k(t)du(t)v(t)Cr(t), (9.9)
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and hence

v(t)o(t) < —k(t)G(0)d, (t)v*(t) + |Crz(t)| |k(t)d.(t)v(t)| .

Integrating this inequality, and using (9.5) and monotonicity of &, yields, for all
t,s with o < s <'t,

¢ 1/2
) < (s) + 2n VA )] ( / kd)
+2 / t(m—G(O))kduv?. (9.10)

By positivity of G(0) and monotonicity of k(-), there exists o > oy such that, for
all 7 > o, (k(7)72 — G(0)) < —3G(0) < 0. Therefore, it follows from (9.10) that

0 < v%(0) + 271 Vk(0)| 2(0)]| (/t kduv2) " — G(0) /: kdv?, Yt>o,

and so

/ kd,v* < 0o (9.11)

Moreover, by (9.5) we deduce that
/ |CLz| |kdyv| < oo (9.12)

Combining (9.9), (9.11) and (9.12) shows that there exists a number v € R such
that .

lim v*(t) = v*(0) + 2 lim [ vo=v,

t—o0 t—o0

whence statement (1) of the theorem. Statement (2) now follows by Lemma 3.1.4,
part (1). O

Lemma 9.1.3 Let A > 0. Assume that ® € N.()\), (A, B,C,D)c L, £ 4G) ¢
M¢(R;) and r € R is such that ®, := r/G(0) € clos(NVS®). Let k : Ry —
(0,00) be bounded and such that fotk‘ = K(t) — o0 ast — oo. For (xg,up) €
X xR, let (x(-),u(-)) be the unique solution of (9.1).

If limy oo (P(w))(t) exists and is finite, then the following statements hold:

(1) limy oo (@(u))(t) = P,

(2) limp_o [|2(t) + AT'BE, || =0,

(3) limy—oo[r — y(t) + (Poozo) (t)] = 0, where y(t) = Cra(t) + D(®(uw))(t),
(4) if ®, € int (NVS®), then u(-) is bounded.
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Proof: By hypothesis, there exists @, € R such that lim; . (®(u))(t) = Pwo.
The essence of the proof is to show that &, = ®,.. Setting

Yo(t) = (Toszo)(t),  1(t) = [£7(G) * (2(w))](1)
where * denotes convolution, we have
a(t) = k(t)[r —yo(t) —wm(t)], ae teR. (9.13)
Since limy_o (®(u))(t) = oy and £71(G) € M¢(R,), it follows that
tlirgo y1(t) = G(0)P , (9.14)
see [12], Theorem 6.1, part (ii), p. 96. Define a function ¢, : R, — R by setting
() =r—uy(t) = G0)®, —yi(t) .

Seeking a contradiction, suppose that ®,, # ®,. Then, either ®, > &, or
D, < Py. If &, > P, then by (9.14), there exists a number 79 > 0 such that

Gi(t) > ZGO)(®, — D) >0, Yi>7. (9.15)

N —

Hence, integrating (9.13) yields

u(t) = u(r) +/ k(s)y1(s)ds — / kE(s)yo(s)ds, t>712>1. (9.16)

Using (9.15) and estimating gives

1 t

5 GO)(K(t) = K(7)(®r — Do) — / |k(s)yo(s)lds < u(t) —u(r), VizrT.
By exponential stability, yo € L2 (R, R) for some o < 0, and thus yo € L'(R;, R),
which in turn implies that kyo € L'(R,,R). Since K (t) — oo as t — 00, we con-
clude that u(t) — oo as t — oo. Since kyy € L'(R,,R), for given € > 0, there

exists 7. > 7y such that

[ sl ds < 9.17
Defining u. € C(R,,R) by
u(t) for 0 <t <.,
ue(t) = . )
u(7e) + fTS k(s)y1(s)ds fort > 1.,

it follows from (9.15) that wu. is ultimately non-decreasing, and moreover, by
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(9.16) and (9.17)
lu(t) —u(t)| <e, VteR,,

showing that w is approximately ultimately non-decreasing. Since u(t) — oo as

t — 0o, we may invoke (C5) to conclude that

O, > b, = lim (P(u))(t) =supNVS P,

t—o0

which is in contradiction to the fact that ®, € clos (NVS®). If &, < &, then a
very similar argument shows that —u is approximately ultimately non-decreasing

and lim;_ o (—u)(t) = co. Invoking (C5) gives

O, < B = lim (B(u))(t) = inf NVS

t—o0

which again is in contradiction to ®, € clos (NVS ®). Therefore, we may conclude
that ®,, = &, which is statement (1). Statement (2) follows from statement (1)
and Lemma 3.1.4, part (1). For statement (3), we have

y(t) = CLTuwo + (L71(G) % ©(u))(t) . (9.18)

By assumption £7'(G) is a finite signed Borel measure and since lim, ., (®(u))(t)
= @, (by statement (1)), it follows from [12] (Theorem 6.1, part (ii), p. 96) that

lim [£71(G) x ®(u)](t) = G(0)D, = 7.

t—o0

Combining this with (9.18) shows that statement (3) holds. To prove statement
(4), let @, € int (NVS®). Then, boundedness of u follows immediately from
statement (1) and (C6). O

Theorem 9.1.4 Let A > 0. Assume that ® € N.()\), (A, B,C,D) € L, £ 1(G) €
Mi(Ry) and r € R is such that @, := r/G(0) € clos (NVS®). Let k: R, —
(0,00) be bounded, monotone and such that k(t) | 0 and fotk: = K(t) - o0

as t — oo. Then, we have that for all (xg,up) € X X R, the unique solution

((-),u(-)) of (9.1) satisfies
(1) limyoo (B (u))(t) = @y,
(2) lim;_ o, ||z(t) + A7'B®,|| =0,
(3) Timyoo[r — y(t) + (Yooo) (1)) = 0, where y(t) = Cra(t) + D(®(u))(t),

(4) if @, € int (NVS®), then u(-) is bounded,
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(5) if . € int (NVS®) and D, is not a critical numerical value of ®, then
the convergence in (1) and (2) is of order exp(—pK(t)) for some p > 0,
moreover, if £ 1(G) € M¢(R,) for some a < 0, then the convergence in
(8) is of order exp(—pK (t)) for some p € (0, —a).

