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Boundary integral methods in high frequency scattering

Simon N. Chandler-Wilde Ivan G. Grahanv

Abstract

In this article we review recent progress on the design, angkis and implementation
of numerical-asymptotic boundary integral methods for the cmputation of frequency-
domain acoustic scattering in a homogeneous unbounded madn by a bounded obstacle.
The main aim of the methods is to allow computation of scatteiing at arbitrarily high
frequency with nite computational resources.

1 Introduction

There is huge mathematical and engineering interest in acoistand electromagnetic wave
scattering problems, driven by many applications such as modiay radar, sonar, acous-
tic noise barriers, atmospheric particle scattering, ultrasouwhand VLSI. For time harmonic
problems in in nite domains and media which are predominaty homogeneous, the boundary
element method is a very popular solver, used in a number of l@gommercial codes, see e.g.
[26]. In many practical applications the characteristic legth scaleL of the domain is large
compared to the wavelength . Then the small dimensionless wavelengtkL induces oscilla-
tory solutions, and the application of conventional (piecewse polynomial) boundary elements
for this multiscale problem yields full matrices of dimensiomt least N = (L= )¢ ! (in RY).
(Domain nite elements lead to sparse matrices but require exadarger N.) Since this \loss of
robustness” asL,= !'1 puts high frequency problems outside the reach of many standar
algorithms, much recent research has been devoted to nding meorobust methods.

One approach is to seek faster implementations of standard mettts. Fast multipole meth-
ods have allowed conventional BEM solutions for much larg& (e.g. [28, 29]), but it remains
impossible to compute withL= much beyond a few hundred in 3D. To allow larget= , a
highly promising new direction is the development of \hybridl algorithms, which incorporate
asymptotic information about the oscillation of the solution nto the approximation space
[1, 2, 12, 38, 50, 22, 59, 6, 23, 30, 13, 32, 43]. Initial expeeints using geometric-optics
type approximations on simple model problems indicate the geibility of delivering almost
uniform accuracy forN xed as L= ! 1 . This review will explain the key ideas behind
these methods and the mathematical tools which have been so-di@veloped for their analysis.
We also highlight some important open problems which are the das of current research in
this very active area. Another approach to high frequency pldems, involving the solution of
appropriate limiting problems, is dealt with elsewhere in ths volume [57].
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Throughout this review we will focus on the speci c physical sitation of time harmonic
acoustic scattering (e"' time dependence for some> 0); indeed for most of the paper on
the case of a sound soft obstacle. This focus is made partly for itg and simplicity (the
algorithms we discuss should generalise to other boundary camnalis and to, e.g., elastic and
electromagnetic waves), but also because most development giosithms and most analysis of
those algorithms has focused so far on this simplest case. Thus, wepnge an incident plane
wave u' (x) = exp(ikx 4), x 2 RY with direction given by the unit vector & and k denoting
wavenumber kK =2 = = !=c, wherec is the wave speed), is scattered by a bounded object

RY to produce a radiating scattered wavaiS. The total wave u = u' + uS satis es the
Helmholtz equation:

u+ k?®u=0 in D:=R%n (d=2or3): (1.1)

Let ( x;y) denote the standard free-space fundamental solution of the Heaholtz equation,
given, in the 2D and 3D cases, by

(1.2)

8
3 HP(kix v d=2;
X;y) =

( xy) 5

exp(kix v _ .

4 jx i
for x;y 2 RY, x 6 y, where H® denotes the Hankel function of the rst kind of order
zero. Then in the simplest Dirichlet casey = 0 on the boundary ), starting from Green's
representation theorem (see e.qg. [23] for details in the geakLipschitz case) we obtain

U= ) (xy)ofdsy): x2D; 13)
and the scattering problem can be reformulated as the boundaintegral equation (see e.g.
[27]) 7
ooz S i () lasm=reo x2 0 @

Here @ =@adenotes the normal derivative (outward from ), > 0 is acoupling parameter
(which ensures that (1.4) is well-posed),

f(x):=2%‘i\(x) 2iu'(x); x2 ;

and @u=@is to be determined. Standard boundary element methods apptmate the whole
(oscillatory) @ u=@hby (piecewise) polynomials. By contrast thdéybrid methodsvhich we shall
discuss in the following section employ asymptotic analysis to @i analytic information
about the oscillations in @ u=@ T his information is then exploited directly in the numerial
method: only slowly-varying components are approximated anthis yields a method which
is more \robust" as the frequency increases.

Throughout the review we shall make use of the single-layer, dae-layer, adjoint double-
layer and hypersinguzlar operatorss, D, D%and H, de ned respectively by:

£ @ xy)
S =2 (xy) (y)ds(y); D =2 @(]’il (y)ds(y)
z Q@ x;y) @(yX'y)
0 — Xy . - NI .
D™ =2 @1x) (y)asy) ; H =2 @ (x) @1y) ()dsly) -



The particular equation (1.4) can then be written as
AY = (1 +D° iS)y = f; where v= @Qu=@n: (1.5)

This integral equation formulation is well known and is attibuted to Burton and Miller
in [27]. There one can nd a proof that (1.4) is uniquely solvale in C() in the case when
is su ciently smooth (a proof of well-posedness ir.?(), indeed in the Sobolev spaceH S()
for 1 s O, for the case of general Lipschitz is given recently in [23])It is a direct
integral equation formulation, meaning that it arises diretty from applying Green's theorems
to the solution of the scattering problem, so that the unknown irthe integral equation is the
unknown part of the Cauchy data of problem (1.1) on the bounds. A closely-relatedindirect
formulation, due to Brakhage & Werner [11], Leis [53], and P& [58], obtained by seeking
the solution as a linear combination of single- and double-lay potentials with some unknown
density , can be written in operator form as

A =(1+D iS) = 2aj: (1.6)

Note that equations (1.6) and (1.5) are intimately related; ndeedAis the formal adjoint of
A, as a consequence of which, as operatorslof(), A and A°have the same spectrum, norm
and condition number (see [20]). We shall focus more on (1.5) this review. As noted by
Bruno et al. [12], this equation seems better behaved in thedti frequency regime, since its
solution is the normal derivative on of the solution of the orginal scattering problem, while
it can be shown that the solution of (1.6) is the di erence between solutions to interior and
exterior boundary value problems. For this reason the solutioof (1.5) is less oscillatory and
its high frequency behaviour is better understood, especialfor convex scatterers.

An important issue for (1.6) and (1.5), which we will address ix3, is how to choose the
coupling parameter > 0 optimally, e.g. to minimise the condition number ofA® Discussion
of this issue goes back to Kress and Spassow [49] (and see [48, 3,,4,7330, 9, 24, 20]). We
will see inx3 that a correct k-dependent choice is essential in the high frequency limit.

Equation (1.5) is a second-kind integral equation which detsines the unknown solution
V= %ﬁ, and there is a huge literature on equations of this form. Wimethe boundary is
su ciently smooth ( C! is su cient [33]) the integral operators D°and S in (1.5) are compact
on standard function spaces, so thafAis a compact perturbation of the identity operator.
Using classical arguments based on this property, one can show thettndard numerical
techniques like Galerkin and collocation methods using piewise polynomial basis functions
lead to uniquely determined numerical solutionsy satisfying quasi-optimal error estimates
of the form

kv. wk C |r21£ kv Nk 2.7)

where Sy denotes the nite-dimensional approximation space being usddnd N is the dis-
cretisation parameter, e.g. the dimension of the spac®,). More precisely, for properly-
designed Galerkin method and collocation methods, these classiarguments (e.g. Atkinson
[7]) tell us that there exists aC > 0 and Ng > 0 such that (1.7) holds for allN  Ng (see
x3.1 for a little more detail).

Based on (1.7) one can think of the numerical analysis of robustatiods for scattering
problems as requiring research on three related questions:

Q1 The design of goodk-dependent, nite-dimensional approximation spaceSy, so that
the best approximation error inf s, kv n K is growing as slowly as possible as
k!1l . These spaces will normally depend ok and so we denote then®y .
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Q2 The proof of sharp estimates for the dependence of the \stabiliconstant” C in (1.7) on
k, hopefully showing that these again indicate boundedness orlchgrowth ask ! 1

Q3 The design of good methods of implementing the numerical mettis using the optimal
approximation spaces in item 1; ideally show that these are résdble in a computation
time which remains bounded a& ! 1

For Q1, an \ideal" aim might be that when v is the solution of (1.4), the best approxima-
tion error should remain constant for each xedN ask!1 . Recent results on the analysis
of this problem are given inx2.

