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Abstract

We consider a finite element approximation of elliptic partial differential equations with ran-
dom coefficients. Such equations arise, for example, in uncertainty quantification in subsurface
flow modelling. Models for random coefficients frequently used in these applications, such as
log-normal random fields with exponential covariance, have only very limited spatial regularity,
and lead to variational problems that lack uniform coercivity and boundedness with respect to
the random parameter. In our analysis we overcome these challenges by a careful treatment
of the model problem almost surely in the random parameter, which then enables us to prove
uniform bounds on the finite element error in standard Bochner spaces. These new bounds
can then be used to perform a rigorous analysis of the multilevel Monte Carlo method for these
elliptic problems that lack full regularity and uniform coercivity and boundedness. To conclude,
we give some numerical results that confirm the new bounds.

Keywords: PDEs with stochastic data, non-uniformly elliptic, non-uniformly bounded, lack of
full regularity, log-normal coefficients, truncated Karhunen-Loeve expansion.

1 Introduction

Partial differential equations (PDEs) with random coefficients are commonly used as models for
physical processes in which the input data are subject to uncertainty. It is often of great importance
to quantify the uncertainty in the outputs of the model, based on the information that is available
on the uncertainty of the input data.

In this paper, we consider elliptic PDEs with random coefficients, as they arise for example in
subsurface flow modelling (see e.g. [11], [10]). The classical equations governing a steady state,
single phase subsurface flow consist of Darcy’s law coupled with an imcompressibility condition.
Taking into account the uncertainties in the source terms f and the permeability a of the medium,
this leads to a linear, second-order elliptic PDE with random coefficient a(w, ) and random right
hand side f(w,x), subject to appropriate boundary conditions.

Solving equations like this numerically can be challenging for several reasons. Models typically
used for the coefficient a(w,x) in applications can vary on a fine scale and have relatively large
variances, meaning that in many cases we only have very limited spatial regularity. In the context
of subsurface flow modelling, for example, a model frequently used for the permeability a(w,x) is
a homogeneous log-normal random field. That is a(w,z) = exp[g(w,x)], where g is a Gaussian
random field. We show in §2.3 that for common choices of mean and covariance functions, in
particular an exponential covariance function for g, trajectories of this type of random field are
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only Holder continuous with exponent less than 1/2. Another difficulty sometimes associated with
PDEs with random coefficients, is that the coefficients cannot be bounded uniformly in the random
parameter w. In the worst case, this leads to elliptic differential operators which are not uniformly
coercive or uniformly bounded. This is for example true for log-normal random fields a(w, ). Due
to the nature of Gaussian random variables, a(w,x) can in this case not be bounded from above
or away from zero uniformly in w. It is, however, possible to bound a(w, x) for each fixed w.

In this paper, we consider a finite element approximation (in space) of elliptic PDEs with
random coefficients as described above, with particular focus on the cases where the coefficient
a(w,x) can not be bounded from above or away from zero uniformly in w, and trajectories of
a(w,z) are only Holder continuous. Indeed, if one assumes that the random coefficient a(w, x)
is sufficiently regular and can be bounded from above and away from zero uniformly in w, the
resulting variational problem is uniformly coercive and bounded, and the well-posedness of the
problem and the subsequent error analysis are classical, see eg. [2, 12, 1, 3]. We here derive
bounds on the finite element error in the solution in both LP(H{ (D)) and LP(L?*(D)) norms. Our
error estimate crucially makes use of the observation that for each fized w, we have a uniformly
coercive and bounded problem (in x). The derivation of the error estimate is then based on
an elliptic regularity result for coefficients supposed to be only Holder continuous, making the
dependence of all constants on a(w,x) explicit. We emphasise that we work in standard Bochner
spaces with the usual test and trial spaces as in the deterministic setting. As such, our work
builds on and complements [13, 5, 17, 9] which all are concerned with the well-posedness and
numerical approximation of elliptic PDEs with infinite dimensional stochastic coefficients that are
not uniformly bounded from above and below (e.g. log-normal coefficients).

Finally, applying the new finite element error bounds, we quantify the error committed in the
multilevel Monte Carlo (MLMC) method. The MLMC analysis is motivated by [7], where the
authors recently demonstrated numerically the effectiveness of MLMC estimators for computing
moments of various quantities of interest related to the solution u(w,z) of an elliptic PDE with
log-normal random coefficients. The MLMC method is a very efficient variance reduction technique
for classical Monte Carlo, especially in the context of differential equations with stochastic data
and stochastic differential equations. It was first introduced by Heinrich [19] for the computation
of high-dimensional, parameter-dependent integrals, and has been analysed extensively by Giles
[16, 15] in the context of stochastic differential equations in mathematical finance. Under the
assumptions of uniform coercivity and boundedness, as well as full regularity, convergence results
for the MLMC estimator for elliptic PDEs with random coefficients have recently also been proved
in [3]. Here we consider the problem without these assumptions which is of particular interest in
subsurface flow applications, where log-normal coefficients are most commonly used.

The outline of the rest of this paper is as follows. In §2, we present our model problem
and assumptions, and recall from [5], the main results on the error resulting from truncating
the Karhunen-Loéve expansion in the context of log-normal coefficients. §3 is devoted to the
establishment of the finite element error bound. We first prove a regularity result for elliptic PDEs
with Holder continuous coefficients, making explicit the dependence of the bound on w. The full
proof is given in the appendix. From this regularity result we then deduce the finite element error
bound in the H'-seminorm, before also treating the case of the L?-norm and the contribution of
the quadrature error. We also improve the bound given in [5] for the finite element error in the case
of truncated KL-expansions of log-normal random fields, ensuring uniformity in K (the number
of terms of the truncated expansion). In §4, we use the finite element error analysis from §3 to
furnish a complete error analysis of the multilevel Monte Carlo method. To begin with, we present
briefly the multilevel Monte-Carlo method for elliptic PDEs with random coefficients proposed in
[7], before providing a rigorous bound for the e-cost. Finally, in §5 we present some numerical
experiments, illustrating the sharpness of some of the results.



2 Preliminaries

2.1 Notation

Given a probability space (2,4, P) and a bounded Lipschitz domain D C R¢, we introduce the
following notation. For any k € N, we define on the Sobolev space H*(D) the following semi-norm
and norm:

1/2 1/2
10| e Dy = (/ Z \D“v|2dx> and  [[v]| gr(py = (/ Z |D°‘v|2da?) .
P lal=k P Jal<h

We recall that, since D is bounded, the semi-norm | - | m+(p) defines a norm equivalent to the norm
| Il zr#(py on the subspace HE(D) of H¥(D). For any real r > 0, with r ¢ N, set 7 = k + s with
k€ Nand 0 < s < 1, and denote by |- |grpy and || - || z-(p) the Sobolev-Slobodetskii semi-norm
and norm, respectively, defined for v € H¥(D) by

Dy(x) — D (y)]? 1/2
oy = () X P2 dvay) and ol = (1ol oy ol )

DxD lol=k

1/2

The Sobolev space H"(D) is then defined as the space of functions v in H¥(D) such that the
integral |v\%F(D) is finite. For 0 < s <1, the space H~*(D) denotes the dual space to H{(D) with
the dual norm.

In addition to the above Sobolev spaces, we also make use of the Hélder spaces C'(D), with
0 <t < 1, on which we define the following semi-norm and norm

o(2) = v(y)
Wlerpy = sup ————= and |[[v]lep) = sup [v()| + [vle )
x,y€D: x#y ’1‘ B y’ €D

The spaces C°(D) and C!(D) are as usual the spaces of continuous and continuously differentiable
functions with the standard norms.

Finally, we will also require spaces of Bochner integrable functions. To this end, let B be a
Banach space with norm || - ||5, and v : 2 — B be strongly measurable. With the norm || - || z»(q,5)
defined by

1
_ (fQ ||UHZ£; dP) /p, for p < oo,
[vllze0,8) =
esssup,,colv| 5 for p = oo,

the space LP(S2, B) is defined as the space of all strongly measurable functions on which this norm
is finite. In particular, we denote by LP(Q, H}(D)) the Bochner space where the norm on H} (D)
is chosen to be the seminorm | - [gx(p). For simplicity we write LF(Q2) for LP(Q,R).

The key task in this paper is keeping track of how the constants in the bounds and esti-
mates depend on the coefficient a(w,z) and on the mesh size h. Hence, we will almost always be
stating constants explicitly. To simplify this task we shall denote constants appearing in Theo-
rem/Proposition/Corollary x.x by Cy .. Constants that do not depend on a(w,z) or h will not be
explicitly stated. Instead, we will write b < ¢ for two positive quantities b and c¢, if b/c is uniformly
bounded by a constant independent of a(w, z) and of h.

2.2 Problem Setting

We consider the following linear elliptic partial differential equation (PDE) with random coeffi-
cients:

-V - (a(w,2)Vu(w,z)) = f(w,x), in D, (2.1)
u(w, ) =0, on 9D,



for almost all w € Q. The differential operators V- and V are with respect to x € D. Let us
formally define, for all w € §,
Amin (w) 1= mina(w, x) and Umax (W) := max a(w, x). (2.2)
€D zeD
We make the following assumptions on the input random field a and on the source term f:

Al. apin > 0 almost surely and 1/api, € LP(R2), for all p € (0, 00).
A2. a € LP(Q,CYD)), for some 0 < ¢t < 1 and for all p € (0, c0).
A3. f e LP<(Q, H"1(D)), for some p. € (0, <].

The Holder continuity of the trajectories of a in Assumption A2 implies that both quantities in
(2.2) are well defined, that amax € LP(£2) and (together with Assumption Al) that amin(w) > 0
and amax(w) < oo, for almost all w € 2. We will here not make the assumption that we can bound
amin(w) away from zero and apax(w) away from infinity, uniformly in w, as this is not true for
log-normal fields a, for example. Many authors work with such assumptions of uniform ellipticity
and boundedness. We shall instead work with the quantities apin(w) and amax(w) directly.