Proof: Statements (1)-(4) follow immediately from Theorem 9.1.2 combined
with Lemma 9.1.3. It remains only to establish statement (5). By hypothesis,
®, € int (NVS @) is not a critical numerical value of ® and by statement (4), u is
bounded. Therefore, defining d,, = ®"(u) (recall ¥ from Definition 5.1.3), there
exists oy > 0 and d > 0 such that

d,(t) € [d,\], ae t>oy. (9.19)

G(0)d > 0 and introduce exponentially weighted variables given by

Define p := %

Ze(t) = exp(pK(t)[x(t) + A7 B(®(u))(t)], (9.20a)
ve(t) = exp(pK(1))[(®(w))(t) — @], (9.20b)

for all t € R,. Since (z.,v.) is absolutely continuous as an (X_; x R)-valued
function and using the fact that (®(u))’'(t) = d,(t)u(t) for a.e. t € Ry (by (5.4)),

we obtain by direct calculation

) = (A4 pk()D)2(t) — k(£)du(H) A B(Cra(t) + G(0)u(t)) , (9.21a)
) = xo+ AT'B(®(u))(0),

0o(t) = —k(t)du(t)(CrLz(t) + G(O)u(t)) + ph(t)u(t) (9.21b)
) = (2(w)(0) —2,.

For each (t,s) with 0 < s < ¢, define
U(t, s) := exp(p[K(t) — K(s)])T)_s . (9.22)

We state the following lemma which was proved in [24] (see Lemma 3.10 in [24]).

Lemma 9.1.5 Let s € Ry, u € L2 _(R,,R) and, on [s,00), define a function p
by

plt) = / U(t,€) Bu(€) .

Then, for allt € [s,00), p(t) € X and, as an X _;-valued function, p is absolutely

continuous with

p(t) = (A+ pk()D)p(t) + Bu(t) ae. t>s.
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Returning to the proof of the theorem, for notational convenience write
We == dy [Crze + G(0)v,] .

Let s € R, and, on [s,00), define f := f; — A~ f, with

A = U926, 50 = [ U09BKOu.e.

Clearly, fi(t) € X for all t € [s,00) and, as an X_;-valued function, f; is abso-

lutely continuous with

fi(t) = (A+ pkOD i) ace. t € [5,00).

By Lemma 9.1.5, it now follows that f(t) € X for all ¢ € [s,00) and, as an

X _y-valued function, f is absolutely continuous with

F(t) = (A+ pk()D) fi(t) — A7 (A + pk(t)]) fo(t) + Buwe(t))
= (A+ pk()])f(t) — A Bw,(t) ae. t € [s,00).

In view of (9.21a) (together with uniqueness of solutions), we may now conclude
that

Ze(t) = U(t, 5)z.(s) — A7 /tU(t,g)Bk‘(f)we(f) d¢, Vit,swith0<s<t.
) (9.23)
By exponential stability of the semigroup T, there exist constants /N, 6§ > 0 such
that || Ty|| < Nexp(—0t) for all t € R,. Let £ € (0,0) be sufficiently small such
that (A+¢l,B,C, D) € L (recall Proposition 3.1.3). Fix oy > o such that

k(oy) < min{e/p,8/(pN)}. (9.24)

Again, we digress to state a technicality which was proved in [24] (see Lemma
3.11 in [24]).

Lemma 9.1.6 There exists constant -y > 0 such that, for allu € L2 (R, R),

(/

Once more, we return to the proof of the theorem. By monotonicity of k, K(t) —

1/2

9 1/2 :
dT) <7 (/ uz(g)dg) Vs, t > 09 withs < t.

/ " U(r, ) Bu(€)de
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K(s) < k(s)(t—s) for all t,s with 0 < s < t. Since k(02) < &/p, it follows that
exp(p[K(t) — K(s)]) < exp(e[t —s]) for all £, s with gy < s <. (9.25)
Observe that, for all t, s with g, < s <'t,

|CLU(L, 5)ze(s)| = |CLTi—sze(s)| exp(p[K(t) — K(s)])
< |CLT_sexp(e[t — s])ze(s)| .

Invoking (3.6), (3.5) (in the context of the regular system (A + eI, B,C, D)),

(9.23), Lemma 9.1.6, and recalling that C; A~ maps X boundedly into R, there

exist constants s, az > 0 such that

t 1/2
( / |cLze|2) < asllzu(s)] + k(s) ( / |d||cLze|2)
+ a3G(0 (/ |k:duve|2) (9.26)

Inequality (9.26) is the exponentially weighted version of (9.7). Following the

1/2

for all t, s with 0o < s <'t.

argument in the proof of Theorem 9.1.2, (9.26) may be used to derive an expo-
nentially weighted version of (9.5), i.e. there exist positive constants v1,72 > 0

and o3 > 0y such that

t t
[ 1€z ] < o) ( / kd)

for all t, s with o3 < s <.

By (9.21b), for almost all ¢ > 0,

1/2

t
+ 79 / k2 d,v? (9.27)

Ve(t)0e(t) = —k()G(0)du()VZ (t) + pk(t)vZ (1) — k(t)du(t)ve(t)Crec(t) . (9.28)
By (9.19), G(0)d.(t) — p > G(0)d — p = p > 0 for all ¢ > o5. Hence, we have
Ve (t)0e(t) < ——Pk( Yoz (1) + |Crze(t)] k() du(t)ve(t)]  for ae. t > 0.

Integrating this inequality, and using (9.27) and monotonicity of k, yields, for all
t,s with t > s > o3,

20 < 2+ 2/ WG 0 ( [ t k:)/ -/ (o 2k k2. (9.29)

Fix 0 > o3 such that p — 2k(t)y2A > p for all ¢ > 0. From (9.29) and (9.27), we
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deduce

[e.e]
/ kv? < o0
[

Hence, by (9.29), v.(-) = exp(pK (:))[(®(u))(-) —P,] is bounded and so the conver-
gence in (1) is of order exp(—pK (t)). We proceed to prove that the convergence

~

in (2) is of the same order. Define z, := —A~'B®,, and introduce a new variable
given by
we(t) = exp(pK (1)) [x(t) — 2], V1 =0.

It suffices to show that x.(-) is bounded. By (9.1a) and (9.20), we have
Te=(A+pkl)x.+ Bv, z.(0)=u1z9—z,.

and so, for all t > o

t

r) = Tean(o)+ [ T cBu@ds + [ T cph©r(e)ac,

g

Therefore, by boundedness of v, together with Lemma 3.1.4, part (4), and expo-
nential stability of T, there exists a constant 3 > 0 such that

sup [[ze(s)|| < B+ pNO~"k(0) sup ||ze(s)]|, Vt>o.
s€[o,t] s€loyt]
Since o > 09, we have, by (9.24), pN0~ k(o) < 1, and hence we may conclude

boundedness of z.. Therefore the convergence in part (2) is of order exp(—pK (t))

Suppose that = £71(G) € M&(R,) for some a < 0. It remains only to prove
that the convergence in (3) is also of order exp(—pK(t)) for some p € (0, —a).
Recalling that the unit-step function is denoted by U, we have for all t € R

= y(t) + (Wooo) (1)] < [ (®(u) — . U)(@)]] + | @, [(u+ U)(E) = G(O)]] . (9.30)

For convenience we set ¢(t) = exp(pK(t)) for all t > 0. We have already shown
that the function ¢ — g(t)[(®(u))(t) — ®,| remains bounded as t — oo. If we
extend ¢ to a function defined on R by setting ¢g(t) = 1 for all ¢ < 0, then it is
easy to show that ¢ is a submultiplicative weight function in the sense of [12], p.
118. Moreover, since 1 € M(R.), the measure p1y : E — [ g(t) du(t) belongs
to M¢(R,). Hence, by [12] (Theorem 3.5, part (i), p. 119), we may conclude that
the function ¢ — g(t)[u * (®(u) — ®,.U)|(t) is bounded on R,.