For Q2, the classical error analysis results for second-kind integradjations tell us that
(1.13) holds for all su ciently large N (N Ng). However, because the wavenumb&rappears
non-linearly inside the kernel of the operatoA® in (1.5), they give us no clear quantitative
information on either: (i) how, for xed N, the constant C depends on the parametek; or
(i) how, for xed C, the thresholdNg depends ork. An alternative method of analysis starts
from the following variational formulation of (1.5):

Seekv 2 Ly() suchthat a(v;w)=(fiw),n ; (1.8)

wherea(v;w) = (A%;w)_,() . Then the standard abstract theory of variational methods
shows, for example, that, provided satis es, for all v;w 2 L,(), the two conditions

ja(v; w)j Bkvki,() kwki,( (continuity) ; 19
ja(v; v)j kvk?, (coercivity) (1.9)
for some positive constant® and , then the equation (1.8) is uniquely solvable. Moreover if
the Galerkin (variational) method of approximation is appied to (1.8) in any nite dimensional

subspaceSyk  La(), i.e. seek vy 2 Syk such that

a(vw;wy) = (fiwn), 5 forall wy 2 Sy ; (1.10)

then we have the error estimate (1.7) withC = B= . Therefore one potential way to answer
Q2 is to show thata is coercive and to estimate the dependenceBfand on k. Results on
this and related problems are discussed 8.

Finally, with regard to Q3, in x4 we discuss recent work on the key implementation issue
of computation of the oscillatory integrals which arise in theassembly of sti ness matrices
arising from hybrid methods. We also discuss brie y linear algehrissues relating to the fast
solution of the dense linear systems arising from hybrid methods.

Before continuing, we would like to explore, a little more a&fully, reasonable ways of
measuring the accuracy ofy . Sincev itself depends ork, rather than controlling the absolute
error in some norm (as in (1.7)), it would seem more sensible to ¢woi relative error measures
such as

kv vy k|_2() kv vy k|_2() ]
kaLZ() kv! k|_2() ’
wherev! = @U=@n The attraction of the second of these is that the behaviour dév'k, 2,
is clear, in particular it grows proportional tok ask ! 1 for an arbitrary obstacle. For

smooth convex obstacles, for which we know (via the Kirchho appximation) that v 0
on the shadow sidey  2v' on the lit side, it is clear that kvk 2y grows in proportion to
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kv'k_2(y , and so in proportion tok. Thus, for the second measure of error, and also for the
rst in the convex case, controlling the above measures of ertdor a xed obstacle, amounts
to controlling

k kv wnkiz(): (1.11)

A reasonable alternative is to take the view that the computaon of v = @u=@is an
intermediate step, and that the real goal is to computas accurately in the domainD, by
substituting the approximation vy to @ u=@into equation (1.3). Denoting byuy the resulting
approximation to u, we see that

Z

ux) un(x)= (xy)wn(y) v(y)ds(y); x2D: (1.12)
In this context we may seek to control

ku up kLp(G) ku un kLp(G) . (l 13)
kUkLp(G) ku! I<LP(G) , .

wherek K ey, forl p 1 ,isthe standardL” norm on some regiorts D (e.g. one might
choosep=2or 1, and, in the latter case, choos& = D (as in (2.28) below)). Applying the
Cauchy-Schwarz inequality to (1.12), we obtain the upper hod:

Z 1=2
jux) uv()j  cx)kv  wykezg ;o ox) = i ( x;y)j%ds(y) : (1.14)

Thus small relative error inu can be achieved by controllinkv vy k 2y However, the value
of ku' kur(c) is independent ofk, and, in the 3D case, ¢(x*=(4 ) > jx yj ?ds(y) has
a value independent ok, while, in 2D, (c¢(x))2 (=(8k)) jx Vyj 2ds(y)ask!1l . Thus
to achieve small values for the measures of relative error (8)1by controlling kv vy Ky 2(y
one needs to ensure that

k @ d):sz VN k|_2() (115)

is small. Of course, in the high frequency limit, especially inC3(d = 3), this is a signi cantly

stronger requirement than (1.11). We remark that the scalingypok © 972 in (1.15) is rather
natural in that it makes the expression (1.15) dimensionless.

2  Hybrid Approximation Spaces

Instead of approximatingv ;= @u=@in (1.4) directly by piecewise polynomials, the hybrid
numerical-asymptotic methods which we are interested in hexgse approximations with the
general form (where we highlight the dependence dnin the notation):

hod
v(x; k) kexp(k m(X))Vm(x;k); x2 (2.1)

m=1

with the phase functions ,(x) chosena priori and only the unknownsV,, (X; k) approximated
by piecewise polynomials. The key point is that asymptotic angsis can be used to determine
the n, in such a way that theV,, are very much less oscillatory than the origina@u=@n
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Some of the pioneering work in the development of hybrid bodary element methods for
scattering problems was carried out by Abboud et. al. [1, 2], whconsidered the problem
(1.1), subject to the impedance boundary condition :%ﬁ+ ikZu =0 on , and formulated
this as the boundary integral equation

Hv + k?ZS(Zv) ikDYZv) ikZDv = g := 2%1 JikzZu, :

wherev = uj , the restriction of u to . The Galerkin discretisation of this integral equation
yields a symmetric sti ness matrix and has no spurious frequeres provided<Z > 0. The
authors argued (partly referring to earlier results [40]) tht, due to the oscillatory solution
of (1.1), in general the conventional boundary element appximation vy, of this equation,
using step-sizeh and polynomial degreep, would satisfy an error estimatekv — vyK,()
C(k)(hk)P*1. Ignoring the unknown factorC (k) this shows that in order to preserve accuracy
ask!1 , we would requireh k ® and so, for integral equations on surfaces iRY, the
number of degrees of freedoN would have to grow at least withO(k? 1). To remedy this,
[1, 2] suggested takind =1 and ;(x) = x 4&in (2.1), yielding

V(x; k) = k exp(ikx &) V(x;k) ; (2.2)

and then approximating the unknown \slow variable"V ( ; k) using conventional nite element
methods. This may be thought of as a numerical implementatioaf the \Geometric Optics"
or \Kirchho " approximation which assumes the phase of the scatred waveu® in (1.1) to
be the same as the phase of the incoming wamk. (The scaling factork in (2.2) arises from
the di erentiation appearing in v = @u=@)nThe function V (x; k) is known to be completely
non-oscillatory only in certain regimes (for example when 4 smooth and convex anc is
in the illuminated zone and is bounded away from the \shadow hmdary" which divides
illuminated parts of from the parts which are in \shadow"). However for general smooth
convex , V(x; k) can be expected to be less oscillatory thar(x; k) and it was argued in [1, 2]
that kV (; K)kyn+ () Ck(D =3 (More details of how this estimate can be made rigorous
are in x2.1). The formal argument sketched above then suggests that ugia nite element
space of dimensiomN = O(k@ 1=3) to approximate V in a numerical method based on (2.2)
should preserve accuracy ak ! 1 . This, while not being fully \robust" as k!'1 ,isa
considerable improvement on the estimate for conventional tm®ds sketched inx1 although
we emphsise that this is not fully rigorous since it ignores thenknown behaviour ofC(k).

In more recent work [12, 13], Bruno et. al. tackled the breakavn of the geometric optics
ansatz by employing a more careful discretisation scheme. Focuagson the formulation (1.4),
using also the ansatz (2.2), and multiplying each side of the resbly exp( ikx &), one obtains

V+BY i8SV =2kan ): (2.3)

The integral operatorsB®and § are analogues db °and S with the additional factor exp(ik(y
X) 4) in their kernels, leading to kernel functions with easily ideti ed phase. For example,
Z

SV(x)=2 ( xy)exp(ik(y x) &)V(y)dy
Z

= exp(k(x yj+(y x) @)Mi(xy)V(y)dy ; (2.4)



where the factorMy is weakly singular aty = x but is not oscillatory for large k.