Note also that our assumptions on the (spatial) regularity of the coefficient function a are
significantly weaker than what is usually assumed in the literature. Most other analyses of this
problem assume at least that a has a gradient that lies in L (D). As we will see below, we could
even weaken Assumptions Al and A2 and only assume that |||y and 1/amin have a finite
number of bounded moments, i.e. 0 < p < p,, for some fixed p, > 0, but in order not to complicate
the presentation we did not choose to do this.

As usual in finite element methods, we will study the PDE (2.1) in weak (or variational) form,
for fixed w € 2. This is not possible uniformly in €2, but almost surely. In the following we will not
explicitly write this each time. With f(w, ) € H*"}(D) and 0 < amin(w) < a(w, ) < amax(w) < oo,
for all z € D, the variational formulation of (2.1), parametrised by w € €, is

bo(u(w,-),v) = Ly(v), forall ve H}(D), (2.3)

where the bilinear form b,, and the linear functional L, (both parametrised by w € ) are defined
as usual, for all u,v € HZ (D), by

by (u,v) := /Da(w,x)Vu(x) -Vou(z)dz and L,(v) = (f(w, '),'U>Ht,1(D)7Héft(D). (2.4)

We say that for any w € Q, u(w, -) is a weak solution of (2.1) iff u(w,-) € Ha(D) and satisfies (2.3).
The following result is classical. It is based on the Lax-Milgram Lemma [18].

Lemma 2.1. For almost all w € Q, the bilinear form b, (u,v) is bounded and coercive in H} (D)
with respect to | - [g1(py, with constants amax(w) and amin(w), respectively. Moreover, there exists
a unique solution u(w,-) € HE(D) to the variational problem (2.3) and

[ f (w, ')||Ht—1(D)
‘u(w7)|H1(D) 5 amin(w) .

The following proposition is a direct consequence of Lemma 2.1.

Theorem 2.2. The weak solution u of (2.1) is unique and belongs to LP(Q2, H} (D)), for all p < p.

Proof. First note that u : Q — H{(D) is measurable, since u is a continuous function of a.
The result then follows directly from Lemma 2.1, Assumptions Al and A3 and from the Holder
inequality. O

However, as usual in finite element methods we will require more (spatial) regularity of the
solution u to be able to show convergence. We will come back to this in Section 3.1. First let us
look at some typical examples of input random fields used in applications.



2.3 Log-normal Random Fields

A coefficient a(w,z) of particular interest in applications of (2.1) is a log-normal random field,
where a(w,z) = exp [g(w,z)] with g : @ x D — R denoting a Gaussian field. We consider only
mean zero homogeneous Gaussian fields with Lipschitz continuous covariance kernel

C(a,y) = E|(g(w, 2)~Elg(w, 2)))(g(w,y) ~Elg(w,y)])| = k(lz—yll), for some k € C**(RY) (2.5)

and for some norm || - || in R?%. In particular, this may be the usual modulus ||z|| = |z| := (z7z)/?
or the 1-norm ||z|| = [|z|; := Z?Zl |z;|. A typical example of a covariance function used in practice
that is only Lipschitz continuous is the exponential covariance function given by

k(r) = 0% exp(—r/)), (2.6)

for some parameters o2 (variance) and A (correlation length).

With this type of covariance function, it follows from Kolmogorov’s Theorem [8] that, for all
t < 1/2, the trajectories of g belong to Ct(D) almost surely. More precisely, Kolmogorov’s Theorem
ensures the existence of a version § of g (i.e. for any = € D, we have g(-,z) = §(-, x) almost surely)
such that j(w,-) € CY(D), for almost all w € Q. In particular, we have for almost all w, that
g(w,-) = g(w,-) almost everywhere. We will identify g with ¢ in what follows.

Built on the Hélder continuity of the trajectories of g and using Fernique’s Theorem [8], it was
shown in [5] that Assumption Al holds and that a € LP(Q2, C%(D)), for all p € (0, c0).

Lemma 2.3. Let g be Gaussian with covariance (2.5). Then the trajectories of the log-normal field
a=exp g belong to C'(D) almost surely, for all t < r, and

la(@)llee < (1+219(w)ler ) amax(w)
Proof. Fix w € Q and t < 1/2. Since the trajectories of g belong to Ct(D) almost surely, we have
e — e8| < Jg(w,a) = gw,y)| (77 + /) < 2aman(w) lg(w)ler o~ yl"

for any x,y € D. Now, amax(w) [g(w)|ct < oo almost surely, and so the result follows by taking the
supremum over all z,y € D. O

Lemma 2.3 can in fact be generalised from the exponential function to any smooth function of g.

Proposition 2.4. Let g be a mean zero Gaussian field with covariance (2.5). Then Assumptions
A1-A2 are satisfied for the log-normal field a = exp g with any t < %

Proof. Clearly by definition ap;, > 0. The proof that 1/ani, € LP(Q2), for all p € (0,00), is based
on an application of Fernique’s Theorem [8] and can be found in [5, Proposition 2.2]. To prove
Assumption A2 note that, for all t < 1/2 and p € (0,00), g € LP(Q,CY(D)) (cf. [5, Proposition 3.5])
and amax € LP(Q) (cf. [5, Proposition 2.2]). Thus the result follows from Lemma 2.3 and an
application of Holder’s inequality. ]

Smoother covariance functions, such as the Gaussian covariance kernel
k(r) = 0% exp(—12/A2), (2.7)

which is analytic on D x D, or more generally the covariance functions in the Matérn class with
v > 1, all lead to g € C'(D) and thus Assumption A2 is satisfied for all ¢ < 1.

Remark 2.5. The results in this section can be extended to log-normal random fields for which
the underlying Gaussian field g(w,x) does not have mean zero, under the assumption that this
mean is sufficiently regular. Adding a mean c(x) to g, we have a(w, x) = exp[c(z)] explg(w, )], and
assumptions A1-A2 can still be satisfied. In particular, the assumptions still hold if ¢(z) € C*/2(D).



2.4 Truncated Karhunen-Loéve Expansions

A starting point for many numerical schemes for PDEs with random coefficients is the approxi-
mation of the random field a(w, ) as a function of a finite number of random variables, a(w, z) ~
a(&1(w), ..., € (w), z). This is true, for example, for the stochastic collocation method discussed in
Section 3.4. Sampling methods, such as Monte—Carlo type methods discussed in Section 4, do not
rely on such a finite-dimensional approximation as such, but may make use of such approximations
as a way of producing samples of the input random field.

A popular choice to achieve good approximations of this kind for log-normal random fields is
the truncated Karhunen-Loeve (KL) expansion. For the random field ¢ (as defined in Section 2.2),
the KL—expansion is an expansion in terms of a countable set of independent, standard Gaussian
random variables {&, }nen. It is given by

n=1

where {6, },en are the eigenvalues and {b,, },cn the corresponding normalised eigenfunctions of the
covariance operator with kernel function C'(x,y) defined in (2.5). For more details on its derivation
and properties, see e.g. [14]. We will here only mention that the eigenvalues {6, },cn are all
non-negative with ) -6, < +oc.

We shall write a(w, ) as

a(w,x) = exp [Z @bn(w)én(w)] ,
n=1

and denote the random fields resulting from truncated expansions by

K K
) = Z \/%bn(:c)gn(w) and ag(w,z) = exp [Z \/%bn(:n)én(w)] , for some K € N.
n=1 n=1

The advantage of writing a(w,x) in this way is that it gives an expression for a(w, ) in terms of
independent, standard Gaussian random variables.

Finally, we denote by ux the solution to our model problem with the coefficient replaced by its
truncated approximation,

-V (ag(w,x)Vug (w,z)) = f(w, ), (2.8)

subject to homogeneous Dirichlet boundary conditions ux = 0 on 0D.

Under certain additional assumptions on the eigenvalues and eigenfunctions of the covariance
operator, it is possible to bound the truncation error |ju — uKHU’(Q,H&(D))? for all p < p., as shown
in [5]. We make the following assumptions on (6, by )n>0:

B1. The eigenfunctions are continuously differentiable, i.e. b, € C*(D) for any n > 0.

B2. There exists an r € (0,1) such that,

2(1—r
Zen”b ||L(oo D)HVb ”Loo(D < 400.

n>0

Proposition 2.6. Let Assumptions B1-B2 be satisfied, for some r € (0,1). Then Assumptions
A1-A2 are satisfied also for the truncated KL—expansion ax of a, for any K € N and t < r.
Moreover, |lak | 1o, ct(p)) and 11/a¥™|| oy can be bounded independently of K. If, moreover,
Assumption B2 is satisfied for bTZL instead of b, for alli=1,...,d, then ||aKHLp(Qjc1(D)) can be
bounded independently of K.



Proof. This is essentially [5, Propositions 3.7 and 3.8]. The Hélder continuity ax € LP(2, CY(D),
for all p € (0,00), can be deduced as in Lemma 2.3 from the almost sure Holder continuity of the
trajectories of gx proved in [5, Proposition 3.5]. O

Let us recall the main result on the strong convergence of u to ug from [5, Theorem 4.2].