Since 11y € M¢(R.) (a space of finite measures), [ g(t)d|u|(t) < co. Hence

| dutr)
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showing that the function t — ¢(¢)[(u* U)(t) — G(0)] is bounded on R, . Conse-
quently, appealing to (9.30), we deduce that the function

Ry =R, = exp(pK(t))]r —y(t) + (Poowo)(t)]

is bounded. O

9.2 Continuous-time integral control with adap-

tive gain in the presence of input nonlinear-
ities in N.(\)

Whilst Theorem 9.1.4 identifies conditions under which the tracking objective
is achieved through the use of a monotone gain function, the resulting control
strategy is somewhat unsatisfactory insofar as the gain function is selected a
priori: no use is made of the output information from the plant to update the
gain. We now consider the possibility of exploiting this output information to
generate, by feedback, an appropriate gain function. In particular, let the gain
k(-) be generated by the law:

k() = —, i) =|r—y@)], 1(0)=1I>0. (9.31)

which yields the feedback system

#(t) = Ax(t) + B(®(u)(t), 2(0) =o€ X, (9.32a)
a(t) = (L)1) — Cra(t) — D(®w))(®)], u(0) =uy € R, (9.32b)
i(t) = [r — Cra(t) — D(®(w)(®)], 1(0) =1y € (0,00). (9.32¢)

The concept of a solution to this feedback system is the obvious modification of

the solution concept defined in the previous section.

Lemma 9.2.1 Let A > 0. Assume that ® € N.(\), (A, B,C,D) € L and r € R.
For each (xg,ug,lo) € X X R x (0,00), the initial-value problem given by (9.32)

has a unique solution defined on R, .

Proof: First note that, by setting k(¢t) = 1/I(t), the adaptive feedback system
(9.32) (with (A, B,C, D) € L) can be written in the following form
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#(t) = Az(t) + B(®)(t), 2(0) =o€ X, (9.33a)
a(t) = k()[r — Cra(t) — D(@w)®)], u(0) =uo € R, (9.33b)
K2()|r — Cra(t) — D(@W)(#)|, k(0) =Ko € (0,00).  (9.33¢)

T
—~

<~
~

I

We can recover (9.33) from (3.14), by considering the special case x(t) = 1 and
h(0) = —6?, which gives the adaptive feedback equations (9.33) (with k(-) = 6(-)).
Thus any application of Corollary 3.2.4 completes the proof. a

We now arrive at the main adaptive control result.

Theorem 9.2.2 Let A > 0. Assume that ® € N.()\), (A, B,C,D) € L, £ 1(G) €
M(Ry) andr € R is such that @, := r/G(0) € clos (NVS®). For all (zo, ug, lo) €
X xR x (0,00), the unique solution, (z,u,l), of the initial-value problem given by
(9.32) is such that statements (1)—(4) of Theorem 9.1.4 hold. Moreover, if ®, €
int (NVS ®), ®, is not a critical numerical value of ® and £ '(G) € M&(R,) for
some a < 0, then the monotone gain k(t) = 1/1(t) converges to a positive value

and the input u(t) converges to a finite value, as t — oo.

Proof: Set k(t) = 1/I(t). Since [(-) is monotone increasing, either [(t) — oo as
t — oo (Case 1), or I(t) — I* € (0,00) as t — oo (Case 2). We consider these

two cases separately.

CASE 1. In this case, k() | 0 as t — oo and the hypotheses of Theorem 9.1.2
are satisfied. Therefore, (®(u))(-) converges. It follows that lim,_..(£ ' (G) x
®(u))(t) converges (and so, in particular, is a bounded function). Moreover, by

exponential stability, ¥ ,zo € L'(R,,R), and it follows from
i(t) = |r —y()] < Ir = (£7(G) * B(w)) ()] + [ (Toozo) (D)) ,

via integration that
1 1
k(t) = — >
®) I(t) = a+pt

Vi>0, (9.34)

where
o =1+ /OO |V ozo(T)|dT, [ > sug |r — (S_I(G) *P(u))(t)].
0 t>

Therefore, statements (1)—(4) of Theorem 9.1.4 hold.

CASE 2. In this case, k(t) — k* := 1/I* > 0 as t — oo. By boundedness of [(-)
and (9.31), we may conclude that e(-) := r—Cprz(-)—D(®(u))(-) € L'(R,,R) and
so (by (9.1b)) u(t) converges to a finite limit as ¢ — oo. Consequently, (®(u))(t)

141



converges to a finite limit as t — oo, and hence, by Lemma 9.1.3, statements
(1)—(4) of Theorem 9.1.4 hold.

Finally, assume that ®, € int (NVS®) is not a critical numerical value of ® and
that £7'(G) € M(R,) for some o < 0. We will show that the monotone gain k
converges to a positive value. Seeking a contradiction, suppose that the monotone
function [ is unbounded (equivalently, k(¢) | 0 as t — 00). Then the hypotheses
of Theorem 9.1.2 are satisfied and so (9.34) holds. By Theorem 9.1.4, (®(u))(-)
converges to @, and y(-) — (¥,.x0)(:) converges to r; moreover, the convergence
is of order exp(—pK (t)) for some p > 0, that is, there exists constant L > 0 such
that

= y(t) + (Pooro)(t)| < Lexp(—pK(t)), VteR,. (9.35)

Choose v > 3 such that p/y < 1. By (9.34), k(t) = 1/I(t) > (a + ~t)~! for all
t € R,. Therefore,

K(t) = /t k> (o +y8)/a), Vi>0.
Consequently for almost all ¢ > 0,
[(t) = [r — y(t)] < Lexp(=pK (1)) + [($oowo) ()] < M(a + 7)™ + | (Pooo) (1)]

where n = p/v € (0,1) and M = La”. Since, by exponential stability, ¥ .xy €
L'(R,,R), integration gives