The approach taken in [12, 13] is now to apply a Nyst®m methodot (2.3) based on a
suitable quadrature rule for oscillatory integrals of the fan (2.4). This involves the approx-
imation of V on a coarsek independent grid. Since (as we shall see more precisely in the
following section), the geometric optics approximation biks down in a boundary layer of
width O(k ™) around the shadow boundary, the mesh is graded @(k *°) neighbourhoods
of the shadow boundaries. Based on sampling at points in this coarse mesh, integration for
operators such as (2.4) are employed based on partitions of tynand (exponentially conver-
gent) trapezoidal rules. The partition of unity is designed tdocalise around special points
(with respect to the observation pointx) namely (i) the singular pointy = x; (ii) the sta-
tionary points where the gradient of the phase of (2.4) vaniskeg(ii) shadow boundary points
n(x) a=0. Ask!1 integration regions become more localised around these painfThis
is a high-frequency variant of the matrix-free Nyst®m methd of [15]. Since this method is
not based on a Galerkin formulation, the analysis of it&-robustness is a challenging open
problem. We shall return to methods for oscillatory integralsrising in scattering problems
in x4.

A very interesting extension of the method in [12, 13] to non-owex scattering is given in
[14]. There it is explained how the integral equation (1.4) ay be solved by a Neumann series
approach, where each term in the Neumann series corresponds he scattering by a single
obstacle of an incident eld consisting of the incident wave cobined with previously scattered
waves. Each of these single-obstacle scattering problems can blgezsbby a method similar
to the methods described above, except that now the ansatz (2.hiecomes somewhat more
complicated: the phasex & appearing in (2.2) has to be replaced by a function re ectinthe
optical distance travelled by rays through all the previouse ections. Preliminary numerical
tests were provided in [14] which demonstrated the potentiabf the method. The theory of this
method was substantially advanced in the subsequent work [31,]3Z here the implementation
of the Neumann series was shown to correspond to a sum over increggirriod of a sequence
of periodic orbits. Each orbit corresponds to re ections o0 a xed set of scatterers, and
this allows the convergence rate of the Neumann series to be estted, for su ciently high
frequency and permits the formulation of methods for accebting its convergence. The most
recent work in this direction [5] extended the analysis to théhree dimensional case, where
additional considerations on the relative orientation of tle scattering bodies come into play.

In [31, 32, 5] the emphasis is on the convergence of the Neumannese and assumes
the robust solution of the integral equations arising at each ération. Thus the proof of the
k robustness of the overall algorithm remains a challenging ap@roblem.

One of the substantial challenges which will arise in the rigoos numerical analysis of
non-convex scattering problems is that th& dependence of the constar€ in (1.7) is likely
to be considerably more complicated than it is in the convex sa. We make this statement
becauseC contains in some sense a bound on the inverse operafor!, where A appears in
(1.5) (seex3.1). While this inverse is uniformly bounded with respect td in the convex case
(seex3.2), this is not true in the non-convex case. An explicit couetr-example is given in [20].
Finally, it is important to point out that, while there has been some progress on aspects of
algorithms for the 3D problem (e.g. [14, 36]), the theoretad numerical analysis for this case
is limited to date. Moreover the underlying asymptotic theoy is much more challenging (e.g.
[10] gives a numerical approach to a 3D \canonical problem'hd contains extensive references
to the asymptotic theory).



In the next two subsections we describe recent work on 2D problemwhere more precise
rigorous estimates are available, namely scattering by smootionvex obstacles and by convex
polygons. We note that, in very recent work [51], numerical geriments have been carried
out which suggest that the algorithms for these two cases can be sassfully combined to
compute high frequency scattering by curvilinear convex pggons.

2.1 The case of smooth in 2D

In this subsection we assume that is aC' convex contour. Under plane wave illumination
is naturally divided by the two tangency points T; and T, into an \illuminated zone" (1)
and a \shadow zone" §), as depicted in Figure 1. Letting :[0;2 ]! be a2 -periodic
parametrization of we dene t; 2 [0;2 ) to be the preimages of theT;: (t) = T;, for
i = 1;2. The \Geometric Optics" ansatz (2.2) may then be written (wrting v( (s);k) as
v(s; k) for convenience)
v(s;Kk) = k exp(ik (s) &) V(s;k): (2.5)

In [30], the parameter space [@ ) is covered by four intervals ;; i =1;:::;4, with
and , being suitably small neighbourhoods of the tangency points andt,, and sz and 4
contained in the illuminated and shadow zones respectivelyetting ; denote a corresponding
partition of unity, the p version of the Galerkin method is then applied to (1.8), i.e. &use
in (1.10) the approximating space of dimensioi ,

Snik = span fkexp(ik (s) B) j(sS)P(s):P 2Py ;| =1;239; (2.6)

where P, denotes the algebraic polynomials of degrge That is, we use possibly di erent
degree polynomial approximations toV in each of the illuminated and transition zones, and
zero approximation toV in the shadow zone.

: u' (x) = exp(ikx &)
é...............................,./../.:.:?1_ - \\\\

Figure 1: Physical domain:l denotes the illuminated zonesS the shadow zone and,, T, the
tangency points.

Considering the numerical analysis of this method we recall ¢htwo key questionsQ1
and Q2 highlighted in x1. To answerQ1l we need estimates for the dervatives o7 (s; k)
with respect to s which are explicit in k in the illuminated and shadow zones. Moreover we
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need estimates for the exponential decay &f in the deep shadow zone ;. This requires
a substantial study of the theory of the \geometric optics" appraimation (2.2). In [30] the
following result is presented.

Theorem 2.1. For all L;M 2 N[f 0Og, the function V(s; k) admits a decomposition of the
form:

XV . .
V(s;k) = k 72 2% b (s) O(kZ(s)) + Riwm (5:K) ; (2.7)
“:m=0
for s2 [0;2 ], where the remainder term has itsith derivative bounded, fom 2 N[f Og, by
jDQRL;M (S; k)] CL;M;n (1 + k) +n=3 ) (28)
where = min %(L +1); (M +1) and C_.., is independent ofk. The functions by,

and Z are Ct 2 -periodic functions. Z has simple zeros at; and t,, is positive-valued on
[t1;t2] and negative-valued elsewhere ¢@;2 ]. Moreover : C! C is an entire function

which may be spci ed explicitly by a certain contour integrahvolving the Airy function (often

called \Fock's integral” - see [35,x7, 12], a book originally published in the Russian literater
in the late 1940's).

Theorem 2.1 is derived in [30] using the often cited paper [58pmbined with the technique
of matched asymptotic expansions and also referring to resultoim the classical literature
such as [18, 56, 25, 19, 69, 8].

The asymptotics of ( ) for large|j j are of key importance for the behaviour o¥. Since
Z is positive in 3 (inside the illuminated zone), the behaviour oW/ (s;k) for s2 3 and for
large k is determined by the asymptotics of ( ) and its derivatives as ! 1 . Similarly,
the behaviour ofV(s; k) for s2 ; (the deep shadow), depends on the asymptotics of ()

for 11 . More complicated behaviour arises in the transition zones;; ,. The required
properties of are known. In particular, (see [55, Lemma 9.9]
()=a +a *+a °+:i+a, 1¥+0(*N); as 11 (2.9)

whereay 6 0 and this expansion remains valid for all derivatives of by formally di erenti-
ating each term on the right hand side, including the error tan. Moreover, there exists > 0
and ¢y 6 0 such that, foranyn2 N[f Og, as ! 1 ,

D"( )= coD"exp( i °>=8 i 1)g(1+O(exp(j j)) (2.10)

where ; =exp( 2 i=3) ; and ; < O is the right-most root of the (all real and negative)
roots of the Airy function Ai. Hence, when ! 1 the function , as well as its derivatives

decrease exponentially but in a very oscillating way. The asyrtytics in (2.10) may be deduced
by applying the theory of residues to the contour integral dening - see [8, p.393], [18,
Lemma 8]. More details are in [30]. Combining these asymptasiovith Theorem 2.1, the
following estimates for the derivatives ol are proved in [30].

Theorem 2.2. For all n 2 N[f Og there exist constantsC, > 0 independent ofk and
s 2 [0; 2 ], such that for allk su ciently large,

: n=0;1
Kk =+ji(9) "% n 2

where! (s) :=(s ty)(t, s). These estimates are uniform irs 2 [0; 2 ].

iDIV(s;k)j  C, (2.11)
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This statement follows from [30, Theorem 5.4] but is in a somewhsimpler form than
given there. The essential point which follows from this is thafor s in the illuminated zone
and bounded away frontq;t, (and hencej! (s)j is bounded away from zero), all derivatives of
V are bounded ak ! 1 . This shows the correctness of the Geometric Optics approxitnan
in the interior of the illuminated zone. However, in a regionfowidth O(k ) aroundt; or t,,
j' (s)j . k ¥ and D2V (s;k) may blow up with O(k" Y=3), (Notations like . indicate that
there is a hidden constant independent df). This corresponds to the estimates employed in
the analysis in [1, 2] and the motivation for the mesh grading seme used in [12] which we
have described above.