Theorem 2.7. Let Assumptions B1-B2 be satisfied, for some r € (0,1). Then, ug converges, for
all p < ps, to u € LP(Q, HE(D)). Moreover, for any s € [0, 1], we have

1/2
2(1—r r
o= wklivmyon 5 (X Ol Iy ) Wl
n>K

=:Ca.7(K)
The hidden constant depends only on D, r, p. Similarly |u—ugk | reo,2(p)) S Co.7 1 fllr,ms-1(D)) -

Assumptions B1-B2 are fulfilled, among other cases, for the analytic covariance function (2.7)
as well as for the exponential covariance function (2.6) with l-norm |z| = Zle |z;| in (2.5),
since then the eigenvalues and eigenvectors can be computed explicitly and we have explicit decay
rates for the KL—eigenvalues. For details see [5, Section 7]. In the latter case, on non-rectangular
domains D, we need to use a KL-expansion on a bounding box containing D to get again explicit
formulae for the eigenvalues and eigenvectors. Strictly speaking this is not a KL—expansion on D.

Proposition 2.8. We have the following bound on the constant in Theorem 2.7:

p—1 . .
K=, for the 1-norm exponential covariance kernel,

Cor(K) S i
K2 exp ( —c1 Kl/d), for the Gaussian covariance kernel,

for some constant ¢y > 0 and for any 0 < p < 1. The hidden constants depend only on D, p, p.

3 Finite Element Error Analysis

Let us now come to the central part of this paper. To carry out a finite element error analysis
for (2.1) under Assumptions A1-A3, we will require first of all regularity results for trajectories
of the weak solution u. However, since we did not assume uniform ellipticity or boundedness of
b (-, ), it is essential that we track exactly, how the constants in the regularity estimates depend
on the input random field a. We were unable to find such a result in the literature, and we will
therefore in Section 3.1 reiterate the steps in the usual regularity proof for the solution u(w,-) of
(2.3) following the proof in Hackbusch [18], but highlighting explicitly where and how constants
depend on a. A detailed proof is given in Appendix A. We will need to assume that D C R? is a
C? bounded domain for this proof. Regularity proofs that require only Lipschitz continuity for the
boundary of D do exist (cf. Hackbusch [18, Theorems 9.1.21 and 9.1.22]), but we did not consider
it instructive to complicate the presentation even further. We do not see any obstacles in also
getting an explicit dependence of the constants in the case of Lipschitz continuous boundaries.

Having established the regularity of trajectories of u, we then carry out a classical finite element
error analysis for each trajectory in Section 3.2 and deduce error estimates for the moments of the
error in u. Since we only have a regularity result for C? bounded domains and since the integrals
appearing in b, (-, -) can in general only be approximated by quadrature, we will also need to address
variational crimes, such as the approximation of a C? bounded domain by a polygonal domain as
well as quadrature errors (cf. Section 3.3).

Let us assume for the rest of this section that D C R? is a C% bounded domain.



3.1 Regularity of the Solution

Proposition 3.1. Let Assumptions A1-A3 hold with 0 <t < 1. Then, u(w,-) € H'*5(D), for all
0 < s <t except s=1/2 almost surely in w € Q, and

amax(@) 0w Ve

Amin (W)3

[w(w, Marspy S Cs1(w) [[f(w, )gs—1(py, where Czi(w):=

If the assumptions hold witht = 1, then u(w, ) € H*(D) and ||u(w, ez S C3.1(w) |f(w, )l z2(py

We give here only the main elements of the proof and consider only the case ¢t < 1 in detail. It
follows the proof of [18, Theorem 9.1.16] and consists in three main steps. We formulate the first
two steps as separate lemmas and then give the final step following the lemmas. We fix w € Q and
to simplify the notation we will not specify the dependence on w anywhere in the proof.

In the first step of the proof we take D = R? and establish the regularity of a slightly more
general elliptic PDE with tensor-valued coefficients.

Lemma 3.2. Let0 <t <1 and D = R?, and let A = (Aij)?,j:l € Sq(R) be a symmetric, uniformly
positive definite n X n matriz-valued function from D to R™"*", i.e. there exists Amin > 0 such that
A(x)E - € > Apin|€|? uniformly in x € D and € € RY, and let A;; € CH(D), for all i,j = 1,...,d.
Consider

—div(A(z)Vw(x)) = F(x) in D (3.1)
with F € H"Y(R?), for some 0 < s < t. Any weak solution w € H'(RY) of (3.1) is in H'*5(R?)
and

1
lwlres gy S 57— (14lercas sum) [0l g + 1l meoreey) + Tl e,
min

where [Alct(ra g, (ry) s the Holder seminorm on Sq(R) using a suitable matriz norm.

Proof. This is essentially [18, Theorem 9.1.8] with the dependence on A made explicit, and it can
be proved using the representation of the norm on H 1+5(]Rd) via Fourier coefficients, as well as a
fractional difference operator R};, i=1,...,d, on a Cartesian mesh with mesh size h > 0 (similar
to the classical Nirenberg translation method for proving H? regularity).

It is shown in the proof of [18, Theorem 9.1.8] that 2?21 \|(R§L)*wHH1(Rd) is an upper bound for
[|wl| g1+ (ray and that it can itself be bounded from above in terms of |[wl| g1 (gay and [|F|| grs—1(gay
using the weak form (2.3) of our problem. The dependence of this upper bound on Ay, stems
from the fact that in order to use (2.3), we have to switch from |(R:)*w|z (rey to the energy norm
Jga A(@)|V(R})*w|? dz. The dependence on |Ayj]et (rey comes from bounding the differences of A;;
at two consecutive grid points in the translation step.

For a definition of R} and more details see [18, Theorem 9.1.8] or Section A.1 in the appendix.

O

The second step consists in treating the case where D = ]RfL ={y=(y1,.-,Yq) : yqa > 0}.

Lemma 3.3. Let 0 <t <1 and D =R%, and let A: D — Sg(R) be as in Lemma 3.2. Consider
now (3.1) on D = R% subject to w =0 on D with F € H*"(RL), for some 0 < s < t, s # 1/2.
Then any weak solution w € H*(RY) of this problem is in H*$(R%) and

Amax Amax
w spdy S (A w ay + || F|| gs—1(pd ) + —j|w d
lulseoey S 55 (1Al Pl + P lngesy) + 522 Bl ag)

where Amax := ||A||co R%,54(R)) *



Proof. This is essentially [18, Theorem 9.1.11] with the dependence on A made explicit. It uses
the fact that for any s > 0, s # 1/2, the norm

lollls = (Il ) +Z( - 1Rd)>1/2

is equivalent to the usual norm on H* (]R‘i) Then using the same approach as in the proof of
Lemma 3.2, we can establish that, for 1 < j <d—1,

811

= - S o (Ml sy olnay + 1)) + ol (32)
To establish a similar bound for j = d is technical. We use (3.1) and the following inequality, for
any D CR%and 0 < s <t < 1:

bvllzzs(p) < [blermyllvllz2oy + IblcomIvllasp),  for all b€ C'(D), ve H(D).  (3.3)

We use (3.3) to bound the H*-norm of Aingw, for (i,j) # (d,d), and so by rearranging the weak

form of (3.1) we can also bound the H*-norm of Add - This leads to the additional factor Ay ax
in the bound. The final result can then be deduced by applying (3.3) once more, with b = 1/A44
and v = Add , leading to an additional factor 1/Ai,. For details see [18, Theorem 9.1.11] or
Section A.2 in the appendix. O

Proof of Proposition 3.1. We are now ready to prove Proposition 3.1 using Lemmas 3.2 and 3.3.
The third and last step consists in using a covering of D by m + 1 bounded regions (D;)o<i<m,
such that

m m
DocD, Dcl|JDi and 0D =|J(D;naD).
i=0 =1
Using a (non-negative) partition of unity {x;}o<i<m C C®(R?) subordinate to this cover, it is
possible to reduce the proof to bounding [|x;ul| g1+s(py, for all 0 < i < m.

For ¢ = 0 this reduces to an application of Lemma 3.2 with w and F' chosen to be extensions by
0 from D to R of xgu and of fxg+aVu-Vyo+div(auVxg), respectively. The tensor A degenerates
to a(x)l4, where @ is a smooth extension of a(z) on Dy to apin on IRd\D7 and so Anin = amin and
| Alctra,s,m)) < lalet(p)-

For 1 < i < m, the proof reduces to an application of Lemma 3.3. As for ¢ = 0, we can see
that y;u € H&(D N D;) is the weak solution of the problem —div(aVu;) = f; on D N D; with
fi = fxi+aVu-Vy;+div(auVy;). To be able to apply Lemma 3.3 to the weak form of this PDE,
we define now a twice continuously differentiable bijection a; (with a; ' also in C2) from D; to the
cylinder

Qi={y=(1va) W yan) <1 and [y <1},
such that D; N D is mapped to @; N Ri, and D; N 9D is mapped to @Q; N {y : yqg = 0}. We use
o, ! to map all the functions defined above on D; N D to Q; N Ri, and then extend them suitably
to functions on Ri to finally apply Lemma 3.3. The tensor A in this case is a genuine tensor
depending on the mapping «;. However since 0D was assumed to be C?, we get Amin S Qmin,
Amax S @max and |A|ct RT,Su(R) > |a|ct(]Rd)’ with hidden constants that only depend on «;, a;

(2
and their Jacobians. For detalls see [18, Theorem 9.1.16] or Section A.3 in the appendix. O

Using Proposition 3.1 and Assumptions A1-A3, we can now conclude on the regularity of w.



Theorem 3.4. Let Assumptions A1-A3 hold with 0 < t < 1. Then u € LP(Q, H'**(D)), for all
p < ps« and for all 0 < s <t except s =1/2. Ift = 1, then u € LP(Q, H*(D)).

Proof. Since amax(w) < [la(w, )| p) and H*Y(D) c H'7Y(D), for all s < t, the result follows
directly from Proposition 3.1 and Assumptions A1-A3 via Hélder’s inequality. O

Remark 3.5. Note that in order to establish u € LP(Q, H'*%(D)), for some fixed p > 0, it would
have been sufficient to assume that the constant C.1 in Proposition 3.1 is in L4((2) for ¢ = =&
In the case p, = 0o, ¢ = p is sufficient. This in turn implies that we can weaken Assumption Al
to 1/amin € LI(2) with ¢ > 3p, or Assumption A2 to a € L4(2,C*(D)) with ¢ > 2p, or both
assumptions to L? with g > bp.