I(t) < N(a+~t)'"", Vt>0,
for some suitable constant N > 0. It follows that
t
_K(t) = _/ k< —(Nyn) [+t — "], V>0,
0

Therefore, exp(—pK(+)) is of class L' (R, R) and, by (9.35), it follows that |r —
y(-) + (P ouzo)(+)| is also of class L'(R,,R). Since Woozy € L'(Ry,R), we have
lr—y(-)] € L}(R,R). This contradicts the supposition of unboundedness of I(-).
Therefore, [(+) is bounded. Since [(-) is bounded, we may conclude from (9.31),
that &« = r —y € L'(R,,R) and therefore u(t) converges to a finite number as

t — o0. O
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9.3 Discrete-time and sampled-data integral con-
trol with adaptive gain in the presence of
input nonlinearities in Ny(\) and N, ()

In this section we first present the discrete-time counterpart of the continuous-

time result contained in Section 9.2. We do not include a proof since it would differ

little from the proof of Theorem 2.7 in [23] (see Theorem 2.7 and the preceding

results in [23]). We then use the discrete-time result to prove a sampled-data

result in much the same way as was done in Chapter 8.

Discrete-time control

As in Chapter 7 we consider the nonlinear system (7.2). Denoting the reference

value by r, the control law

un+1) = u(n)+ (1/1(n)(r—yn)), u(0)=u €R,
[(n+1) = In)+|r—yn)|, 10)=I>0,

yields the feedback system

z(n+1) = Az(n) + B(®(u))(n), x(0)=z0€ X, (9.36a)
u(n+1) =u(n)+ (1/l(n))[r — Cx(n) — D(®(u))(n)], u(0)=1up€ R,
(9.36D)

I(n+1)=i(n) + |r — Ca(n) — D(®(w))(n)|, 1(0)=1 € (0,00). (9.36¢)

Theorem 9.3.1 Let A > 0. Assume that ® € Ny(\), A is power-stable, G(1) > 0
and r € R is such that ®, = r/G(1) € clos(NVS®). For all (xg,up,ly) €
X X R x (0,00), the unique solution (x,u,l) of (9.36) satisfies

(1) Timp oo (®(u))(n) = Py,

(2) lim, o z(n) = (I — A)"'B®,,

(3) limy oo y(n) = r, where y(n) = Cx(n) + D(®(u))(n),

(4) if @, € int (clos (NVS D)), then u is bounded,

(5) if . € int(clos (NVS®)) and @, is not a critical numerical value of P,
then the monotone gain k(n) = 1/l(n) converges to a positive value and the

input u(n) converges to a finite value, as n — oo.
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Sampled-data control

Let ® € Ny(\), (A,B,C,D) € L and let ® denote the extension of ® to
NPC,n(R,R) given by (4.31). As in Chapter 8 we distinguish two cases:

bounded and unbounded observation.

Bounded observation

Assume that C' = Cf, € L(X,R). Consider the nonlinear system (8.11) controlled
by the sampled-data integrator

u(t) = ul(n), fortcnr,(n+1)7),n€Z,, (9.37a)
yin) = ynr), nez,, (9.37b)
wn+1) = u¥(n)+ 1/1%n))(r —yn)), u0)=wu €R,necZ,, (9.37c)
Pn+1) = 14n)+|r—yin), 140)=1¢>0. (9.37d)

The following results follow from Theorem 9.3.1 exactly as Theorem 8.1.2 follows
from Theorem 7.1.4.

Theorem 9.3.2 Let A\ > 0. Assume that ® € Ny (M), (A,B,C,D) € L, C
is bounded and r € R is such that ®, := r/G(0) € clos(NVS®). For all
(w0, up, I¢) € X xR x(0,00), the unique solution (z(-),u(-),1%(:)) of the closed-loop
system given by (8.11) and (9.37) satisfies

(1) Timy oo (P (u))(t) = P,

(2) limpoo [|2(t) + A7'BE,[| = 0,

(3) limy oo y(t) =1,

(4) if ®, € int (NVS®), then u is bounded,

(5) if @, € int (NVS®) and @, is not a critical numerical value of ®, then the
monotone gain k%(n) = 1/1%(n) converges to a positive value as n — oo and

the input u(t) converges to a finite value as t — 0o.
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Unbounded observation

Consider the following sampled-data low-gain controller for (8.11)

u(t) = ul(n), fortecnr,(n+1)7),n¢cZ,, (9.38a)
yi(n) = / wt)y(nt+t)dt, neZ,, (9.38Db)
uln+1) = u'(n) + 1/1°n))(r —y*(n)), u0)=us€R,neZ,, (9.38)
Mn+1) = *(n)+|r—y'(n)], 1%0)=1>0, (9.38d)

where w € L*([0, 7], R) satisfies (8.17).

The following result follows from Theorem 9.3.1 exactly as Theorem 8.1.5 follows
from Theorem 7.1.4.

Theorem 9.3.3 Let A > 0. Assume that ® € Ny (N), (A, B,C,D) € L,
£7HG) € M¢(Ry) and r € R is such that ®, := r/G(0) € clos (NVS®). For all
(o, ug, [3) € X xR x(0,00), the unique solution (z(-),u(-),1%(-)) of the closed-loop
system given by (8.11) and (9.38) satisfies

(1) limy oo (@ (u)) (1) = Py ,

(2) limy_ ||2(t) + A7'B®,|| =0,

(8) limy_oo[r — y(t) + CLTixe) =0,

(4) if @, € int (NVS®), then u is bounded,

(5) if @, € int (NVS®) and O, is not a critical numerical value of ®, then the
monotone gain k%(n) = 1/1%(n) converges to a positive value as n — oo and

the input u(t) converges to a finite value as t — oo.

9.4 Example: controlled diffusion process with

output delay

Consider a diffusion process (with diffusion coefficient £ > 0 and with Dirichlet
boundary conditions), on the one-dimensional spatial domain [0, 1], with scalar
nonlinear pointwise control action (applied at point x; € (0, 1), via an operator
¢ : C(Ri,R) — C(R4,R), as defined below) and delayed (delay 7' > 0) pointwise

scalar observation (output at point z € (21, 1)).
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We formally write this single-input, single-output system as

2i(t,x) = Kzge(t,x) + 0(z — 21)(P(u))(t),
y(t) = z2(t =T, z5),

with boundary conditions
2(t,0) =0=2z(t,1), Vt>0.
For simplicity, we assume zero initial conditions

2(t,x) =0, VY(t,x) € [-T,0] x[0,1].

With input (®(u))(+) and output y(-), this example qualifies as a regular linear

system with transfer function given by

e~*T sinh (xl\/s/7> sinh ((1 — xg)\/s/7>
Kky/s/ksinh \/s/k .