In [30] we considered, for su ciently largek > 0 and parameters’; 2 (0;1=3], andc; > 0,
C; > 0 (to be chosen), the transition zones:

1 [t ok P ty+ gk B,

[t ok 3 o+ ok 3],

2
and the illuminated and shadow zones, respectively:

3 = [ti+ ok Bt ok ]
4 = [tz 2 + Czk l:3+;; tl C2k 1=3+ ]:

The regions ; touch only at their endpoints.

In each of the zones ;; , and 3 the error in best approximation by polynomials can
be estimated by standard methods. Using Theorem 2.2 and standardrar estimates for
polynomial approximation it turns out that there are two conicting choices for ". The best
estimate in the illuminated zone is obtained with" = 1=3 (i.e. the boundary of ; does
not approacht; ort, ask ! 1 ) and the best error in the transition zones is obtained with
" = 0 (these zones shrink as fast as possible wit). To balance the error the best choice
turns out to be " = 1=90. These estimates have to be combined with the following thesm on
exponential decay in the deep shadow which is stated in [30].

Theorem 2.3. There exist positive constantsy; ¢ such that for allk su ciently large,
kvk_z( ,) cJexp( cok ) : (2.12)

This result can be formally inferred by using the asymptotics (20) in the rst term
of the right-hand side of (2.7), but this is not a rigorous probsince the remainder term
in (2.7) enjoys only algebraically decaying estimates. A bffieaccount of how the proof of
Theorem 2.3 follows from the results in the literature is givein [30]. In particular we refer to
[63, 34, 67, 68, 52, 42, 60] for the highly non-trivial prooféAn interesting side remark is that
the results on exponential decay (in two-dimensional probleshin [67, 68] do not require the
contour to be analytic but only su ciently smooth. There are also extensions to arbitrary
dimension, but these require analytic scattering surfaces andq stated) are only valid in the
\deep shadow" (i.e. a bounded distance away from the shadow balary) { see, e.g. [60,
Thm 3] which uses the ideas of [52].

Combining the estimate from Theorem 2.3 with the estimates fguolynomial approxima-
tion in the illuminated and transition zones, we obtain (in thespecial casg, = p for each
j =1;2;3 - see [30] for more general cases), that the Galerkin method s$wln, de ned by
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(1.10), satis es the error estimate

kv wvyk — inf  kv( ; k) N KL2() (2.13)
N 2SNk
B ko "
C,h — k k*° o +exp( ck) : (2.14)

Here (2.13) follows from (1.7) and that, as observed after (0}, C B= , whereB and
are the continuity and coercivity constants from (1.9). Morever (2.14) follows from the
estimates for polynomial approximation and exponential dexy described above and holds for
allé6 n p+1(soin particular, for xed k andC' data we have superalgebraic convergence,

as is normal in thep version of the boundary element method.)

To make the estimate (2.14) of rigorous use we have to estimateetttonstant B from
above and from below with respect tok. In [30] it is shown that for su ciently smooth
contours , and in the case = k, we haveB . k2. Substantial generalisations of this in
[20] are discussed ix3. Estimates for from below are much harder. In [30] it was proved
by Fourier analysis (on circular or spherical boundaries) that & 1 (i.e. k independent
coercivity), again for = k. However the extension of this result to general is a challengg
open problem. Neverthess there is hope for success, since in [24phi proved thatkA k. 1
for Lipschitz star-shaped and any 2 Rnf0Og (whereA is the integral operator in (1.5)) and
this estimate is a necessary (although not su cient) condition ér k-independent coercivity of
a denedin (1.8).

On the assumption thatk independent coercivity holds fora the result (2.14) shows that
the error in the Galerkin approximation is of the order of a lav power ofk times (k*°=p" (for
6 n p+1), plus a term which is exponentially small ink. Roughly speaking this shows
that by choosingp to grow slightly faster than k*® we preserve the accuracy of the method
ask increases. Numerical results in [30] support this result.

Before leaving this discussion we mention that using the asymptos (2.10) whens is near
to but less thant; (i.e. in the shadow region but near the transition point), thenthe rst
term in (2.7) has the asymptotics (ak !'1 ) :

k hyo exp(ikiZ (s)j°=3) exp(i<( )k*ZjZ(s)))exp(= ( DKZ(9))) (2.15)

Since ; is in the rst quadrant of the complex plane (see (2.10)), (2.05contains two oscilla-
tory factors, one oscillating with scalek and one with scalek'=3, damped by the exponentially
decaying third term. These two scales were modelled in the basisctions used in the collo-
cation method of Giladi and Keller, which took into account he existence of \creeping waves"
behind the shadow boundary [38].

We now turn our attention to scattering by convex polygonal bdies.

2.2 The case of polygonal

In separate work [6, 23], scattering by convex polygons, and neorecently by curvilinear
convex polygons [51], has been considered. For the case of gt an appropriate specic
form of (2.1) is shown in [23] to be

v(X; k) k Bxp(ikx a) V(x; k)

+ kM [exp(ikx &m)Vi (X k) +exp( ikx Ay)V,, (6 K)]; (2.16)

11



Figure 2: Our notation for the polygon. TheM corners are numbered anti-clockwise, and we
denote the rst corner by both P, and Py +1. m is the exterior corner angle atPy,.

for x 2 , where M is the number of sides of the polygon, the unit vectoa is parallel to
the mth side (directed from cornerP,, to corner P, in Figure 2), and the functionV,, is
assumed non-zero only on sidm. (Physically the terms in the summation are included to
represent the parts of the eld arising from di raction at the corners.) In fact, it is shown in
[23] that for a polygon it is adequate to takeV (x; k) to be constant on each side, precisely to
de ne V(x; k) so that the rst term in the above expression is the high frequencKirchho

or physical optics approximation, i.e.

@KX) 2%"‘”(x) on illuminated sides
@ 0; on sides in shadow.

This means to set, forx 2 |,

2in, & iff, a<o;

V(X k) = 0; otherwise,

(2.17)
where rfy, is the outward unit normal on sidem. Then, if V,, are approximated by piece-
wise polynomials on carefully chosen graded meshes, uniformbcarate approximations are
obtained ask ! 1 , provided the number of degrees of freedom grows lik¥log*?k). The
results [6, 23] are inspired by earlier results [22, 50] (inde¢de method and analysis for
the convex polygon case are outlined in [22]). In these papers a prototype of develop-
ing and analysing boundary element methods for high frequenscattering, high frequency
algorithms are proposed for the problem of 2D scattering by a tasurface with piecewise
continuous impedance boundary condition, and a complete qof of k-independent accuracy
and complexity is provided, the rst such result for any scattemg algorithm.

We give now a little more detail of the methods and results of 8. A key component
in the design of the ansatz (2.16) and the design of the graded mesho approximate the
functions V,,, (x; k) (both of which are essential to the overall low complexity) isinderstanding
the high frequency behaviour of the solution. We have seen ¥2.1 that obtaining rigorous
results on high frequency asymptotics is, in general, a compléxisiness. But this case of
a convex polygon is one in which rigorous high frequency asytafics, at least a su cient
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understanding of these for the purpose of designing an e ectivaumerical scheme, can be
achieved by elementary arguments.

Figure 3: Extension of ,, for derivation of regularity estimates.

The trick (adapted from [22]) is to observe that one can write alwn an explicit solution
to the Dirichlet boundary value problem for the Helmholtz eqation in a half-plane, since
we (trivially) know by the method of images the Green's fungon for a half-plane. This
observation leads to the following useful representation fohé solution to the scattering
problem. LetD,, D denote the half-plane whose boundary contains,,, the mth side of
the polygon (see Figure 3), and letG,,(X;y) be the Dirichlet Green's function for the half-
planeDy, i.e. Gh(x;y) = ( x;y) ( x;y2), wherey?® denotes the image of in the straight
line @Q,. Then

@G (x;y)
oo, @Ay)

Here, , = 0 if side ., is in shadow, ,, = 1 if it is illuminated, and uR is the plane wave
that would be re ected if u' were incident on the straight line@[,, on which a Dirichlet
boundary condition holds (souR(x) = R, exp(ikx &), whered} =a 4,4, & AnAn,
and the constantR, is chosen so thau' (x) + uR(x) =0 on ,; see [23] for details). It is an
easy calculation that 222 = 2 & Xg) and we recall thatu = 0 on . Thus, and taking the

normal derivative in the aﬁ)ove eguation, we see that

z
@Zx):z @u @ (xy)

@ a0t L ae)

It is this equation which justi es the ansatz (2.16), with the eplicit formula (2.17) for

V (x; k). The rstterm in the above equation is the Kirchho or physical optics approximation
and the integral is thus the correction to this approximatim on the side . To understand
the behaviour of this correction we write@ [}, n , as the union of the two disjoint half-lines
nand . (see Figure 3). Then we note that, explicitly, forx 2  andy 2

u(x) = m(u'(x)+ u(x)) + u(y)ds(y) ; for x2Dp:

u(y)ds(y); x2 m: (2.18)

m?