However, in the case of a log-normal field ¢ and p, = oo, we do have bounds on all moments

p € (0,00), but in general we only have the limited spatial regularity of 1+ s < 3/2.

3.2 Finite Element Approximation

We consider finite element approximations of our model problem (2.1) using standard, continuous,
piecewise linear finite elements. The aim is to derive estimates of the finite element error in the
LP(Q, HY(D)) and LP(2, L?(D)) norms. To remain completely rigorous, we keep the assumption
that boundary of D is C2, so that we can apply the explicit regularity results from the previous
section. However, this means that we will have to approximate our domain D by polygonal domains
Dy, in dimensions d > 2.

We denote by {7p,}1~0 a shape-regular family of simplicial triangulations of the domain D,
parametrised by its mesh width h := max,¢7, diam(7), such that, for any h > 0,

e DC UreTh 7, i.e. the triangulation covers all of D, and
e the vertices z7,...,27,, of any 7 € 7, lie either all in D or all in RA\D.

Let Dy, denote the union of all simplices that are interior to D and Dy, its interior, so that Dy, C D.
Associated with each triangulation 7; we define the space

Vi = {vh € C(D) : vy, linear, for all T € T}, with 7 C D},, and Uhlﬁ\Dh = 0} (3.4)

of continuous, piecewise linear functions on Dj, that vanish on the boundary of Dy and in D\Dj,.
Let us recall the following standard interpolation result (see e.g. [4, Section 4.4]).

Lemma 3.6. Let v € H'5(Dy,), for some 0 < s < 1. Then

Uig/h v = vnlaipy) S lvllzi+s(py) B°- (3.5)

The hidden constant is independent of h and v.

This can easily be extended to an interpolation result for functions v € H'™$(D) N H}(D), by
estimating the residual over D\ Dj,. However, when D is not convex it requires local mesh refinement
in the vicinity of any non-convex parts of the boundary. We make the following assumption on 7p:

A4 Forall 7€7, with TNDp =0 and 27,...,27,, € D, we assume diam(7) < h2.

Lemma 3.7. Let v € H' (D) N HY(D), for some 0 < s < 1, and let Assumption A4 hold. Then

Uig‘f/h v —vnlmip) S vllgr+s oy h°. (3.6)
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Proof. This result is classical (for parts of the proof see [18, Section 8.6] or [20]). Set Ds := D\Dj,
where 0 denotes the maximum width of Dy, and let first s = 1. Since v, = 0 on Dy it suffices to
show that

[l (ps) S WvllE2(p) b (3.7)
The result then follows for s = 1 with Lemma 3.6. The result for s < 1 follows by interpolation,
since trivially, |v|g1(py) < [[v[| 51 (D),
To show (3.7), let w € H'(D). Using a trace result we get

wll 22y < wllz2(sy) S 62wl gy,

where S5 = {x € D :dist(z,0D) < §} C D is the boundary layer of width §. It follows from
Assumption A4 that diam(7) < h? wherever the boundary is not convex. In regions where D is
convex it follows from the smoothness assumption on D that the width of Ds is O(h?). Hence
§ < h?%, which completes the proof of (3.7). O

Now, for almost all w € €, the finite element approximation to (2.3), denoted by wup(w,-), is
the unique function in V}, that satisfies

b (up(w, ), vp) = Ly (vp), for all vy € V. (3.8)

Since by (-, ) is coercive and bounded in HE (D) (cf. Lemma 2.1), we have

un(w, ) oy S 11 (@, ) e=1(D)/ Amin (w)- (3.9)
as well as the following classical quasi optimality result (cf. [4, 18]).

Lemma 3.8 (Cea’s Lemma). Let Assumptions A1-A3 hold. Then, for almost all w € €,
| ama () ) *
)~ wn(, Mo ) < Cas(e) inf Juo) — lincoy, where Cas(u) = (222020} 7
Combining this with the interpolation result above we get the following error estimates.

Theorem 3.9. Let Assumptions A1-A4 hold, for some 0 <t < 1 and p, € (0,00]. Then, for all
P < ps, $ <t withs#1/2 and h > 0, we have

3/2
am/axHaHCt(ﬁ)

772

min

lu —unllpr,mi )y S Cs9 I fllLe (@ ms-1(py) h°s  where Czg:=

a La(Q)

with ¢ = %. If Assumptions A2 and A3 hold with t = 1, then

lu = unllprmi (D)) S C3.9 fllLer2(0)) P -

Proof. Let 0 <t < 1 in Assumptions A2 and A3. It follows from Proposition 3.1 and Lemmas 3.7
and 3.8 that, for almost all w € Q,

[u(w, ) —up(w, ) gpy S Cs1(w) Css(w) [ f(w, )l gs—1(p) h* (3.10)
The result now follows by Holder’s inequality. The proof for ¢ = 1 is analogous. O

The usual duality (or Aubin-Nitsche) “trick” leads to a bound on the L?-error.
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Corollary 3.10. Let Assumptions A1-A4 hold, for some 0 <t <1 and p, € (0,00]. Then, for all

D < Dps, $ <t withs#1/2 and h > 0, we have
7/2 2
amaXHaHCt(E)
13/2

min

lw — unll e, r2py) S Csa0 llf Lo (o ms-1(py) h*®,  where  Cag :=

La(Q)
with ¢ = %. If Assumptions A2 and A8 hold with t = 1, then

[ — unll o2y S Ca0 1f1lLe-(o,L2(0)) B

Proof. We will use a duality argument. For almost all w € Q, let e, := u(w, ) — up(w, -) and denote
by w,, the solution to the adjoint problem

b (v, wy) = (ew,v) for all v € H (D),
which, by Proposition 3.1 with f(w,-) = e, is also in H!*$(D). By Galerkin orthogonality
HGWH%Q(D) = (GUJuew)LQ(D) = by(€w, Wy — 2p), forany z, € Vj.

Using the boundedness of b,(+,-) and Lemma 3.7, we then get

HewH%%D) S Gmax(w) [u(w, -) — up(w, ')|H1(D) ”wwHH1+s(D) h®.

Now it follows from Proposition 3.1 and Theorem 3.9 that

lewllZ2(py < amax(w) Cs.1(w)? Ca(w) [1f (@, lrs=1(p) lewll 2(p) h**.

Dividing by |[ley||z2(p), the result follows again by an application of Holder’s inequality. O

Remark 3.11. As usual, the analysis can be extended in a straightforward way to other boundary
conditions, to tensor coefficients, or to more complicated PDEs including low—order terms, provided
the boundary data and the coefficients are sufficiently regular, see [18] for details.

3.3 Quadrature Error

The integrals appearing in the bilinear form

b (wp,vp) = Z /a(w,:p)th -V, dz
T€T},: TED), T

and in the linear functional L, (vy) involve realisations of random fields. It will in general be
impossible to evaluate these integrals exactly, and so we will use quadrature instead. We will only
explicitly analyse the quadrature error in b,, but the quadrature error in approximating L (vp)
can be analysed analogously.

In our analysis, we use the midpoint rule, approximating the integrand by its value at the
midpoint x, of each simplex 7 € 7;,. The trapezoidal rule which we use in the numerical section
can be analysed analogously. Let us denote the resulting bilinear form that approximates b, on
the grid 7, by

Bw(wh,vh) = Z a(w,z;) / Vwp(x) - Vop(z) dz,

T€Ty: TEDy,

and let @y (w, -) denote the corresponding solution to
b (tip (w, ), vp) = Lo(vg),  forall v, € V.

Clearly the bilinear form b, is bounded and coercive, with the same constants as the exact
bilinear form b,, and so we can apply the following classical result [6] (with explicit dependence of
the bound on the coefficients).

12



Lemma 3.12 (First Strang Lemma). Let Assumptions A1-A3 hold. Then, for almost all w € Q,

lu(w, ) — tn(w, )| grpy < inf { <1+ amax(w)> [u(w, *) = vu|gr (py+

vp€VR amin(w>
1 sup ‘bw(vfu wh) - Bw(vhv wh)’ )
amin(w) wpEVY ‘wh’Hl(D)

Proposition 3.13. Let Assumptions A1-A4 hold, for some 0 <t <1 and p. € (0,00]. Then, for
all p<ps, s<twiths#1/2 and 0 < h <1, we have

amaXH‘ZHCt
9/2

min

lu = tnlloo,mi oy S O3 fllLe-@,ms-1(p)) h°,  where  C.3:=

a La(Q)

with ¢ = p*p . If Assumptions A2 and A3 hold with t = 1, then
lu = anllpo,m1(py)y S Csa8llflle-.2(0)) I -

Proof. We first note that, for all wy, € Vj,

by (vp, wp) — i)w(vh,wh)‘ =

Z / (a(w,x) — a(w,z;)) Vop, - Vwy, dz
€T, VT

< / la(w a(w, z7)| |z — 2. |" |Vop(w) - V| dz
|x -z [f
’TGTh

< Ja(w)lei ) b lonl a1 oy [wnla o) -

Hence, it follows from Lemma 3.12 that, for almost all w € €,

5 . Amax (W la(w)ler
lu(w, ) = an(w, ) gr(py < inf { <1 + ()> u(w, ) — vplg1(py + pt 7ICH(D) |Uh|H1(D)}-

v EV) amin(w)

Let us now make the particular choice vy := up(w,-) € Vj, i.e. the solution of (3.8). Then it
follows from (3.9) and (3.10) and the fact that h! < h*, for any s <t <1 and h < 1, that

Qmin (w) Gmin (w)

[u(w, ) — an(w, )| g1 (D) S <<1+ amax(uJ)) C31(w) C38(w) + mm) [f(w, ) es—1(py B

The result follows again via an application of Holder’s inequality. O

Remark 3.14. To recover the O(h?) convergence for the L2-error |u — UpllLr(o,r2(p)) in the
case of quadrature, we require additional regularity of the coefficient function a. If a(w,-) is at
least C?%, then we can again obtain O(h?*) convergence even with quadrature, using duality as
in Corollary 3.10. This is for example the case in the context of lognormal random fields with
Gaussian covariance kernel, where a(w,-) € C*°(D). In the context of the exponential covariance
kernel the L2-convergence rate is always bounded by O(h'/2=%), due to the lack of regularity in a.
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3.4 Truncated Fields

Combining the results from Sections 2.4 and 3.2 we can also estimate the error in the case of
truncated KL-expansions of log-normal coefficients which we will use in the numerical experiments
in Section 5. These results give an improvement of the error estimate given in [5] for log-normal
coefficients that do not admit full regularity, e.g. those with exponential covariance kernel. The
novelty with respect to [5] is the improvement of the bound for the finite element error, leading to
a uniform bound with respect to the number of terms in the KL—expansion. We will assume here
that f(w,-) € L*(D).

