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H7. Continuity
(In this exercise, continuity is to be understood in the traditional ε − δ sense.)

a) Let f : IRn → IRm be continuous. Show: if U ⊂ IRn is open, then V := f (U) is
not necessarily open.

b) Prove: f : IRn → IRm is continuous if and only if U := f−1(V) is open for every
open set V ⊂ f (IRn).

H8. Finite topologies
Let Xn be a set with n elements. How many topologies can be defined on Xn, where
n = 1, 2, 3? List all topologies in a suitable way. Topologies which differ from each
other only by the labeling of the the elements of Xn should be identified. Is Xn
compact?

Remark. The number of topologies grows very rapidly with n. Let T(n) denotes
the number of topologies on Xn. Then one has

n 4 5 6 7
T(n) 33 139 718 4535

The values for T(n) for larger values of n seem to be unknown, let alone a formula
for T(n).

H9. Continuity and compactness
Prove the following theorem: The image of a compact space under a continuous
map is compact.

H10. Existence and uniqueness of minimisers
Let Ω := [0, 1], and let Y := {y : Ω → IR

∣∣ y Lipschitz continuous, y(0) = 0, y(1) =
1
2} (a function y : Ω → IR is Lipschitz continuous if there is a constant C such that
|y(x1)− y(x2)| ≤ C |x1 − x2| for every x1, x2 ∈ Ω).

Show that

a) the problem infy∈Y
∫

Ω

(
1 − y′(x)2)2 dx has infinitely many minimisers,

b) the problem infy∈Y
∫

Ω

(
arctan

(
y′(x)2)

))2 dx has no minimiser,

c) the problem infy∈Y
∫

Ω (y′(x))2 dx has a unique minimiser.