@(xy) - ikH{ (kix y))

@ix)@1ty) T _ . . (2.19)
= Yrexp( ikx an)exp( iky an) (kix yj);
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where (2) :=e ZH"(2)=z for z > 0. Thus, we see that, fox 2 o,
v(x;k) = kexp(ikx &)V (x;k)

+  kl[exp(ikx &m)Vy (X k) +exp( ikx &n)V, (x;K)]; (2.20)
with V (x; k) given by (2.17) andZ
" | | |
Vin (%K) = IE exp( iky am) (kjix yj)u(y)ds(y): (2.21)

The point here is that, while we cannot evaluate the integralV,, (x; k), because these integrals
involve the unknownu on |, we can show, in a precise quantitative way, that these functien
are not oscillatory on ,. This is the case since (kjx Yj) is very smooth, except wherkjx Vj
is small, as the function (z), while singular atz = 0, is increasingly slowly varyingaz ' 1
as quanti ed in the following lemma from [23].

Lemma 2.4. For every > 0,
i M@ @+ P (menrz =
for z andm=0;1;:::.

Applying this lemma leads to bounds on the tangential derivates on , of V., (x;k). In
this theorem and subsequently it is is convenient to use the aldriation

Um = supju(x)j;
x2D

to let L, denote the length of ,, and to let @=@denote the derivative in the tangential
direction on .

Theorem 2.5. [23, Theorem 3.2] Forx 2 ., let s denote the distance ok from the corner
P.. Then, for n =0;1;:::, it holds that

@g;vr; (x;k) 21+ ¥?)uynlk s =1 for ks KLm:
The same bound applies to the tangential derivatives\gf (x; k) but with s denoting distance
along , from the corner Pp,.; .

This bound captures the behaviour ol (x;k) on , except near the corne,. But
this can be understood by standard elliptic regularity estimats for behaviour of solutions
near corners of the domain (e.g. [41]) or more explicitly by nting down a representation for
u near the cornerP,, based on separation of variables in polar coordinates centred P,
[23, theorem 2.3]. The resulting bound is the following, shomg that V. (x; k) has the classic
corner singularity behaviour nearP,, where the exterior corner angle is ,.

Theorem 2.6. [23, Corollary 3.4] Suppose that each side of the polygon hasgth at least
=8, and, for x 2 ., let s denote distance ok from the corner P,,. Then, forn =0;1;::,
it holds that

@ggvnﬁ(x;k) Chunk m™s ™ " forO<ks =12

where =1 = 2 (0;1=2), and the value of the constanC, > 0 depends only om.
The same bound applies to the tangential derivatives\gf (x; k) but with s denoting distance
along , from the corner Py+1, and with |, replaced by ;.
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The detailed information in the above bounds enables us tomstruct nite element spaces
which are well-adapted to approximating the functionsV,,. One possibility, used in [23],
adapted from [26], is to use a discontinuous piecewise polynamapproximation for each
of V. andV, on . Thus V. can be approximated using piecewise polynomials of some
degreep, on a mesh which has a classical grading near the cori®&f whereV,, is singular as
guanti ed in Theorem 2.6, and then has a geometric grading ev the rest of ,,, with the two
meshes joined in a smooth manner. In detail, in the case when eautie of the polygon has
length L, ,dening g:=2p+3)=1 2 ), itis shown in [23] that a mesh appropriate
for approximating V.; (x; k), given the bounds in the above theorems, consists of the points

ss= — ;i=0;::;N; andsysj = —& =100 Ny (2.22)

Here N, the number of subintervals in the interval of length adjacent to the cornerP,, is
the parameter controlling the mesh re nement, and\;, is the smallest integer greater than
or equal to log(Lm= )=(qlog(1l 1=N)). Based on this mesh, an appropriate piecewise
polynomial approximation space foV.;: (x; K) is

Swm=span (S)P(s):P 2 Pp; j =0;L:::;N+ Ny s (2.23)

where (s) is the characteristic function of the interval @ i1;s;). From the mean value
theorem applied to log(1 1=N) it follows that the number of subintervals in the geometriclly
graded part of the mesh satis es

Ny <q 'NlogLm=)+1: (2.24)

The equations de ning a suitable approximation spacé&,, and mesh for approximating
V., (x; k) are identical to (2.22) and (2.23), except thaig is de ned replacing , by n+1 and
si Is now the distance of the mesh point from the cornd?,,+; . Since the value ofjis di erent,
there is a di erent number N, of mesh points in the geometrically graded part of the mesh.

Recalling (2.20), we see that an appropriate approximation spe for@u=@won ., is

kexp(ikx &)V (x;k) +exp(ikx a,)Sy +exp( ikx &y,)S,; (2.25)

with V (x; k) given by (2.17). The full approximation space used in [6, 233 ithe a ne space
Snk = kexp(ikx &)V (x; k)+ Sy, whereSy. is the linear space of functions whose restriction

of Sy, i.e. the number of degrees of freedom, is

P
Dy = (p+1) M. (@N+N:+N,)

< 2MN (p+1)(1+ N YH+ %Iog(L:) : (2.26)

by (2.24), whereL = (L1:::Ly)¥™M.
The main numerical analysis result of [23] is the following besipproximation estimate:

Theorem 2.7. If each side of the polygon has length at least then, for some positive
constant C,, depending only orp and on the corner angles 1, 5, ..., w, it holds that

= . (M[1 +log(L= )P
K N'zng-N;k (k) wkiz o Cou DR '
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This theorem shows that, to maintain a given bound on the left &nd side of the above
inequality, aiming to keep (1.15) xed ask increases, it is necessary to increase the number
of degrees of freedor®y only in proportion to (log k)3*2. If one is happy to maintain con-
trol instead onk inf 25k KV( ;1K) kLz() , aiming to keep (1.13) xed, then one can even
decreaseDy ask increases.

In [23] the approximation spaceSyk is used as the basis of a Galerkin method for the
integral equation (1.4). Precisely, cf. (1.10), the approriation vy to v is de ned by: Seek
VN 2 Sy such that

a(vn;wh) = (fiwn), 5 forall wy 2 Sy -

As discussed ik2.1, in the case that is a circle it is shown in [30] that the sesglinear form
a is coercive, with a coercivity constant independent ofk. For general domains it is not yet
clear whethera is coercive, and in [23] the stability analysis is approachedylihe classical
methods for analysis of second kind equations discussed beforaagign (1.8) and in x3.1
below. Using these standard methods it is shown in [23] that, for @a xed Kk, there exists
a value for the stability constantC > 0 and an integerNg such that the Galerkin solution is
well-de ned and (1.7) holds forN  No. Combining this with Theorem 2.7 gives the estimate

(M[1+ Iogglf W (2.27)
N

k %2kv(;k) Vnky CCplu

for N No, but, as discussed irxl and in x3.1 below, this classical analysis does not give
any information about the dependence of and N upon k. An approximation uy to u can
be computed by replacingr = @u=@hy its the approximation vy in (1.3). This is shown in
[23, Theorem 5.4], via the inequality (1.14), to satisfy the eor bound

SUPoo U(X)  UN()] - oML +log(L= 1)™2 (2.28)
p D’p\)‘+1 ’ .

. . C
SUR,p JU(X)]

for N Ng, where Cg Is a positive constant depending only op and the corner angles ,,
2, ..., wm- Numerical results supporting these error estimates are shown 23].

A collocation method based on the identical approximation sge Sy« and the identical
integral equation formulation is implemented in [6]. No stallity analysis (even one based on
classical second-kind theory) is made in [6], but the numerice¢sults support the conclusion
that there is little di erence in accuracy between the Galekin and the (rather easier to
implement) collocation method.