It is not difficult to show that £ (G) € M&(R, ) for any a > —r7? (see Appendix
6 for details).

G(s) =

For purposes of illustration, we adopt the following values

1 2
HIO.l, l’lzg, Igzg, T=1.

Let ® = €110 be the elastic-plastic operator as defined in Section 4.3. Then
® € N.(\) where A =2 and NVS® = [—1.1, 1.1]. For reference value r = 1

r TR
d, = = =0.9 € int (NVS D).

We consider both continuous-time integral control with adaptive gain (a) and
sampled-data integral control with adaptive gain (b).
(a) By Theorem 6.1.2, since ® € N, (2), the adaptive integral control,

where the evolution of [(t) is given by the adaptation law
() =1lr—y@®), W0)=10>0,
guarantees asymptotic tracking.
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In each of the following three cases
(i) lp = 1 (solid), (ii) lp = 0.5 (dotdash), (iii) Iy = 0.2 (dotted),

Figure 39 depicts the output behaviour of the system under integral control,
Figure 40 depicts the corresponding control input, Figure 41 shows the input of
the elastic-plastic operator and Figure 42 shows the time-varying gain. Since @,
is not a critical value of £, 1 o, the gain k(t) converges to a positive value and wu(t)

converges to a finite value, as t — oc.

(b) We have unbounded observation in the above diffusion equation and therefore
we can apply Theorem 9.3.3. We adopt the generalized sampling operation given
by (8.18) with w(-) = 1/7:

y(n) = l/OTy(m'—l—t)dt.

T

Therefore, by Theorem 9.3.3, for each (ug, [g) € R x (0, 00), the adaptive sampled-
data control (with sampling at times n7, 7 > 0, and hold on intervals [n7, (n +

1)7)) given by

u(t) = u'(n), forte€nr,(n+1)7),ncZ,,
yin) = %/ y(nt+t)dt, neZ,,
wln+1) = ul(n)+(1/1%n)(r —y*(n)), u(0) =ug, n€Zy,

1)
Min+1) = ')+ |r—y'()], 10)=15,

guarantees asymptotic tracking.

In both of the following two cases
(i) lp =1 (solid), (ii) lp = 0.2 (dotted),

Figure 43 depicts the output behaviour of the system under sampled-data control,
Figure 44 depicts the corresponding control input, Figure 45 shows the input of
the elastic-plastic operator and Figure 46 shows the time-varying gain sequence.
Since @, is not a critical value of €1 ¢, the gain k(n) converges to a positive

value as n — oo and u(t) converges to a finite value, as t — oo.

Figures 39-46 were generated using SIMULINK Simulation Software within MAT-
LAB wherein a truncated eigenfunction expansion, of order 10, was adopted to

model the diffusion process.
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9.5 Notes and references

The results in this chapter are all new. The proofs in Sections 9.1 and 9.2 are
similar to the proofs of the corresponding results for static nonlinearities in [24].

Theorem 9.3.1 can be proved in a similar way to Theorem 2.7 in [23].
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Chapter 10

Appendices

Appendix 1: C,,(R,R) is not a linear space

Define the function f: R, — R by

0, t=0,
1 1
1 T 1 11
F(t) = 2n+2+ﬁ—T§:1 (t—551) 5 t€(ogman)» nEN,
1 11
on te[%’2n—1:|’ neN,
z, t>1.

Clearly f € C(R4,R) and f is non-decreasing. Define the function g : Ry — R,
g :t— —t. Since f and g are both monotone, f,g € Cpom(R;,R). We see that

f+g is not piecewise monotone since for each n € N it has a strict local maximum
at 1/(2n).

Appendix 2: Proof that V, given by (3.18), is
weakly locally Lipschitz
For convenience we write g(t) = r — (¥ zo)(t). Let a > 0 and w € C([0, o], R?)

and write w = (ug, 0y)*. Let &1, 32, 71,72 > 0 be such that (3.16) and (3.17) hold
for all e € [0, ) and all u, v € C(ug; 41, 92). Fixe € [0,0] and 21, 20 € C(w; Iy, 2)
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and write 2; = (uy,0;)T and 25 = (usg,63)T. Then

a-+e
/ I(Va)(t) — (Va)@)l de <
Il [ 102(0(60) = (Facun))(0) = 02(0)6(0) — (Foc(a)) 1)
[ O 0)]a0) — (Pa@(u))(O] = A0 lg(0) — (Fo(u)0)] (A1)

Now since for any aq, as, by, by € Ry, 2(asby — a1by) = (by + b2)(as — a1) + (a1 +
as)(by — by) we have

la1by — agbe| < by + ballag — aq| + |a1 + az||ba — b1|, Vai,as,b1,b0 € R,

and therefore using (A.1)

a-+e
/ I(Va)(t) - (Ve (0) de <

IIKIIOO/Q+£[|91()+92(t)||(F O(u1))(1)) = (Foo®(u2))(t)]
101(6) — 0a(0)129(8) — (Foo(u ))(1) = (Foo®(uz))(2)[] dt

+/a+g[lh(91( t)) = h(62(1))|(19(t) = (Foo®(u1))(t)] + [9(2) = (Foo®(u2))(?)])
H1(61(1)) + BB 9(8) — (o)) (8)] — |9(t) = (Foo®(u2))(1)][] d2.(A-2)

Define © := sup,¢(g ) [|60(?)||. Then since 01,0, € C(6; 1, 02), u1, uz € C(ug; o1, 02)
and by (3.16)

a+te
/ 101(¢) + 02(1)|[(Foo®(u1))(t)) — (Foo®(uz2))(t)] dt
< 2(61+O)eyr sup  |z1(t) — z2(t)]] - (A.3)

a<t<a+te
Define G := sup;e(p a4, 19(t)[|. Since 01,02 € C(6y; 1, 62), ur, ug € C(uo; 01, d2)
and by (3.17)

a+e
/ 101(t) — 02(0)[29(t) — (Foc®(u1))(1)) — (Foo®(u2))(t)] dt
< 2(G+emd +Vep)e sup () — z(t)] - (A.4)

alt<la+te

Since h is locally Lipschitz there exists v3 > 0 such that

|h(a1(t))—h(a2(t))| < 73|a1(t)—a2(t)| , Val, ay € 0(90; 51, 52) , Vit e [CY, Gf‘l‘ég] .
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Therefore, using the fact that 6,0, € C(6p; 01, d2),

