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H18. State one form of the Divergence Theorem (= Green’s Theorem, Stoke’s Theorem,
Gauss’ Theorem). Explain briefly the definition of the surface integral by means of
a parametrisation Ψ : R → S, where S is the surface and R ⊂ IR2.

H19. Euler-Lagrange Equations for higher order derivatives

a) Derive the Euler-Lagrange Equations for the variational problem

min
∫

Ω
Φ(x, y(x), y′(x), y′′(x))dx,

for Ω := [0, 1], and functions subject to boundary conditions y(0) = y(1) =
y′(0) = y′(1) = 0.

b) Derive the Euler-Lagrange Equations for
∫

Ω

[(
(y′(x))2 − 1

)2
+ ε (y′′(x))2 dx

]
(subject to boundary conditions y(0) = y(1) = y′(0) = y′(1) = 0), where
ε > 0 is a constant.
Remark. This variational problem also serves as a mathematical model for
microstructures in crystals; unlike the other examples we have studied so far,
it has a length scale due to the term ε (y′′(x))2 (why?).

H20. Weierstraß-Erdmann conditions
For Ω := [0, 1], consider the variational problem

min
∫

Ω
Φ(x, y(x), y′(x))dx.

a) For fixed x and y(x), consider Φ = Φ(x, y(x), ·) as a function of y′(x). We de-
note this function by ι, that is, ι(·) = Φ(x, y(x), ·). The graph of ι is called the
indicatrix of Φ.

b) Plot the indicatrix for
∫

Ω

(
(y′(x))2 − 1

)2
dx.

c) Write down the equation of a tangent to the indicatrix of ι at the points y′(c −
0) and y′(c + 0).

d) Show that the first Weierstraß-Erdmann corner condition Φy′
∣∣c+0
c−0= 0 states

that, for a given corner point (c, y(c)), the two tangents to the indicatrix are
parallel. Show that the second condition

[
Φy − Φy′y′

] ∣∣c+0
c−0= 0 states that the

two tangents are identical.
e) Show that for the convex potential Φ(x, y(x), y′(x)) = 1

2 (y′(x))2, there are no
broken extremals. Is there a chance of finding broken extremals for the func-
tional in b)?