3  Stability and Conditioning

3.1 General considerations

In x1 we have split the numerical analysis of high frequency boungaelement methods into
research on three related questions. We turn in this section togearch related to the sec-
ond of these questions, namely the problem of estimating the valwf the stability constant
C in (1.7). We note that, while the emphasis of this review is ondundary integral equa-
tion methods speci cally adapted to high frequency scatterig, the results of this section are
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equally applicable to stability analysis and conditioning foconventional piecewise polynomial
boundary element methods at high frequency.

We have noted already that, in the case that the sesquilinear fora is coercive, an upper
bound on the stability constantC in the case whenvy is de ned by the Galerkin method (i.e.
by (1.10)) is
B

C (3.1)

whereB and are the continuity and coercivity constants in (1.9). These awstants are closely
related to the norms ofA°and its inverse as operators oh?(). Indeed, by Cauchy-Schwarz,
for v;w 2 L?() (and with k k denoting throughout the norm of a bounded linear operator
on L2()),

ja(viw)j = j(AV; W) 2y ) k AWK 2y kwkyz(
k Aq(kaLZ() kaLZ() .

Thus kA% is a possible value for the constanB in (1.9). In fact (as follows from setting
w = A% in the above inequality), kA% is the smallest possible value for the constar for
which (1.9) holds. Similarly, from the second of the inequalgs (1.9),

KAVkiz() kvkiz)  j (AV;V)2g) j = ja(v;v)j  kvkfzy
so that
kKA® 'k L
Thus, the ratio B= is bounded below by thecondition numberof the operator A°

B condA®:= kakkA® ik (3.2)

This gives one motivation for studying the condition number bA° and its dependence
on k, which will be a main topic of this section. Another motivationis the following. The
inequality (3.1) is only useful ifa is coercive, which we will see below is known to be the case
if is a circle or sphere, but not, so far, more generally. Whetér or not a is coercive, it is
known that the Galerkin method (1.10) is well-de ned if and aly if a satis es the discrete
inf-sup condition: that, for some y > O (the discrete inf-sup constant),

ja(v; wj
su kvk ; forv2Syk: 3.3
OSWZSFL* kwk 2() NETREO Nk (3:3)
If (3.3) holds (which it does, for example, ifa is coercive, with y = ), then a standard
upper bound for the stability constantC is
CcC 1+ E: (3.4)

N

We do not know of any explicit bounds on the discrete inf-sup cstant for high frequency
boundary element methods, but we note thakA® *k = 1, where is the corresponding
continuous inf-sup constanti.e.

ja(v; w)j

= inf su : 35
06 v2S OSWZSF:I;k kaLZ() kaLZ() ( )
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Thus, if B is the smallest value for which the left-hand inequality in (1) holds, then
condA®= E:

One can hope that studying condA® sheds some light on the behaviour, e.g. as a function of
k and the coupling parameter , of B=  and hence of the upper bound (3.4).

As mentioned inx1, stability can also be studied by classical second-kind integradjuation
methods [7]: these have the attraction that they also apply tolasses of collocation methods,
indeed to projection methods in general. Focusing on the Galkén case, introducing the
operator Py of orthogonal projection fromL2() to Sy, and writing A°asA°= 1 + K, so
that K = D® i S, it can be shown (e.g. [7]) that the formulation (1.10) is equalent to the
operator equation

(I PuK)wy = Py,

and that the Galerkin method is well-de ned if and only ifl Py K is invertible. Moreoever,
if the Galerkin method is well-de ned, then

v w=( PyK) v Pyv): (3.6)
Thus a possible value for the stability constanC in (1.7) is
C=k(I PyK) k:

In the case that is C?, so thatK is compact [33, 27], the classical results tell us that, as long
as the space$y have the standard approximation property that inf o5, k nKezy 10
asN 11 | forevery 2L2?(), then kPyK Kk! OasN!1 . Thus

C=k(I PyK) %'k (I K) *k=kA®'k
asN !'1l (with k xed). Alternatively, one can write (3.6) as
v W =(l+Ly)(v Pnv); whereLy :=(1 PyK) PyK(  Py): (3.7)
from which equation it is clear that (1.7) holds with
C=1+ kLyk:

When K is compact it holds thatkLyk! OasN !'1 (sincekk KP.,k! 0). Thus we
see that, at least in the case that isC?, the bound (1.7) holds for everyC > 1 provided N
is su ciently large (N Ng). However, as we have emphasised already>h, it is not clear,
for a xed value of C > 1, how largeN, needs to be for (1.7) to hold, and how this value
No depends ork. More fundamentally, for Galerkin methods based on hybrid ggoximation
spaces, such as we have discussea2nit is the aim to keepN xed oralmost xedas k!1
so that it is not clear that we will ever be in the regime wher&P y is a good approximation to
K in operator norm so that we can prove thakLyk 0. On the other hand, it is reasonable
to hope that k(I  PyK) k will be well-approximated by k(I ~ K) 'k = kA° 'k before
kPyK Kk is small, in which case (1.7) will hold with

C k A° 'k
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We have summarised what the known variational-based and clasdisacond-kind integral
equation techniques can tell us about the stability constant. For a recent analysis which is,
roughly speaking, intermediate between the two techniquesnd its application to the error
analysis of conventional boundary integral equation methadat high frequency, see [9].

In the next subsection we discuss what is known about the coerdwconstant , the con-
tinuity constant B (the smallest choice for which i%A%), kA° *k, and condA®= kA% KA° 'k,
and their dependence on the wavenumbdr and the coupling parameter in (1.5).

3.2 Coercivity and condition numbers

Studies of the conditioning and spectral properties of integl operators (and their discreti-
sations) in acoustic and electromagnetic scattering date back Kress and Spassov [49] (and
see [48, 3, 4, 37, 66, 65, 64, 17, 30, 24, 20]). Most studies haeeidsed on the special case
when is a circle or sphere in which case a very complete theorg possible due to the fact
that all the integral operators S, D, D®and H, de ned in x1, operate diagonally in the basis
of trigonometric polynomials @ = 2) or spherical harmonics (I = 3). The analysis is further
simpli ed by the fact that D = D%and soA = A°when is a circle/sphere.

Suppose isthe unit circle, with parametrisation (s) = (cos s;sins). With this parametri-
sation L?() is isometrically isomorphic to L2[0;2 ]. We can write anyw 2 L?[0;2 ]= L?()

as X Z,

w(s) = Zi W, exp(ims); where W, = " (s) exp( ims)ds;
m2z 0 b
in which caselg,heLZ-inner product and norm are given by {; W) z2() = Zi m27 i3\, and
kwk?,(, = L 271Wmj% Then (see [48, equation (4.4)] or [30, Lemma 4.1]), we haveeth
Fourier representation:
1 P H
AQN(S) 2 m2z hm\bm exp(ims) i

with = H D (K) k3% k) + Jjmi(k) :

(3.8)

Note that ,, is the eigenvalue ofA°= A corresponding to the eigenfunction exp(ims). As
argued in [48], since the eigenfunctions expfs), m 2 Z, are a complete orthonormal system
in L2[0;2 ]= L?2(), it holds that

kA= sup j mj; kA°'k= inf jmj (3.9)
m2NI[f Og m2NI[f Og

so that o
SUBy 2N og) m) |

condA®= - —: (3.10)
iNfmang o) mi
Further, for w 2 L?() we have that
ja(w;w)j = j(AW;w) o) j < (AXC\N;W)LZQ
1 N
= 2 <( m)J\bmJ2 kaEz();
m2Z7Z
where
- mzlmcf Og<( m)- (3.11)



For the cased = 3, when is a sphere of unit radius, a similar analysis applies, =ed
on the fact that the integral operators on the sphere are diagal operators in the space of
spherical harmonics. The corresponding expression for the symbg] is

m = TKhOK) (K2 (K) +i | m(K); (3.12)

wherej,, and h$ are the spherical Bessel and Hankel functions respectively. THmmula
can be found, for example, in [48, 37] { see also [17]. The forae&l(3.9), (3.10), and (3.11)
hold also in the 3D case [48, 30], with, given by (3.12).