/a E [h(601(2)) = h(02(£))|(lg(t) — (Foo®(u1)) ()] + [9(t) — (Foo®(u2))(2)]) dt

< 7 / T 101(1) — (D] 2Ag(0)] + |(Fou®(un)) (6))] + | (FocB(un)) (1) di

and so, since uy, us € C'(ug; d1,d2), using (3.17), we have

/a E |h(01(2)) — h(02())|(l9(t) = (Foo®(u1))(t)] + [9(t) — (Foo®(uz2))(t)]) dt
< 12(G +emdi +Vewr)e sup zi(t) — 2. (A.5)

alt<la+te

Since 01,6y € C(6p;1,02), we see that |h(01(t)) + h(02(¢))| < 2(7301 + h(6p()))
for all t € [0, + 5] and therefore using

||a+b1|—|a+b2||§|b1—bg|, Va,bl,bQGR,
the fact that uy, us € C(ug; d1,02) and (3.16), we may conclude that

/ TR (0)) + RO Nlg(0) — (Foa®(un))(0)] — |9(t) — (Fuoc®(ua))(0)]]) dt
< 2 + hBo(a))en sup [ (t) — ()] (A.6)

alt<la+te

Clearly, (A.2)—(A.6) imply that there exists v > 0 such that

/a 8 [(V21)(t) = (V) (@)l dt <ve sup  [[z1(t) — za (D),

alt<la+te

which implies that V' is weakly locally Lipschitz.

Appendix 3: Proof of Lemma 4.1.4

For a set S, let #5 denote the cardinality of S. Fix to > t; and let w : [t1,t] = R

be non-decreasing. Define the set
Cu:={z €imu|#u ' ({z}) > 1}.

If 2 € @, then I, := u='({z}) C [t1,12] is an interval with int (I,) # 0. If u is

continuous, then I, is closed. Moreover,

L,NI,=0, Vz,2 €€, with z; # 2. (A.7)
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Before proving Lemma 4.1.4 we prove two auxiliary results.

Lemma A.1 Letty,t1,a,b € R witht; >ty andb > a. If S C [a, b] is countable,
there exists a surjective continuous non-decreasing function F : [to,t1] — [a,b],
such that S C Cp.

Proof: If S is finite, then the lemma is trivially true. Thus without loss of
generality we may assume that S is infinite. Since S is countable we may write
S ={s;|i € Zy} with s; # s; if i # j. Without loss of generality we may assume
that a,b € S and that sg = a and s; = b. We recursively define continuous,
piecewise linear, non-decreasing, surjective functions F; : [to,t1] — [a,b] (j € N)
such that Cr; = {so,...,s;}. To this end let 79,71 € (to,%1) with 7o < 7y and set

a, tOStST(]v
Ft)={ b, n<t<t,
a+2=(t—m), <t<m,

Suppose that F,, : [to, 1] — [a,b] is continuous, piecewise linear, non-decreasing

and surjective with Cr, = {so, ..., s, }. Define 7,1 by

{Tat1} = F, ' ({sn1})

and set
T,lLH = min{t € [t1, T41] | Fy, is strictly increasing on [t, 7,,41]}
T i=max {t € [Tny1,t2] | F), is strictly increasing on [7,41,t]} ,
and
b1 = in min {%a Tn+1 — TTlH-l’ Tot1 — 7n+1} :
2 Fn(Tn—i—l)

We define a function F, .1 : [to,t1] — [a,b] as follows: we set F,.; = F, on
[t1, T,lLH] Ulrhi1,ta]s Fpr = sp o0 [Tyg1 — lny1, Tng1 + lnga] and we define F, 4 to

be affine linear on [7}_ 1, Tp1 — lua] and [Tog1 + loyr, Tos -

The recursively defined functions Fj : [to, t;1] — [a, b] are continuous, piecewise lin-
ear, non-decreasing with Fj(to) = a, Fj(t1) = b and such that Cp, = {so,...,s;}.
Additionally, by construction we have

sup [Fj(t) = F5(1)] <

te[to,tﬂ

1
g )

which implies that the sequence is Cauchy and therefore convergent. We denote

the limit by F. By construction F': [to,t1] — [a, b] is continuous, non-decreasing
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and such that F(ty) = a, F(t;) = b and, moreover, #F 1({s}) > 1 for all s € S.
O

Lemma A.2 Let to, 11 € R with t; > t9.

(1) Let u: [to,t1] — R be non-decreasing. Then C, is at most countable.

(2) Let u : [to,t1] — R be non-decreasing and continuous. If I C [to,t1] is an
interval with int (I) # 0 and I C u=(C,), then u is constant on clos (I).

(3) Let u : [tg,t1] — R be non-decreasing and continuous and set
D = [to, 1] \u 1 (C,), FE = [u(ty),u(t))]\ Cy.

Then 4 := ulp is a bijective map from D to E and 4~ : E — D is

continuous.

(4) Let u,v : [tg,t1] — R be non-decreasing and continuous with u(ty) = v(to)
and u(ty) = v(ty). If €, C C,, then there exists a surjective continuous

non-decreasing function f : [to, t1] — [to,t1], such that uo f = v.

Proof: (1) Let u : [to,t1] — R be non-decreasing. As above, for z € C,, we
set I, := u~'({z}). Choose ¢. € I. N Q for each z € €,, which is possible since
int (I,) # 0 for z € C,. It follows from (A.7) that the map

C. — Q, 2,

is injective, showing that €, is at most countable.

(2) Let u : [to,t;] — R be non-decreasing and continuous and I C [to, %] be
an interval with int (1) # @ and I C u=!(@,). Seeking a contradiction, suppose
that the claim is not true. Setting [a, 8] := clos (I), we have u(a) < u(f). Let
z € (u(@),u(B)). By continuity of u there exists t € («, 5) C I such that u(t) = z.
Hence z € u(I) and so z € C,. Thus

(u(a),u(B)) C Cq

showing that €, is uncountable, which is impossible by part (1).

(3) Tt is clear that @ := u|p : D — E is bijective. It remains to show that
1

~

@' : E — D is continuous. Seeking a contradiction, suppose that @~! is not
continuous. Then there exists e € E, (e,) C F and € > 0 such that lim,, .. e, = ¢
and

[ (e) —aMe)| > e, VneZ,. (A.8)
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Setting d,, := 4~ '(e,) and d := 4~!(e) we have as n — oo
u(d,) = a(d,) = e, — e = a(d) = u(d) .

Moreover, since clos (D) is compact, we may assume without loss of generality
that d,, — d* € clos (D) asn — oo. By (A.18), |d*—d| > ¢, and by the continuity
of u, u(d*) = u(d), showing that

u(d) € C, . (A.9)
But by constuction, d € D, implying that
u(d) = u(d) € E = [u(ty),u(t1)] \ Cu,

which contradicts (A.9).