Let a be a log-normal field as defined in Section 2.4 via a KL expansion and let ax be the
expansion truncated after K terms. Now, for almost all w € €2, let ug p(w,-) denote the unique
function in V}, that satisfies

bK7w(uK7h(w, -),Uh) = Lw(’uh), for all v, € Vi, (3.11)
where bg ,(u,v) == [ ag(w,2)Vu- Vv de. Then we have the following result.

Theorem 3.15. Let f € LP (Q, L*(D)), for some p* € (0,00]. Then, in the Gaussian covariance
case, there exists a cy > 0 such that, for any p < p*,

d—1
lu —wrnllLrmi (D)) S (h + K2t exp(—a Kl/d)) 11l o .22 -

In the case of the 1-norm exponential covariance, for any p <p*, 0 <p <1l and 0 <s<1/2,

5 o1
lu = wrenll oo ma (o)) S <03_15h + K )Vf\Lp*(Q,L%D))’

where Cs.15 := min{n(K) h'=%,C39} and n(K) is an exponential function of K given in [5, Propo-
sition 6.3].

Proof. Tt follows from Proposition 2.6 that ax satisfies assumptions A1-A2. Therefore we can
apply Theorem 3.9 to bound [[ux — uk | 2(0,m1(p))- The result then follows from Theorem 2.7,
Proposition 2.8 and the triangle inequality. O

In contrast to [5, Proposition 6.3] this bound is uniform in K. Note that for small values of K,
the constant C5 15 will actually be of order O(hl_s) leading to a linear dependence on h also in the
exponential covariance case (as stated in [5, Proposition 6.3]). For larger values of K this will not
be the case and the lower regularity of ux will affect the convergence rate with respect to h.

Remark 3.16. As we will see in Section 5, in the exponential covariance case for correlation
lengths that are smaller than the diameter of the domain, a relatively large number K of KL-
modes is necessary to get even 10% accuracy. The new uniform error bound in Theorem 3.15 is
therefore crucial also for the analysis of stochastic Galerkin and stochastic collocation methods,
such as the one given in [5].

4 Convergence Analysis of Multilevel Monte Carlo Methods

We will now apply this new finite element error analysis in Section 4, to give a rigorous bound on
the cost of the multilevel Monte Carlo method applied to (2.1) for general random fields satisfying
Assumptions A1-A3, and to establish its superiority over the classical Monte Carlo method. This
builds on the recent paper [7]. We start by briefly recalling the classical Monte Carlo (MC) and
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multilevel Monte Carlo (MLMC) algorithms for PDEs with random coefficients, together with the
main results on their performance. For a more detailed description of the methods, we refer the
reader to [7] and the references therein.

In the Monte Carlo framework, we are usually interested in finding the expected value of some
functional @ = G(u) of the solution u to our model problem (2.1). Since u is not easily accessible, @
is often approximated by the quantity Qp := G(uy), where uy, denotes the finite element solution on
a sufficiently fine spatial grid 7;,. Thus, to estimate E [Q] := [|Q| 11 (q), we compute approximations

(or estimators) @h to E [@n], and quantify the accuracy of our approximations via the root mean

square error (RMSE)
1/2

e(Qn) = (E[(Qn — E(Q)?])

The computational cost CE(@h) of our estimator is then quantified by the number of floating point
operations that are needed to achieve a RMSE of e(Qp) < e. This will be referred to as the e—cost.
The classical Monte Carlo (MC) estimator for E [@}] is

QNG = NZQh w(®), (4.1)

where Qh(w(i)) is the ith sample of @), and N independent samples are computed in total.

There are two sources of error in the estimator (4.1), the approximation of @ by @, which is
related to the spatial discretisation, and the sampling error due to replacing the expected value
by a finite sample average. This becomes clear when expanding the mean square error (MSE)
and using the fact that for Monte Carlo E[@l}\fﬁ] = E[Qs] and V[AhM](\J,] = N1V[Qp], where
V[X] := E[(X — E[X])?] denotes the variance of the random variable X :  — R. We get

e(Q¥)? = NWVI[QL + (ElQn - Q)% (4.2)

A sufficient condition to achieve a RMSE of € with this estimator is that both of these terms are
less than £2/2. For the first term, this is achieved by choosing a large enough number of samples,
N = O(¢72). For the second term, we need to choose a fine enough finite element mesh 7}, such
that E[Qn, — Q] = O(e).

The main idea of the MLMC estimator is very simple. We sample not just from one approxi-
mation @y of @), but from several. Linearity of the expectation operator implies that

L
E[Qn] = E[Qno] + Y _E[Qn, — Qn,_,] (4.3)
=1

where {hs}s—o,.. 1 are the mesh widths of a sequence of increasingly fine triangulations 7, with
Tp := Ty, , the finest mesh, and hy_1/hy < M*, for all £ =1,..., L. Hence, the expectation on the
finest mesh is equal to the expectation on the coarsest mesh, plus a sum of corrections adding the
difference in expectation between simulations on consecutive meshes. The multilevel idea is now to
independently estimate each of these terms such that the overall variance is minimised for a fixed
computational cost.

Setting for convenience Yy := @Qp, and Yy := Qp, — Qp, ,, for 1 < ¢ < L, we define the MLMC
estimator simply as

L N,
1 .
Ay = YT = 3 S o
where importantly Y7(w®) = Qp, (w®) — Qp,_, (w™), i.e. using the same sample on both meshes.
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Since all the expectations E[Y;] are estimated independently in (4.3), the variance of the MLMC
estimator is 25:0 N, ' V[Y;] and expanding as in (4.2) leads again to

e(Qhiny)’ = [(Qh{N«} [QDQ} = Y NV + (BlQn - Q)% (4.5)

As in the classical MC case before, we see that the MSE consists of two terms, the variance of the
estimator and the error in mean between ) and (). Note that the second term is identical to the
second term for the classical MC method in (4.2). A sufficient condition to achieve a RMSE of ¢ is
again to make both terms less than £2/2. This is easier to achieve with the MLMC estimator, as

o for sufficiently large hg, samples of ()5, are much cheaper to obtain than samples of Qp;
e the variance Y, tends to 0 as hy — 0, meaning we need fewer samples on 73, for £ > 0.

Let now C; denote the cost to obtain one sample of J5,. Then we have the following results on the
e—cost of the MLMC estimator (cf. [7, 16]).

Theorem 4.1. Suppose that there are positive constants o, 3,y > 0 such that 042% min(f3,y) and
M1. [E[Qh - Q]| = O(h°)

M2. V[Qn, — Qn,y] = O())

M2. ¢, = O(h, "),

Then, for any e <e™ ', there exist a value L and a sequence {N€}£zo’ such that e(@hM?N[}) < e and

e72, if B>7,
(@) ) S e?(loge)?, if B=r,
5—2—(7_/6)/0‘7 Zf /8 < f}/

For the classical MC estimator we have Ca(@%\fc) = 0(5—2—7/04).

We can now use the results from Section 3.2 to verify Assumptions M1-M2 in Theorem 4.1
for some simple functionals G(u). More complicated functionals could then be tackled by duality
arguments in a similar way.

Proposition 4.2. Let Q = G(u) := |u|qu(D), for some 1 < q < pi/2. Suppose that D is a C?
bounded domain and that Assumptions A1-A4 hold, for some 0 < t < 1. Then Assumptions
M1-M2 in Theorem 4.1 hold for any a <t and 8 < 2t. Fort =1, we get a =1 and B = 2.

Proof. We only give the proof for t < 1. The proof for ¢ = 1 is analogous. Let @, := |uh|?{1(D)
Using the expansion a? — b7 = (a — b) Z?;é a/b?17J for a,b € R and q € N, we get

|Q(UJ) - Qh(w)| g ‘U‘<w7 ) - Uh(W, )‘Hl(D) max {\u(w, ) %I_ll(DV |uh(w7 )‘(}{_11([))7 1} , almost Surel}’-

This also holds for non-integer values of ¢ > 1. Now, it follows from Lemma 2.1 and Theorem 3.9
that, for any a < t,

< O31(w) C35(w)

Q(w) = @n(w)| S T ()

1 (w5 ) e 1 , almost surely.
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lulm(p) [ullz2 (D) ulm(p) [ullz2 (D)
d MC MLMC MC MLMC d MC MLMC MC MLMC
1 g3 g2 g=0/2 g2 1 g4 g2 g3 g2
2 g4 g2 g3 g2 2 g6 P g4 g2
3| &P g3 g=7/2 g2 3| 8 g6 g™d g3

Table 1: Theoretical upper bounds for the e-costs of classical and multilevel Monte Carlo from The-
orem 4.1 in the case of log-normal fields a with Gaussian covariance function (left) and exponential
covariance function (right). (For simplicity we wrote e ?, instead of e P~ with § > 0.)