We see that, for the case of a circle/sphere, studying the coentyvand conditioning of
A%reduces to the study of the behaviour of explicitly known eigwalues .,, as a function of
m, the wavenumberk, and the coupling parameter . The early papers [49, 48] carried out
a precise theoretical and numerical study of this issue for the s& of smallk, with emphasis
on choosing so as to minimise the condition number. The thesis of Giebermarj@7] made
a similar careful study of the largek case, which is our main focus here, with a mixture of
rigorous analysis, indicative asymptotics, and numerical caltation. The substantial gaps in
the analysis in [37] (in particular, the estimates of the coendty constant in [37] were sug-
gestive rather than rigorous: the issue is to obtain su ciently shgp bounds on the relevant
combinations of Bessel functions that are uniform in argumergnd order) were lled recently
in [30], for the explicit choice = k (previously proposed as optimal for conditioning for the
unit circle whenk 1 in e.g. [49, 3, 4]). Further, one of the bounds in [30] was med
recently in [9] (an improved upper-bound on the norm oD, the double-layer operator part
of A9. Additionally, there are techniques and results that we shalinention below, described
in [24, 20], that apply to general boundaries, and so to the ciafsphere in particular. The
upshot (see [20] for more historical detail) is that the followig results are now known for the
circle/sphere. In all these bound 1 denotes some absolute constant, not necessarily the
same at each occurrence.

Coercivity for the circle/sphere ([30, 20]). With the choice of coupling parameter = Kk,
AY= A is coercive for all su ciently large k, with  bounded above and below by constants
independent ofk. Indeed, for the circle,

=1 for all su ciently large k:

Conditioning for the circle/sphere ([30, 20]).

1 kA" k=kA Tk ¢ 147K ; (3.13)

indeed, for a circle and = k it holds that kA® *k = kA 1k = 1 for all su ciently large k.
For a sphere,

1 k AA=KAk c 1+ (L+Kk) > ; (3.14)
the same bound holds for a circle in the case= k. Thus, for a sphere,
condA°=cond A ¢ 1+k¥= ; (3.15)

if =1+ kP, for somep 2 [2=3;1]. The same bound holds for a circle, fdt 1, with the
choice =1+ k.
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We note that the above bounds (3.13){(3.15) suggest that takjn = 1+ kP, for some
p 2 [2=3; 1] will be approximately optimal in terms of minimising the cadition numbers of A°
and A. In fact, for a sphere of radiusRg, based on low frequency calculations and analysis,
the speci c choice

1
= max 2Ry’ k (3.16)
was made in [48], and there is further evidence supporting thchoice for higher frequencies in
[3, 4]. Recently, Banjai and Sauter [9] have pointed out thatas is clear from (3.15), choosing
= k2= gives the same growth rate ak ! 1  as the choice = k, and calculations for the
case of a circle con rm almost identical values of condition maber for = k=2 and = k>3
at high wavenumbers.

In recent work by the authors and their collaborators [30, 2420, 21] rigorous upper and
lower bounds orkAk = kA% andkA 'k = kA° 'k have been obtained for rather general classes
of scatterers, which results show that: (i) the detail of the geoetry of plays a strong role in
determining the dependence of these norms &n (ii) the growth of the condition number with
k can be much faster than the mild growth (3.15) for a circle/sphe. We brie y summarise
the techniques that have been used and the results that have Imeebtained.

A rst, simple, observation [20, Lemma 4.1] is that bothkA% and kA° 'k are bounded
below by the value 1, as a consequence of being perturbatioristtte identity, if some part
of is at least C! smooth. To obtain upper bounds orkA% rather crude methods are used
in [20] which ignore the oscillation in the kernels of the ingral operatorsD°and S (whose
norms are bounded separately, and thekA% is bounded using the triangle inequality). For
example, we boundkSk using the estimate

Z

kSk  2sup j( x;y)jds(y) k(@ 322 @ d=2 ds(y)
X2

the last inequality in fact an equality in the 3D case § = 3). Our resulting bound on the
norm of A%is the following:

Theorem 3.1. [20, Theorem 3.6] For every Lipschitz , there exist positive constantg; and
C;, dependent only on , such that

kAk = kA% 1+ Clk(d =2 4 c k (d 3):2;
for all k> 0.

In 2D (d = 2), for the case simply-connected and smooth, this bound was skwn previ-
ously, for all su ciently large k, in [30].

We note that these bounds predict, for the usual choice = k, a faster growth than
(3.14) for a circle/sphere ak increases, namely proportional t&=2 in 2D, k in 3D. Perhaps
surprisingly, although the techniques used to obtain the aboveounds ignore the increasing
oscillation in the kernels of the integral operators ak increases, it is shown in [20] that in 2D
(nothing is known yet about the 3D case) the above bounds are spain the sense that there
exist Lipschitz boundaries for which kSk grows proportional tok 2 and kD% arbitrarily
close tok'™. In particular:
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Lemma 3.2. [20, Theorem 4.2] In the 2D case, if contains a straight line section of length
a, then
’ r

kSk % + Ok Y)

ask!l and

-

KAk = kA% % 1+0(k Y
ask!1l ,uniformlyin > O.

The quantitative information in the above lemma is pretty shap. Indeed if is a straight
line of length a then the formula (3.17) tells us that

r
a
kSk 2 o

The technique used to obtain Lemma 3.2 is to construct a, 2 L?(), dependent on
the wavenumberk, so as to approximately maximise&kS ¢k 2y =k ¢k 2y . For the proof of
Lemma 3.2 the choice ((x) = exp(ikx €) on the straight line part of , and zero elsewhere
on , where the unit vector € is parallel to the straight line section of , does the trick.

The same technique can be used to construct lower bounds that éx@ the subtle inter-
action between the geometry and the size &Sk and kDk = kD%. For example, one result
from [20] is (cf. the bound (3.14) for the case of a circle/sphex.

Lemma 3.3. [20, Corollary 4.5] Suppose (in the 2D case) that is locally C? in a neighbour-
hood of some poink on the boundary and leR be the radius of curvature ak . If R< 1,
then, ask!'1

1 R 1=3

kSk 5 — (2k) 31 + o(1)): (3.18)

Ifalso k 2211 ask!1 ,then also

1=3

kA% = kAk R (2k) 231+ o(1));

2
ask!1l

Other results in [20] explore what happens if the radius of cuature vanishes (and other
higher order smoothness conditions) and under what conditiond % = kDk can be large.
The lower bounds in the above lemmas meet the upper bounds imdorem 3.1 in some cases.
For example, if is a polygon (as inx2.2) and the usual choice = k is made then, for some
constantsc; and ¢y,

k¥ k A% = kAk k¥

for all suciently large k. In other cases, for example for an ellipse or some other smooth,
strictly convex obstacle, there is a gap between our upper andwer bounds: e.g. for = k
our upper bound (Theorem 3.1) gives a growth rate d€**? while our lower bound (Lemma
3.3) has a growth rate ofk!=3. We suspect, from the case of the circle (3.14), and from the
evidence of numerical simulations in [21], that it is our lowebounds that are sharp.
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One technique that has not been employed yet to obtain uppemlinds, which is standard
in the harmonic analysis literature [61], and which could behe tool to close the gap, is the
observation that, e.g.

kD% = kDk = kDD k2

HereD is the Hilbert space adjoint ofD (whose kernel is the complex conjugate of the kernel
of DY. The point is that DD is itself an integral operator whose norm can be estimated
by the (relatively crude) methods we use to prove Theorem 3.And that the kernel of the
integral operator DD is given as an oscillatory integral involving the wavenumbek, whose
values may be estimated by standard oscillatory integral tecloues [61].

To provide upper bounds onkA° 'k = kA 1k a completely di erent technique has been
used, namely a priori bounds derived from Rellich-type ideittes and subtle properties of
radiating solutions of the Helmholtz equation [24]. These uppéounds apply for a general
class of geometries, namely whenever the scatterer is simplpignected, piecewise smooth,
starlike, and Lipschitz. For the rest of this section we assume, vimbut loss of generality, that
the origin liesin (0 2 ). Then the class of domains studied in [24] are those satisfyinghe
following assumption (Assumption 3 in [24]):

Assumption 3.4. is Lipschitz and isC? in a neighbourhood of almost every 2 . Further

‘=essinf x n(x) > 0:
X2

Note that Assumption 3.4 holds, for example, if is a convex polyhdron (and 02 ),
with  the distance from the origin to the nearest side of .
De ne

Ro :=supjxj; + :=esssupx n(x); ‘=esssupx (X nXx))n(x)j:
X2 X2 X2

Then a main result in [24] is the following:

Theorem 3.5. Suppose that Assumption 3.4 holds and> 0. Then

kA° 'k = kA 'k B (3.19)
whereB is given by the formula:
1 . 2., K2 d 2 2  (1+2kRp?
é+ —+ — __2+1+ +—2+—222 :