(4) Let u,v : [tg,t1] — R be non-decreasing and continuous with u(ty) = v(to)
and u(t;) = v(t;) and €, C €,. Let @ be as defined in part (3). Define f :
((fo,t1) \ v (€u)) U{to, 11} — [to, 1],

0 H(v(t)) fort e (to,t1) \v1(C,),
f(t) =< to for t =ty
tl for ¢t = tl .

~ A~

Obviously, f is non-decreasing and, by part (3), f is continuous. Now by part
(1), there exists N C Z such that

vH(Cy) = Ujend;,

where the I; C [to,?1] are closed intervals with I; N I; = 0 if i # j. Write
I; = a;,b;]. If a; # to, then for any € > 0

[a; —e,b;] 0 ((to, 1) \ 0™ 1(€Cy)) # 0,
since otherwise there would exist € > 0 such that
[aj - g, bj] C U_1(6U> C U_l(ev) )

and hence, by part (2), v(t) = v(a;) for all t € [a; — ¢, b;], which is impossible,
since v ({v(a;)}) = [a;, b;].
Similarly, if b; # ¢, then for any € > 0

[, b5 + €] N ((to, t1) \ v (Cu)) # 0.
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Therefore, we may define

and

_{hmwﬂﬂﬁ%#m,
Qay 1=

t(] ifaj:to,

8 limyp, f() if by # t1,
7 tl lfb]:tl

The limits on the right-hand side exist and are finite since f is bounded and

non-decreasing. Finally, we define f : [to, t;] — [to, 1] by

f(@t) for ¢ € ((fo, 12) \ v~ (Cu)) U {to, 11},
) q fort =a; # 1,
f(t) B ﬂj for t = bj % tl,

Bi—ay
0+ 22t —a) fort € (aj,by).

By constuction, f is continuous, non-decreasing with f(tg) = to, f(t1) = t; and
uo f=w. a

Proof of Lemma 4.1.4: Note that
R(u) = R(uoh), VueCp(R,R), VheT. (A.10)

This follows from the fact that if 0 = ¢, < ¢; < ... < t, is the standard
monotonicity partition of w o h, then 0 = h(ty) < h(t1) < ... < h(t,) is the
standard monotonicity partition of u. Let u,v € Cp5 (R, R). We first as-
sume that there exist f,¢g € T such that wo f = vog. Then, using (A.10),
R(u) = R(uo f) = R(vog)= R(v), as required.

To prove the converse, assume that R(u) = R(v). By (A.10), without loss of
generality we may assume that v and v have the same standard monotonicity
partition 0 = tg < t; < ... <t,. Fori € {0,1,...,n—1} we define I; := [t;, t;11].
Without loss of generality we may assume that both u and v are non-decreasing
on I;. Define w; := ul|y,, v; :=v|;, and J; := [u(t;), u(tiv1)] = [v(t:), v(tiz1)]

By Lemma A.2, part (1), C,, UC,, is at most countable and so by Lemma A.1
there exists a surjective continuous non-decreasing function F; : I; — J;, with
Cu; UGy, C Cp. Therefore by Lemma A.2; part (4), there exist non-decreasing
continuous functions f;, g; : I; — I; with fi(t;) = t;, fi(tix1) = tiv1, ¢:(t;) = t;
and g;(t;+1) = t;41 and such that u; o f; = F; = v; 0 g;.

Define functions f,¢g: R, — R by
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and

t ift>t,.

g(t) :{ gi(t) iftel,

By construction f: R, — R, and g : R, — R, are continuous, non-decreasing
and such that f(0) = g(0) =0, lim;_o f(t) = lim; o g(t) = cc and uo f =vog.
O

Appendix 4: Derivation of (4.36)

First we prove a simple lemma.

Lemma A.3 Let & : Con(Ri,R) — C(R4,R) be a hysteresis operator and let
u € NPC,n (R4, R). Assume that 7 > 0 is such that u is not left-continuous at

T. Let 0 < 1y <7y <...< T, =1 denote the points of discontinuity of Q. u, set
7o = 0 and define ey, by (4.32). Then, for all sufficiently large k

(2(Cr(Qr )7 — &1/2) = (B(w)) (7).

Proof: Define v € NPCpn (R4, R) by

o8 :{ u(t) iftelo,r),

u(r—) ift>r.
Set si, := 7 — €x/2 and wy, := Qs, Cr(Qr u). There exists [; > 0 such that
R(Q, Ck(v)) = R(Cx(v)) = R(wg) = R(Qrwy), Vk>1. (A.11)
Moreover, by Lemma 4.4.6, statement (1), there exists I, > 0 such that
R(Q.v) = R(Q, Ci(v)), Yk>I,. (A.12)

Setting [ := max(ly,ls), it follows from (A.11) and (A.12) that for all & > [,
R(Q.v) = R(Q,w;). Hence, since v is left-continuous at 7 we may conclude
using Theorem 4.1.2, Theorem 4.4.5 and Corollary 4.4.10 that for all £ > [

(@(w)(r=) = (2(v))(r) = ((wr))(7)
= (®(Qs, Ck(Qrw)))(7) = (P(Cr(Qr ) (k) -
O

Let u € NPCyn(R4,R) and let 0 =ty < t; <ty < ... be such that lim,,_, ¢,

o0 and u is monotone on each of the intervals (¢;, ;1) It is clear that (Bj, ¢(u))(0)
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= bp(u(0),&). Let t > ty = 0; then there exists ¢ € N such that ¢ € (0,¢1) U
[ti,tiz1). There exists [ > 0 such that

(Cu(Quu))(t) = u(t), Vk=1, (A.13)

(Bhe(w)(r) = (Bre(Ch(Qruw))(7), Yhk=1, Vre{ti}, (A.14)
where (A.14) follows from Proposition 4.4.7, part (1). We consider three cases.

CASE 1. Suppose that t € (0,t).
Clearly, u is monotone on [0, ] and so is Cy(Q;u). Hence, by (A.13) and (A.14)

(B, e(u))(t) = n(u(t), (Bre(Cr(Qu))(0) = b (u(t), (Bn,e(u))(0)).

CASE 2. Suppose that t = t;.

There are two subcases which need to be distinguished.

SUBCASE A. u is left-continuous at ¢ = ¢;.