Taking expectation on both sides and applying Hoélder’s inequality, since ¢ < ps, it follows from
Assumptions A1-A3 that Assumption M1 holds with o < ¢.

To prove Assumption M2, let us consider Y, := Qp, — Qp, ,. As above, it follows from
Lemma 2.1 and Theorem 3.9 together with the triangle inequality that, for any s < t,

Vi @) S g (@0,°) = wn,_, (@) oy max { o, (0, )

< Os1(w) Ca8(w)
~ -1
a?nin (CU)
where the hidden constant depends on M*. It follows again from Assumptions A1-A3 and Hélder’s
inequality, since g < p./2, that

D)v‘uheﬂ( )’Hl(D }

1f (w,

M ee 1(py P almost surely,

V[Yy,] = E[Y2] - (E[Yy,))? < E[Y?] < h), where §<2t. -
Proposition 4.3. Let (Q := HquLQ(D), for some 1 < q < p./2. Suppose that D is a C* bounded

domain and that Assumptions A1-A4 hold, for some 0 < t < 1. Then Assumptions M1-M2 in
Theorem 4.1 hold for any oo < 2t and f < 4t. Fort =1, we get « =2 and § = 4.

Proof. This can be shown in the same way as Proposition 4.2 using Corollary 3.10 instead of
Theorem 3.9. O

Substituting these values into Theorem 4.1 we can get theoretical upper bounds for the e-costs
of classical and multilevel Monte Carlo in the case of log-normal fields a, as shown in Table 1.
We assume here that we can obtain individual samples in optimal cost C; < h, dlog(h ) via a
multigrid solver, i.e. v = d+9 for any § > 0. We clearly see the advantages of the multllevel Monte
Carlo method. More importantly, note that in the exponential covariance case in dimensions d > 1,
the cost of MLMC is proportional to the cost of obtaining one sample on the finest grid, i.e. solving
one deterministic PDE with the same regularity properties to accuracy €. This implies that the
method is optimal.

5 Numerical Results

In this section, we want to confirm numerically some of the results proved in earlier sections. All
numerical results shown are for the case of a log-normal random coefficient a(w, ) with exponential
covariance function (2.6). All results are calculated for a model problem in 1D. The domain D
is taken to be (0,1), and f = 1. The sampling from the random coefficient a(w, z) is done using
a truncated KL-expansion, and as in the analysis in Section 3.3, we use the midpoint rule to
approximate the integrals in the stiffness matrix. As the quantities of interest we will just study
the simple functionals @ := ||ul|;2(p) and @ = |u|g1(p)-
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Sum of remaining eigenvalues

Expected value of relative errorin L norm

=]
&

Figure 1: Let d = 1 and 0? = 1 in the exponential covariance case for different choices of
the correlation length A. Left: Plot of ) _, 0, as a function of K, i.e. the sum of the re-
maining KL eigenvalues when truncating after K terms. Right: The corresponding relative er-
ror |E [|lugs p- L2(D) — ||UK,h*||L2(D)} | /E [”UK*,h*”m(D)] for problem (2.8) with K* = 5000 and
h* = 1/2048. The dotted line has a gradient of —1.

5.1 Convergence with Respect to K

We start with the results in Section 2.4. We want to show that in the exponential covariance case
a relatively large number of KL-modes are necessary (even in 1D) to obtain acceptable accuracies
especially when the correlation length is smaller than the diameter of the domain. In Figure 1 we
study the decay of the eigenvalues corresponding to the KL-expansion, as well as the convergence
with respect to K of E [HUKHLQ(D)] to E [HUHLQ(D)]' Since we do not know the exact solution and
cannot solve the differential equation explicitly, we approximate u by ug~ j+ with K* = 5000 and
h* =1/2048 and ug by uk p+ with h* = 1/2048.

In the left figure we plot ) i 0, i.e. the sum of the remaining eigenvalues when truncating
after K terms. We see that after a short pre-asymptotic phase (depending on the size of A) this sum
decays linearly in K~!. On the right we plot |E [||ux- - 12(D) — ||UK,h*||L2(D)] ‘ JE [[Jwrce pe Lz(D)],
the relative error. We see that the error decays roughly like ) _ ;- 0, and thus also linearly in K -1
This is better than the bound for E [[lug+ ne — ur =l r2(p)] > |E [lugsnell2(p) — ||UK,h*HL2(D)”

in Proposition 2.8, which predicts at most O(K -1/ 2) convergence, and it is related to weak conver-
gence. As shown in [5, Section 5], the weak convergence order of the PDE solution with truncated
KL-expansion can be O(3, < x 0n) for certain functionals. We believe that the faster convergence
of E [HUKHLQ(D)] to E [||u||L2(D)] can be shown using similar techniques.

5.2 Convergence with Respect to h

We now move on to the results in the main Section 3. For the reference solution we choose again
h* = 1/2048 and K* = 5000. Figure 2 shows the convergence of E [|ug« p+ — UK*,h|H1(D)] and
E [[Jwie p — uK*,hHLQ(D)] for (2.8). In the plots, a dash-dotted line indicates O(h'/?) convergence
and a dotted line indicates O(h) convergence.

In both cases, we can see a short pre-asymptotic phase, which is again related to the correlation
length A. We can see in the right plot that the H'-error converges with O(hl/ 2), confirming the
sharpness of the bound proven in Theorem 3.13. The L?-error converges linearly in h, and so the
quadrature error does not seem to be dominant here.
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Expected value of L? norm of error

Expected value of H' seminarm of error

1h 1/h

Figure 2: Left: Plot of E [|uK*,h* — ’U,K*,h’Hl(D)] versus 1/h for model problem (2.8) with d = 1,
A = 0.1 and 02 = 3. Right: Corresponding L?-error E [HuK*,h* — uK*th,—Jz(D)]. The gradient of
the dash-dotted (resp. dotted) line is —1/2 (resp. -1).

Expected value of errorin L% narm
Variance of difference in L norm

1h 1h

Figure 3: Left: Plot of [E [|lug«nllr2(py — [[ur=pell12(p)] |, for model problem (2.8) with d = 1,
A =01, 02 =3, K* = 5000 and h* = 1/2048. Right: Corresponding plot of the variance
V [lure=nll2(py — lur=2nll12(py]. The gradient of the dotted (resp. dashed) line is —1 (resp. —2).

5.3 Multilevel Monte Carlo Convergence

We first want to confirm Assumptions M1 and M2 in Theorem 4.1, for @ = |[lul|z2(p). In other
words, we want to confirm the rate of decay for the quantities |E [||ug - 22Dy — ||UK*,hHL2(D)] |
and V [HUK*,hHLZ(D) - HUK*’Q]LHLQ(D)}. Again, we choose K* = 5000 and h* = 1/2048 and look at
the model problem (2.8) for d = 1. The results are shown in Figure 3. A dotted line indicates
linear convergence, and a dashed line indicates quadratic convergence.

For the variance V [HUK*,hHL?(D) - ||UK*,2hHL2(D)] (right plot), we observe the quadratic con-
vergence predicted by Proposition 4.3. The expected value in the left plot seems to converge slightly
faster than the predicted linear convergence. In our experience, this faster convergence depends
on the choice of model problem and quantity of interest and will need to be investigated further,
since it directly affects the cost of the multilevel Monte Carlo method through the size of the ratio
B/a in the bound in Theorem 4.1.

The actual performance of the standard MC and MLMC estimators in estimating @ = ||ul[2(p)
is shown in Figure 4. In the right plot the accuracy is scaled by the expected value of the quantity
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Figure 4: Left: Number of samples N; per level. Right: Plot of the cost scaled by €72 of the
MLMC and standard MC estimators for d = 1, with A = 0.1 and 02 = 3. The coarsest mesh size
in all tests is hg = 1/16.

of interest. We see a clear advantage of the multilevel Monte Carlo method. For more numerical
results, in particular results in 2D, we refer the reader to [7].

6 Conclusions and Further Work

One of the major bottlenecks in probabilistic uncertainty quantification is the efficient numerical
solution of PDEs with random coefficients. A typical model problem that arises in subsurface flow
is an elliptic PDE with log-normal coefficients. The resulting PDE is not uniformly elliptic or
bounded with respect to the random variable w and usually lacks also full regularity. In this paper,
we carry out for the first time a careful finite element error analysis under these weaker assumptions
and provide optimal error estimates — with respect to the given regularity of the coefficients —
for all finite moments of the finite element error (including quadrature errors). This then allows
us to rigorously analyse the convergence and the cost of multilevel Monte Carlo methods, recently
proposed for elliptic PDEs with random coefficients, in particular in the practically important case
of log-normal coefficients with exponential covariance which has hitherto been unproved.

Via duality arguments, the results in this paper are readily applicable also to other functionals
of the solution of more practical relevance. Other important aspects which we want to investigate
in the future are the influence of the correlation length A on the MLMC convergence, as well as the
superconvergence in the expected value of certain model problems and quantities of interest (as
highlighted in the discussion of Figure 2). Another issue which will require further research is the
choice of quadrature rule. So far we have only used simple midpoint or trapezoidal rules. In future
work we would like to also explore multiscale methods and model reduction on coarser grids.

A Detailed Regularity Proof

In this appendix, we give more detailed proofs of Proposition 3.1 and Lemmas 3.2 and 3.3. The
proofs follow those of Hackbusch [18, Theorems 9.1.8, 9.1.11 and 9.1.16], making explicit the
dependence of all the constants that appear on the PDE coefficient a. The proof follows the
classical Nirenberg translation method and consists in three main steps.
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A.1 Step 1 — The Case D = R?