To understand this expression foB, suppose rst that is a circle or sphere, i.e. = fx:

jXj= Rog. Then = , =Rpgand =0so0
1 k2 d 2 (1+2kRg)? *?
B=Bp:=-+ 1+ <+ + : 2
°7 2 27 Ry 2R2 2 (3.20)
In the general case, since + RoandO Ro, it holds that B Bg,. Note that the
expressionB blows up ifk= 11 orif .= 1 ,orif ' 0, uniformly with respect

to the values of other variables.
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An important implication of Theorem 3.5 is that, whenever is starlike in the sense of
Assumption 3.4, if is chosen so that

max(11R, *; 12K) max(u;R, *; uzk); (3.21)

for some positive constants$y, |, u;, and u,, then, for some constant > 0, kA° k= kA Xk
c, for all k > 0. For example, choosing

= R, + k; (3.22)
which satis es (3.21) withl; = I, =1 and u; = u, =2, dening := Re= , and noting that
+= , = , we see that Theorem 3.5 implies that
1
kA° k= kA 'k B 5+ R+@+4)d+ ) (3.23)

Based on computational experience, Bruno and Kunyansky [156]lrecommend the choice

= max(6T ;k=), where T is the diameter of the obstacle, which satis es (3.21), this
formula chosen on the basis of minimising the number of GMRES rtions in an iterative
solver. Another choice of satisfying (3.21) is (3.16), recommended as optimal for a spleer
for low frequency in [48].

Putting together the bounds of Theorems 3.1 and 3.5, we see than the case when is

piecewiseC?, Lipschitz and starlike, satisfying Assumption 3.4, it holds, for som constant
c 1 depending on , that

_ _ 1+k
1 condA’=cond A c 1+kW@ D24 k@ I=2 74 (3.24)
Thus, for some constant® 1,
1 condA’=cond A 1+k@ D=2 (3.25)

if is chosen to satisfy (3.21), e.g. given speci cally by (3.16) 08.22).

If is not starlike then kA® 'k = kA 1k can grow ask increases. In particular, a 2D
example is presented in [20, 21] in which is a trapping-type lustacle, with two straight
parallel sides separated by the medium of propagation. It is sla in [20], by combining
arguments from [24] with methods of estimating multi-dimensinal oscillatory integrals from
[47], that, for some constantc > 0,

kA 'k = KA k ck®o1+ =k) *

and that
condA®=cond A ¢(1+ k**9)

for the usual choice of satisfying (3.21).

4 Implementation

This paper has concentrated on the theory of integral equatn formulations for the Helmholtz
equation and their numerical solution by Galerkin and collcation methods in the high-
frequency case. A hugely important question, which we only hawspace to deal with briey,
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is whether these methods can be realised with computation tirmevhich are reasonable as
k!1 ,in particular, do the computation times re ect the theoretcal estimates which we

have given above? We describe brie y in this section, work on twdi erent issues which are

related to this question.

Computation of Oscillatory Sti ness Matrix Entries.
The Galerkin and collocation methods described above reqgeiwork on the assembly of sti -
ness matrices, the entries of which are given as oscillatory égfrals. The Nystem approach
of Bruno et. al. [12, 13] involves a direct approach to the iegration problem, without the
intermediate step of considering it as part of an expansion meil for the integral equation.
In any case oscillatory integrals de ned on (subsets of) obstad®undaries with, in addition,
weakly singular integrands and complicated phase functionsust be computed.

In particular, fye hybrid Galerkin discretisation (with (2.1)) of the representative integral
operator v(x) 7! ( x;y)v(y)ds(y) taken from (1.4), leads to double integrals of the form

Z Z

( X y)exp(k[ m(y)  mo(X)]) Pn(y)Pno(x)ds(y)ds(x) ; (4.1)

Sn 0 Sn

where theP, are (piecewise) polynomial basis functions with supporss,. Because the phase
of the fundamental solution is known, the kernel (in the braces) in (4.1) may also be written
asexp(k[jx yj+ m(y) mo(X))K(x;y), with K (weakly) singular but non-oscillatory, reveal-
ing an oscillatory double integral with a complicated geomeg-dependent phase. Collocation
methods lead to the simpler (but still oscillatory) single integals:

Y4
( x;y)exp(k[ m(y) ~ mo(X)]) Pn(y)ds(y) ; (4.2)

Sn

to be evaluated at collocation pointsx.

There has been considerable recent activity on problems of iistory integration in general
(e.g. [46], [47]), which has provided new insight and analysisr classical methods such as
Filon's rule and Levin's method, and, by particularly explating asymptotic theory, has also
generated new classes of methods. We refer to the separate reviég] in this volume for
more detail.

Building on the progress on oscillatory integration in genetaHuybrechts and Vandewalle
[44] described a general method for computing integrals ofeiform (4.2) using a numerical
variant of the method of steepest descent, in which the integraler S, (parametrised by a real
interval) is computed via an integral over a path in the comm@x plane over which the integrand
is not oscillatory. A very nice observation which then followss that if the collocation point x
is not in Sy, if the phase has no stationary points, and iP, has su ciently many vanishing
derivatives then (4.2) vanishes rapidly ak increases. Hence if local basis functions are used
in the collocation method, then the collocation matrix can b replaced by a sparse matrix for
largek. The only non-zero entries of the sparse matrix correspond toipts x and supportsS,
where eitherx 2 S, (a \singular point”), or the phase has a stationary point. Although there
is no stability analysis of the method in [44], the numerical slts suggest this idea produces
a powerful novel algorithm. This idea was further developeth [43, 62] in the context of
the partition of unity boundary integral method with plane wave basis functions, applied
to general Helmholtz problems (as distinct from the plane wavecattering considered here).
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In this case the oscillatory integrals can contain very comlated distributions of stationary
points.

An application of the method of stationary phase to the computadn of collocation ma-
trices arising in boundary integral methods with global basifunctions on domains which are
di eomorphic to the sphere is presented in [36]. There the cHieli culty is the problem of
locating the stationary points for general geometries.

When choosing quadrature rules for implementing boundary tegral methods in the high
frequency case, one should bear in mind error estimates for théusion of the integral equation
such as (2.14) and Theorem 2.7. It is clear that one requires shauadrature error estimates
asN ! 1  with explicit dependence onk in the asymptotic constant. When we apply
quadrature to approximate the sti ness matrix for these method, we only need to ensure
that the resulting perturbations satisfy the same kind of error gtimates and can then apply
classical \Strang Lemma" arguments to obtain error estimate®f the whole practical method.
Progress on this issue for the 2D Galerkin case on a polygon in thentext of hp-Galerkin
methods has been made by Melenk and Langdon [54]. This appchaemploys a change of
variable of the form = jx vyj+ n(y) mo(X) for either xed x ory. This ensures that the
oscillation in (4.1) is in one variable only, and then applie&ilon quadrature. However much
work remains to prove rigorous error estimates and extend thresults to 3D.

In an intriguing di erent approach [28] computes integralssuch as (4.1) on a subgrid
which resolves the oscillations and does this e ciently using anultipole expansion of the
kernel factor ( x;y) for (x;y) in each block of a tree-based decomposition of . Thisis a
practical alternative to di cult stationary-phase based methods.

Fast methods for dense systems. Matrix compression and fast solvers for non-local op-
erator equations are a major development in numerical analg in the last 25 years. Typi-
cal solvers usually consist of a (preconditioned) Krylov iterate method coupled with a fast
matrix-vector multiplication based on kernel approximatio (e.g. multipole or panel clustering,
or more recentlyH -matrices). The fast multiplication algorithms work by approimating the
(weakly singular) kernelK (x;y) by combinations of separable functions of the forra; (x) (y)
when x;y are su ciently separated. Blocks of the dense sti ness matrix arghus replaced
by low rank matrices, with the choice of blocking and approxiation controlled by a tree-
based hierarchical algorithm. This allows matrix-vector mitiplications with the N N dense
boundary element sti ness matrix in close toO(N) time. This method has been extended to
high frequency Helmholtz problems approximated bgonventional boundary elements (e.g.
[26, 29]), but the extension tohybrid approximations is an open and fascinating problem.
This is important, especially in 3D, since then, even using theybrid approximation spaces
proposed aboveN may still be large. The results of [28] show that replacing the Haholtz
kernel with a separable expansion in the far eld can still yieldow rank approximations even
in the hybrid case, but much work remains to be done to yield a s@r for which the cost is
close toO(N) with a k-independent constant.

Acknowledgement: We would like to thank Valery Smyshlyaev for guiding us throuly
the substantial literature in this eld from the former Soviet Union.
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