There exists € > 0 such that u is monotone on [t — ,t]. It follows that there
exists [; > [ such that C%(Q;u) is monotone on [t — ¢, ¢] for all k£ > [;. Choose
(sn) C [t —e,t) with lim, . s, = t. Using (A.14) and Corollary 4.4.10, we have

(Bn,e(Cr(Qe)))(t) = (Bne(w)(t) = (Bue(w)(t=), Yk>L.  (A15)
Using (A.13) and (A.14) it follows for k >[4
(Bn,e(u)(t) = bu(u(t), (Ba,e(Cr(Qiw)))(sn)
and hence, since lim,, _.oo(Bp ¢ (Cx(Qr 1)) (50) = (Bp ¢ (C(Qs ) (t)
(Bn,e(w))(t) = bu(u(t), (Ba,e(Cr(Quu)))(t) (A.16)
Therefore, combining (A.15) and (A.16) gives
(Bn,e(u)(t) = bu(u(t), (Bae(w))(t-)).

SUBCASE B. w is not left-continuous at t = ;.

Define for each k € Z,, s := t — €1/2, where ¢, is defined by (4.32). Ci(Q;u)
is monotone on [s, t] and therefore using (A.13), (A.14) and Lemma A.3, for all
sufficiently large k

(B, e(w)(t) = ba(ut), (Ba,e(Cr(Qe ) (s1)) = bi(ult), (B,e(w)(t-)).

CAsSE3. t € (ti,ti+1)
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We consider the same two subcases as in Case 2.

SUBCASE A. u is left-continuous at ¢;.

Define for each k € Z,, s, := t; + €x/2, where g is defined by (4.32). There
exists [; > [ such that for k& > I, Cyx(Q:u) is monotone on [si,t]. Therefore,
using (A.13) and (A.14)

(B, e()(t) = ba(u(t), (Bre(Cr(Qiu)(se), VE =1 (A.17)

Moreover, for all sufficiently large k, Cy(Q:u) is monotone on [t;, si]. Hence,
using (A.14) and Corollary 4.4.10, we may conclude that for all sufficiently large
k

(B, e(Ce(Qru)))(sk) = ba((Cr(Qrw))(sk), (Bng(u))(ti))

= bn((Cr(Qeu))(sk), (Bng(u))(ti—)) -

Combining this with (A.17) gives, for all sufficiently large k
(Bhe(w))(t) = bn(u(t), ba((Cr(Qsw)) (s8), (Br,e(w)) (t:—))) -
Since limy, o0 (Ci(Qq 1)) (s) = u(t+), we have
(B, e(w)(t) = b (ult), bu(u(ti+), (Bu,e(w)(ti-))).-

SUBCASE B. u is not left-continuous at t;.

Therefore, u is right-continuous at ¢; and hence u is monotone on [¢;,t] and so
is Ci(Qq u) for all sufficiently large k. By (A.13) and (A.14), for all sufficiently
large k

(B, e()(t) = bn(u(t), (Bre(Cr(Qu ) (t:)) = bu(u(t), (Ba,e(Cr(Qy w))) (k).

Applying (A.14) again, we obtain

(Ba,e(w))(t) = bn(u(t), (Ba.e(w)(t))

and so, by Case 2,

(Bre()(t) = bu(u(t), balu(ts), (Bre(w))(t:i)))
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Appendix 5: Constuction of the counterexample

mentioned in Remark 5.3.1, part (2).

We show, by constructing a counterexample, that the numerical value set of a
nonlinearity ® € Ny (\) is not necessarily an interval. It is convenient to prove a

technical lemma first.

For all x € R, define |z] to be the largest integer such that |x| < z. For each
x € R, there exist numbers n;(x) € {0,1,...,9}, i € N, such that

r= x|+ 107n(x).
=1
For all k € N, define f, : Ry — QN R, by

k
f(x) o= z] + ) 107 n;(x), Vo eRy.
i=1
Moreover, we define for all k € N, the truncation function f; : R — Q by

o fulx) forz >0,
Julw) = { —fe(—=z) forz <0.

Lemma A.4

(1) fe(0) =0 for all k € N;
(2) fi(—x) = —fr(z) for allx € R and all k € N;
(8) fe(z)/x €10,1] for allz € R\ {0} and all k € N;

(4) © < fe(x) +107% for all x € R and all k € N.

Proof: Statements (1) and (2) follow immediately from the definitions of f), and
fx. To prove (3), let k € N and assume that = > 0. Then

fi(x) _ Jole) _ le)+ 300, 107 n(2)

rox |x]+ >0, 107 n(x) €. (A.18)

If x < 0, then by statement (2) and (A.18)

felx) _ fu(=x)

T —X

€ [0,1].
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To prove statement (4), note that for all z > 0 and all £k € N

0<z— filz Z 107", (z) < 9 i 1074 =107"%.

1=k+1 i=k+1

If < 0, then by statement (2), for all £ € N

r = Z 107" (—2) < — Z 107"n;(—

= —fk(—x)ka( ) < frlx) +107F.

Consider the operator ® : F(Z;,R) — F(Z,,R) defined by

0 forn=0,

(®(u))(n) = { S fu(u(k) —u(k —1)) forn e N.

Obviously, NVS® C Q, showing that NVS ® is not an interval. We prove that
® € Ny(1). It is immediately clear that ® satisfies (D1). Since

(®(w)(n+1) = (®(w)(n) + fopr(u(n+1) —u(n)), Vue F(N,R), VneZ,,

we have for all w € F(Z,,R) and all n € Z, such that u(n+1) —u(n) #0

(@(u))(n+1) = (®(w)(n) _ foyr(u(n+1) —u(n))
u(n +1) —u(n) u(n +1) —u(n)

€ [0,1],

where we have used Lemma A.4, part (3). Therefore (D2) is satisfied for A = 1.

For (D3), let u € F(Z,,R) be ultimately non-decreasing and lim,,_.., u(n) = oo.
Hence, ®(u) is ultimately non-decreasing, showing that L := lim,_..(®(u))(n)
exists and L € RU {oo}. Clearly supNVS® = oo and we have to show that
lim, oo (P(u))(n) = co. Seeking a contradiction, suppose that lim,, . (®(u))(n)
# 00; then, lim, ..(®(u))(n) = L € R, and so

ka )—u(k—1) =L < . (A.19)
Using Lemma A.4, part (4), for all n € N

u(n) —u(0) =Y _(u(k) —u(k—1) <ka —u(k—1) +Z1ok (A.20)

k=1 k=1

Combining (A.20) with (A.19), we may conclude that u is bounded above, which
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is in contradiction to lim, .. u(n) = co. From Lemma A.4, part (2) and the
definition of ®, we see that (®(—u))(n) = —(®(u))(n) for all n € Z, . Therefore,
lim, oo (P(—u))(n) = — lim,, oo (P(u))(n) = —o0 = inf NVS .

For (D4), let uw € F(Z,,R) and suppose that L := lim, . (®(u))(n) exists and
L € int(clos (NVS®)) = R. Thus (A.19) is satisfied. Combining (A.19) and
(A.20), w