Proof of Lemma 3.2. In this proof we will use the norm on H*(R%) provided by the Fourier trans-

form, ||ul? S(mdy = la(€)(1 + ]£|2)5/2HL2(Rd), which is equivalent to the norm defined previously
and defines the same space.
For any h > 0, we define the fractional difference operator (in direction ¢ =1,...,d) by
R (v =h" Ze‘“h 1) <S>v(x+uhei),
,u

where ¢; is the ith unit vector in R,

(;) 1 and <Z> (—1) = —s(l—s)(2—s)...(u—1—s)'

7

Let us recall here some properties of R} from [18, Proof of Theorem 9.1.8]:
o (R (W)(@) == i e (=1 () vz — phey),
e For any 7 € R and v € H™+5(R%),
IR0l e (ray < [[0]] gress(ray and [[(RE)*0ll g gay < 0]l s (ray- (A1)

— —

o Rju(€) =[(1—e"SM)/h*0(¢) and  (R})*w(§) = [(1 - e ") /R]*0(¢).
We define for u,v € H'(R?) the bilinear form

d(u,v) = » AVuV R (v) dz — y AV (R:)*uVov dz

3 hte (-1 (Z) /R (Alw — pher) — A()) Vulx — phe) Voda,

Hence,

ld(u,v)] < |Aletra,sy®)) Ul a1 Ry [V] 1 (R
where the hidden constant is proportional to
e WL

7

which is finite, since <Z) = O(p~*71) and thus Y02 e #hpuf=s=1 = O(h*~"). The three spaces
H'73(RY) ¢ L2(RY) ¢ H*"Y(RY) form a Gelfand triple, so that we can deduce, using (A.1), that

Awin|(RL) w[h1 gy < » AV(R}))*wV(R},)*w dx
= —d(w, (RZ)*U’) + (F, RZ(RZ)*WH-H(Rd),Hl—s(Rd)
< ld(w, (B} w)| 4+ |l os oy | B (BE) w0 1
S |A’ct R4, S4(R \w|H1(Rd) \(R%)*W|H1(Rd) + HFHHS*l(Rd) H(R%)*wHHl(de
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therefore we get

Amin||(R2)*w||§{1(Rd) ~ |A|ct(Rd,sd(R)) |w|H1(Rd) |(R2)*W|H1(Rd) +

1 751 ) | CBR) w0l gy + Awin| (BR) | Loy

N

|Alet(ra,5,(R)) @] Ry |(RE) W] g1 may +
[ F | zrs—1 ey [ (BR) w0l ey + Aminl| (BR) W] -1 ey [ (BE) "Wl g1 (ay,

and finally, using (A.1) once more,
IR wlmey S 5 (1Alewe sy [0l @ + 1Florgs ) + Il

For any 1 > h > 0, since |1 — e "~%"|2 > |Im(1 — e~ "=%h)|2 = =R gin(&h)? > e~ 2sin(€;h)2, and
since sin?(¢h) > (%éh)Z, for all |¢] < 1/h, we have conversely that

d d

IRl ey > / (1+ Ie?) Jrw(©)|2de
2 HY (R €l<1/h AR

i=1 =1
d

- /|§<1/h1+’§‘ Z

=1

d
672 2
/|£ CEIEE)S

i=1

1-— e_h i€ih

| (&)[Pde

. 2s
S e o

A\

> / (14 JE2)[e (e [2de.
|€1<1/h

Hence, for any 0 < h < 1, we obtain

IN

/ (1 -+ [€2) b (©)[2de + / (1+ [¢2)[(e) 2
R4 Rd

Hwa'{H—S(]Rd)

d
< SR B gy + [0l gy
i=1
and so

1
lollreseey S 57— (14lerue sum) Wl @ + 1Flgeoresy) + [0l ge < +oo.

A.2 Step 2 — The Case D =R?

In order to proof Lemma 3.3 we will need the following two lemmas.

Lemma A.1 ([18, Lemma 9.1.12]). Let s >0, s # 1/2, then

1/2
o]l := (Hv )
Hs— I(Rd)

defines a norm on H*(R%) that is equivalent to ||’UHH5(R1) .

(%c,
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Lemma A.2. Let D CR? and 0 < s <t < 1. Ifb€ CYD) and v € H*(D), then bv € H*(D) and
1bvll s Dy S [bleemylvllL2py + [Bleomy vl (p

The hidden constant depends only on t,s and d.

Proof. This is a classical result, but we require again the exact dependence of the bound on b.
First note that trivially [|bv||z2(p)y < bmax||v]|z2(py Where bpax := |b\co . Now, for any z,y € D,
we have

[b(z)v(z) = b(y)o(y)* < 2(b(z)?[v(x) — v(y)* +v(y)*|b(x) — b(y) ).

Continuing v by 0 on R? and denoting this extension by @, this implies

bl T )2
dedy < 202, |[v]/3.py + 2
I Il (o) |m—yWHs

< 20} . / / 812, 2(b]2, LA
> aXHUHH (D) eyeD maxH ||d+23 + | |c (D) ||fL’ _ deJrQ(S,t) T dy
lz—yll=1
1 1
2 2 ||2H>1 2  Tlallsr ~112

5 bmaxHUH%IS(D) + |b|ct(§)||v‘|%2(D)

O]

Proof of Lemma 3.3. First we continue the solution w by 0 on R?\ Ri and denote the extension
W € H'(R?). Take 1 <i < d — 1. Similarly to the previous section, we define for u,v € H'(R?)

d(u,v) = ) AVuVR: (v) dz — ) AV (R})*uVv dz
R R

and deduce again that
’d(uﬂ))‘ S ‘A|Ct(@7sd(ﬂg)) ‘u|H1(Ri) "U|H1(]Ri) :

We now note that, since i # d, (R})*w € H}(R?) and (R})*w € H'(R?) is equal to the continuation
by 0 on R?\ RY of (R!)*w. We deduce, similarly to the proof in Section A.1 using (A.1), that

7\ %~ 1
IR @l S (14l sy Wmes + 1Flmes) +lollm e = Bw).

(Note that we added |w| Hi(re) tO the bound to simplify the notation later.) Hence, by the same

token as in the previous section, we get
LAl + .+ e PYEORE S B, (A2)
In particular, this implies that, for 1 <7 <dand 1 <j <d— 1, we have

J.

23
3$1a$ 7

2
@Mwmwamzéﬁmmmwmuwﬁ“%SBWﬂ
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which means that a € H~ 1(Rd and )

< B(w ) In particular, for all (7,7) #

~

axzamj Hs— I(Rd)
1(mod < :

(d,d), € H"1(R) ey = B(w). Using
Lemma A.1 we deduce that 867“; € Hs(Ri) and that

ow .

— < B(w), forall 1<j<d-1 (A.3)

O Hs(R%)
It remains to bound ‘ 92 || e ray which is rather technical. To achieve it we will use the PDE (3.1),

S +

Lemma A.2 and the following result.

Lemma A.3. For almost all xq € R, we have g—f{’i(., rq) € H¥(RY) and

/Haxd irera-ry ¥4 = /Rd(1+|£’|2)5\£d|2\15(5)(2d5 < B(w)>.

Proof. This follows from Fubini’s theorem and Plancherel’s formula, together with (A.2). O

From this we deduce that s xa) € H $(RY=1), for almost all z4 € Ry, and that

12 ol 20 5 B0

Let 1 <i < d—1. Using Lemma A.2 we deduce that Aid%"d(.,xd) € H*(RI1), for almost all
xq € Ry, and that

(1) o

ow
S Mty o (o

Hs (Rdfl) LZ(Rdfl)

ow
b el | gtz .
d Hs(R4—1)
Therefore, since by definition || Ajdl|co(re) < Amax, We get
< A2 2 2 2 2
[ et oy @ 5 Al gy + A B S A B0

Since 8%1- is linear continuous from H'=*(R4~1) to H~*(R9~1) (cf. [18, Remark 6.3.14(b)]) we can
deduce from this that a%i (Azd 8:84) H*"1(R%) and that

H 0 (Aidaw)’ < Awax Bw),  forall 1<i<d-—1. (A.4)
axi a1'cl Hs—l(Ri)
To see this take ¢ € D(R%). Then
0 ( 8w> > ow , , oo, ,
Aiam— | 5 = |Aiam— (2", 7a) (2, 2a)
‘ < 8171 817(1 D/(Ri)’D(Ri) axd 8171 L2 (R+,HS (Rd—l))
< Aidaiw ‘ Op (2', 2q)
O%allp2(m, e (a1 || O L2(Ry Hs (RI-1))
ow
< AZ -~ —s - .
= d(‘?xd LAR, HORE-T)) H@HL2(R+7H1 (Rd-1Y)
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Using (A.3) and Lemma A.2, we deduce in a similar way that Bim (Aij 837“;) € H*"1(R%) and that

0
o S <i< <j<d-1. ,

We can now use the PDE (3.1) to get a similar bound for (i, j) = (d,d). Since F € H*~}(R4),
it follows from (A.4) and (A.5) that % (Addaa:d> € H*'(R%) and that

0 ow

Analogously to (A.4) we can prove that

(&) S Amax Bw) + HFHHS—l(Rj_) S Amax B(w) .
Hs=1(RL

Ha <A )H S Apax B(w), forall 1<i<d-—1.
a$i axd Hs— I(Rd)

Hence, we can finally apply Lemma A.1 to get that Agq5.~ 8“’ €EH S(Rd) and that

o ow \ ||?
A —
ox; ( dd&m)

Hs—1(R)

d

S 2

Hs(R4) i=1

ow

‘ Agg——

0xy

0
+HAddw

A2
8l‘d max

B(w)?.

L2we)

By applying Lemma A.2 again, this time with b := 1/A4q and v = Addg—;‘;, we deduce that
9w ¢ F5(R%) and that

org
1 ow 1 ow
H S |5 ||Addas— + —— [|Ada—
al'd HS(R‘i Add ct (Rd ) 8$d L2 (Rd ) Amln 8l'd HQ(Rd )
’Add|ct Rd 1 aw A
R e Amax A < [max )

To finish the proof we use this bound together with (A.3) and apply once more Lemma A.1 to
show that w € H'™$(R%) and

Amax Amax
”wHHH‘S(Ri) N Agmn (‘A|Ct(@,5d(R)) |w’H1(R‘i) + HFHHS—l(Ri)) + Apin HwHH1 (R4)-

A.3 Step 3 — The Case D Bounded

We can now prove Proposition 3.1 using Lemmas 3.2 and 3.3 in two successive steps. We recall
that D was assumed to be C2. Let (Di)o<i<m be a covering of D such that the (D;)o<i<m are open
and bounded, D C U™, D;, U™ (D; N dD) = 8D, Dy C D.

Let (xi)o<i<m be a partition of unity subordinate to this cover, i.e. we have x; € C°(RY R.)
with compact support supp(x;) C D;, such that > 2_ x; =1 on D. We denote by u the solution
of (2.3) and split it into w = Y 7 u;, with u; = ux;. We treat now separately ug and then wu;,
1 <i < p, using Section A.1 and A.2, respectively.

Lemma A.4. ug belongs to H'75(D) and

la ||ct
luoll gri+s(py < 2 ”fHHs 1

min
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Proof. Since supp(ug) C Dy, we have that uy € Hg(D) and it is the weak solution of the new
equation —div(aVug) = F on D, where

F = fxo+aVu-Vyxo+div(auVyo) on D.

To apply Lemma 3.2 we will now extend all terms to R¢, but continue to denote them the same.
The terms ug and fxo + aVu - Vxo can both be extended by 0. Their extensions will belong
to H'(R?) and H*~'(RY), respectively. It follows from Lemma A.2 that au € H*(D) and so if
we continue auVyo by 0 on R, the extension belongs to H*(R%), since supp(xo) is compact in
D. Using the fact that div is linear and continuous from H*(R%) to H*~'(R?) (cf. [18, Remark
6.3.14(b)] and the proof of (A.4) above), we can deduce that the divergence of the extension of
auVxo is in H*71(R?), leading to an extension of F' on R?, which belongs to H*~(R%).

Let ¢ € C‘X’(Rd [0,1]) such that 1 = 0 on Dy and ¢ = 1 on D°, where D is an open set such

that Dy € D and D C D. We use the following extension of a from Dy to all of R%:
(o) = a(x)(1 —¢¥(x)) + amint(z), if xe D,
o Amin® (), otherwise.
This implies that @ € C'(R%), and for any x € R?, api, < @(x) < a(z) and [a@|c: &) S llallep)-
Using these extensions, we have that —div(aVug) = F in D'(R?). Indeed, for any v € D(R?),

/a(fL‘)Vug(:L‘)Vv(a:) = /a(a:)Vuo(w)Vv(m) for any v € D(RY),
R D

since supp(up) is included in the open bounded set Dy, which implies that Vug = 0 on DS anda =a
on Dy. Since u € H}(D), we have by Poincaré’s inequality that ||ul| r2(p) S |ulg1(py- Therefore it
follows from Lemma 2.1 that
£l zrs—1(D)
luolprmay < |ulaipyllxolles + lull 2oy VXolloo S T a
Since xg € C*(R%), using Lemma A.2 and the linearity and continuity of div from H*(R?) to
H'=%(R?) we further get

HFHHs—l(Rd) < HfXOHHS—l(R’i + [laVu - Vxo| s (Rd) T HdiV(aUVXO)HHs—l(Rd)

S W fllas=1(py + amax|ulgrpy + lalet(py lull 2Dy + @max||ull s (D)
lalle: o)
S ——— W fllas—1py-
Gmin

We can now apply Lemma 3.2 with A = al; and w = ug to show that ug € HHS(R"Z) and

e el

ol zrsqgey S —— ([l uolm gy + 1 Flesen) + luollsgey S =52 1 i1y
Gmin min

The hidden constant depends on the choices of y¢ and ¢ and on the constant in Poincaré’s in-

equality, which depends on the shape and size of D, but not on a. ]

Let us now treat the case of u;, 1 <17 < m.

Lemma A.5. For 1 <i<m, u; € H'**(D) and

amax” ||Ct
HUiHHHs(D) ~ a—HfHHs 1(

min
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Proof. Similarly to the proof of the previous Lemma, u; € H} (D N D;) is the weak solution of a
new problem —div(aVu;) = ¢; in D'(D N D;) with

g = fxi+aVu-Vy; +div(auVyy).

As in Lemma A .4, since again div is linear and continuous from H® to H*~!, we can establish that
gi € H*=Y(D N D;) and

lalle:m
19ill zrs—1 DDy < T()HfHqu(D).

Now let @ = {(y/,ya) € R*" xR : |y/| < Land |y4| < 1}, Qo = {(v/, ya) € R x{0}] ||/ < 1}
and Q1 = QN ]R‘j_. For 1 < i < p, let oy be a bijection from D; to @Q such that a; € C?(D;),
a7t € C*(Q), ai(D; N D) = Q4 and oy (D; NID) = Q.

For all y € Q4, we define wi(y) := wi(e; ' (y)) € Hy(Q+) with Vuw,(y) = J; ' (y) Vui(a; ' (1)),
where J;(y) := Da;(a;*(y))) is the Jacobian of a;. Furthermore, for x € D; N D and ¢ € H}(Q+),
we define v(z) := ¢(ai(z)). Then v € H}(D; N D) and Vou(a; '(y)) = Ji(y)Ve(y), for all y € Q,
so that

/ a(@)Vui(z) - Vo(z)dz = / a(a; (y)) Vui(e; H(y) - Vo(a; ' (y) |detJi(y))| " dy
D;ND Q+

— /Q Ai(y) Vwi(y) - Ve(y) dy,

where
Aily) = ala; (y)) [detJi(y))| "1 (Ji ) (y) € Sa(R).
We define F; € H*"1(Q) by

— 1—
(Fo @@= (@) = (9690 Qi) ey p,np) = (pinp)y  forall p € Hy™

Indeed, since we assumed that a; and a;l are in C2, we have poq; € Héfs (D; N D) and moreover
[ o aillgr-sp,rpy S llellgr-s(q,) (cf. [18, Theorems 6.2.17 and 6.2.25(g)]), which implies that
F, € H1(Q4) and
| Eillzrs-10y) S 9ills—1(pnpy)-
We finally get that v; € H}(Q) solves
0 A;Vv; - Ve dy = <Fi,g0>Hs,1(
n

In order to apply Lemma 3.3 we check first that A; € C'(Q+, S4(R)) and that it is coercive, and
then define an extension of A; to Ri. Recalling that «; is a C?-diffeomorphism from D; N D to
Q4+, with ;' € C?(Q+), we have for any y € Q4+ and ¢ € R%:

e Coercivity: A;(y)€-& = a(oai_l(y))\deth-(y)]*1 |Jf(y)f\2 2 amin|€)?. Hence Awmin 2 Gmin -

QuHi—(@,)  forall pe HY Q).

e Boundedness:

-1
Amax = HAz‘HCO(qTJHsd(R)) = xé?)?%(Da(m) [|det J;| JiJchO(m,sd(R)) S Omax -

e Regularity: A; € CH(Q+, Sq(R)) and
“AiHCt(m,Sd(R)) < amaxH|detJi|_1JiJf||ct(m,Sd(R))

+  laleep) H‘detJi‘_1JiJf“c0(m,sd(R)) S lalleep -
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We now extend A; to Rd Since we assumed that supp(y;) is compact in D;, we can choose Q;
and Q; such that supp(v;) c Qz CQiCcQ;cC QZ C @ and consider 1 € C®(R%,[0,1]) such that
¥ =0o0n Q; and ¢y =1 on QZ We define the extension A; of A; on Rd by

Z(SC) — Aﬁ(‘r)(l - w(l’)) + aminw(x)ld ifre Q+
T amin® () 1g if z € Q%

Analogously to the case of @ in Lemma A.4, we can deduce that, for any y € Ri and ¢ € R,
Zl(y)gg Z amin|§‘27 Amax = |‘ZiHCO(@,Sd(R)) S Gmax and HZi(y)HCt(@,Sd(]R)) 5 ||aHCf(5) . (AG)

We now define an extension of F; on Ri. Note again that we can choose an open set GG; such that
supp(F;) C G; C G; C Q and extend Fj to all of R% such that HFiHHkl(Ri) S Fillgs—1(q,)- Finally

we continue v; by 0 on Ri, which yields v; € H} (Ri). Moreover, since A4; = A; on supp(v;) C Q;,
v; 1s then the weak solution on Ri of

—div(A;(z)Vv;(z)) = F;(z),

which enables us to apply Lemma 3.3 and to obtain that v; € H1*$ (Ri) and

Amax Amax
vill gvsmey S x <\ z‘\ct(ﬁﬁd(m) \’Uz‘\Hl(Ri)JFHE‘HHs—l(Ri)) + KHU’LHHl(Rd)

Recalling that u;(x) = v;(;(x)) for any € D N D; and using the bounds in (A.6), as well as the
transformation theorem [18, Theorem 6.2.17], we finally get

a a
will sy S ﬂ(”a\\ct (D) |l g1 (prpy) + 19ill - 1DﬂD)) + maXHU”Hl D)
amm min
amax ||al|
< D) | ey
amln

O]

m
The result in Proposition 3.1 follows directly from Lemmas A.4 and A.5, if we recall that u = ) w;,.
=0
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